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Abstract 
This paper presents an exploratory analytic framework for examining the dis-
tribution of prime numbers through complex exponential embeddings and 
their associated Residue Recurrence Classes (RRCs). Each prime p  is mapped 

to a unit-magnitude complex oscillator ( ) eippω = , allowing the study of an-
gular dynamics modulo 2π  within a multiplicative and rotational setting. 
This representation generalises classical modular analyses and reveals local 
angular recurrences and clustering within the prime sequence. Residue Recur-
rence Classes are defined as collections of primes whose angular residues ap-
proximate those generated by the integer or fractional roots of smaller primes. 
Empirical computations suggest that such classes contain numerous primes 
and exhibit coherent alignments on the unit circle, indicating possible small-
scale regularities within the global modular uniformity of primes. We further 
introduce a quasi-harmonic prime function, formulated as a root-weighted 
cosine sum over prime angular residues, and analyse the cumulative complex 
prime centre summation. The latter exhibits an approximate power-law rela-
tion between its real and imaginary components, consistent with self-similar 
or fractal-like scaling. These observations are empirical in nature and do not 
contradict the asymptotic equidistribution of primes modulo 2π . Rather, 
they suggest that within finite intervals, the prime sequence may display local 
harmonic organisation and interference effects that warrant further formal in-
vestigation within analytic number theory. 
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1. Introduction 

The distribution of prime numbers remains one of the central problems in ana-
lytic number theory. While primes are defined multiplicatively as the fundamental 
building blocks of the integers, their additive and modular properties have long 
been studied for signs of hidden order within apparent randomness. Classical ap-
proaches include Weyl’s criterion for equidistribution [1], ergodic and combina-
torial methods such as Furstenberg’s theorem [2], and probabilistic analogies de-
rived from random matrix theory [3]. Together, these results have progressively 
deepened our understanding of primes as a sequence that, although seemingly 
irregular, admits subtle forms of arithmetic and spectral coherence [4]. 

A related theme in modern mathematical analysis is that nonlinear or geomet-
ric representations often reveal regularities in sequences that appear random in 
their native arithmetic domain. Fractal strings, spectral zeta functions, and geo-
metric embeddings have revealed self-similarity and scaling behaviour in diverse 
arithmetic and analytic settings [5] [6]. Similar methods have been applied to vis-
ualise and study the global geometry of prime distributions [7]-[9]. 

While earlier visual studies have explored prime distributions in the complex 
plane, those approaches were primarily descriptive or computational. In contrast, 
the present work develops a formal analytic structure—defining Residue Recur-
rence Classes (RRCs) and a quasi-harmonic prime summation function—to char-
acterise angular recurrence, interference, and scaling behaviour within this com-
plex embedding. The aim is not to propose a deterministic law of primes, but to 
identify reproducible geometric features that may inform further theoretical ex-
ploration. 

In this work, we propose a complex-analytic framework that treats each prime 
number as a point on the unit circle,  

( ) : e ,ippω =  

where ( )pω  may be interpreted as a unit oscillator with phase p  [10]. This 
mapping enables the study of prime sequences modulo 2π  in a rotational and 
multiplicative context, extending classical results on distributions modulo 1. This 
approach reveals angular recurrence and clustering phenomena that appear to 
correspond to the roots and powers of smaller primes. 

We define Residue Recurrence Classes (RRCs) as subsets of primes sharing an-
gular residues generated by integer or fractional roots of smaller primes. Empirical 
analyses indicate that RRCs contain many primes and exhibit coherence along 
distinct angular branches. Furthermore, we introduce a quasi-harmonic prime 
function, constructed as a weighted cosine sum over prime residues, and a cumu-
lative complex prime centre summation whose components satisfy a power-law 
relation suggestive of self-similar scaling. 

