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Abstract 
The paper presents some results on partially ordered rings. In section 2, it is 
shown that Archimedean directed maximal partial orders on integral domains 
must be total orders. Section 3 presents a direct proof that fields not algebraic 
over   admit directed partial orders. Section 4 mainly considers the con-
nection between symmetric partial orders, directed maximal partial orders 
and full infinite primes for commutative rings that are algebraic over  . In 
particular, it is shown that in commutative rings that are algebraic over   
and do not contain nonzero nilpotent elements, the symmetric partial orders 
and full infinite primes are in one-to-one correspondence.  
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1. Introduction 

All rings in the paper are associative, with 1 0≠ , and of characteristic 0. A par-
tially ordered ring ( ),R ≥  is a ring R  equipped with a partial order ≥  that sat-
isfies  

, , , if , then and if 0, 0, then 0.a b c R a b a c b c a b ab∀ ∈ ≥ + ≥ + ≥ ≥ ≥  

e positive cone of the partially ordered ring ( ),R ≥  is defined as  
{ }| 0R a R a+ = ∈ ≥ . Clearly R+  is closed under the addition and multiplication 

of R  , and { }0R R+ +∩− =  . e elements in R+   are called positive. On the 
other hand, let R  be a ring and P  be a subset of R  that satisfies P P P+ ⊆ , 
PP P⊆ , and { }0P P∩− = . en the partial order defined by for all ,x y R∈ , 
y x≥   if y x P− ∈   makes R   into a partially ordered ring ( ),R ≥   with the 

positive cone P . Because of this connection, we will denote a partially ordered 
ring either by ( ),R ≥ , where ≥  is a partial order, or by ( ),R P , where P  is the 
positive cone of a partial order, and we will say that ≥  or P  is a partial order 
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on the ring R  . A partial order P   on a ring R   is called directed if for any 
a R∈ , there exist ,b c P∈  such that a b c= − . If the partial order P  on R  
is a lattice order, then ( ),R P  is called a lattice-ordered ring (  -ring). A partial 
order ≥   is called division closed if 0ab >   (or 0ba >  ) and 0a >   implies 

0b > . In the following, ,+ +  , and +  denote the usual total order on the ring 
  of integers, the field   of rational numbers, and the field   of real num-
bers, respectively. For more information on partially ordered rings and  -rings, 
the reader is referred to [1]-[4]. 

A nonempty subset S   of a ring R   is called a preprime if S S S+ ⊆  , 
SS S⊆ , and 1 S− ∉ . A maximal preprime is called a prime. By Zorn’s Lemma, 
each preprime is contained in a prime. A prime S  is called infinite if 1 S∈ , 
otherwise S  is called finite. An infinite prime S  of R  is called full if  

{ }| ,R S S a b a b S= − = − ∈  . An infinite prime S   (or a partial order P  ) is 
called strong Archimedean if for any a S∈  ( a P∈ ), there exists a positive inte-
ger n  such that n a S− ∈  ( n a P− ∈ ). A partially ordered ring ( ),R ≥  is called 
Archimedean if for any ,a b R∈ , a nb≥  for all integers n  implies that 0b = . 
For more information on primes for rings, the reader is referred to [5] [6]. 

2. Archimedean Maximal Partial Orders on Integral Domains 

In ([7], Corollary 4), it is shown that an Archimedean directed maximal partial 
order on a field must be a total order. In this section, the result is generalized to 
integral domains. Let D  be an integral domain and P  be a partial order on D  
with 1 P∈ . Since { }\ 0P  is a multiplicative subset of D , we may form the quo-
tient ring of D  by { }\ 0P , denoted by 1P D− . us  

{ }1 | , , 0 ,P D a b a D b P b− = ∈ ∈ ≠  

which is an integral domain with the same identity element as D , and D  may 
be considered as a subring of 1P D− . 

Define  

{ }1: | for some , , 0 .qP x P D x a b a b P b−= ∈ = ∈ ≠  

Lemma 1. Let D  be an integral domain and 1 P∈  be a partial order on D . 
en qP  is a partial order on 1P D−  and qP P⊆ . Moreover, if P  is directed 
on D , then qP  is directed on 1P D− .  

Proof. It is clear that qP   is closed under the addition and multiplication of 
1P D−  . Let q qx P P∈ ∩−  . en x a b=  , x c d− =   for some , , ,a b c d P∈  , 
0b ≠   and 0d ≠  . en ( )0 x x a b c d ad bc bd= + − = + = +   implies that 

0ad bc+ = , so 0a c= = . erefore 0x = , so { }0q qP P∩− =  and hence qP  is 
a partial order on 1P D− . For any a P∈ , in 1P D− , 1 qa a P= ∈ , so qP P⊆ . 

