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Abstract

In this paper, we establish new Hermite-Hadamard-Mercer type inequalities
for functions that are convex on the coordinates by employing the framework
of generalized fractional integrals. Several integral identities are derived to ob-
tain midpoint, trapezoidal, and Simpson-type inequalities as special cases. The
presented results unify and extend numerous existing inequalities in convex
analysis and fractional calculus, thereby providing a more general framework
for further applications in numerical analysis, approximation theory, and op-
timization.
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1. Introduction

The classical Hermite-Hadamard inequality, initially introduced by Hermite and
Hadamard, offers fundamental bounds for the integral mean of convex functions.
For a real-valued convex function f :[a,b] >R isa convex then
f(a)+f(b
f atb gijb f (X)dXSM_
2 b-a-? 2

This inequality has inspired numerous extensions and generalizations across
various domains, including operator theory, approximation theory, and fractional
calculus.

In 2003, Mercer [1] introduced a refined version of the classical Jensen inequal-

ity, now known as the Jensen-Mercer inequality, stated as follows.
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For a convex mapping f :[a,b] > R, the following inequality holds for each
x; €[a,b]:
n n
f {a+b—2ujxj]s f(a)+f(b)->u;f (xj),
j=1 j=1
where u; €[0,1] and Z?ﬂuj =1.

The Jensen-Mercer inequality prompted significant developments in the anal-
ysis of convexity in higher dimensions. More recently, attention has been devoted
to the study of coordinate-wise convex functions, ie., functions convex in each
variable separately, which naturally arise in the context of bivariate and multivar-
iate analysis.

Alongside these developments, the framework of fractional calculus has
emerged as a powerful tool for extending classical integral inequalities. The incor-
poration of Riemann-Liouville, Hadamard, and Katugampola-type fractional op-
erators has led to refined inequalities that capture nonlocal and memory-depend-
ent behavior of convex functions. Sarikaya et al, Katugampola, and others have
contributed to this area by developing fractional analogues of Hermite-Hada-
mard-type inequalities. Coordinate convex functions naturally arise in optimiza-
tion problems, economic modeling, and approximation theory, where convexity
along each coordinate direction plays a crucial role in ensuring stability and trac-
tability of solutions.

Motivated by these advances, Toseef et al [2] recently proposed a Hermite-
Hadamard-Mercer-type inequality on the coordinates, which integrates the ideas
of Mercer convexity and fractional integrals:

For a convex mapping f :[a,b]x[c,d]— R, the following inequality holds for
each x; e[a,b] and vy, e[c,d] :

n n
f (a+b—2ujxj,c+d —ijij
j=1 =1
n
<f(ac)+f(ad)+f(bc)+f(bd)-Yuwf(x,y)
=l
where u;,w; €[0,1] and Z?:luj =1 and Z?:le =1.
In 2013, Kian and Mosleshian [3] used the new Jensen-Mercer inequality and
established the following new version of the Hermite-Hadamard inequality:

For a convex mapping f :[a, b] — R, the following inequalities hold for all
x,ye[a,b] and x<y:

and

f (a+b—ﬂj<L g (u)du
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f(a+b-x)+ f(a+b-y)
2

f(a)+ f (b)-f [%j

Building on this foundation, the present paper aims to extend and generalize

IA

such inequalities within the framework of generalized fractional integrals, partic-
ularly those involving kernels that unify and extend classical operators.

The Riemann-Liouville fractional integral operators are defined as:

For an integrable function f on [a,b], the left and the right Riemann-Liou-
ville fractional integrals are defined as:

39 (x) === (x—u)"" f (u)du,

3 f (x):%a)jf(u—x)“l  (u)du,

where T represents the Gamma function function and is defined as
I'(a)= I: e'r"ldr.

Sarikaya et al [4] used the Riemann-Liouville fractional integrals and derived
the following version of the Hermite-Hadamard-type inequality for convex func-
tions.

For a convex function f :[a,b] - R, the following inequality holds:

f (a+bj< I(a+1) [92.1 (b)+ 37 f (a)ng.

