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Abstract

Using elementary Mother space of type e" , we construct semiring N, ring
Z and field Q of extended numbers inculuding natural numbers N, ra-
tional integers Z and rational numbers Q.Weseethat A/ and Z have
a natural total order structure. They are also countable sets. It can be seen that
the ring Z and the field Q are partially differentiable rings and fields. As
an application, we construct a partially differentiable Riemann manifold over
the Mother Pythagoras field K . We also formulate the ABC type conjecture
regarding A, Z, Q and their Mother algebraic extensions L. And we
introduce the Diophantine type equations related to the concept of this paper.

Keywords

Monoid, Mother Number, Dark Number, Partially Differentiable Manifold,
ABC Type Conjecture

1. Introduction

Just as the existence of unknown elementary particles is predicted in the world of
elementary particles, there may also be unknown numbers in mathematics. The
goal of this paper is to introduce and discuss unknown numbers. In this paper,
this unknown number is called the dark numbers. Unknown numbers can be lik-
ened to dark matter in physics. The set of dark numbers and ordinary numbers is
called the Mother numbers. The biggest feature is that a differential concept exists
in the world of Mother numbers. That is, a Mother number can be differentiated
by a dark number. Note that since ordinary numbers are included in the Mother
number, a Mother number can not be differentiated by an ordinary number.
Therefore, this differentiation is called a partial differentiation.

We will explain the reason for introducing the concept of Mother numbers.
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Kurokawa is studying absolute mathematics in order to challenge the Riemann
hypothesis [1]. In particular, Kurokawa has studied the concept of absolute dif-
ferentiation, which is differentiation by a prime element on a monoid [1]-[3]. Ku-
rokawa’s absolute differentiation satisfies the Leibniz rule but does not satisfy lin-
earity. We would like to make Kurokawa’s absolute differentiation also satisfy lin-
earity. By extending the concept of number to Mother numbers, we can make it
satisfy linearity. This also extends the Kurokawa’s category of monoid to the cat-
egory of commutative ring.

The Mother number considered in this paper is a countable set, and therefore
itis a discrete concept. Because of these properties, we want to develop continuous
mathematics in discrete mathematics. This corresponds to turning classical phys-
ics into quantum physics. Let us explain the Mother number below.

Gotyou has described the concept of elementary Mother space [4]. Gotyou has

explained that there are the following types of elementary Mother space:

1
e type, —— type, l-log(1-M) type.
1-M
In this paper, we will limit our discussion to the elementary Mother space of
type et .

Let us explain about elementary Mother space of type e" .

1
The generating function of the sequence {—‘} is
n: neN

. 1 1 1
e =l xt—x =X b — X" e,
2! 3! n!
We substitute a set M for variable x. We also replace sum + with direct
sum [[ of sets, x"=xx---xx with direct product of sets M"=Mx---xM ,
divide it in n! with the action of permutation group &, in direct product of

set M" . Hence we have
M ={SUMIU(MxM)/S, I(MxMxM)/& - LIM" /S, .

In this paper, this ¢" is called elementary Mother space.

We introduce the set D= {1, 2,3,4,5,-- } different from the usual set of natural
numbers N={1,2,3,4,5,---} . However, 1 is a common, ordinary 1. We will call
D the set of dark natural numbers. (ID,x) isthe monoid. Note that (ID,x) and
(N,x) are monoid isomorphisms.

The elementary Mother space of I is the following.
¢’ ={@} IDII(DxD)/&, H(DxDxD)/&, I---1ID" /&, I1---.

For any unordered pair (m,n,,--,n,)" €D'/&,, we define the element of
D'/&, as follows.

S,

n®n,®--®n :=(n1,n2,-~,n,)

By defining the commutative product x and the commutative sum + ofthe

set e”, it becomes a commutative semiring (eD,x,+) (cf. Section 3).
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We introduce the set 1) = {il, 12,43, 44,45, } different from the usual set of
rational integers without zero Z\{O} :{il,iZ, +3,44, i5,---} . We will call D
the set of dark rational integers. However, *1 is a common, ordinary *1. (]ﬁ),x)
is the monoid. Note that (]ﬁ),x) and (Z\{0},x) are monoid isomorphisms.

The elementary Mother space of I is the following.

& :{@}uﬁm(ﬁ)x@)/ez U(]fpx]fpxﬁ)))/63 ---1b" /& 11

For any unordered pair (m,n,,--,n,)" eD'/&,, we define the element of
IfDl/Gl as follows.

— &
n®n®--®n .—(nl,nz,-n,n,) .

By defining the commutative product x,sum + and difference — of the set
& , it becomes a commutative ring (e]ﬁ),x,+,—) (cf. Section 3).

Each piece D'/&, and D’ /G, of ¢” and ¢ s producing a new number
n®n,®---®n,.

Each piece of D'/&, and o'/ G, isonly a set with new elements
n®n,®---®n,,buttheset e’ of the entire union of each piece is commutative
semiring and the set ¢” is commutative ring.

Furthermore, ¢’ contains a natural total ordering structure <. We write
(em <, X, +, —) , which is a totally order semiring. And ¢” contains a natural total
ordering structure <. We write (e”a’,s,x,+,—) , which is a totally order ring (cf.
Section 4 and 5). These are the new totally order semiring and totally order ring

corresponding (N,S,x,+) and (Z,S,x,+,—).
|
The reason for considering e" is as follows. The coefficient - that appears
n!

in the expansion of e* corresponds to the fact that the permutation group S,
is invariant with respect to e . This means that the resulting ring is commutative.
In this paper, we will only discuss commutative rings. Furthermore, although the
mother number can be defined without using the notation of e" , using the no-
tation of e" allows us to express various examples in a unified manner (cf. sec-
tion 3).

Using e’ asan example, we will explain what kind of number Mother number
is,

(Mothernumber ) = ((ordinary number ) + ( dark number ).
According to this decomposition, e s
e” =(Nu{0})+(e" \(Nu{o})).
Ordinary numbers in the set NU{0} are grouped as follows.

(ordinary number ) = (ordinary prime)+ (ordinary composite number ) +(0 and 1).

Dark numbers in the set ¢” \(N U {0}) are grouped as follows.

(dark number) = (dark prime)+ (dark prime element )+ (dark composite number ).

Both dark prime and dark prime element are numbers that can not be factored
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into prime factors.

For example, it is

(dark number) =(2,3,5,-)+(2©1,2©3°,2' ®1,203®5,-)+(4,202,286.6,--),

4=2x2=2", 202=2x(101)=2x2=2x2, 206=2x(1©3), 6=2x3.

Primes in set ¢’ of Mother numbers are grouped as follows.

(prime) = (ordinary prime) + (dark prime)+(dark prime element).

For example, it is

(prime) =(2,3,5,+)+(2,3,5,+)+(2©2,2©3,2° 3,20293,3 95,203 @5,--).

One of the advantages of introducing ¢’ and " isthat they have the follow-
ing properties.

There are monoid isomorphisms (N,x)=(D,x), (Z,x)= (]ﬁ),x). Kurokawa’s
absolute differential exists for these four monoids. Absolute differentiation satis-
fies the Leibniz rule but does not satisfy the linearity. It is a nonlinear differential
(cf. [1]-[3]).

We want to linearly extend the nonlinear absolute differential on (ID,x). For
this purpose, linear differentiation can be defined by extending the concept of
number to ¢”. The same goes for (]fD,x) (cf. Section 7).

We put (N,S,x,+) = (eD,S,x,+,—) and (Z,ﬁ,x,+,—) = (e]ﬁ),ﬁ,x,t—) . Fur-
thermore, the quotient field of the commutative ring Z is written as
Q=(2\{0}) " =.

In this paper, we will consider the following expansion of numbers.

(N,S,x,+) ~ (N,S,x,+)
(Z,S,x,+,—) ~ (Z,S,x,+,—)
(Q,S,x,+,+,—) ~ (Q,S,x,+,+,—)

We examine various arithmetic, algebraic and geometric properties of
(N, S,x,+) , (Z,S, ><,+,—) and (Q,S,X,+, +,—) . We also discuss the algebraic
extension of Q and the algebraically closed field Q .

Each section of this paper is organized as follows.

Section 2 briefly reviews monoids and absolute algebras. Section 3 defines com-
mutative semiring ¢’ and commutative ring ¢” . And we will introduce various
examples of elementary Mother spaces and elementary Mother number spaces. In
Sections 4 and 5, we rewrite ¢” and ¢” as isomorphic objects to improve the
clarity of the discussion. We also define a total order structure into them. Section
6 describes the fundamental theorem of number theory and the division theorem
in ¢”. In Section 7, we define the differential concept on e’ , ¢" and the
Mother Pythagoras filed K . There are two important concepts of differentiation.
One is point differentiation and the other is functional differentiation. Sections 8,
9 and 10 are the applications in this paper. In Section 8, we define partially differ-
entiable Riemann manifolds with metric topology on K . In Section 9 and 10, we
construct the ABC type conjectures about e”, ¢” and the Mother algebraic ex-
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tensions of Q denoted by L. We also introduce the Diophantine type equa-

tions related to the concept of this paper.

2. Monoids and Absolute Algebras

We explain the monoids and the absolute algebras by Kurokawa (cf. [1]-[3] [5]).
Let N={1,2,3,4,5,6,7,---} and Z={0,£1,%2,+3,+4,45+6,%7,---} be the
set of all natural numbers and rational integers, respectively.
Definition 2.1. A monoid A=(A,x) will be a semigroup with identity ele-
ment 1g. An absolute algebra A will be a monoid with zero element 0 ,,

l,xa=axl,=a, 0,xa=ax0,=0,, acA.

Example 2.1. (E ={1}, ><) is the monoid. The corresponding absolute algebra
s ({1,0},x).
Example 2.2. (F}z ={1,-1} ,x) is the monoid. The corresponding absolute al-
gebra is ({1,—1, 0},x).

Example 2.3. (Fﬁ :{ ( 1+\/_) (— —x/—_)},xj is the monoid. The

~(-1++-3), %(—1—@),0},xj.