Let P  be a directed partial order on D . For 1x P D−∈ , /x a b=  for some 
a D∈   and b P∈  , 0b ≠  . Since P   is directed on D  , 1 2a a a= −   for some 

1 2,a a P∈  . en 1 2/ /x a b a b= −   with 1 2/ , / qa b a b P∈  . erefore, qP   is di-
rected on 1P D− .                                                  □ 
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Lemma 2. For an integral domain D  and a maximal partial order P  on D , 

qP  is a maximal partial order on 1P D−  such that qD P P∩ = . Moreover, If P  
is Archimedean on D , then qP  is Archimedean on 1P D− .  

Proof. By Lemma 1, qP  is a partial order on 1P D−  and by Zorn’s Lemma, 

1qP P⊆  and 1P  is a maximal partial order on 1P D− . For 1x P∈ , x a b=  for 
some a D∈  and b P∈ , 0b ≠ . Since 1qb P P P∈ ⊆ ⊆ , 1a xb P= ∈  and hence 

1a D P∈ ∩  that is a partial order on D . On the other hand, since 1P D P⊆ ∩  
and P   is a maximal partial order on D  , we have 1P D P= ∩   and hence 
a P∈  . Hence qx P∈  . It follows that 1qP P=   is a maximal partial order on 

1P D−  and qD P P∩ = . 
Let P  be Archimedean on D . We show that qP  is Archimedean on 1P D− . 

Suppose that 1,x y P D−∈   such that 
qPnx y≤   for all integer n  . Let x a b=  

and y c d=   for some ,a c D∈   and ,b d P∈   with 0b ≠  , 0d ≠  . Since 

qP P⊆  and bd P∈ , ( ) ( ) ( )
qPn ad nx bd y bd cb= ≤ =  for all integers n . From 

( ) qcb n ad D P P− ∈ ∩ =  for all integers n , we have ( ) Pn ad cb≤  for all inte-
gers n . us, 0ad =  since P  is Archimedean on D , so 0a =  and 0x = . 
erefore, qP  is Archimedean on 1P D− .                             □ 

Lemma 3. Let D  be an integral domain and P  be a maximal partial order 
on D  such that any nonzero element in P  is a unit of D . en any subring 
of D  containing P  is a field. In particular, D  is a field.  

Proof. Let R   be a subring of D   and P R⊆  . Take a R∈   and 0a ≠  . If 
a P∈  , then a   is a unit by the assumption. Assume that a P∉  . Denote by 
[ ]P a  the set of polynomials in a  with coefficients in P . It is clear that [ ]P a  is 

closed under the polynomial addition and multiplication. If [ ] [ ] { }0P a P a∩− = , 
then [ ]P a  is a partial order on D , so [ ]P P a⊆  and P  is maximal implies 

[ ]P P a= . Hence a P∈ , a contradiction. 
Since [ ] [ ] { }0P a P a∩− ≠ , there exists [ ] [ ]0 w P a P a≠ ∈ ∩− . en  

( )w f a=   and ( )w g a− =   for some nonzero polynomials ( ) ( ),f a g a   with 
coefficients in P . erefore, ( ) ( ) 0f a g a w w+ = − =  implies  

1 0 1 00, for some , , ,0 , 1.n
n na a a a a a a a P n+ + + = ≠ ∈ ≥   

Since 00 a P≠ ∈  , 1
0a−   exists and in P   since P   is division closed ([8], 

Lemma 1), so  

( )1 1
0 11 .n

na a a a a− −= − + +  

us ( )1 1 1
0 1

n
na a a a a R− − −= − + + ∈  and hence R  is a field.             □ 

eorem 1. Let D  be an integral domain and P  be an Archimedean maxi-
mal partial order on D .   

1) If P   is directed, then there exists an embedding : Dϕ →   such that 

( )1P ϕ− +=  . In particular, P  is a total order on D .  
2) If P  is not directed, then there exists an embedding : Dφ →  such that 

( )1P φ− +=   and ( )Dφ ⊆/  .  
Proof. By Lemma 2, qP  is an Archimedean maximal partial order on 1P D− . 