2 )" 2(b-a)

For a convex function f:[a,b] >R, the following inequality holds for all
x,ye[a,b] and x<y:

f(a+b—x+yJ§ ['(a+1) I:Ja f(a+b—x)+J° ),f(a+b—y)}

2 ) gy L -
< f(a+b-x)+f(a+b-y)
2
<f(a)+f (b)—w.

For an integrable function f on [a, b] , the left and the right & -Riemann-

Liouville fractional integrals are defined as:

J57 T (%) =ﬁ(a)j:(x—u)il f (u)du,

3t (x)zﬁ(a)j:(u—x)zl f (u)du,

where T, (a) isthe x-Gamma function, and is defined as
I (a)= L:O e ~r*'dr.

Sarikaya and Ata [5] presented the generalized variant of the Hermite-Hada-

mard inequality bu using the beta function:
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For a convex function f :[a,b] » R, the following inequality holds:

a+b < 1 b= (u) f (u u<f(a)+f(b) mn
(25 Jomnys 2@t s HE s

where B(m,n)= IOIT"H (- r)n_l dz is the beta function and
Z(u)=(b-u)""(u-a)"" +(b—u)""(u-a)"".
Ali, Zhang and Feckan [6] extended the generalized variant of the Hermite-

Hadamard-Mercer inequality by using the beta function:

For a convex function f :[a,b] - R, the following inequality holds:

f (a+b—%)ﬁ(m,n)

<[f(a)+f (b)]ﬂ(m,n)—ﬁjxya(u) f (u)du

where B(m,n)= Olrm"l (l—r)n_l dz is the beta function and

=) =(y=0)" (e () )

and x,ye[a,b].
For a convex function f :[a,b] - R, the following inequality holds:

f [a+b—%)ﬂ(m,n)
1

- f(a+b-x)+f(a+b-y)
< . > p(m.n)
)

s{f(a)+f(b) %} (m,n),

[1]

<[ f(a)+f(b)]B(m,n)- [ 2 (u) f (u)du

where £(m,n) isthe beta function and
E(u)=[(a+b-x) —u]mfl[u— ater—y)T*l
+[(a+b-x)-u]" [u (a+b-y)]" .

and Xx,ye[ab].
In [7], Katugampola introduced a new fractional which generalizes the Rie-
mann-Liouville and the Hadamard fractional integrals into a single form as follow.
Let [a,b]=R be a finite interval. Then, the left- and right-side Katugampola
fractional integralsod order a >0 of feX/(a,b) are defined by

" 1-a X tp—l
21 £ (x) = pa)ja — £ (t)dt

and

DOI: 10.4236/apm.2025.1510035 670 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.1510035

J.C. Lo

P1e £ (%)= rp(i:) I . _tpx,i)l'“ £ (t)dt

where a<x<b and p>0, if the integral exists.

Let «>0 and p>0.Thenfor x>a,

D Him 715 F (x) = 35 F (%),

2) pILT P15E(x)=HZT(x).

Similar results also hold for right-sided operators.

In [8], Sarikaya and Ertugral gave the definition of generalized fractional inte-
grals (GFIs) as following:

The left-sided and right-sided GFIs are denotedby .1, and I, as follow-
ings:
x@| X -t
f (x)=_|'a%dt, X>a,
and
bp(t—X
o, (x)=_[x 'E—x )dt, x <b,
, _ . L ope(t)
where a function ¢: [O, oo) - [O, oo) satisfies the condition _[O—dt <0,

t

The most important feature of generalized fractional integrals is that they gen-
eralize some type of fractional integrals such as the Riemann-Liouville fractional
integral, k-Riemann-Liouville fractional integral, Katugampola fractional inte-
grals, conformable fractional, and Hadamard feractional integrals. These im-
portant special cases of integral operator are mentioned below.

(1) If we choose ¢(x)=Xx, the operators 1 f (x) and o f (x) are re-
duce to the Riemann integral.

a

(2) Considering ¢(x)= and @ >0, the operators _,1,f(x) and

X
I'(a)
o f (x) are reduce to the Riemann-Liouville fractioal integrals 17 f (x) and

a

o f(x), respectively. Here, T is a gamma function.