Example 2.4. (15‘14 = {1,—1,1’, —i},x) is the monoid. The corresponding abso-
lute algebra is ({1,—1, i,—i,0} ,><) .

In general, IFI,I is considered (cf. [1]).

Example 2.5. (N,x) is the monoid and (Z,x) is the absolute algebra.

Kurokawa has defined the following interesting monoid.

corresponding absolute algebra is ({

Example 2.6. The 2,3,5,7,--- are ordinary primes. Then we define
F,[2,3,5,7,-]={213°557" -+ |y, 1y, € NU{O}).
If iy=iy=iy=---=0 then 1€F[2,3,57,]. Hence (E[2,3,5,7,---],x) be-

comes the monoid.

Example 2.7. The 2,3,5,7,--- are ordinary primes. Then we define
F,[-1,2,3,5,7,] = {(—1)"0 20325875 i = £, i i iy, e € Nu{o}},
F, [—1,0,2,3,5,7,--~] = Fl[—1,2,3,5,7,~--]u{0}.

If iy=i=i,=i;=---=0 then 1€l [—1,0,2,3,5,7,---] . Hence
(]F1 [-1,0,2,3,5,7,- ~],x) becomes the absolute algebra.

Then the following important monoid isomorphic expression holds.

(F[2.3.5.7,-].x) = (N,%).

(F[-1.0,2,3,5,7,---],x) =(Z.x).

3. Mother Number Ring ¢® and Mother Number
Semiring e’

Let V beavector space over a field k.Let S (V) be a symmetric tensor alge-
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bra. ", defined below, is similar to S (V). The difference is that M can be
a general set. Also, products and sums are different. The product of S° (V) isa
tensor product, and the sum is a direct sum.

Elementary Mother space is defined as follows [4].

M={G UM U (MxM)/S, H(MxMxM)/&1--IM" /&, 11--
=@M US*MUSM - TS"M 1T,
where &, is the permutation group and we canset & =0 and

S"M=(M><M><~~-><M)/6n.
-~
n times

For example, (M xMxM)/&, = S’M meansfor (x,y,z)eMxMxM ,itis
as follows.
(xy.2)=(x.zp)=(r.x.2) = (y.2.x) = (2,x,9) =(2,5.%).
The following example is from Nakajima [6].
& = (@} TP (C) LI (P (C)xP' (C))/&, LI (P! (C)x P (C)x P' (T))/ &,
1I---11 ]pl((c)" /6, -
~{@} LI P'(C) LI $P' (C) LI SP' (C) LI --- L1 S"P' (C) LI
= [@ LI P'(C) L1 F*(C) LI P* (C) Ll - L[ P (C) LI--- = P*(C)
Definition 3.1. We define the set 1) = {1, 2,3,4,5, - } as the set of dark natural
numbers and also define the set 1 = {£1,42,43,44,%5,.--} as the set of dark ra-
tional integers.
*1 are common to ordinary natural numbers and rational integers.
For the product x of elements of D, (]D),x) is the monoid.
For the product x of elements of D, (JfD,x) is the monoid.
Below, we define two examples of the most basic elementary Mother number
spacein this paper.

The elementary Mother number space of D is defined as follows.
¢’ ={@} IDL(DxD)/&, LI(DxDxD)/&, ---LID"/&, -

For any unordered pair (m,n,,--,n,)" €D'/&,, we define the element of
D'/&, as follows.

n®n,®---®n :=(n1,n2,-~,n,)e'.
By defining the product and sum of the set ¢’ as follows, it becomes a com-
mutative semiring (eD , X, +) .
(nl@---@nl)x(ml@---@mk)=nlml@nlmz(@---@nlmkeID)”‘/G,k,
(n®-®n)+(m@ - Om)=n® - On®m®--&m D" /6,,,
forany (n,®--®n)eD'/G,, (m®--@&m)eD"/G,.
The identity element for the product x is leD.

The identity element for sum + is 0e{J}.

The elementary Mother number space of D is defined as follows.

DOI: 10.4236/apm.2025.1512043

780 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.1512043

T. Taniguchi

¢’ ={@} DL (DxD)/&, I (DxDxD)/&, U1 D" /&, 1T---

For any unordered pair (n,n,,,n, )61 e'/6,, we define the element of
@’/61 as follows.

— S;
n®n®---dn .—(nl,nz,---,n,) .

By defining the product, sum and difference of the set " as follows, it be-

comes a commutative ring (eﬁ,x,+,—).
(n @ @n)x(m @ ®m)=nm ®nm,®---Snm, ed*/s,,
(n @ ®n)+(m®-Om)=n® - On&m®-dm, D™ /&,
(n@-®n)~(m®--&m)=n® - ®nOm0O-0om, /6,

forany (n @---@n,)e]f))] 16, (m @---@m,{)e]ﬁ)k /16,.

The identity element for the product x is leD.

The identity element for sum + is 0e{J}.

The inverse of n, @---®n, with respect to thesum + is On O0---On,.

Each piece I /&, and D'/G, of ¢ and ¢ s only a set with a new
number 7, ®n, ®---®n,, but the set ¢” of the entire union of each piece is a
commutative semiring, and the set ¢” is a commutative ring. We also define as

follows.
D'/&, 311,17 =1@1®--®1=1+1+-+1=/
and
D?/6,3(1,-1)" =18(-1)=101=1-1=0.

This generally turns out to be

S
D'/e, 9[1,---,1,—1,---—1] =1®--®101--Ol=1+tl-1——l=n—m.
o

Proposition 3.1. Nc N isa subsemiring and 7. Z is a subring.

Proof. Let us consider that N isa subset of A .Ifit can be shown that itisa
subset, it is trivial that it is subsemiring. For any /, the special element
D'/&, > (1,1,---,1)6’ =1®1®---®1 can be calculated and
1®1®---®1=1+1+---+1=/,and [ isin N.Therefore, N isasubsetof N .
The same appliesto Zc Z. O

Below, we will discuss various examples of elementary Mother spaces other
than those mentioned above.

For the monoid (A = {il, ip,ipz,ip3,---} ,x) , it can be expressed as follows.

¢ ={@) LA LI (AxA)/G, LI (AxAxA)/&, LI 11A" /&, 1T
This is written as (Z[p],x,+, —) .
For the monoid (B = {iph xq” |i,i, e NU{0},p = q} ,x) , it can be expressed
as follows.

¢ ={T}IIBII(BxB)/&, I(BxBxB)/&, LI---1IB" /&, I---.
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This is written as (Z[p,q] ,X, +,—) .

As we will see in section 5, Z[p] and Z[p,q] are subrings of e”.

The following eight examples are obtained by taking the mother number "
of aknown monoid M for a known commutative ring or commutative semiring.

For the monoid (F, ={1},x), it can be expressed as follows.
¢ ={@} IIF, I (F,xF)/&, LI (F xF xF)/&, - UF"/&, -
The following semiring isomorphism holds
(eF‘ ,><,+) = (Nu{O},x,+).
For the monoid (]F12 ={1,-1} ,><) , it can be expressed as follows.
¢ ={@} LIF, L(F, F,)/6, LI(F, xF, xF, ) /&, LI L F," /&, .
The following ring isomrphism holds

(e]FIZ 5%, +n_) = (Zﬂ X,+, _)'

For the monoid [IE‘13 = {1,%(—1 + \/—73),%<—1 —\/—73)},><j , it can be expressed
as follows.
" ={@}LUF, L(F,xE,)/&, LI(F, xF, E,)/&, - F," /6, 1.
The following ring isomorphism holds
(eIF13 ,x,+,—) = (Q[E],x,t—).
For the monoid (IF14 ={1,-1,4, —i},x) , it can be expressed as follows.
" ={@} 1T, 1I(F, xF,)/&, L (F, xF,xE, )/ &, L[ [IF," /&, LI
The following ring isomorphism holds
(eF"' ,><,+,—) =(Z[i].x+,-).

Examples of the " and " show that F, and F, arehidden in the un-
derground structure of N U{O} and Z . This is an example of the importance
of Kurokawa’s philosophy of absolute mathematics (cf. [1]).

For the monoid (Z*,X) = (Z \ {0} ,><) , it can be expressed as follows.

o ={otUz U(z x2")/6, U(2' <2 x2") /& U--UZ" /&, 1
~P 7 =7
The following ring isomorphism holds
(eZ* ,><,+,—) = (Z,x, +,—).
For the monoid (N , ><) , it can be expressed as follows.

¢ ={@} IINII(NxN)/&, [I(NxNxN)/&, [I---IN"/&, II---
={@} IIN={0} UN.
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The following semiring isomorphism holds
(eN,x,+) = (N {0} ,><,+).

Let us introduce yet another example.

A polynomial ring with one variable or infinite variables can also be constructed
as an elementary Mother space as shown below.

For the monoid (X = {il, +X, iX2,iX3,---},><) of indefinite element X, it

can be expressed as follows.
e ={D} I X (XxX)/&, I(XxXxX)/&, I---LIX" /&, IT---.
The following ring isomorphism holds
(eX,x,-i-,—):(Z[X],x,—l-,—).

For the monoid (Y:{iX{‘X£2X§3 ---|il,iz,i3,---eNu{0}},x) with infinite
number of indefinite elements X, X,,X;,---, the following ring isomorphism
holds.

(¢ %) = (Z[X,, Xy, Xy o] x4, ).

Furthermore, the elementary Mother spaces of groups Q\{0}, R\{0} and
(C\{O} with respect to the product are respectively Q, R and C which are
fields.

As we can see from these examples, it can be seen that the monoid before taking
the elementary Mother space representation is an extremely basic object. By tak-
ing the elementary Mother space representation of the monoid, natural sums and
differences can be added. In order to obtain a new number concept, we introduced
new monoids D={1,2,3,4,5,--} and D={£1,2,13,4,15,-} .

Let us introduce another interesting example of elementary Mother space.

For monoid A, I isamonoididealif ae 4, xel then axel.

Monoid ideal I C A is a monoid prime ideal if a,b¢/ then abel.