Since each nonzero element in qP  is a unit in 1P D−  and 1P D−  is an integral 
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domain, by Lemma 3, 1P D−  is a field. 
(1) By Lemma 1, qP  is directed on 1P D− . From ([7], Corollary 4), there exists 

an embedding 1: P Dσ − →  such that ( )1
qP σ − +=  . Define Dϕ σ= , the re-

striction of σ  on D . en ϕ  is an embedding from D  to  . For a D∈ ,  

( ) ( ) ( )1, ,qa P a D P a D a a aσ ϕ ϕ+ + − +∈ ⇔ ∈ ∩ ⇔ ∈ ∈ ⇔ ∈ ⇔ ∈    

so ( )1P ϕ− +=  . For a D∈ , ( )aϕ  is either in +  or in +− , so a P∈  or 
a P− ∈ , that is, P  is a total order. 
(2) If P  is not directed, then qP  is not directed. Otherwise, by ([7], Corollary 

4), qP  is a total order on 1P D− . Since qP D P= ∩ , P  is a total order on D  
as well, so P  is directed, a contradiction. 

By ([7], Corollary 4), there exists an embedding 1: P Dδ − →   such that 

( )1
qP δ − +=   and ( )1P Dδ − ⊆/  . Define Dφ δ= , the restriction of δ  on D . 

en φ  is an embedding from D  to  . For a D∈ ,  

( ) ( ) ( )1, ,qa P a D P a D a a aδ φ φ+ + − +∈ ⇔ ∈ ∩ ⇔ ∈ ∈ ⇔ ∈ ⇔ ∈    

so ( )1P φ− +=  . If ( )Dφ ⊆  , then ( )1P φ− +=   is a total order, a contradic-
tion. erefore, ( )Dφ ⊆/  .                                         □ 

3. Fields that Are Not Algebraic over   

In 2011, Schwartz and Yang proved that for a field if it has transcendence degree 
1d ≥  , then it has a directed partial order ([9], Corollary 4.2). e result was 

proved by Dubois in 1970 using the language of infinite primes for fields ([10], 
4.12). In this section, based on Dubois’ work, we present a direct proof of the result 
using maximal partial orders. All credit goes to Dubois. 

Let F  be a field and P  be a maximal partial order. Define  

{ }: | 1such that and .PB a F n n a P n a P= ∈ ∃ ≥ − ∈ + ∈  

{ }: |1 for all integers .PJ a F ma P m= ∈ + ∈  

: .PE P P= −  

en PB  is a subring of F  and PJ  is an ideal of PB  ([10], 6). Clearly  

P PB E⊆  , PE   is a subring of F  , and P   is directed on F   if and only if 

PE F= . 
Lemma 4. Let F  be a field and P  be a maximal partial order on F .  
1) Any subring of F  containing P  is a subfield of F . In particular, PE  is 

a subfield of F .  
2) P  is an infinite prime of F .  
3) F  is algebraic over PE .  
4) PE  is the quotient field of PB  in F .  
Proof. (1) Let a P∈  , 0a ≠  . en 1 1aa− =   and P   is division closed im-

plies 1a P− ∈ . By Lemma 3, (1) is true. 
(2) Since P  is a preprime and 1 P∈ , P S⊆  for some infinite prime S  of 

F  . By (1), the subring S S−   is a subfield of F  , so { }0S S∩− =   since 
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S S∩−  is an ideal of S S−  ([6], Proposition 2.5). erefore, S  is a partial 
order and hence P S=  and P  is an infinite prime. 

(3) Suppose that \ Pa F E∈ . Denote by [ ]P a  the set of all polynomials in a  
with coefficients in P . Clearly [ ]P a  is closed under the addition and multipli-
cation of F . Since [ ]P P a⊆  and a P∉ , [ ]P a  is not a preprime by (2). So, 

[ ]1 P a− ∈   and hence a   satisfies a nonzero polynomial over PE  . erefore, 
F  is algebraic over PE . 

(4) Let Pa B∈ . en for some positive integer n , n a b P− = ∈ , so  

Pa n b E= − ∈ . us, P PB E⊆  and hence the quotient field of PB  is contained 
in PE  . For 0 b P≠ ∈  , 1 b P+ ∈  , so ( ) 11 b P−+ ∈   and hence ( ) 11 1 b P−+ + ∈  . 
Also ( )( )( )11 1 1b b b P−− + + = ∈   implies that ( ) 11 1 b P−− + ∈   since P   is di-
vision closed. us, ( ) 11 Pb B−+ ∈ . Similarly,  

( ) ( )( )( )1 11 1 and 1 1 1 1b b P b b b P− −+ + ∈ − + + = ∈  

imply that ( ) 11 1b b P−− + ∈ . us ( ) 11 Pb b B−+ ∈ . erefore, ( )
( )