(3) For ¢(x)=

a

x* and @,k >0, the operators a+|¢f(x) and

1
KL (ex)
o f (x) are reduce to the k-Riemann-Liouville fractional integrals I:i’k f (X)
and 17 X f (X), respectively. Here, T, isak-gamma function.

Further more, for more results in the field if coordinated convex we refer the
interested to see [8].

For a mapping f: [a, b] X [C, d] cR? >R isa convex on the coordinates, the
following inequality holds:

f (ta+(1-t)b,sc+(1-s)d)
<tsf (a,c)+t(1-s) f (a,d)+(1-t)sf (b,c)+(1-t)(1-s) f (b,d)

for t,se[0,1].
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The following Hermite-Hadamard type inequality for coordinated convex
functions on the retangle from the plane R? was proved in [4], that is:
Supposse that a function f:A=[a,b]x[c,d]=R* >R isa convex on coor-

dinates. Then one has the inequalities:

f(a+b,c+djgl 1 Ibf(x,c+djdx+ 1 _[df(aer,yjdy
2 2 2| b-a’? 2 d-c’e 2
1 b rd
<— - f(x,y)dyd
(b-a)(d—c)lede F(x¥)avx

1] 1 b 1 b
Z[EL f(x,c)dx+mj'a f (x,d)dx

+Ljd f(a, y)dy+d—ic.[cd f (b, y)dyJ

IA

d-c-e
_f(ac)+f(ad)+f(bc)+f(bd)
< n :

In 2024, The Hermite-Hadamard-Mercer type inequalities for coordinated
convex functions was recently established by Toseef et al. in [2], which is stated
as:

For a convex mapping f :[a,b] > R, the following inequality holds for each
x; €[a,b], y, e[c.d]:

f[a+b—zn:ujxj,c+d—zn:wjyjj

j=1 =1

< f(a,c)+ f(ad)+ f(b,c)+f(b,d)-Yuw(x,y,),
i=1

where u;,w, €[0,1] and zjzluj =1, Zj:le =1.
Assume that f:A= [a, b] X [C, d] cR? >R isaconvex on coordinates. Then

one has the inequalities:

m+n,c+d—k+|j
2

f[a+b—

P a+bmf(x,c+d—ﬂ]dx+ir+dkf(a+b—m-yjdy
21 m—=nJa+b-n 2 | —k Je+d-l 2

1 a+b-m pc+d-k
: (m-n)(1- k)-[a+b—n .[c+d—l f(x y)dydx

1 1 a+b-m 1 a+b-m
SEI:H arbon f (X,C+d —I)dX"r m_nJ.aerfn f (X,C+d —k)dX
1 c+d—k 1 c+d—k
+m c+d—I f (a+b_n’y)dy+mjlc+d—l f (a+b_m,y)dyi|

1 1 a+h-m 1 asb-m
_Zlim_n J-a+b—n f (X,I)dX+ m-=n -LHb—n f (X,k)dX

| c+d—I c+d-I

i 1 Jac+d—k f (I’], y)dy—i—IiLk c+d—-k f (m,y)dy}

1
<
_4[

-k
f(a+b-mec+d—k)+f(a+b—m,c+d-I)
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+f(a+b-n,c+d—k)+f(a+b-n,c+d-1)]

f(mk)+f(m1)+f(nk)+f (n,|)]

< f(a,c)+f(a,d)+f(b,C)+f(b,d){ 4

where m,ne[a,b] and k,le[c,d].
We introduce a new class of Hermite-Hadamard-Mercer-type inequalities in-

volving generalized fractional integrals for functions that are convex on the coor-

dinates.
o peo(-tp(y-s)
a+C+I¢f(x,y)—fc L Q(X_t)zoy_s) f (t,s)dtds
NI oV Cet P
calof(0y)=[ ], oy | (bS)des
velo T (xY) =Lyjf¢2::32";fs)s) f (t,5)dtds
and

L jj“”t X)o ))f(t,s)dtds.

