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License (CC BY 4.0). The problem of finding four numbers such that the product of any two of them

http://creativecommons.org/licenses/by/4.0/ jncreased by unity is a perfect square was first solved by the Greek mathematician
oo b - -
iophantus of Alexandria before 1637 [1]. He found a set of four positive rational
numbers i,g,ﬂ : 105 which satisfy this property. The first set of four pos-
16 16 4 16
itive integers with the above property {1,3,8,120} was introduced by Pierre
de Fermat. In 1753, Leonhard Euler found an infinite number of sets of four pos-
itive integers {a, b,a+b+2r, 4r(r +a)(r+ b)} where ab+1=r?, a,beN. In

other words, every Diophantine pair can be extended to a Diophantine quadruple.

He was able to add the fifth positive rational m to Fermat’s set [2]. In
8288641

1969, Baker and Davenport proved that that it is impossible to extend Fermat’s set
to a Diophantine quintuple [3]. The Fibonacci sequence (Fk )kzo has several
strong connections with the Diophantine quadruples. In 1977, Hoggatt and Ber-

gum conjectured that the set
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{ I:2k 1 F2k+2 ’ I:2k+4 ! 4'|:2k-+-il.|:2k+2 F2k+3}
cannot be extended to a Diophantine quintuple [4]. In 1979, Arkin, Hoggatt and

Strauss proved that every Diophantine triple can be extended to a Diophantine
quadruple [5]. More precisely, let {a, b,c} be a Diophantine triple such that

ab+1=r%ac+1=5s?bc+1=t%

Define d =a+b+c+2abc+2rst. Then the set {a, b,c, d} is a Diophantine
quadruple since

ad +1:(at+rs)2 ,dc+1:(cr+st)2 ,bd +1:(bs+rt)2.

In 1980, Veluppillai extended the triple {2,4,12} [6]. In 1998, Kedlaya ex-
tended the following triples [7]:

{1,3,120},{1,8,120},{1,8,15} ,{1,15,35} {1, 24,35} ,{2,12, 24}.

In 1997 [8] and 1998 [9], it was proved that the sets {k-1,k+14k} and
{Fa Fai2 Fasa ) can be extended respectively to a Diophantine quadruple. In
1998, Dujella and Peth proved that the pair {1,3} cannot be extended to a Dio-
phantine quintuple [10]. In 1999, Dujella proved the Hoggatt-Bergum conjecture,
and this result also implies that if {F,,,F,.,,F,.,,d} isa Diophantine quadru-
ple, then d cannot be a Fibonacci number [11]. In 2008, Fujita proved that for
k >2, the Diophantine pair {k—1k+1} cannot be extended to a Diophantine
quintuple [12]. The question of finding the existence of Diophantine quintuples
was one of the oldest outstanding unsolved problems in Number Theory. In 2004,
Dujella showed that there are no Diophantine sextuples and at most a finite num-
ber of Diophantine quintuples exist [13]. In 2019, He, Togbe and Zieglé proved
that Diophantine quintuples do not exist [14]. A set of M nonzero positive ra-

tional numbers {a,,---,a,

{ is called a strong Diophantine m-tuple if aa; +1 is
a perfect square for all i, j=1,2,---,m. It is quite clear that there does not exist a
strong Diophantine pair consisting of integers. However, in 2008, Dujella and
Petri¢ Cevi¢ proved that there exist infinitely many strong Diophantine triples of
positive rational numbers. It is not known whether there exist any strong Dio-
phantine quadruples. In 2024, Mouanda and Kouakou proved that there exists an
infinite number of matrix strong Diophantine 27-tuples [15]. In the second cen-
tury A. D, elliptic curves were introduced by the Greek mathematician Diophan-
tus of Alexandria. Properties and functions of elliptic curves have been studies in
mathematics for 150 years. In 1920, elliptic curves were studied separately by Cau-
chy, Lucas, Sylvester, Poincare. In 1984, Lenstra used elliptic curves for factoring
integers. More details about elliptic curves can be found in [16].

Strong Diophantine m-tuples and Elliptic curves are very important in number
theory and constitute an important part of current research. In 1995, elliptic
curves have been used by Wiles to prove the Last Fermat Theorem. Elliptic curves
have many applications in elliptic curve cryptography introduced in 1985 by Vic-
tor Miller and Neal Koblitz.