1

1

1
1

b b
b

b

−

−

+
=

+
 is  

in the quotient field of PB  , so PE   is contained in the quotient field of PB  . 
Hence PE  is the quotient field of PB .                                □ 

eorem 2. Let F  be a field.   
1) For a maximal partial order P  on F , if { }0PJ ≠ , then P  is directed.  
2) (Dubois, Schwartz, Yang) If the transcendence degree of F   over    is 

1d ≥ . en F  contains directed partial orders.  
Proof. (1) Suppose that PE F≠ . We derive a contradiction. Since F  is alge-

braic over PE  and PE  is the quotient field of PB  by Lemma 4, we are able to 
choose an element \ PF Eθ ∈  such that θ  satisfies an irreducible monic poly-
nomial ( ) 1

1 1 0
n n

nf x x a x a x a−
−= + + + +  over PB  with 2n ≥ . Define  

{ } { }1
1 1 1 1 1: | 0 , , , 0 .n

n n PP p pz pz p P z z Jθ θ −
− −= + + + ≠ ∈ ∈ ∪   

We show that 1P   is a preprime. Let ( ) { }1
1 1 1 \ 0n

ng p pz pz Pθ θ θ −
−= + + + ∈  

and ( ) { }1
1 1 1 \ 0n

nh p p z p z Pθ θ θ −
−′ ′ ′ ′ ′= + + + ∈ . en  

( ) ( ) ( ) ( ) ( ) 1
1 1 1 1 .n

n ng h p p pz p z pz p zθ θ θ θ −
− −′ ′ ′ ′ ′+ = + + + + + +  

Since p p P′+ ∈  , 
1 P

p p
∈
′+

  and since 1 p p P
p p p p

′
− = ∈

′ ′+ +
 , P

p B
p p

∈
′+

 . 

Similarly, P
p B

p p
′

∈
′+

. us  

, 1, , 1,i i
i i P

pz p z p pz z J i n
p p p p p p

′ ′ ′+ ′= + ∈ = −
′ ′ ′+ + +

  

since PJ  is an ideal of PB . Hence  

( ) ( ) ( ) ( )

( )

1 1

11 1 nn n

pz p zg h p p p p
p p

pz p zp p
p p

θ θ θ

θ −− −

′ ′+′ ′+ = + + + +
′+

′ ′+′+ +
′+


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is in 1P , so 1P  is closed under the addition of F . 
To show that ( ) ( ) 1g h Pθ θ ∈ , we first notice that since  

( )1
1 1 0

n n
na a aθ θ θ−
−= − + + +   with i Pa B∈   and PJ   is an ideal of PB  , we 

have  

( ) ( ) ( ) ( )
( )

1 1
1 1 1 1

1
0 1 1

1 1

,

n n
n n

n
n

g h p z z p z z

pp b b b

θ θ θ θ θ θ

θ θ

− −
− −

−
−

′ ′ ′= + + + + + +

′= + + +

 



 

where 1 1, , n Pb b J− ∈  , and 0 1b b= +   for some Pb J∈  . Since 1 1
P Pb

n n
− ≤ ≤  

for all positive integers n , 1 0Pb+ >  and since 1 1 22 0
1 1 P

b
b b

+
− = ≥

+ +
,  

1
1 PB

b
∈

+
. us 1 1

1 1, ,
1 1 nb b

b b −+ +
  are all in PJ , so  

( ) ( ) ( ) ( ) ( ) 1111 1 1
1 1

nnbbg h pp b b b
b b

θ θ θ θ −−   ′= + + + + + +    + +    
  

is in 1P . erefore 1P  is closed under the multiplication of F . It is clear that 

11 P− ∉ , so 1P  is a preprime. Since P  is an infinite prime of F  and 1P P⊆ , 
we have 1P P= . 

Let Pz J∈  and 0z ≠ . en 11 z P Pθ+ ∈ = , so Pz Eθ ∈  and hence  

P
z E
z
θθ = ∈  by Lemma 4(4), a contradiction. Hence we must have PE F= , that 

is, P  is a directed partial order on F . 
(2) Let X  be a transcendental basis of F  over  . en 1X d= ≥ . Take 

t X∈  and consider the polynomial ring [ ]t . Totally order [ ]t  by defining 
a nonzero polynomial positive if the coefficient of the term of lowest power is a 
positive rational number. Denote by T  the positive cone of the total order on 
[ ]t . We note that 1 nt T+ ∈  for all integers n . Since T  is a partial order on 

F  , T   is contained in a maximal partial order P   on F  . en Pt J∈  , so 
{ }0PJ ≠  and by (1), P  is directed.                                 □ 

Remark. Dubois actually proved that there exist at least 2d  directed partial 
orders on the field F  ([10], 4.12).  