We derive integral identities that enable us to establish midpoint, trapezoidal
inequalities in this generalized setting.

We demonstrate that our results encapsulate several known inequalities as spe-
cial cases, thus unifying prior literature under a broader and more flexible frame-

work.

2. Main Results

Firstly, we establish an integral identity for differential function via general frac-
tional integrals to dirive main results.
Lemma 2.1
Assume that f:A=[a,b]x[c,d]cR* >R is continuous and integrable, the
following fractional equality holds:
[f(a+b-nc+d-I)+f(a+b-nc+d-k)+f(a+b-mec+d-1)+f(a+b-m,c+d—k)]
1T

A(l) | (c+d—k)™ I¢f (

|, f(asb-me+d=l)+  1,f(a+b-m,c+d —k)}

a+b-nc+d-1)+ wa(a+b—n,c+d—k)

(c+d-1)"

+ _
(c+d—k)
17
_A(]_)_(a+b—m)' 1, f (a+b-nc+d-I)+ (a+b_m)_|¢f (a+b-n,c+d—k)
(a+b—n)+|‘/’f (a+b—m,c+d _I)+ (a+b—n)+l‘/’f (a+b—m,C+d —k)j|

! I,f(a+b-nc+d-1)+ a+b-n,c+d-k)

+ A(l)A(l) [(aarb-m)i(cm_k)* 4 (asbom) (crd-1)" Iw f (

| f(a+b-m,c+d—1)+ I, f(a+b-m,c+d- k)}

+(a+b—n)+,(c+d—k)’ 4 (a+b-n)",(c+d-1)" "®
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“RDAD b

Q

and

A=A

0

Proof

Q(t,s) 6’[8_;5 f (a+b—((l—t)m+tn),c+d —((l—s)k+sl))dsdt

a+b—(tm+(1-t)n),c+d —((1—s)k+sl))dsdt

~(tm+(1-t)n),c+d —(sk+(1—s)|))dsdt},

(t,S) :I;J':(p((n_m)uu)j((l _k)’i) dadu

du and A(s):jstz.

u 0 A

It suffices to note that

S, = j: .[:Q(t,s)
s,=[.[a(ts)
s, = [ [.2(ts)

and
s.=[-[o(s)

Ifweadd from S,

proof.
Theorem 2.2

—-S5,-5,+S, and multiply by

62
otos
62
otos

f (a+b—((1—t)m+tn),c+d —((l—s)k+s|))dsdt

f (a+b—((1—t)m+tn),c+d —((1—s)k+sl))dsdt

ata_;s f (a+b—((1—t)m+tn),c+d —((1—s)k+sl))dsdt

62

e f(a+b—((1-t)m+tn),c+d —((1-s)k+sl))dsdt.

(n-m)(1-k)
A(L)A()

, we obtain the

Assume that f:A= [a, b] X [C, d] cR? >R is continuous and integrable and

2

—— f| satisfies the
otos

Mercer’s ineaqality, the following fractional inequality holds:

|[f(a+b—n,c+d—|)+f(a+b—n,c+d—k)+f(a+b—m,c+d—|)+f(a+b—m,c+d—k)}

|
L

4A(1)

+ (dek),lq,f (a+b-m,c+d-1)+

L |
(a+b-m)~ ¢

4A(1)

[(Hd_k),I¢f(a+b—n,c+d—l)+ |

f(a+b-nc+d—1)+ I

4

f(a+b-nc+d—k)

(c+d-1)" '@

| f(a+b—m,c+d—k)}

(c+d-1)" '@

f(a+b-n,c+d—k)

(a+b-m)” ¢
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|, f(a+b-merd—1)+ I f(a+b-mc+d —k)J

(a+b-n)" "¢

+m[(mm),(“dk) | f(asboncrd=l)+ o1, f(asb-nc+d—k)

I,f(a+b-mec+d-1)+

+ (a+b-n)" (c+d—k)™ ¥ (a+b—n)",(c+d-1)*

|¢f(a+b—m,c+d-k)]‘

s—(”[: T))g(l)k)j;j:|g(t,s)|Hata—;s f(ac)+ af;s f(ad)+ 6; f(b,c)|+ ata_;s f (b,d)‘
- at;s f(m,k)‘— ;S f(m,l)‘— af;Sf(n,k)‘— t;Sf(n,I)Hdsdt.