Kurokawa thought of the following [5].

Spec(Z,x) is a set of monoid prime ideals of monoid (Z,x). Then the mo-
noid prime ideals of (Z,x) are

(2):(3)(5),.(2) 2 (3).(2) 0 (5)-(2) W (3) W (5). -+,

(2)u(3)u(5)u(7), -, ete.

and we know that dimSpec(Z,x)=o0.
Lemma 3.1. For the set P={2,3,5,7,11,---} of ordinary primes, elementary
Mother space is

¢ ={@} LIPLI(PxP)/&, [1(PxPxP)/&, 1111 (P"/&,) 1.
Then we have
(eP,+) =(Spec(Z,x),+).
Proof. We identify the following.
P3p=(p), P/S,3(p.q)=(p)U(q), in particular
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(p.p)=(p)u(p)=(p)eP, P’/S;2(p.q.r)=(p)u(q)U(r), in particular
(5.1 = (P)AP)U(r)=(p) ()< P15, and
(p.p.p)=(p)u(p)u(p)=(p)e P.The same applies below.

We define the sum + as follows.

(Poeees 2+ (@) = () U0 () + (@) 0+ 0 (4)
=(p)wo(p)(a)oo(q,).

The identity element for the sum is (0). Therefore, we have
(elp, +) = (Spec( Z,x), +). This is a Zariski topological monoid for the sum. [
On the other hand, Spec(Z, X, +,—) is only a Zariski topological space and

does not contain a monoid structure for the sum.

4. Rewriting Equivalent to Mother Number Semiring ¢”
and Total Order Structure

In this section we will give an expression equivalent to (emJ , %, +) . It turns out that
(em ,X, +) is a polynomial semiring. However, it can be seen that total order struc-
ture is different.
Definition 4.1
_ iqbgl | ;o
N([2,3,5,-] _{ > [N A e SR T AVARINC Nu{0},a Q... € N},

finite sum

where a,,, . exceptfor a finite number is zero.

From now on, Z fnite sum will be abbreviated as z .
For the set N[2,3,5,---] , the product x and the sum + are defined as fol-

lows.
(Zai”.zl.gmzf] 50 )x(Sh,,, V35
_Z( @i Xbj )2’“11 32t .,
(Zaili2i3u,2il3i25i3 . ) (Z i 21325° )
= 2 (@ BBy ) 203755

Hence (N [2.3,5 ~--],><,+) becomes the commutative semiring.
Note that a... @b, can be calculated and

iy gy
a... @b, . =a,. +b.. ...=n,and n is an ordinary number. On the other
10283 gty hiply hiply
hand, for example, 3®5 is a single number and can not be calculated any fur-
ther.

Lemma 4.1. The following semiring isomorphism holds.
(em’,x,+) = (N[2,3,5,~--],x,+).
Proof.
Left side=n®(n, ®n,)®---=p{'ps ---p’ @(qf‘lqﬁz g @rfrR - oxh )Gr)
= Z:al.]l.z,é”l'vl3i2 5% ...=Right side,

where, p;,p,,=**,P,>4;-95>""">q,,- X5, T, are dark primes and
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J,120,j,20,--+,7, 20, k20,k,20,---,k, 20, [,20,,,20,---,/ 20,
i, 20,0, >0,i; 20,---. --- isfinite. O

We write thisas N = (N, x,+).

Integer partitions of N is as follows.

1,

2,1+1,

3,2+1,1+1+1,

4,34+1,2+2,2+1+1L,1+1+1+1,

54+1,3+2,34+1+1,2+2+1,2+1+1+1L1+1+1+1+1,

N is the set in which all integer partitions of NU{0} are treated as different

elements. Then, as shown above, it becomes commutative semiring due to the in-
clusion of natural products and sums.

If we rewrite this using our symbols, then it becomes the following.
1,

2,2,

3,281,3,

4,301,202,202,4,

5,4®1,302,302,202D1,2®3,5

The equivalence of (1), (2), (3) in the following Lemma 4.2 is a well-known fact

(ct. [7]).

Lemma 4.2. The following four are equivalent as a set.

(1) The partitions of positive integer n .

(2) Yang diagrams of n.

(3) Type of conjugate class of symmetry group S, .

(4) The piece D" /&, of &’ = N[2,3,5,---] .

From Lemma 4.2, we can see that ¢” isthesetofall # in (1), (2) or (3).

Theset N =¢” =N [2,3,5,---] has the following total order structure.
1<2<2<3<2@1<3<4<2®2<202<3P1<4
<5<2@3<2D2P1<3P2<3D2<4DI<5<---.

It can be seen that (N , S,X,+) is in the total order semiring. We write this as

N =(N,$x,4).

5. Rewriting Equivalent to Mother Number Ring ¢® and

Total Order Structure

In this section we will give an expression equivalent to (eD,X,-f-,—) . It turns out

that (em,x,+,—) is a polynomial ring. However, it can be seen that total order
structure is different.

From now on, Y iies Wil be abbreviated as >,

Definition 7.1. For the set

N[2,3,5,-] ={Za,.1,.2,.3,“2"'3"25"3 e lidyiyy e NULOb g, € N},

> Yiigiz-e
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weextend a... €N to a... eZ. Therefore itis defined as

iiyiz- iiyiy

2[2,3,5]={Xa,,,.2'3°5" - |i,i, iy, e NU{0}a,,, € Z).

’1 iiz

For the set Z[2,3,5,---] , the product x, the sum + and the difference — are
defined as follows.

(X, 213250 )x( by, 213757 )
:Z(am e )2'l+fl3fz+fzsf3+j3“_.
=Z(a,~l,~2,.3 ) 213055 .

(Xa,,. 213255 ) (2o, 2"13"25"3...)
_Z( Qi Oy )2’13‘25’3....

Hence, ( [2 3,5, --~],><, +,—) becomes the commutative ring.

Note that a;,, . ©b, . . canbe calculated and
Qypi... @b,l,z,3 = b,.],.z,.}m =n,and 7 is an ordinary number. On the other
hand, for example, 3©2 is a single number and can not be calculated any fur-
ther, just like 3®2.

Lemma 5.1. The following ring isomorphism holds.
(e]ﬁ),x,+,—) =(2[2,3,5,]+-).

Proof. The proof is similar to Lemma 4.1. O
We write thisas Z =(Z,x,+,-).
We define the map

ev:N[2,3,5,]5(Xa,, 2'3°5" ) nel

For example, ev(Z @3) =5, ev(Z@S) =-3, ev(2®3) =5, ev(2 693) =
The map ev is called the cardinal evaluation map.
Theset Z:=e” =N [2,3,5,-] has the following total order structure.
Definition 5.2. The total order structure of Z :=é" = N[2,3,5,--] is defined
as follows.
Assuming that A,B,C,DeZ, p;-p">pl--pl>- and
pltepft > pleopl > are satisfied, the total order relation of

(Aplil...p:;”)@(Bp/l.. pm)(—B. (Cp . )(—B(Dp ...p )(—B...
is defined by the following procedure.
(1) ev (left side) < ev (rightside).
(2) If it satisfies ev (leftside) = ev (rightside) --- (I), then
PPy <plitep
(3) If it satisfies (I) and  pjl -+ p' = p|1 ---pf” .-+ (1I), then
A<C.
(4) If it satisfies (I), (II) and A=C --- (III), then
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i -m l IO
pljl ...p’il <pl] ...po .
Hereafter repeat in the same way.
The total order structure of N:=e¢” mentioned earlier is included in Defini-

tion 5.2.
The quotient feild Q = (Z \ {0})2 of Z isalso atotally ordered set, same as
Q is a totally ordered set.

Example 5.1.
1001<11, 9<1001, 3x10<2x15, O3x10>O2x15,

2x10@3x3®1<3x10, 2x10©2<2x10D2.

Lemma 5.2. The ordinal number of N is @, and the ordinal number of Z
is .

Proof. The sequence of numbersin Z is as follows.
0<202<30201<303<40301<40202<40202<404<---<1
1<201<302<302<403<40201<403<---<2
2<2<301<402<402<503<50201<503<--<3
3<2®@1<3<401<502<502<603<60201<603<---<4
4<2@02<2802<3P1<3P201<4<501<---<5

Hence, the ordinal number of Z is @”. Itis trival that the ordinal number of
N is o. O

We write thisas Z = (Z,S,x,+,—).

Proposition 5.1. For Z:=17[2,3,5,-]= e’ the following isomorphism as a
commutative ring holds.

(Z[ X Xy, Xy =) =(2]2,3,5,- )5 +,—).

Here, the element of 7[X,,X,, X, is a polynomial with respect to a finite
number of variables among X,,X,,---, but we can consider polynomials with as

many variables as we like.
Proof. Z — Z is subring. The element of Z are commutative with all ele-

ments of Z .

When we write Z[X,,X,,X;,-]3 f (X, X5, X5pe) = D a0 XPXZXT -,
fla,ay,0,, )= a,, ala;a; - is called an element of Z obtained by
substituting «,,a,,a;, -+ for X, X,,X;,

The substitution map

O:Z[X, X, X5, |3 f( X Xy, Xy ) o fay,p,04,0) € Loy, 0y, 04,

is a surjective ring homomorphism, that is

Im® =Z[a;,a,,05, ]

Z[al,az,%,---] is the smallest subring of Z that includes the elements of Z

and ¢,,a,,a;, -+, and it can be written as follows.
Z[alaaba})”']:{f(alaa27a39”')|f(X19X25X3:'”)EZ[X19X2:X39”']}

_ i b i S
—{Zailfzi3~-a1“2a3 |Gy € Loyl eNu{O}}.
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Ker @ ={ / (X, X,, X;,--) € Z[ X}, X,, Xy, ]| @/ (X, X, X5,004))
:f(a],az,a3,--~)20}.
From the ring homomorphism theorem, we have

Z[ X, Xy, Xy, |/ Ker @ =Z[ ey, a5, 05,

When ¢, =2,a, =3,0; =5,---, it becomes f(2,3,5,---) = Zailiz”'in 213255 ...
It is clear that 2,3,5,--- that satisfy f(2,3,5,---)=0 do not exist. Hence, we
have Ker ®={0} and

Z[X, X, Xy, ] = 2[2,3,5,].