A partially ordered field ( ),F ≥  is said satisfying the property (AC): if for any 

x F∈ , 1 0x
n

+ ≥  for all positive integers n , then 0x ≥ . e property (AC) was 

introduced by Dubois [5]. 
eorem 3. Let F  be a field and P  be a directed maximal partial order on 

F . If P  satisfies the property (AC), then P  is an Archimedean total order on 
F .  

Proof. Since P  satisfies the property (AC),  

{ } { }: |1 , for all 0 .PJ a F na P n= ∈ + ∈ ∈ =  

By ([11], Corollary 1.4), there exists an embedding : Fφ →  such that  

( )1P φ− +=  . Since P  is directed, P  must be a total order.             □ 
A field is called directed *O  if each directed partial order can be extended to 
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a total order [12]. A field is directed *O  if and only if it is algebraic over   as 
shown in the following result. 

Corollary 1. For a field F , the following are equivalent.   
1) F  is algebraic over  .  
2) Each directed maximal partial order on F  satisfies the property (AC).  
3) F  is directed *O .  
Proof. (1)⇒ (2) By ([8], eorem 2), if F  is algebraic over  , then each di-

rected maximal partial order is an Archimedean total order. Suppose that  
1 0x
n

+ ≥  for all positive integers n  and 0x < . en ( ) 1m x− ≤  for all inte-

gers m , so 0x− = , a contradiction. erefore, 0x ≥ . 
(2)⇒ (3) By eorem 3. 
(3)⇒ (1) Assume that F  is not algebraic over  . Take x F∈  that is not 

algebraic over   and form the polynomial ring [ ]A x=  . Define the partial 
order on A  as follows.  

( ) ( ) ( ){ } { } 2: | and 0 0 , where 1.AP f x A f i f i i+= ∈ ∈ ≠ ∪ = −  

Clearly AP  is a partial order on A , so a partial order on F . en AP  is ex-
tended to a maximal partial order mP  on F . Let ( ) [ ]21f x x x= + ∈ . en for 
any integer n , ( )1 Anf x P+ ∈  since ( )1 1nf i ++ = ∈ . By eorem 2, mP  is a 
directed maximal partial order since ( )

mPf x J∈ . Let ( ) 2g x x= − . Since  
( ) 1g i += ∈  , ( ) A mg x P P∈ ⊆  . erefore, 2 0

mPx <  , so mP   cannot be a total 
order, a contradiction.                                              □ 

4. Symmetric Partial Orders, Maximal Partial Orders, and 
Infinite Primes 

For an integral domain that is algebraic over  , maximal partial orders and in-
finite primes are identical ([13], Lemma 2). In fact, that R  is algebraic over   
is also a necessary condition for maximal partial orders and infinite primes to be 
identical. 

Lemma 5. Let D  be an integral domain. If each infinite prime of D  is a par-
tial order on D , then D  is algebraic over  .  

Proof. Suppose that D  is not algebraic over  . Take a D∈  such that a  is 
not algebraic over  . Consider the polynomial ring [ ]a D⊆ . Define  

( ) [ ] ( ){ }: | 0 .S f a a f += ∈ ∈   

Clearly, S  is a preprime and 1 S∈ , so 1S S⊆  for an infinite prime 1S  of D . 
Now 1,a a S S− ∈ ⊆   implies that 1 1a S S∈ ∩−  , so { }1 1 0S S∩− ≠   and 1S   is 
not a partial order, a contradiction.                                    □ 

e following result is a direct consequence of Lemma 5 and ([13], Lemma 2). 
Corollary 2. Let D  be an integral domain. e maximal partial orders on D  

and infinite primes of D  are identical if and only if D  is algebraic over  .  
If a commutative ring contains nonzero zero divisors, maximal partial orders 

and infinite primes are different. In this section, we study the connection between 
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symmetric partial orders, maximal partial orders and full infinite primes for com-
mutative rings that are algebraic over  . 

A partial order P  on a ring (may not be commutative) is called symmetric if 
it is directed, division closed, and for any two elements ,a b , 0 a b P≠ + ∈  im-
plies either a P∈   or b P∈  . is concept was introduced in [14] and called 
symmetric cone there. For commutative rings that are algebraic over  , full in-
finite primes and aymmetric partial orders are associated together as shown in 
eorem 5 and a commutative ring with a symmetric partial order has a nice de-
composition as shown in eorem 4. 