In this paper, we construct matrix strong Diophantine 540-tuples by using Di-

ophantine quadruples.
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Theorem 1.1. There exists an infinite number of matrix strong Diophantine
540-tuples.

We also construct elliptic curves and hyperelliptic curves by using matrix strong
Diophantine 540-tuples.

2. Proof of the Main Result

In this section, we construct matrix strong Diophantine 540-tuples with positive

integers as entries by using Diophantine quadruples. Let

Q, &, A3 " A aQ,
81 &, B3 854 K n
M, (C)=4 .~ . . T e
an—l,l i " an—l,n—2 an—l,n—l an—l,n
an,l a'n,2 i S an,n—l an,n
be the set of n-by-n complex matrices. Assume that
a, A, a3 - & &,
B By By By, E R
A:[ai’j]i,jzlz : eMn(N)'
an—l,l . . a'n—l,n—z a'n—l,n—l a'n—l,n
an,l an,z . . a‘n,n—l a‘n,n

Definition 2.1. A set of M positive integers {a,,a,,--,a,} is called a Dio-
phantine m-tuple if 3a;+1 is a perfect square forall 1<i<j<m.

Definition 2.2. A set of M positive rational numbers {a,,a,, --,a,} Is
called a rational Diophantine m-tuple if aa;+1 is a rational square for all
1<i<j<m.

Definition 2.3. A set of M matrices with positive integers as entries
{A, A, A}, is called a matrix Diophantine m-tuple if AA +1 is a matrix
square, with positive integers as entries, forall 1<i<j<m, A eM_ (N).

Definition 2.4. A set of M matrices with positive rational numbers as entries
{AA,- A} AeM, (Q), is called a rational matrix Diophantine m-tuple if
AA; + 1, is a rational matrix square, with positive rational numbers as entries,
forall 1<i< j<m.

The Main Question: Are any matrix Diophantine quintuples (sextuples, sep-
tuples)? Can there be an infinite Diophantine tuple?

Let S={a,a,,--} beaDiophantine tuple. Consider the elliptic curve
y* =(ax+1)(a,x+1)(ax+1).
Then, every integer X of the set {a,,a;,---} generates an integer point on

this curve.

Theorem 2.5. (Siegel) [17]. The number of integers points on the elliptic curve
y> =x3+ax+b s finite.
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This result allows us to claim that the number of elements of S is finite. In 2019,
He, Togbe and Ziegler [14] proved that there does not exist any Diophantine quin-
tuple. This is not true at all for Diophantine m-tuples over the set matrices of

M, (N).

Definition 2.6. A set of M positive integers {a,,a,,---,a,} Is called a strong
Diophantine m-tuple it 8a;+1 is a perfect squares forall 1<i<j<m.

This definition includes the case a’ +1 is a perfect square forall i .

Definition 2.7. A setof M positive rational numbers {a,,a,,---,a,} is called
a rational strong Diophantine m-tuple if aa;+1 is a rational squares for all
1<i<j<m.

In the case of matrices, we introduce a new definition.

Definition 2.8. A set of M matrices with positive integers as entries
A A Ay = M (N),

is called a matrix strong Diophantine m-tuple if AA; +1,,A;/A +1, are matrix
squares forall 1<i< j<m.

Definition 2.9. A set of M matrices with positive rational numbers as entries
{AA A} AeM, (Q), is called a rational matrix strong Diophantine m-
tuple it AA;+1,,A\A +1, are rational matrix squares, with positive rational
numbers as entries, forall 1<i< j<m.

The Main Question: Are any matrix strong Diophantine quintuples (sextuples,
septuples)? Can there be an infinite matrix strong Diophantine tuple?

First of all, let us observe that the set S ={a,,a,,---,a,} is said a strong Dio-
phantine m-tuple if the set S is a Diophantine m-tuple and a’+1 is a perfect
square for all 1<i<m. Finding strong Diophantine m-tuples is equivalent of

solving the equation
x> +1=y? x,yeN,x=0. (2.1)
The structure of Pythagorean triples allows us to claim that equation (2.1) has

no positive integer solutions. Indeed, assume that there exist two positive integers

such that

x> +1=y? x,yeN,x=0. (2.2)

This equation is equivalent to

y —x*=1x,yeN,x=0. (2.3)

That is,
(y=x)(y+x)=1xyeN,x=0. (2.4)
This is impossible. Therefore, this equation does not have any solution in N.
We can now prove our main result.