Proof:
From the Lemma 2.1, we have

|[f (a+b-n,c+d—1)+f(a+h-nc+d—k)+ f(a+h-m,c+d—1)+f(a+b-m,c+d-k)]

_ﬁ[(udk) 1, f(a+rb-nc+d=1)+ 1 f(a+b=nc+d—k)
+ g lof(@tbomerd=D)+  1f(a+b-mc+d —k)}
‘ﬁl)[(amm)- l,f(a+b-ncsd=1)+ 1 f(a+b-nc+d-k)
(a+b-n)*|"’f (a+b-m.c+d-l)+ (ab-n)’ l,f(a+b-m,c+d —k)}
+m[<m—mum-w lof(arb-ncrd=1)+ o f(@rD-NCHd—k)

|, f (arb-me+d-1)+ wa(a+b—m,c+d—k)}‘

+(a+b—n)+,(c+d—k)' a+b-n)" (c+d-1)"

< (n;(T))iI(I)k) ﬁmg(ts)m;—; f (a+b—((1—t)m +tn),c+d—((1-s)k +s|))dsdt

2

s f(a+b—((1—t)m+tn),c+d —(sk +(1—s)|))dsdt
62
e f(a+b—(tm+(1—t)n),c+d —((1—s)k+sl))dsdt
2
p. f(a+b—(tm+(l—t)n),c+d—(sk+(1—s)|))dsdt}
4(n-m)(1-K) 12 0 0’ o
<— 7 Q(t, —f(a, —— f(a,d)|+|— f (b,
Aa@ bl 5g o) e T+ fb0)
2 62 62 62 62
f(b,d)— f(mk)— f(m, 1) - f(n,k)— f (n,1)| |dsdt.
+atas ( )‘ otos (m )‘ otos (m )‘ otos (n )‘ otos (n )H S
Remark 2.3
a-1
If the kernel function is chosen as go(X):F (@) with «a >0, then the gener-
a

alized fractional integral reduces to the classical Riemann-Liouville operator. In

this case, Theorem 2.2 recovers the Hermite-Hadamard-Mercer type inequality
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obtained by Sarikaya and Yildirim [4].
Theorem 2.4

Vi
is co-

62
f(t,
5 f(ts)

ordinated convex function on [a,b]x[c,d], then we have the inequality

Suppose that tha assumptions of Lemma 2.1 are hold. If

[f(a+b-nc+d-1)+f(a+b-n,c+d—k)+f(a+b-mc+d-1)+f(a+b-mc+d—k)]

| 7

1
_4A(1)|:(c+d—k) I(/’f (a+b_n’c+d _I)"‘ (c+d_|)+|q,f (a+b—n,c+d —k)
+ (c+d—k)’l’”f (a+b-m,c+d-1)+ (CHH)*Ifﬂf (a+b-m,c+d k)

1

_4A(1)[(a+bm)' l,f(a+b-nc+d-I)+ (awfm)_'(pf (a+b-n,c+d—k)

* (a+b—n)+|wf (a+b-mc+d-1)+ (a+b_n)+|(/,f (a+b-m,c+d k)
1

4A(1)A(1)|:(a+bm),(c+dk) I, f (a+b—n,c+d _|)+ I f(a+b—n,c+d —k)

(a+b-m)™,(c+d-1)" " ?