Let R  be a commutative ring and P  be a symmetric partial order on R . 
Define  

{ }: | for any 0 , , .PI a R b P b na P n= ∈ ≠ ∈ + ∈ ∀ ∈  

It is straightforward to check that an element a  is in PI  if and only if for any 
0 b P≠ ∈  , P Pb na b− ≤ ≤   for all positive integers n  , where P≤   denotes the 
partial order with the positive cone P . Recall the nil-radical of a commutative 
ring R  is { }: | is nilpotentN a R a= ∈ . 

eorem 4. Let R  be a commutative ring and P  be a symmetric partial or-
der on R .  

1) PR P P I= ∪− ∪  and { }0P PP I P I∩ = − ∩ = .  
2) PI  is a convex ideal of R  and PR I  is a totally ordered ring.  
3) If { }0N = , then PI  is a prime ideal of R .  
Proof. (1) Suppose that a R∈  and a P P∉ ∪− . We show that Pa I∈ . Take 

0 b P≠ ∈ . Since a P∉  and P  is division closed, for any positive integers k , 
if 0ka ≠ , then ka P∉  since 1k P∈ . Thus ( )b b ka ka P= − + ∈  implies  
b ka P− ∈ . us b ka P− ∈  for all positive integer k . Similarly, since a P− ∉ , 
b ka P+ ∈   for all positive integers k  . Hence b na P+ ∈   for all integers n  . 
Since this is true for any b P∈ , 0b ≠ . We have Pa I∈ . It is clear that  

{ }0P PP I P I∩ = − ∩ = . 
(2) Take , Pa b I∈   and assume 0a ≠  , 0b ≠  , 0a b+ ≠   since Pa b I+ ∈  

under those cases. If a b P+ ∈ , then that P  is symmetric implies that a P∈  
or b P∈ , a contradiction by (1). If a b P+ ∈− , then  

( ) ( ) ( )0 a b a b P≠ − + = − + − ∈  , so a P− ∈   or b P− ∈   and hence a P∈−   or 
b P∈− , a contradiction again by (1). us Pa b I+ ∈ . It is clear that Pa I∈  im-
plies that Pa I− ∈ . Hence PI  is a subgroup of ( ),R + . 

Take Pa I∈ , r R∈  and 0a ≠ , 0r ≠ , 0ra ≠ . By (1), we consider r P∈ , 
or r P∈− , or pr I∈ . 

(i) r P∈ . en P  is division closed implies that ra P∉ , otherwise a P∈ , 
a contradiction by (1). Similarly, ra P∉− . us Pra I∈  by (1).  

(ii) r P∈− . en r P− ∈ , so by the argument given in (i), ( ) Pr a I− ∈ . us 

Pra I∈ .  
(iii) Pr I∈  . Suppose ra P∈  . We have 2P Pra r ra− ≤ ≤   and 1 1P Pa− ≤ ≤  , 

then  

( )( ) 22 1 0 2 2 0P Pra r a ra r ra ra+ − ≥ ⇒ + − − ≥  
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( )( ) 22 1 0 2 2 0.P Pra r a ra r ra ra− + ≥ ⇒ − + − ≥  

By adding above two inequalities together, we have ( )2 0Pra− ≥ . Since  
0Pra− ≤ , we must have 0ra− = , so 0ra = , a contradiction with 0ra ≠ . us 

ra P∉ . Similarly, ra P∉− . Hence Pra I∈ . erefore, for any r R∈  and  

Pa I∈ , Pra I∈ , so PI  is an ideal of R . Let 0 P P Pa b I≤ ≤ ∈ . Clearly, if 0a ≠ , 
then a P P∉ ∪− , so Pa I∈ . us, PI  is a convex ideal of ( ),R P . Since  

PR P P I= ∪− ∪ , it is clear that PR I  is a totally ordered ring with positive cone 
{ }|PP a I a P= + ∈  [13]. 

(3) If { }0PI = , then P  is a total order on R . It is well-known that a totally 
order ring without nonzero nilpotent elements is a domain, so PI  is a prime ideal. 
Now we assume that { }0PI ≠  . Let ,a b R∈   such that Pab I∈  . Suppose that 

,P Pa I b I∉ ∉  . We derive a contradiction. Since PR P P I= ∪− ∪  , ,a b P∈   or 
P− . Without loss of generality, we may assume that ,a b P∈ , so ab P∈ . en 

0ab =  , since { }0PP I∩ =  . It follows from Px I∀ ∈  , P Pa x a− ≤ ≤   and 

P Pb x b− ≤ ≤  that 0xa xb= = , and hence  

( )( ) ( )( )2 20 and 0.P Pa x b x x a x b x x+ + = ≥ − + = − ≥  

us 2 0x =  . Since R   contains no nonzero nilpotent elements, 0x =  , so 
{ }0PI = , a contradiction. erefore Pab I∈  implies Pa I∈  or Pb I∈ , that is, 