(|

For example, the following can be considered Z[2], Z[3] and Z[5] etc..

This is collectively written as Z [p] . Increasing the dark prime variable, Z [2, 3] ,

Z[2,5], Z[2,3,5], Z[3,5,7], Z[2,3,5,7] etc. are also possible. These are all
subrings of Z = Z[2,3,5,---] .

Proposition 5.2. The commutative ring Z=7[2,3,5,---|=e” and polyno-

mial rings of infinite variables are not totally order isomorphic.

(Z[ X0 Xy X ] St =) #(Z[ 23,5, ] <+, -).

2 —lex >

Proof. (Z [X, X, X500, Slex) is usually considered in lexicographical order.
On the other hand, (Z[Z, 3, 5,--~],S) enters the total order structure according
to Definition 5.2. Therefore, the two are different. Let us give you a counterexam-

ple. We consider the following mapping.
[HZ[X,Y]3 XY, XY o f(X°Y)=2" %3, f(XY?) =2x3 € Z[2,3]

Although it is X’Y > XY?, it becomes f()(zY):22><3<f(XY2):2><32 .
Therefore, f is not totally order isomorphic. [J

6. Fundamental Theorem of Number Theory and Division
Theorem

From now on, we will often write symbols that equate n®m with n+m and
nOm with n—m.

For example, we write 2®3 as 2+3 and 203 as 2-3.

Lemma6.1. (N,x,+) and (Z,x,+,—) hasan infinite number of dark prime
elements.

Proof. The proof is trivial. [

The following analogy to the fundamental theorem of number theory holds.

Theorem 6.1. (Z,x,+,—), (N,x,+) can be factorized into prime factors,
which are unique.

Proof. neZ, n#0.If n isanirreducible element, leave itasis. If n isnot
irreducible, n=axb .If we repeat the above, n=axbx---xc.

Let n=axbx---xc=dxex---x f . Since a|n, then a|dxex---x f . Since
a is also a prime element, a divides either d,e,---,f . Even if a divides d,

generality is not lost. Since the prime element is an irreducible element, a and
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d are irreducible elements, so a =d . Therefore, dividing n by a=4d,
bx---xc=ex---x f .If werepeatthis a=d, b=e, .-, ¢=f.Inother words,
uniqueness is established. Therefore (Z,X,+,—) is a unique factorization do-
main. (N ,><,+) is also a unique factorization domain. [J

Definition 6.1. An integral domain R is called a Euclidean domain if it satis-
fies the following conditions. There exists a mapping d :R\{0} »>N={1,2,3,---},
forany a,be R, b>0. Then there exists q,r € R that satisfies the following.

a=bxq+r, r=0 or d(r)<d(b). (6.1)

Examples:

When R=Z,if d:= |a| ,then Z isa Euclidean domain.

When R :k[X] with field &, if d(f) :=deg f, then k[X] is a Euclidean
domain.

R= Z[X ] is not a principal ideal domain, so it is not a Euclidean domain.

R=k[X,,X,,~,X,] and R=Z[X,X,,---,X,] are also not Euclidean do-
mains.

Lemma 6.2. Z isnota Euclidean domain.

Proof. There is an example in which mapping |ev| :Z\{0}>a |a| eN does

not satisfy

a=bxq+r, |ev(r)| <|ev(b)|

for a,be Z, b>0. The counterexample is if a=2+1, »=2-1 then it can
divide (2+1)=(2-1)x2+(-2+3),but |ev((-2+3))|=1[ev((2-1))|=1. Hence
|ev((—2+3))|=|ev((2—l))|. O
Example 6.1. The following example can be considered for a=bxqg+r,
r=0 or ev(r)<ev(b).
(1) 22=5x4+(22-20), ev(22-20)<ev(5).
22=4x5+(22-20), ev(22-20)<ev(4).
(2) 6=(3-1)x2+2, ev(2)=ev(3-1).
6=2x3+0, r=0.
(3) (4-1)=2x1+(4-2-1), ev(4-2-1)<ev(2).
(4-1)=1x1+0, r=0.
(3+1)=(2+1)x1+(3-2), ev(3-2)<ev(2+1).
(3+1)=1x(3+1)+0, r=0.
2x2=(2-1)x3+(-2+3), ev(-2+3)=ev(2-1).
2><2:3><1+(2><2—3), ev(2><2—3)<ev(3).
6) (2+1)=(2-1)x2+(-2+3), ev(-2+3)=ev(2-1).
(2+1):2><1+(2—1), ev(2—1)<ev(2).

4)

©)

Although Z isnota Euclidean domain, the following division theorem holds.
Theorem 6.2. Forany a,be Z, b>0, thereexist q,r € Z that satisty

a=bxqg+r, r=0 or 0<r<b. (6.2)

The uniqueness does not hold. The division theorem does not hold for N .
Proof. a>0: We will show by inductionon a.If a=0,weset g=r=0.
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When a >0, regarding a, <a lessthan a, we assume that ¢,,7 exists that

satisfies
a =bxq +n, 0<r <b. (6.3)

If a<b,then g=0,r=a.If a>b, then 0<a-b<a . Therefore, by as-
sumption (6.3), there exists ¢,,7; such that a—b=bxq,+r, 0<r<b. If we
rewrite this, then « :b><(ql +1)+r1. Hence, if we set g=¢,+1, r=r, (6.2)
holds.

a<0:
since —a >0, as shown above, there exist ¢,, 7 such that

—a=bxq,+r,, 0<r, <b.

At this time, if 7 =0, then a=bx(-¢,) and g=-¢,, r=0.1f >0,
then
a=-bxq,—r,=bx(—-q,-1)+(b-n,), 0<b—r, <b.

Therefore, it shouldbe g=-¢q,-1, r=b-r,.
We give a counterexample in which uniqueness does not hold.

5 5-4 5 5-2x2

—=2+—, 0<5-4<2, —=2+ , 0<5-2%x2<2
2 2 2

As we can see from this counterexample, the division theorem does not hold
for N . To satisfy this theorem, we must use the difference —. But there is no
difference - in A . O

Lemma 6.3, (Z,X,+,—) is not Euclidean algorithm.

Proof. The definition of the Euclidean algorithm is that (a,b)=(b,7) holds
for a=bxqg+r, 0<r<b.When this is repeated, the remainder at the end be-
comes zero. However, this Z does not become »=0 atthe end.

For example, we consider the case when a=3 and b=2.
3=2x1+(3-2), 0<(3-2)<2.
2=(3-2)x1+(2x2-3), 0<(2x2-3)<(3-2).
3-2=(2x2-3)x1+(2x3-3x2), 0<(2x3-3x2)<(2x2-3).
It stops here. If we calculate further than it becomes r<0. O
Remark 6.1. (1) Forany Z[X|> f(X), if g(X) ismonic then it satisfy
F(X)=g(X)q(X)+r(X), r(X)=0 or degr(X)<degg(X).
For any Z[p] ) f(p) , even if g(p) is monic, then it does not satisty
f(p)=g(p)q(p)+r(p). r(p)=0 or 0O<ev(r(p))<ev(g(p))-
For example, the first equation of Example 6.1 (6) is a counterexample for
z[2].
(2) The essential difference between ZL[X,Y| and Z[p,q| is that they are
not totally order isomorphic according to Proposition 5.2. The ordered structure

of X and Y islexicographicalorder X >Y ,and 2 and 3 havean ordered

structure such as 2 <3 . In other words, the structure of division is different. Also,
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for Z[X, Y] , the sum X +Y , the difterence X —Y , the product XY and the

X Y
quotients 7 and ¥ can all be computed no further. On the other hand, for
Z[2,3], the sum 2+3=2@®3, the difference 2-3 =203, the product
3 3-2
2x3=6 and the quotient 3 =1 +T , 0<3-2<2 can all be calculated.

While X and Y are formal indeterminate elements without individuality,
2 and 3 aredark primes with individuality. Therefore, these two essentially dif-
ferent.

(3) For Z[Z,S] R (O) s (2) R (3) are principal ideals. (2,3) s (p,Z) R (p,3)
are prime ideals that are not principal ideals. (p,2,3) isa maximal ideal. There-
fore, 7 [2, 3] is not a principal ideal domain. This gives another proof of Lemma
6.2.

Problem.

Determine the structure of affine scheme (Spec Z,Ogpec Z) .

7. Derivation of Points and Derivation of Functions

The following definition of a Pythagoras field is well known.

Definition 7.1. Let k be a field. For any « €k, the extension field
k (m ) is called Pythagoras extension of k. When all Pythagoras extensions
of k coincide with k, k is called a Pythagoras field.

k is a Pythagoras field if the Pythagoras theorem always holds for any element
in k.

We define the quotient field (localization) of Z as Q:= (Z \{0} )_1 Z .Ingen-
eral, a completeness uniquely exists in the metric space (X ,d ) . d, 9xQ—>Q
is defined by the Archimedean metric d, (a,b)=|a—b| .Let R be a comple-
tion of Q withrespectto d_ . R isthe set of Mother real number.

R = {Mother algebraic numbers} LI {Mother transcendental numbers}

corresponds to

R = {algebraic numbers} L1 {transcendental numbers}.

This algebraic number and Mother algebraic number do not include J-1.We
put

K :={Mother algebraic numbers}.

K is an example of a Mother Pythagoras field. From now on, we will focus on
this XK.

The following Definition 7.2 is well known. We will omit the details (cf. [8]-
[11]).

Definition 7.2. Let R be a commutative ring. A Is R -algebra and M is
A -module. Then the R -derivation D isamap D:A—> M and this deriva-

tion satisties the following three conditions:
(1) D(f.g):D(f)-g—i-f-D(g), f,g € A: Leibniz rule.
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2) D(f+g) :D(f)+D(g), f,g € A: Linearity.