These findings point to a possible secondary layer of analytic organisation within 
the prime sequence. Although the results are heuristic and partly empirical, they 
motivate conjectures regarding the density of RRCs and the asymptotic scaling 
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invariance of prime summations. More broadly, the goal of this study is to provide 
a coherent analytic framework linking modular recurrence, harmonic structure, 
and geometric scaling within a unified representation of prime numbers—a per-
spective that may bridge discrete number theory with ideas from spectral and dy-
namical analysis. 

2. Complex Representation of Prime Numbers 

Definition 1 (Prime as Complex Oscillator) Let p∈ . Its complex exponential 
embedding is  

( ) ( ): e , with 1.ipp pω ω= =  

This maps the primes to the unit circle in the complex plane.  
Definition 2 (Angular Residue) For p∈ , define its modulo residuum as  

: mod 2 .pr p= π  

Remark Primes 2p < π  are mapped directly without angular wrapping as shown 
in Figure 1. For example, 

( ) 33 e 0.989 0.141 .i iω = ≈ − +  

 

 

Figure 1. Primes 2, 3, and 5 on the unit 
circle. 

3. Roots and Powers of Prime Oscillators 

Theorem 1 (de Moivre’s Identity for Primes) Let p∈  and n∈ . Then,  

( ) ( )( ) ( ) ( )cos sin cos sin .
n

p i p np i np+ = +  

Proof. This is followed by induction on n  using the trigonometric product-to-
sum identities. For negative n , use  

( ) ( )( ) ( ) ( )( ) ( ) ( )cos sin cos sin cos sin .
n n

p i p p i p np i np
−

+ = + = − + −  

Corollary 1 (Complex Roots of Primes) The nth root of eip  is given by  
( )2e e , 0,1, , 1.i p k nipn k n+ π= = −  

This root also lies on the unit circle, evenly dividing the angular position of the 
original prime representation. 
Definition 3 (Residue Recurrence Class (Integer Root Case)) Fix p∈ , n∈ , 

https://doi.org/10.4236/apm.2026.161004


L. Csóka 
 

 

DOI: 10.4236/apm.2026.161004 48 Advances in Pure Mathematics 
 

and let 0ε >  denote an angular tolerance. We define the Residue Recurrence 
Class with precision ε  as  

( ) ( ){ }, , : | mod 2 .p n q q npε ε= ∈ − π <  

Remark In our numerical experiments, we used 310ε −=  radians, which pro-
vides a balance between computational sensitivity and numerical stability. This 
tolerance ensures that only primes with tightly aligned angular residues are in-
cluded, while maintaining reproducibility of the empirical findings. 

For 2p = , 2n = , we have ( )2 42 e 0.653 0.756i iω − −= ≈ − + . The following 
primes are in ( )2,2 :  

{ }101149,108959,517831,523511, , with residues 2.283.≈  

Definition 4 (Residue Recurrence Class (Fractional Root Case)) Let p∈ , 

0α >∈ , and 0ε > . Then, the fractional-root Residue Recurrence Class is de-
fined as  

( ) ( ){ }, , : | mod 2 .p q q pα ε α ε= ∈ − π <  

Remark Let 2,0.52, 0.5 5.283p α θ= = ⇒ ≈  and the conjugate root at 2.141θ ≈ . 
Two recurrence clusters were identified. 
• Cluster A: { }709,2129,4259,4969,6389,  
• Cluster B: { }102217,104437,105767,107897,  

These clusters illustrate how fractional prime roots produce multibranch angu-
lar recurrences among larger primes. Each angular value corresponds to a distinct 
branch of the complex root, forming a double-lobed recurrence pattern on the 
unit circle as shown in Figure 2. This behaviour suggests that ( ),p α  is 
multivalued when α ∉ , reflecting the complex analytical structure of frac-
tional exponents. 

 

 

Figure 2. Residue recurrence classes (RRC). Clusters A and B align with 
the two conjugate roots of 2−0.5. 