PI  is a prime ideal of R .                                           □ 
We will need following result from [14] that provides a way to construct sym-

metric partial orders. 
Lemma 6. ([14], eorem 2.3) Let R  be a commutative ring, I  be a prime 

ideal of R , and T  be a total order on the quotient ring R I . en  

{ } { }: | 0 and in 0P a R a I a I T R I= ∈ + ≠ + ∈ ∪  

is a symmetric partial order on R .  
For an infinite prime S  of a commutative ring, define  

( ) { }\ 0sP S S S= ∩− ∪   . 
eorem 5. Let R  be a commutative ring that is algebraic over  . For each 

full infinite prime S   of R  , sP   is a symmetric partial order on R   and 

ss PS P I= ∪ .  
Proof. Let I S S= ∩− . From ([6], Proposition 2.5), I  is a prime ideal of R . 

Consider the integral domain R I . Define { }: |S a I a S= + ∈  in R I . By ([13], 
Lemma 5), S  is a full infinite prime of R I . Since R I  is an integral domain 
that is algebraic over  , by ([13], Lemma 2 and eorem 1), S  is a total order 
on R I . It is straightforward to verify that  

{ } { }| 0 and in 0 .sP a R a I a I S R I= ∈ + ≠ + ∈ ∪  

So, by Lemma 6, sP   is a symmetric partial order on R  . Let 0 a I≠ ∈  . en 

s sa P P∉ ∪−  , so 
sPa I∈   by eorem 4. us 

sPI I⊆  . Since 
ss PS P I⊆ ∪   and 

ss PP I∪  is a preprime, 
ss PS P I= ∪ .                                  □ 

Corollary 3. Let R  be a commutative ring that is algebraic over  .  
1) Each full infinite prime of R  is strong Archimedean.  
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2) Let S  be an infinite prime of R . en there exists a ring homomorphism 
: S Sϕ − →  such that ( )Ker S Sϕ = ∩−  and ( )1S ϕ− +=  .  
Proof. (1) Let S  be a full infinite prime of R . By eorem 5, 

ss PS P I= ∪ . 
en 

sPI S S= ∩−  , so 
sPI   is a prime ideal of R  . We first show that sP   is 

strong Archimedean. Since 
sPR I  is an integral domain that is algebraic over 

 , { }|sS a J a S= + ∈  is an Archimedean total order ([13], eorem 1), so S  
is strong Archimedean. Let 0 sa P≠ ∈ . en 

sPa I S+ ∈ , so there is a positive 
integer n  such that ( ) ( )0 1

s sP Pn I a I S≠ + − + ∈ . us there exists b S∈  such 
that ( )

s sP Pn a I b I− + = +  . Since 0
sPb I+ ≠  , 

sPb I∉   and hence sb P∈  . en 
there exists 

sPi I∈  such that n a b i− = + . If 0i = , then sn a b P− = ∈ . If 0i ≠ , 
then 0

sPi I≠ − ∈ , { }0
ss PP I∩ = , and ( ) ( ) sb b i i P= + + − ∈  implies that  

sn a b i P− = + ∈ , since sP  is symmetric. us, in any case, sn a P− ∈ , so sP  is 
strong Archimedean. Now Take 0 a S≠ ∈ . If sa P∈ , then there is a positive in-
teger n   such that sn a P S− ∈ ⊆  . If 

sPa I∈  , then ( )1 1 a a= − +   and sa P∉  
implies that 1 sa P S− ∈ ⊆ , since again sP  is symmetric. erefore S  is strong 
Archimedean. 

(2) Since S S−  is a commutative ring that is algebraic over  , and S  is a 
full infinite prime of S S− , by (1), S  is strong Archimedean. en, by ([6], 
Proposition 1.7), there exists a ring homomorphism : S Sϕ − →   such that 

( )Ker S Sϕ = ∩−   and ( )1S ϕ− +=   .                                 □ 
Lemma 7. Let R   be a commutative ring that is algebraic over    and 
{ }0N = . en each symmetric partial order is a maximal partial order.  