3) D(r«lA)=0, reR.

We denote the set of R -derivation as Der,(A,M ). When A=M , we write
Der, (4).

The following is a well-known typical example.

Example 7.1. A=R[X,, X, X,], a%e Der, (4, A) =Der, (A4).

j
The property corresponding to (3) is

%(R):{O}-

In general, it is important that X, is unrelated to the elements of R .
First, we consider the case when R=7Z, A=M=2Z.
Definition 7.3. Let p be a dark prime in Z =17[2,3,5,---].

(I) We can define the set of derivation as

Der, (Z[2.3.5.-])= & 7Z[2.3.5.

0 0
=1 xr 2 xr ez]2,3,5,-] b
p:dark prime ] ap {; ap [ ]}

Note that since ai( f)=0except for a finite number of p for each
P

fez[2,3,5,]. ZpX" ﬁi(f) is a finite sum. @ s the finite direct sum.
P

(II) Furthermore, the dual space of Der, (Z [2, 3,5, ]) is defined as follows.
Der) (Z[2,3,5,--]) = Hom,, , . (Der, (Z[2,3,5,-]),2[2,3,5,---])

and

Der, (Z[2,3,5,])= & 7Z[2.3.5,]dp ={Za)pdp|a)p eZ[2,3,5,~~]}.
p

p:dark prime
Combining Definition 7.2 and Definition 7.3, we can see the following.
Differential with a dark prime p on Z= Z[2,3,5,- . ] is defined as follows.
920235 > Z[23,5.],
op

0

g(Zah,—sz" 32 pl) = 3 (4,237 ).

Forany f,g GZ[2,3,5,---],we have

0 0 0

a(f)=a(f)g+fa(g),
0 0

a(f g)Za(f) gj(g),

These are indicating that the Leibniz rule is satisfied and that the operation is
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linear. This is the derivation of the elementary Mother number ring
Z= Z[2,3,5,---] .

Remark 7.1. We will answer the question of whether 2,3,5,--- are sufficient
without introducing dark numbers such as 2,3,5,---. For example, let 2®?2 ,

whichis 2®2 =4, be an ordinary number. Using linearity, the left side becomes

0 0 0 0
—(2802)=—(2+2)=—(2)+—(2)=1+1=2.
5 (202)=—(2+2)=—(2)+ (2) =1+

On the other hand, the right side becomes
0 0 0 0 (2
—(2802)=—(2+2)=—(4)=—(2")=2x2=4.
07 (202)= 5,2+ 2)= 5 ()= 55 (%) =2

So this is a contradiction.

The differential that satisfies only the Leibniz rule and does not require linearity
Is called Kurokawa's absolute differential [1]-[3]. It is known that with absolute
differentiation, the elements of Z can be differentiated by ordinary primes.

The following definition is the most general differentiation of points.

Definition 7.4. Differentiation of points: Let @ be a general point in
(K\k)u{o) .

Der, (K)= @ K%, weK\k.

@:general point

In particular, we add the following to the definition:

For @ =0, we define %(a):o forall aekK.

It satisfies Definition 7.2 (1) and (2), but it satisfies Definition 7.2 (3) for R=+%,
A=M =K.

Example 7.2. For an element
@(2,3):=2x2"+2"x3=2x2"+2x(2x3)=2"x(2x2+3) e Z[2,3] , we calcu-
late as follows.

0 0
5(w(2,3))=6x22+2x2x3, : E(w(2,3)):22, :

2 (o(23)=2x2+3,
=2 @ (23)= e (23) =2,
T e a1 ()2
@(W(M)F%(zx(rl)} H(2) x3) =6 (2) -2x(27) 3.

Let us explain the differentiation of composite points.
Definition 7.5. A composite of y=¢(@,,,@,), @, =7,(p,,=.p,)€Q Is
y= Q(Tl (PP, )> T (PP, )) € Q. Then we have
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oy O .
21_ =1.2.---.n).
pi Jj=1 a apz ( U ,n)

Example 7.3. Two-variable composition of two variables:
For an element g(rl (2,3),7, (2,3)) =(2+ 3)3 +(3 +4)2 in 7[2,3], we calcu-

late as follows.

o eln (235 23)) 35243,
ﬁ(é’(ﬂ(2,3)572(2,3)))=2x(3+4),
Hlel(23).5(23)- a(za+3)<@(r1(2,3),12(2,3)))6(2;3)
‘ol emea) G
=3x(2+43) x1+2x(3+4)x2x2
=3x(2+3)" +4x(3+4)x2
S (23).0(23) a(za+3)<@(ﬂ(2,3),12(2,3)))8(2;3)
+6(3a+4)(‘9(11(2’3)’72(2’3)))6(2;4),
:3><(2+3)2><1+2><(3+4)X1
=3x(2+3)" +2x(3+4)

We can define the differential formula for the quotient element for &,0€ K,
weK\k.
0 (o) de-0 ,_ 0
om | & g’ 0w’

Definition 7.6. Differentiation of polynomial functions:

Let K [X X 2,---,Xn] be a polynomial ring with coefficients in the Mother
Pythagoras field K .

)= @ K[XI,XZ,---,Xn]%, X eK\k.

i=1,2,n i

Der, (K[ X, X, X,
The elements X, (i ( =12, ) are related to the elements of K , that is
X,eK (i=1,2,---,n). Then Wedeﬁnetbat

if X, ek, then % isnot well-defined and if X, € K \k , then % iswell-

defined, that is
if 9 is well-defined then i(K ) is well-defined.
oX oX

Although it does not satisfy Definition 7.2 (3), but it does satisfy Definition 7.2
(1) and (2).
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Example 7.4. When K =Z, for f(X)=3X*+2XeZ[X], XeK\k, we
calculate as follows.

of (X
For X #2,3, then fa;)=2x3xX+2 and

o) _
for a e K\k and o +2,3, then x| =2x3xa+2.
X=a
of (2
For X =2, then L):i(3x22+22):2x3><2+2x2.
02 02
of (3
For X =3, then M:i(3><32+2><3):3><32+2.
03 03

We derive the differentiation of function on K" from Definition 7.6 and its
derivatives and differential coefficients.
Let K" be the Mother Pythagoras field and (x,,x,, :-,x,) be a coordinate

function. We denote all functions
FiK" 3 (x,x,,,x,) b f(x,x,,,x,)eK

as C(K".K).
Definition 7.7. Differentiation of functions:
Forany f(x,%,,-,x,)€ C(K”,K), we define that

if x; €k, then i is not well-defined and if x; e K\k , then Gi is well-
X, X,

defined. We also define that
(1) When x, isnotequal to the coefficient o, K\k of f(xl,xz,---,xn), we

define

0
— f(x,x,,--+,x,) is derivative.

ox

(2) When x, isnotequal to the coefficient o, € K\k of f(x,x,,---,x,), we
define

0
gf(xl’xZ’“.’xn)

i

(31525003, )=( .00t ) i

is differential coefficient, where (o, ,,+,a,)e K \k.
In particular, when the function is continuous at (xl,xz,w-,xn ) = (0, 0,~~~,0) s

we define the following independently of point differentiation:

0
7f‘(x1,x2,"’,xn)

i

(51525, )(0.0-0)

(3) When x; isequal to the coefficient o, € K\k of f(xl,xz,---,xn), we de-

fine

ai (ay,a,,+,@,) is differential coefficient.
a.

i

The differentiation can not be well-defined at £" — K" . Therefore, we denote
partially differentiable functional ringas C~ (K " K ) (cf. Definition 8.2).
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Very important:
Although we have defined two differentiations which are point differentiation
(Definition 7.4) and function differentiation (Definition 7.7), the point differen-
tiation takes precedence. In other words, function differentiation can be consid-
ered only after the point differentiation has been defined.
7
Ox

For example, when f(x)=2x X, let =3x2xx”. The differential coef-

_8f(x) =3x2’ and afa(22)24><23'

X

ficient at x=2 appears in two forms:
x=2
By prioritizing the latter, we achieve internal consistency in the differential calcu-
lation. Furthermore, when dealing with discrete objects, point differentiation
should be prioritized. See also Appendix B.
Let us look at the following example.
Example 7.5. For a function f(x)=2x"+3x"+4xeC”(Z,Z), its derivative

and differential coefficient are as follows.

0
(1) When x#2, %:3x2xx2+6><x+4 is derivative.

s _¥(2)

(2) When x=a =2, =3x2xa’+6xa+4 is differential

o | oa
coefficient.
In this case, we define that the following also holds:
0
G R
x|,
of (2
(3) When x=2, M=i(24 +3x2? +4><2)=4><23 +6x2+4 is differen-
02 02
tial coefficient.
o (x) . . , o . ,
o | is not considered. Differentiation at x=2 uses point differentia-
x
x=2

tion, that is, is adopted.

o (2)
02
Point differentiations take precedence over functional differentiations, so the

following must be satisfied.

afa(x) not well-defined, neZ\ {O} .
X

x=n

8. Partially Differentiable Riemann Manifold

Let ¥ and K be the Pythagoras field and the Mother Pythagoras field. Let &"
be the Cartesian productof n elementsof k,and K" be the Cartesian product
of n elementsof K. k" and K" are n-dimensional with respect to the Zar-
iski topology. However, in this paper, we consider the metric topology. We define

the metric as follows:

d K'xK"—>KcR

K"
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d, (X,Y)=\/(x1 )+ =2) et (x,-,) Xy ek

(K ”,dK“) is a metric topological space. Continuous mappings and homeo-
morphisms for f: (K "d.. ) - (K "d . ) can be defined in the same way as in
the classical case. Topology of (K",dK

n

) can be understood as Hausdorff but
non-connected. As a topological space, (K "d,, ) has dimension zero. However,
as a vector space, it has dimension n. Focusing on this, when defining the fol-
lowing manifold, we consider that the dimension of the tangent vector space = the
number of linearly independent tangent vectors.

The philosophy is to understand the manifold by understanding the tangent
space.