4. Conjugate Symmetry and Clustering 

Lemma 2 For any p∈ , the conjugate ( ) e ippω −=  may coincide with ( )qω  
for some distinct prime q , forming a conjugate recurrence pair.  
Remark ( )17 0.275 0.961iω ≈ − − , and ( ) ( )17 0.275 0.961 6373iω ω≈ − + ≈ . 
Cluster: 
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{ }2113,3533,4243,6373,7793, 1.849.qr⇒ ≈  

5. Symmetries and Conjugates 

Lemma 3 (Conjugate Pair Cancellation and Prime Representation) Let  
( ) eippω =  be a complex representation of a prime p∈ . Then, its complex 

conjugate ( ) e ippω −=  may correspond to a different prime q∈  such that 
( ) ( )p qω ω= . When both ( )pω  and ( )qω  are included in the quasi-harmonic 

sum, their effects partially cancel owing to conjugate symmetry:  

( ) ( ) ( )2cos .p p pω ω+ =  

Thus, the full set of primes cannot define the quasi-harmonic prime function; 
rather, it is supported by a structurally selective subset, leading to quasi-periodic-
ity in the prime function. 
Lemma 4 (Clusters of Primes Approximating Complex Conjugates) Let  
( ) eippω =  be the complex embedding of a prime p∈  and ( ) e ippω −=  its 

complex conjugate, then there may exist a finite set of distinct primes  
{ }1 2, , , kq q q ⊂   such that  

( ) ( ), for each 1, , ,jq p j kω ω≈ =   

where ( ) e jiq
jqω =  and 

mod 2 mod 2 .jq pπ ≈ − π  

That is, although mod 2p π  differs significantly from the residues of the jq , 
the jq  themselves form a tightly clustered set whose angular residues are ap-
proximately equal to that of ( )pω . These primes form a conjugate residue clus-
ter, suggesting a quasi-linear or recurrent angular alignment among primes under 
complex embeddings. 

6. Quasi-Harmonic Prime Function 

Definition 5 (Root-Weighted Residue-Based Prime Oscillator Sum) The root-
weighted quasi-harmonic prime function is defined as  

( ) ( )
1

1: cos ,
N

N j
j j

H x x
p

θ
=

= ⋅ ⋅∑  

where jp ∈  is the jth prime, and : mod 2j jpθ = π  denotes its angular residue.  
Remark The weighting factor 1 jp  serves both theoretical and empirical pur-
poses. From a theoretical standpoint, it parallels normalisations used in Dirichlet-
type series and spectral zeta formulations, where amplitudes are inversely related 
to the square root of frequency or energy to ensure boundedness of oscillatory 
sums. Empirically, this weighting was observed to stabilise the quasi-periodic in-
terference patterns of ( )NH x ; unweighted sums, which exhibited erratic oscilla-
tions and loss of structure beyond the first few thousand primes.  

The function ( )NH x  is shown in Figure 3, using the first 10000 prime resi-
dues. 
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Figure 3. Graphically, the function ( )NH x  intersects the real axis near prime values, 

providing an analytic signal for prime locations. 

7. Helical Structure and Scaling Law 

Lemma 5 (Non-Zero Center of Angular Sums) Let ( )1: N
N jjS pω

=
=∑ . Then, 

0NS ≠ . The cumulative sum of prime oscillators does not cancel, unlike the roots 
of unity. 
Definition 6 (Normalized Prime Center Localization as Quasi-Helical Struc-
ture) Let 

( )
, :

2
j

N n

p
S

t
ω

=
⋅ π

 

and maps ,N nS  onto a complex plane with n  normalisation. 
Remark The trajectory becomes more structured for large t , as shown in Figure 
4. 
Theorem 6 (Quasi-Helical Structure) The centre point of the prime oscillators 
is defined as scaled by the real parameter t . As t N→ , the centre traces a helical 
trajectory in 2D space. 

 

 

Figure 4. Prime oscillators centre summation as scaled by the real parameter t, shown for 
t = 1 (left panel) and t = 18000 (right panel). 