Proof of Theorem 1.1
Let S={a,b,c,d} be a Diophantine quadruple such that

ab+l=r’ac+l=r},ad +1=r/,bc+1=r7,bd +1=r7,cd +1=r2.
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{a,,b,c,,d;} be a Diophantine quadruple. Assume that
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with ke{b,c,d,}. The matrix A(S) isembedded in the matrix W, (A(S)).
The matrix W, (Ai(S)) is called the embedding of the matrix A (S) of order

1. It was shown by Mouanda that the set of matrices G(S) define by
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G(S)={A(S). A (5) A(S). A(S) A(S),+ Au(S))]
is a matrix strong Diophantine 20-tuple [15]. We can construct matrix strong Di-

ophantine m-tuples with m > 20. Let us consider the set
G(S'Sl)z{wk (Ai(s))’“"wk (A19(S))*Wk (Azo(s)): ke {bl,Cl,dl}}-
This set has exactly 60 elements. It is straightforward to check that the set
G(S,,S) isa matrix strong Diophantine 60-tuple, since the set S, ={a,,b;,c;,d,}

is a strong Diophantine quadruple. From the structure of the matrices

0000000 k
000300 00003000
00boOOO 0 00boOOO00O
0ao0o000 00ao0o0o000

Ai(5)21ooooo’Wk(A&(S)):o1000000’
00000O0Hb 000000TDO
0000ao0 0 0000ad00

a, 0000000

let us construct a new family of 10 x 10-matrices which is a matrix strong Dio-

phantine 180 tuple. Let
S={a,b,c,d},S, ={ay,by,¢,.dy},S, ={a,,b,c;,d;}, S, ={a,.b,,c,,d,}

be four Diophantine quadruples. Assume that

0 00b 00

0 0b 000

0 a0 o000

Hl(s):

a, 000 00

0 000 0b

0 000 ao

and

0 0 0000 O0O0 0 b,
0 0 000O0O0OT b 0
0 0 000Hb 00O O
00 00b0O0O0O O
0 0 0a0d0 0000
Wi (H:(8))=| 0 a 000 00O O
00 0000O0O0DbO O
0 0 0000 a0oo0
0 a 0000000 O
a, 0 0 00 0 00 0 O

Let us look closely the structure of the matrix H, (S). We can notice that the
entry of the row 1 and column 4 of the matrix A (S), which is 3, is replaced by
b, toget H,(S).If we replace the entry 8 by ¢, and the entry 120 by d, in-

side the matrices of the set

G(S)={A(S), A(5) A(S). A(S) A(S), Ax(S)},
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we get a new set of 20 matrices denoted by
H(S)={H,(S),H,(S).,H;(S),H,(S),Hg(S), -, Hy (S)}.
The set H(S) is a matrix strong Diophantine 20-tuple as well since the set S; is
a Diophantine quadruple. Let us look the structure of the matrix W(bl,bz) (H1 (S )) .
This matrix embeds the matrix H, (S). The matrix W, , (H,(S)) is called the
embedding of the matrix H,(S) of order 2. For a fixed pair (b;,b,) of the set
{b,c,,d,} x{b,,c,,d,} , there are 20 embedding of the matrices of the set H (S)

which are the elements of the set

(Wi ) (Hi () Wiy ) (Hao (8)))-

Weknow that there are exactly 9 pairs (k;,k,) oftheset {b,c;,d,}}x{b,,c,,d,}.
In all, there exist 20 x 9 = 180 embeddings of the elements of H(S). Let us consider
the set

G (S0:81:82) = Wiy o) (Hi(8)) s+ W) (Hao (8)): (Kiike ) € {b1, i, 0} x{by. 5,0, .