The important conclusion of this paper is that, as we will see in Definition 8.1
below, if the point differentiation of Definition 7.4 can be defined, then dimension
arises even in non-connected topological spaces.

Definition 8.1. A metric topological space (M ,d ) is called m -dimensional
partially differentiable manifold as K" model(m < n) if it satisfies the following
three conditions.

(1) {U,},., isthe family of open subseton M .

M=JuU,.
aelA

(2) Forany aeA, ¢,(U,) istheopensetof K" and
2, :U, —>(o(U,).A)c (K”,fl) is homeomorphic, where, A is the induced
topology of the metric topology A, and U, has the inverse image topology
{go;l (V)|ve .A} .

(3) Forany a,feA, U,NnU, £D , the coordinate transformation

0500, 19, (Ua mUﬁ) -, (Ua r\U/,)

is homeomorphic.

Moreover, when the number of definable linearly independent derivatives of
®p° o, s m, Pp o @, s called partially diffeomorphic.

From now on, we will also write M =M"*".

Example 8.1. The sphere on K
S'"Q(K)z{(x,y)eK3 |x*+ > +2° =l}

is0 or1 or2-dimensional partially differentiable manifold.
Proof.

K? =(K\k)" L ((K\k)xk) 1%
produces the decomposition
S"(K)=S*(K)IIS'(K)IIS°(K),

SZ(K):{()c,y,z)e(K\k)3 | x% +y* +2° :1},

Sl(K):{(x’y’z)e(K\k)zXklxz+y2+z2 :1},
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SO(K):{(x,y,z)ek3 | x>+ > +2° :1}.

Suppose that (x,y)e(K\k), U=5(K)\{(0,0,1)}, ¥ =57(K)\{(0,0,-1)}.
This U and V areopensets. If UV =&, then we have S? (K)zUuV
and

1-z"1-z

%(x,y,Z){ =2 )

5 ) s Oy =Wy
1+2 452 142 +52 14182 +5° vore

vy (f)=(

2t 25 t2+s2—1j »

l+z 14z

2t ) 1—(£% + 52 B
u/V(t)=[ ’ ( )] o' =,

1+2 +52 142 +52 1+ + 52

wy(x,y)( =2 j

. t s
q)Vo(DUl ng(UF\V)B(t,s)H(m,ij(pv(UﬁV)

is the partially diffeomorphic for any (f,s)e(K\k)’. The same applies to
—1
Py Py -

When teK\k, sek, % can be defined, but ﬁi cannot. Therefore, the
s

manifold is S (K) .

When ¢,5€k,both % and ai cannot be defined, ¢, o, is not partially
s

diffeomorphic. The manifoldis S$°(K). Note that while S°(R) isa two-point
setbut S°(K) isan infinite set of k points. O

Definition 8.2. A function f:M — K on the m -dimensional partially dif-
ferentiable manifold M as K" modelis partially differentiable function as fol-
lows.

For any coordinate neighborhood (U,,9,),

fop U —K

is a partially differentiable function on U, where @' is the inverse mapping
of ¢, :U,>U.,.

We write all of partially differentiable functions on M as C”(M,K).
C”(M,K) Is called the partially differentiable functional ring on M .

Let M =M"" be the m -dimensional partial differential manifold of the
K" model.

We define m -dimensional tangent space T7.M , xe M as follows:

[ 0 | 0
When UnV =0, xeUnNV, if we put ZZX — | = :Y‘/ —,
= ox' ), = o’ ),
then we have
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X =3y,
10y

a i
[ij] is the Jacobi matrix.
ay i,j=1,2,--,m

Let (,) be the positive inner productof xeUc M, T.M;

Performing calculations exactly as in classical theory, we obtain
g =28 (x)(dx’ )x (dx‘/ )x.
ij=1

g, is a Riemann metric on a partially differentiable manifold M, (M,g,)
are called partially Riemannian manifolds.

Example 8.2. From Example 8.1, let x' =t and x* =s. Then, let us set the
following:

) 2x! 252 s (xl )2 +(x2 )2 -1
Yy = 2 5 12 N2’ y = 1\2 2\2
1+(x) +(x ) 1+(x) +(x ) 1+(x) +(x )

When x',x*eK\k, yl,yz,y3EK\k,1'.e., when SZ(K),Webave

3
Zdyadya — 4

(1 () (7))

The left-hand side represents the Riemannian metric on S°(K) induced by

2
zsy_

2
5 de[dxi.
i=1

(K\k)', and the right-hand side represents the Riemannian metric on (K \k)’
obtained by projecting S*(K)\ {(0, 0, 1)} onto (K \k)2 by stereographic pro-
Jection.

2
= 4 D dx'dx!

2
(1) ey )
is Riemann metricon S*(K). When x'eK\k, x* ek, y',)*eK\k,

y3 ek, we can see that

X

24 e dx'dx’!
(1+(x1) +(x?) )
is a Riemannian metric over S' (K ) .

In the classical circle S'(R),

&=

4
g :—zalxldx1
1 2
(1+(x ) )
is a Riemannian metric. When x',x* ek, y],yz,y3 ck,ie,on S° (K) , there

Is no Riemannian metric.
We next define the affine algebraic variety (cf. [9] [10]). For the following def-
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inition of affine algebraic variety, we use Definition 7.6 to define the derivation.
Definition 8.3. The algebraic set is defined by

V(1) ={(a,a, - a,)eK"| fi(a,ap,a,)=0,i=1,2,1}.
The coordinate ring is defined by
K[X, Xy, X, ]/ 1(V)
where
1(V)={feK[X,.X,,.-.X,]| for any (a,a,.-,a,) €V, f(a,,a,,-+,a,)=0}.
Then the affine algebraic variety is defined by
(V(I)’K[XI’X2»”'»X»1]/I(V))
Definition 8.4. For a subset U of K",
U isopenset < K"\U is algebraic set,

that is, ideal I c K [X b X n] exists and satisfies the following
K"\U = {xeK” | f(x)=0 for any f el} . This is the Zariski topology of K".
Example 8.3. (1)
(v (x> + " =1),K[X, Y]/ (X + ¥ =1)).

This is the 0 or 1-dimensional sphere S™' (K) (m=0,1).
(2)

(v (v’ =7 (x)).K[x.7]/(Y* = £ (x)))-

Assume that f(X) is cubic or higher and does not have multiple solutions.
They are the Mother elliptic curves and Mother hyperelliptic curves. It is an inter-
esting problem to investigate these in detail.

Example 8.4. The differentiation follows Definition 7.6. If % is well-de-

1

fined, then 6%(1{ ) is computable. For example, for f (X ) =3X°+2X, the

i

of (X
derivativeof X #3 Is fa(X):2><3><X+2.

The differential coefficientat X =a#3 is
o)) _o(e)

=2x3xa+2.
oX . oa
or (3
The differential coefficient at X =3 is J;g):%(33+2x3):3x32+2.

9. ABC Type Conjectures and Diophantine Type Equations

Let heZ, k[X ] or Z be aprime element. Then we define

rad(abc)=[] A

hlabe

The following results use references [12]-[15]. First, we will describe the poly-
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nomial version of the ABC theorem by Stothers and Mason [16] [17].

Theorem 9.1 (Stother-$Mason). Let k be a field. For any functions a(X),
b(X), c(X)ek[X]\k. ged(a(X),b(X))=1. Then

a(X)+b(X)=c(X)
implies
max{dega(X),degb(X),degc(X)} < degrad(a(X)b(X)c(X)).

The proof uses the differentiation of a (X ) ,b(X ) and C(X ) with respect to
X.

Theorem 9.2 (Mochizuki, ABC Theorem on 7). Suppose that a,b,c€Z .
ged(a,b,c)=1. Then

a+b=c
implies forany ¢>0, K(&)>1 exist such that
max {|a| ,|b| , |c|} <K (e)rad(abc)w .

This is the famous ABC conjecture of Z . Below, we will write the ABC conjec-

tures for AV and Z.
From now on, we write ¢c=a®5b.

Conjecture 1 (ABC type Conjecture on N ). Suppose that a,be N and

not aeN and beN. ged(a,b)=1. Then
a+b=c
implies
¢ <rad(abc).

Conjecture 2 (ABC type Conjecture on Z ). Suppose that a,be Z and not
aeZ and beZ. ged(a,b)=1. Furthermore, suppose that
(a.b)gZ={(a,b)|-1<a<lb=%l,acZ}. Then

a+b=c
implies

max {|a| ,|b|,|c|} < rad(abc).

Remark 9.1. As mentioned in Section 6, there are elements 0<a<1 or
~1<a<0. Suppose that (a,b)e Z={(a,b)|-1<a<lb=1ae Z}. When
b=1, 0O<a<l, a=n—-n for a+b=c, ¢ Is maximum at c>1. Because

ev((n—n)x(n—(n—l))):o, ev(c) :ev(n—(n—l)) =1, we see that
rad(abc)=rad((n—n)><l><(n—(n—l)))=(n—n)><(n—(n—1)) <c.

Therefore, n satisfies c¢>rad(abc). Since n is arbitrary, there are an infi-
nite number of (a,b,c)= (n —-n,l,n—(n- 1)) . Hence, in this case, the ABC type
conjecture has no meaning. On the other hand, there is no problem when
{(a,b)|—1 <a<l,-1<b<l,a,b eZ} . The usual ABC Theorem of N and Z
are essentially equivalent but ABC type conjectureof N and Z are essentially
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different for the reasons explained above.

These conjectures may be possible to use differentiation, as in Theorem 9.1.
Therefore, they are expected to be easier to prove than the usual ABC Theorem
9.2. Theorem 9.2 on Z does not have the concept of differentiation. This is one
of the reasons why it is considered difficult. However, Conjecture 1 and Conjec-
ture2on N and Z have the concept of differentiation. In the case of original
ABC theorem 9.2, it means that multiplication and addition are intertwined, but
in Conjecture 1 and Conjecture 2, it is predicted that multiplication and addition
are not very intertwined.

The following also holds for Pythagorean triplets:

Lemma 9.1. Suppose that a,b€ Z and ged(a,b)=1.