 
Scaling Law of Angular Sums: numerical evaluation of the cumulative complex 
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prime ,N nS  suggests an approximate scaling relationship between its real 
( ),N nR Re S=∑  and imaginary components ( ),N nI Im S=∑ , 

8, with fitted parameters 2.1138, 3 10 .I c R cα α −≈ ⋅ ≈ ≈ ×  

Remark This observation is based on empirical data fitted to a power law, as 
shown in Figure 5, and is not presented as a proven mathematical theorem. The 
apparent scaling behaviour may reflect an emergent geometric tendency in the 
cumulative embedding rather than an exact analytical law. The c  exponent sug-
gests a fractal-like power law in the distribution of primes under complex normal-
isation, consistent with the results observed in [6] [8].  

 

 

Figure 5. Scaling relationship between real and imaginary 
parts of prime centre summation, with fitted power law. 

8. Conclusions 

In this paper, we proposed and numerically explored a geometric-analytic frame-
work for studying the distribution of prime numbers via their embedding on the 
complex unit circle, ( ) eippω = . Our analysis revealed two interacting structural 
layers: 1) angular recurrence linked to integer and fractional roots of smaller 
primes, and 2) nonlinear summation dynamics exhibiting approximate power-
law scaling. The results remain empirical but reproducible across finite prime 
ranges, suggesting that the apparent randomness of primes may conceal underly-
ing harmonic and geometric tendencies. 

The first layer of structure is captured through the introduction of Residue Re-
currence Classes (RRCs), which extend classical additive modular studies (e.g., 
distribution modulo 1) into a multiplicative-rotational setting modulo 2π . This 
representation reveals coherent angular clustering of primes aligned with the 
roots of smaller primes, indicating that certain modular substructures may persist 
within the globally uniform prime sequence. 

The second layer involves two complementary analytical constructions: the 
quasi-harmonic prime function, defined as a root-weighted cosine sum over prime 
angular residues, which exhibits interference patterns and partial localisation ef-
fects; and the complex prime centre summation, whose cumulative trajectory in 
the complex plane follows an empirical power-law relation between its real and 
imaginary components. This scaling, while not exact, suggests a self-similar or 
fractal-like growth tendency in the aggregate embedding. 
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Remark The coherence described in the examples refers to numerically ob-
served clustering within bounded prime intervals, rather than an asymptotic or 
proven analytic property. A systematic statistical analysis over extended prime 
ranges would be necessary to establish quantitative measures of recurrence strength 
or density.  

Remark It is worth noting that, according to Weyl’s criterion, the sequence of 
primes modulo 1 (and thus modulo 2π ) is asymptotically equidistributed. The 
angular clustering effects observed here, therefore, do not contradict equidistri-
bution; they represent local deviations within finite subsets, consistent with small-
scale irregularities permitted by the global uniformity predicted by analytic num-
ber theory.  

Based on the observed patterns, we propose the following conjectures for fur-
ther mathematical study: 
• Conjecture 1 (Residue Recurrence Density): For any fixed small prime p  

and exponent 0α >∈ , the residue recurrence class ( ), ,p α ε  has pos-
itive lower density within the set of all primes. 

• Conjecture 2 (Scaling Invariance of Prime Summation): The normalised tra-
jectory of the complex prime centre summation approaches a self-similar at-
tractor curve in the complex plane as the number of terms increases.  

Future Work 

Further research should seek to formalise the analytic definition and density esti-
mates of RRCs, and to determine whether the observed scaling law admits a closed-
form asymptotic formulation. Testing the stability of the scaling exponent over 
extended computational ranges would also clarify whether this behaviour reflects 
a genuine number-theoretic regularity or an artefact of finite sampling. Ultimately, 
such investigations could help determine whether the geometric-analytic repre-
sentation developed here fits naturally within established analytic frameworks or 
introduces a new perspective on spectral phenomena in the primes. 
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