Proof. Let P   be a symmetric partial order on R  . en mP P⊆   for some 
maximal partial order on R . Suppose mP P≠ . We derive a contradiction. Take 

\ma P P∈ . If a P∈− , then ma P P− ∈ ⊆  as well, a contradiction. us by eo-
rem 4, Pa I∈  . Let ( ) 1 0nf x a x a x a= + + +   be a nonzero integer polynomial 
such that ( ) 0f a = . If 0 0a ≠ , then ( )1

0 1
n

n Pa a a a a a I−= − + + ∈ , so  

01 1P Pna− ≤ ≤  for all positive integers n , a contradiction. us  

1 0n
na a a a+ + =  for some 2n ≥ . Suppose that 1 0a = . en  

0n k
n ka a a a+ + =  with 2n k> ≥  and 0ka ≠ . It follows that  

( ) ( )21 1 1 10 since 0.n k n k
n k n ka a a a a a a a a− − − −+ + = + + =   

en R  does not contain nonzero nilpotent elements implies that  
1 1 0n k

n ka a a a− −+ + = . If 1 2k − ≥ , we may repeat the above argument, so with-
out loss of generality, we may assume at the beginning that 1 0n

na a a a+ + =  
and 1 0a ≠ . 

Let 1
1

n
ne a a a−= + +  . en 2

1e a e=   since ( )1
1 0n

nae a a a a−= + + =  . If 
e P∈  , then P Pe a e− ≤ ≤  , so 

m mP Pe a e− ≤ ≤   since mP P⊆  . If follows from 

ma P∈   that 20 0
m mP Pae a ae− = ≤ ≤ =  . us 2 0a =   and 0a =  , a contradic-

tion. Similarly, e P∉− . Hence Pe I∈  by eorem 4. From , Pa e I∈ , we have 

1 Pa I∈ , so 11 1P na− ≤ ≤  for all positive integers n , a contradiction. erefore, 
we must have mP P=  and hence P  is a maximal partial order on R .      □ 

For a commutative ring that is algebraic over    and { }0N =  , a directed 
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maximal partial order may not be symmetric. e following example demon-
strates that not all directed maximal partial orders are symmetric. 

Example 1. Let R = ×  . It is straightforward to check that  
( ){ }, | ,mP a b a b += ∈   is a directed maximal partial order on R   that is not 

symmetric. We notice that ( ){ } { }, | 0 0P a b a= > ∪  is a symmetric partial order 
and a maximal partial order on R .  

By eorem 4 and Lemma 7, we have the following result. 
eorem 6. Let R   be a commutative ring that is algebraic over    and 
{ }0N = . For each full infinite prime S  of R , there exists a directed maximal 

partial order P  such that PS P I= ∪ .  
We notice that in Example 1, mP  is a directed maximal partial order and there 

exists no full infinite prime S  such that 
mm PS P I= ∪ . However, the situation is 

different for symmetric partial orders. 
eorem 7. Let R   be a commutative ring that is algebraic over    and 
{ }0N = . For each symmetric partial order P  on R , there exists a full infinite 

prime S  such that PS P I= ∪ .  
Proof. We show that PP I∪  is an infinite prime. It is clear that PP I∪  is a 

preprime, so PP I S∪ ⊆  for some full infinite prime of R . By eorem 4, PI  
is a convex prime ideal and / PR I  is a totally ordered integral domain that is 
algebraic over   with the positive cone { }|PP a I a P= + ∈ . By ([13], Lemma 
5), { }|PS a I a S= + ∈  is a full infinite prime of PR I  and hence S  is a total 
order on PR I  . us P S=  . Let 0 z S≠ ∈  . en P Pz I w I+ = +   for some 
w P∈ . It follows that z w i= +  for some Pi I∈ . If 0w =  or 0i = , then  

Pz P I∈ ∪ . Suppose that 0w ≠  and 0i ≠ . en 0 Pi I≠ − ∈  implies that  
i P− ∉ , so ( )w w i i P= + + − ∈  and P  is symmetric implies that z w i P= + ∈ . 

erefore, PS P I⊆ ∪  and hence PS P I= ∪ .                         □ 
By eorems 5 and 7, for a commutative ring that is algebraic over   and 
{ }0N = . e mapping sS P→  is a one-to-one correspondence between full in-

finite primes and symmetric partial orders. e correspondence reveals the rela-
tion of the infinite primes and symmetric partial orders and provides a foundation 
for futher investigation of the properties of the infinite primes and symmetric par-
tial orders. 

5. Summary 

e infinite primes and partial orders for rings are naturally connected. is paper 
continues exploring the connections between them for general commutative rings 
with the identity. Using the theory of infinite primes, it is proved that for a field, 
an Archimedean directed maximal partial order must be a total order, based on it, 
we were able to show that the result is true for an integral domain. e elementary 
method of constructing directed maximal partial orders in section 3 was used by 
Dubois to construct infinite primes. is method can be generalized to produce 
directed partial orders on other algebras. In section 4, the symmetric partial orders 
are naturally introduced from the infinite primes. We expect more discovery on 
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the structures of partially ordered rings by using the infinite primes and symmet-
ric partial orders. 
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