For a*+b* =c?, there are an infinite number of Pythagorean numbers and it

can be written as
a=n*om?, b=2nm, c=n*®m*.

Proof. The proof is exactly the same as the classical Z case. O

Furthermore, we would like to introduce Conjectures 3 to 7 below. Conjectures
3 to 7 are proved using Conjecture 1 and Conjecture 2, so this may not be mean-
ingful, but what we want to say here is that they are much easier to prove than the
classical case, which is proven using the original ABC theorem 9.2. Also, solving
Conjecture 1 and Conjecture 2 will solve many problems for us, so we believe there
is value in solving Conjecture 1 and Conjecture 2.

Conjecture 3 (Fermat-Catalan type Conjecture). Suppose that a,be N ,
I,mneN,andnot aeN and beN. ged(a,b,c)=1.1f

1 1 1

—-—+—+—<1,
m n

then there are no pairs (a,b, c,l,m,n) that satisty

n

a+bp"=c".

Contrary to this result, classical theory suggests that a finite number of them
exist.

Proof. When /=m =n, it is Fermat type conjecture. Using ABC type conjec-
ture 1, we prove Fermat-Catalan type conjecture. We have

rad(alb’"c”) =rad(abc) < abc.
From ABC conjecture 1, we see that
a < rad(alb’"c” ), b" < rad(alb'"c"), "< rad(alb’"c”).
Hence, we have

a' <abe, b" <abe, ¢" <abe,

1 1 1

a< (abc)? , b< (abc); , c< (abc); ,

1.1 1

abc < (abc)ffrt .
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Therefore, this is a contradiction. Hence, (a,b,c) does not exist. O
Conjecture 4 (Darmon-Granville type Conjecture). Suppose that
p.q.r€ Z\{0}, k,mneN, abeZ andnot acZ and beZ.
ged(a,b,¢) =1. Furthermore, suppose that
(a.b)gZ={(a,b)|-1<a<lb=%lacZ} and
1 1 1

—+—+—<1.
m n

Then there are a finite number of pairs (a,b,c) that satisty
pa +gb" =rc".
Classical theory also suggests that a finite number of them exist.

Proof. It can be assumed that gcd(pal,qb’",rc”) =1. Using ABC type conjec-
ture 2, we see that

rad(pal,qu,rc" ) < |pqr|rad(abc) < |pqr|‘|abc|,

B

max{|pa’| ,|qb”’ ,|rc" } < |pqr|~|abc

1
)n
2

1 1
laf <(|ar{-label)' . [6] < (|pr|-label) . || < (|pg]-Jabe

1
n .

1,[1+L+lj 1 1
|abe| ") <|gr|r-|pr{n | pg

1 1 1
From 1—(;+—+—j>0, ) |abc| is bounded. Hence, a,b,c are a finite
m n

number. [

Conjecture 5 (Tijdeman-Zagier type Conjecture). Suppose that a,be N,
k,m,ne N, and not aeN and beN. ged(a,b,c)=1. Then there is no set
(a,b,c,k,m,n) that satisfies

a" +b"=c", k,m,n>3.

Classical theory also suggests that they do not exist.
Proof. When /=m=n=3, itis Fermat type conjecture. Since it is
L rr 111 11

Um w33 a1

the condition of Fermat-Catalan type conjecture 3 is satisfied. Therefore, form

Fermat-Catalan type conjecture 3, (a,b, c, l,m,n) does not exist. O
Conjecture 6 (Peyre type Conjecture). Suppose that p,q,re N, a,be N

and not aeN and beN. Assume that mneN, mn>2, (mn)#(2,2).

Then there are a finite number of pairs (a, b,m, n) that satisty
pa” —gb" =r.

Classical theory also suggests that a finite number of them exist.
Proof. Suppose that gcd(pa’”,qb”) =d, d|r, d<r.Then wehave

m

pa” _gb" _r
d d d’

From ABC type conjecture 1, we have
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I T a—
and

m

p qb r
——< pgr-ab, < pqr-ab, —< pgr-ab.
d pd d pd d pd

n

Hence, we have

1 1
a <(dgrab)m, b<(dprab).
By taking the product of these, we see that

1
ab < (dgr)m (dpr)% (ab)#i ,
1
(ab) s

] < (dqr)i (dpr)% < (rzq)i (rzp); .

From

3 |-
I |-
IA
| —
W | —
|

. 1 1. 5
the maximum value of —+— is =, so we have
m n

(ab) <(ab) 1) < (Pq) (0} <(ra) (0]

Hence, we have

1 5011
(ab)g < rgpgqE

>

s0
ab<r'p’q’.
Therefore, we see that (a,b,m, n) is finite. O
Conjecture 7 (strong Hall type Conjecture). Suppose that a’ —b* =c,

gcd(a,b) =1, ceZ,, abe N andnot aeN and beN. Then the follow-
ing inequality is satistied

max {a3,b2} < rad(c)6 )

In classical theory, max {a3 ,bz} <C rad(c)(m , C is constant, is satisfied.
Proof. Hall-Lang-Waldschmidt-Szpiro conjecture is that

if a"—b"=c then """ <rad(c)" and b™ """ <rad(c)".
We will first show this using the ABC type conjecture 1. Then we have
rad(a'” b ~c) <abrad(c)

and

max(a"’,b") <ab rad(c).
Using
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1 1
aﬁmax(a’”,b")m , bSmax(a”’,b")" ,

we have

11
+

max(a"’,b” ) < rad(c)max(am’b,, ); .
rad(c) > max(am’bn )l—ifi ’

rad(c) > (a") 70 rad(c) > (5) W7,
rad(c) > @™, rad(e)" > 5",
When m=3,n=2, we have
rad(c)’ > a, rad(c)’ > b,
rad(c)’ > a*, rad(c)’ > b
Hence, we have

max {a3,b2} < rad(c)6 .

Corollary 9.1. There is no solution (a,b)e ZxZ to Thue equation
a" —qb" =1, Pell equation a’ —qb> =1 and Catalan equation a" —b" =1.
Proof. The left side of this three equations is a dark composite number and the

right side is 1. It is clear that calculating the left side does not result in 1. [J

10. ABC Type Conjecture for Mother Algebraic Number
Fields

A finite extension field of Q is called a Mother algebraic number field and is
denoted by L . Next, we will formulate the ABC type conjecture for Mother alge-
braic number fields L . At that time, new integral domains and fields will natu-
rally appear, as described below.

F,=Z/pL=17,,/ pZ

(p) (p)

is a well-known fact. In our case, such a relationship does not hold.

F,=Z/pZ isnota finite field, but an infinite set and an integral domain.
b
Z, = {;| a,beZ,a¢ (p)}

and

b
Z, = {;|a,b eZ,a e(p)}

are local rings, and the only maximal ideals are PZ, and PZ,, respectively.
Then the following holds.

F, = Z/ pZ (integral domain ) # Z,/rZ, (field).
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F, = Z/pZ(integral domain ) # 2, /P2, (field),

The quotient field of 7, is defined by

A

-1
F=(F\0) 7,
Then it can be seen that

‘7-; & Z(p) /pZ(p)'

The new rings and fields appear as shown above.
Definition 10.1. (cf. [8]) Let L be a Mother algebraic number field and p

be a prime element.
vilsav,(a)eZu{w}, v,(0)=co,
(1)
v,(aB)=v,(a)+v,(B).
(2)
v, (a+p) min(vp (a).v, (,6'))

This v, is called additive valuation. Sometimes it is written as v,=ord,.
Definition 10.2. (cf. [8]) Let L be a Mother algebraic number field.

v:LX9a|—>v(a)=|a|veZ,

(1)
v(@)20, v(a)=0 = a=0,
)
v(ap)=v(@)v(h),
3)

v(ia+p)< max(v(a),v(ﬁ)).

This v is called non-Archimedean normal valuation.

d,(a,f)=v(a—pB)=|a—p| isadistance. 4, = {a eL|v(a)= O} is a valu-
ation ring. m, ={aeL|v(a)>0} isa maximal ideal of A,. 4, isa local do-
main and principal ideal domain with m asthe maximalideal. k£, =4 /m, is
residue field. L =(4,\{0} )71 A, isa quotient field of 4, and 4, isan integral
domain, so L is a field, which is a quotient field of 4,. (4,,m,) is a discrete
valuation ring. Maximal ideal m, is a principal ideal m,=(7). A fractional
ideal of 4, is m! = (71"2) , eeZ. In particular, any nonzero element « € L\{0}

of the field L is written as

a=ur’,

where, u isaunitof 4, and eeZ.Theway 7 istaken is not unique. How-
ever, e isunique regardless of how 7 is taken.

Example 10.1. When L=Q, p=p Isaprime elementof Z.
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If p"%eQ, (p,a)=1, (p.b)=1, then we have vp(p”%):neZ.
In this case, it becomes as follows.

4,={aeQ|v(a)20}, mv={aeQ|v(a)>O},

b
4,=Z, = {; la,be Z,a¢ (p)} » m, =pZ,, Aresidue field
-1
k=4, /m, =2, /pZ, . The quotient field of Z, is (Z,\{0}) Z, =2.
We summarize as follows.
(L=0.4,=2,.m, =pZ,.k =2, /pZ,.pZ =(p)).
We extend the above example to the finite extension field L/Q.

(L,OL,‘B,OL /9B, Foysp=pZ =(p))-

L is a Mother algebraic number field. O, isthe integer ringof L. 9B isa

primeidealof O,. O, /B isintegral domain. J’-; is a quotient field of O, /*B.

p isaprimeidealof Z.
Example 10.2. When ‘B=pZ , we have the following.

(Q.2.p2.7, = 2/p2.7, =(,\{0))  %.p=pZ),

o(1) 2[V ez A [T =2 [T o2,

£ (V1) =(5[VT]\o}) 1ﬂ[ﬁ}p=p3)'

P P

Let us consider the case where Vv is a finite place, which is equivalence class of
non-archimedean valuation. In this case, the place v, :|-|% of (L, OL,‘B) is as
follows.