This set has exactly 180 elements. It is straightforward to check that the set
G(S,,S,,S,) isamatrix strong Diophantine 180-tuple. It is possible to construct
matrix strong Diophantine 540-tuples. Indeed, let S, ={a,,b;,c,,d;} be a Dio-

phantine quadruple. Let us consider the matrix

0 0 0 00O 0 OO0 0 b,
0 0 0 00O O0OOMBD O
0 0 000ODb O0OO0O0OTO
0 0 0 0b 0 O0OO0OTUOSFO
W(blbz)(Hl(S))— 0O 0 0 a0 O0O®OTG OUDO .
0O 0 a4 0 0 0O 00O O O
0 0 0 0OOO OODbUODO
0 0 0 00 O ao0O 0O
0O aa 0 00 0 O0OO0OO0OO
a, 0 0 0 0 0O OO O O
Let (b,b,by) beatripleof theset {b,c,,d,}x{b,,c, d,}x{by,c;,d;}.The 12

x 12-matrix defined by

Wity y.02) (Hl(S)) =

L o 0o 0o o oo o o o o
O O 0O OO0 O O T O o o o
O o0 oo oo o0oof oo o
O 0O 0O Y OO0 O O O o o o
O OO0 OT OO0 O o0 o o o
O O 0O 0O 0o o o o, oo
O 0O OO0 o0 o0 o o o o .Ff o
O O 0O 0O 0o o o o o ofF

O O.f» O OO OO o o o o
O oo oo od® oo oo o o
O O 0O OO0 O Y OO o o o

H O 0O 0o 0o 0o o0 oo o o o
o
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o

W,

is called the embedding of the matrix W(bl,bz) (H (S )) of order 1. In other words,
the embedding of H,(S) of order 3. For a fixed triple (b;,b,,b;) of the set
{b,c,,d;} x{b,,c,,d,} x{b;,c;,dy} , the set

{W(bl’bzybj)(Hl(S)),---,W(bl’bzyba)(ng (5))'W(bl,b2,b3)(Hzo(3))} has exactly 180 ma-
trices. Therefore, the set

G (S0:51:85,85) = Wiy 1o i) (Hi () Wi i) (Hao (5)): (K z s ) Q)

with Q={b,c,,d,}x{b,,c,,d,}x{b;,c;,d;} . The set G(S,,S,,S,,S;) has ex-
actly 20x3x3x3=540 elements. Due to the fact that the set G(S,,S,,S,) isa
matrix strong Diophantine 180-tuple implies that the set G(S,,S,,S,,S;) is a
matrix strong Diophantine 540-tuple. Finally, there exists an infinite number of
matrix strong Diophantine 540-tuples. [

The process of constructing W, (H, ($)) Wiy by) (H,(9)) Wi b,.5:) (H,(8)) is
called the embedding process. The embedding process allows us to construct in-

definitely matrix strong Diophantine m-tuples for m>540.

3. Construction of Matrix Elliptic Curves

It is possible to construct matrix elliptic curves from Diophantine quadruples. In-

deed, let us construct a matrix elliptic curve from the elements of the set
G(S0,5,,5,,5,) = {Wm,kz,kg) (H1(S))r+ Wi iy (Hao (8)): (ki kyu g) € Q}

with Q={b,c,,d,}x{b,,c,,d,}x{b;,c;,d,} . Let us consider the elliptic curve

sy (H1(8)) X + Ilz)(W(bbe'bs)(Hz(S))X + |1z)(W(b1,b2,b3)(H3(3))X + |12). (3.1)

Every matrix of the set G (SO, S,,S,, 83) allows the construction of a solution
of the Equation (3.1). Therefore, this elliptic curve has 540 matrix solutions. Fi-
nally, there exists an infinite number of elliptic curves which have 540 matrix so-
lutions in M, (N). To every matrix A of G(S,,S,,S,,S;), we associate the el-
liptic curve

EniY?=(X2+15,)(AX +1y,).

This elliptic curve has 540 matrix solutions, (X €G(S,,$,,5,,S;)),in My, (N).

4. Construction of Matrix Hyperelliptic Curves

It is possible to construct a matrix hyperelliptic curve from the elements of the set

G(S,.S1:S;.S;) - Let us consider the hyperelliptic curve

Y2 = (X241, ) (W, (Hy(S)) X + 13, ) (W, (Hy (S)) X + 1, ) (W, (Ha (S)) X + 1), (41)

B=(b,b,,b;), of genus g = 2. The matrix solutions of this equation are generated
from the elements of G(S,,S,,S,,S;). Therefore, this equation has at least 540
solutions (X €G(S,.S,,S,, Ss)> in My, (N).
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