BNZ :pZ, Vp 7 Ve
a=un‘e€0,, vy(a)=e,
f= [quotient field of (O, /B): quotient field of (Z/ p)]

We define e as ramification indexand f as residue degree. We also define

the normas N(EB) =p’.
B°|(p). 7°Ip.
_ S - . _ .

From N(B)=p’ and |p|p =p’', normal valuation vy =|-|, is

ol = V(%) =] =p

ef
P

P, =P

Example 10.3. When L=0Q(-1) and O, = Z|\-1|, we will consider
L

when p= (2) .
Then residue degree f is

f =[ quotient field of (O, /p): quotient field of (Z/p)]
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- [quotient field of ( 2[ v=1]/22): quotient field of (2 / 22)}

= [quotient field of (]—'2 [\/—T ]) : quotient field of ]—'2]
=[A(F): 4 |=[ A4 B A =2
(2) isnot like (2)=((1+\/—71)2),so e=1.

Since the maximal ideal m  of the local ring Z, isa principal ideal, we
write m, =(7).
In particular, for the field L andforany a¢eL, a#0 is
a=ur’,
u isaunitof 4, eeZ.This 7 dependson thevaluation v, so itiswritten
as z,.This 7z, iscalled a local parameter.
For a+b=c,we make it correspond as follows.

(xo,xl)ePl(L):UuV, a=x, b=xy—x, c=x,, x:ﬁ, (l,x)eU, (l,ljeV.
X

%o
Then

h(x)= 3 max(log|xo|v ,10g|x1|v) = > max(logl,logx,)
vev(L vev(L)
is called the heights on P'(L). And we write V(L)= V(L)O UV(L)", where,
the elements of V(L) is called a place, the elements of V(L)0 is called a non
Archimedean place, the elements of V(L)w is called an Archimedean place.
Note that loga is logaeR.

Based on what has been said above, we can predict that the following conjecture
holds (cf. [13] [18]).

Conjecture 8. Let L/Q be a finite extension and L be a fixed Mother alge-
braic field. The following inequality always hold for xe P'(L)\{0,1,0} and
xg P (K)\{0,1,00).

h(x) < condy; (x) +condpyy (x) +cond; (x)

where

x)>0 ﬂ.\; M
L
condy (x)= V(ZZ))O log - -
cond[L | (x)= > log P

1
In particular, when L =0, we may replace log|—| with log|—| .
vy p
Bxample 10.4. L=Q(v-1) and 0, = Z[J-1].
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We consider when a+b=c is 1+8=1®8. When x=(1®8) ", v(x)>0
does not exist. When 1—x:23><(1®8)71, v(l—x)>0 is 2. When l:1638,
x
(0]
vi—>0| is 1®©8.
x
Regarding 2 ofl—x:23x(1@8)71, e=3.
(2)nZ=22, N((2))=2".
1 =| quotient field of Z[V=1]/(2): quotient field of Z/(2)]
= [quotient field of F, |:\/——1 } :quotient field of F, J?
S EACSIEAC EA AN A TS

1

=N((2)) =27 =27 =2° -~ log2".

.
Regarding 1®8 of %:1@8, e=1.
(1@8)nz=(1©8)2, N((1®8))=(1©8) .
/= quotient field of Z[V=1]/(1©38): quotient field of Z/(1©8)
[quouent field of gy | ~/=1 |: quotient field of fl@s}
= Froy (V1)1 i | =[ Fron 1+ Frag V11 Froy | =2

1

58 =N((108)) =(1©8)" =(198)" =(188)’ ~ log(1®8)".

128

On the other hand, the following holds for x=(1®8)"'

X, =[0e8)"|_=(es),
h(x)=max(0,log (18 8)° ) = log (1©8)".

Hence, we have
log(1®8) <log2° +log(1©8)’.
Note that when a+b=c in the case of ordinary numbersis 1+8=9,
log3® > log2 +log3".

In this case, the inequality sign is reversed.
Example 10.5. L= Q(«/—_l) , O, = Z[\/—_IJ .
If we consider when a+b=c Is 2+3=2®3, then we have the following

from the same calculation as the previous example
log(2@® 3)2 <log2® +log3’ +log(2® 3)2 .

Note that when a+b=c In the case of ordinary numbersis 2+3=5,
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log5® <log2+log3” +log 5>

In this case, the inequality sign is not reversed.
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Appendix
Appendix A. Blueprint and Monoid Z-Module

Below, we can see that the semiring e and the ring " are examples of blue-
prints by Lorscheid [19].

Definition A.1 [19]

A blueprint (A,R) isamonoid A withzero together with a preaddition R ,
ie. R is an equivalence relation on the semiring N[A]= {Z ala e A} of fi-
nite formal sums of elements of A that satisfies the following axioms, where we
write ) a,=Y b, whenever (Zal.,ij) eR:

(i) The relation R is additive and multiplicative, ie. if Z a, = Zb ; and
> ¢, =Y.d,, then

da+yc, =) b +yd, Yac, =) bd,

(i) The absorbing element 0 of A is in relation with the zero of N[4], ie.
0= (empty sum).

(iii) If a=b,then a=5b aselementsin 4.

(D,x) and (]ﬁ),x) are monoids. We put N[D]={3 4,|a, €D} and
N[]fD]z{Zai |a, e]f))}

Equivalence relations are R = N[D|xN[D], > q, = ij whenever
(Zai,ij) eR and Rc N[@JXN[@J , D.a;= ij whenever
(Z ai,ij) e R, respectively.

Then

(D,R) and (]ﬁ),?@)

are the blueprints, respectively.

Given a blueprint ]fD, R), we can construct the ring N []IADJ /1 (7@) , where
I(ﬁ) = {Zal. ->b e N[]ﬁ) |>a,=Yb,inR| isthe ideal. Then 1(73) ={0}.
Hence, N[@]/I(?@) = N[]IADJ . Therefore, N ]IA))} = {Zal. la, € ]fD} is the com-
mutative ring. Hence, we know that ¢ = (]f)), R).

Next, we define a monoid module.

Using N= {1,2,3,---} , L= {0,i1,i2,i3,---} and D= {1,2,3,- . } , We con-
sider new sets

N(]D)):z{ > an, =axl+a,x2+a;x3+--|a,e NU{0},n, e ]D)U{O}}

i:finite

and
i:finite

Z(]D))::{ > am =ax1+a,x2+a;x3+:-|a, € Z,n, e]D)u{O}}.

By defining the sum, product and difference of the set Z(D) (N(D)) as fol-
lows, it becomes a commutative ring (semiring) (Z(]D)),X,+,—) ( (N(]D)),x,+) ).

(Zj:ainijx[;bjan =>(ap,)(nn,),

iJ
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dan,+>bn, =Y (a,®b)n,,

i

[(Zainij_[;b,n,]:z(ai Ob,)(n,.nj)}

inj

forany > an.>, bn, eZ(D) ( N(D)).
Forany ceZ (ceN),thescalar multiple is defined by

c(zaini] = (ca;)n,.
Hence (Z(]D)),x,+,—) is the monoid Z -module ((N(]D)),x,+) is the mo-
noid N -module).
Lemma A.1. For (eD’X,-f-,—) = (2[2,3,5,...]’X,+,_) and
(eD,x,+) = (N[2,3,5,-~~],x,+) , the following ring isomorphism holds

(e]ﬁ’,x,+,—) = (]ﬁ),’l@) = (Z(]D)),x,+,—)
and the following semiring isomorphism holds

(eD,x,-i-):(]ID,R) :(N(D),x,+,—).

Appendix B. Further Considerations on Differentiation

We will consider the differentiation of the following three cases.
(I) Case with continuous but sharp points.
(II) Case with discontinuous points.
(III) Case with continuous points.
Definition B.1 The derivative at x=0 is defined as follows:
In the cases (1) and (1),

%(a)=0,forany ack .

In the case (IIl),

0
af(x)

x=0

The same applies to multivariate functions f(x,,%,, ., ).

Example B.1. (I) Case with continuous but sharp differential

x-2 (x>2)
f(x)=|x—2|= —x+2 (x<2)
0 (x=2)

When this f(x), the differential at x=2 is %(0) =0, and the equation of

the tangent is y=0.

X (x>0)
S(x)=[d=1-x (x<0)
0 (x:O)
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When this f(x), the derivative at x=0 is %(0) =0, and the equation of

the tangent is y=0.

x+2 (x>0)
f(x)=|x|+2= —x+2 (x<0)
2 (x=0)

When this f(x), the differential at x=0 is %(2) =0, and the equation of

the tangentis y=2.

(II) Case with discontinuous points:

When this f(x), the derivative at x=2 Iis a—azf(Z):%(2+2):l+1:2.

The equation of the tangentis y=2(x—2)+2x2.
x+2 (x > 0)
/(%)= {x (x < 0)
When this f(x), the derivative at x=0 is %f(O) = %(2) =0. The equa-

tion of the tangentis y=2.

(III) Differential at the continuous point x=0:

f(x):x+2

When this f(x), the differential at x=0 is aif(x) =1. The equation of
X x=0

the tangentis y=x+2.

DOI: 10.4236/apm.2025.1512043

814 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.1512043

	Arithmetic Differential Geometry over Mother Number Space
	Abstract
	Keywords
	1. Introduction
	2. Monoids and Absolute Algebras 
	3. Mother Number Ring  and Mother Number Semiring  
	4. Rewriting Equivalent to Mother Number Semiring  and Total Order Structure 
	5. Rewriting Equivalent to Mother Number Ring  and Total Order Structure 
	6. Fundamental Theorem of Number Theory and Division Theorem
	7. Derivation of Points and Derivation of Functions 
	8. Partially Differentiable Riemann Manifold 
	9. ABC Type Conjectures and Diophantine Type Equations 
	10. ABC Type Conjecture for Mother Algebraic Number Fields 
	Acknowledgements
	Conflicts of Interest
	References
	Appendix
	Appendix A. Blueprint and Monoid -Module
	Appendix B. Further Considerations on Differentiation 