+

* (asbon)’ (crdok) I,f(a+b-mec+d-I)+ (s (ordl) I,f(a+b—m,c+d —k):”

4(n £

—m)(l—k) 101 « é o? o? g o? /
SW(IOIO|Q(t,S)| dsdlt ) x “—f(ac) +a=1(ad) +=—T(bc)
1
Pe s Pe B P B P B a2 g
f(b,d)] —|=—f(mk)| —|=—Ff(mI) —|—f(nk) —|=—"F(n,l
’ 0s (b.d) 0s (m.k) 0s (m.1) otos (n.k) otos (m.1)
where l+£:1, p>1.
a p
Proof
From the Lemma 2.1 and and Jensen-Mercer inequality by using the Holder
5 V;
inequality and the convexity of a@s f(t,s)| ,we obtain
[f(a+b-nc+d=1)+f(a+b—nc+d—k)+f(a+b—mc+d—-1)+f(a+b—m,c+d k)]
1
_m[(w_k)wa(a+b—n,c+d—|)+(c+d_|)+lwf(a+b—n,c+d—k)

+(c+d—k)’|<ﬂf (a+b—m,c+d—|)+ (c+d—|)+|¢’f (a+b—m,c+d—k)_
1

A(1)|:(a+bm)l‘9f (a+b—n,c+d—|)+ (a+b7m)’lf/’f (a+b—n,c+d—k)

+(a+b—n)+|‘/’f (a+b—m,c+d—|)+ (a+b—n)*|€"f (a+b—m,C+d—k)—
1
+A(1)A(1)|:(a+bm),(c+dk) I,f(a+b-nc+d-1)+ I,f(a+b-nc+d-k)

(a+b-m)”,(c+d—1)"

* (a+b-n)"(c+d—k)~ wa (a+b—m,c+d _I)+ (a+b-n)"(c+d-1)* I¢’f (a+b—m,C+d _k)i”
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(n—m)(l—k) 101 o°
SWIOIO|Q(t,s)| %f(a+b—((1—t)m+tn),c+d—((1—s)k+sl))dsdt
2
+6fas f(a+b—((1-t)m+tn),c+d —(sk+(1-s)l))dsdt
62
s f(a+b—(tm+(1-t)n),c+d —((1-s)k+sl))dsdt
82
r— f(a+b—(tm+(1-t)n),c+d —(sk+(1—s)|))dsdt}
a(n=m)(1-k) (1 o e |l K K ’
<ATUZE (1 Plag, ddt)“ f(a f(ad f (b,
A@)AQL) (Lot asct) as (30) *la (@) *iag F(B)
1
62 s 62 s 62 s 82 s aZ ﬂﬁ
f(b,d) - f(mk) - f(ml)| - f(nk) - f(n,I .
+6tas (0,0) otos (m.k) otos (m.1) otos (nk) otos (n1)
Theorem 2.5
2 r
Suppose that tha assumptions of Lemma 2.1 are hold. If 8(385 f(t,;s) isco-
ordinated convex function on [a,b]x[c,d] for r>1, then we have the inequal-
ity
[f(a+b-nc+d-1)+f(a+b—nc+d—K)+f(a+b-mc+d-1)+f(a+b-mc+d—k)]
| 4
1
_m[(w_k)I(pf(a+b—n,c+d—I)+(c+d_l)+l¢f(a+b—n,c+d—k)
(Hdik),l(pf(a+b—m,c+d—I)+(Hdilrlwf(a+b—m,c+d—k)}
1
—m[(amm)wa(a+b—n,c+d—l)+(a+bm)wa(a+b—n,c+d—k)
e (a+b—m,c+d—|)+(a+b_n)+lwf(a+b—m,c+d—k)}
1
+m[(mm),@+dk> L, f(asb-ncrd=l)+ o f(atb-nc+d-k)
F o oo o (FD=mord =1+ ) f(a+b-m,c+d —k)}‘
a(n-m)(1-K) (11 & K ks r
sw(jojop(t,s)wsdt)x S fac) +| 1 f(ad) + 1 (be)
1
o2 T e "8 "8 "8 I
f(b,d) — f(mk) - f(ml) — f(nk) — f(n,I .
+as() 6s(m) as(m) 6s(n)‘ atas(n)]
Proof
From the Lemma 2.1 and and Jensen-Mercer inequality by using the Power

2 r

0
f(t,
= f(ts)

, We obtain

mean inequality and the convexity of
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[f(a+b-nc+d=1)+f(a+b—nc+d—k)+f(a+b—mc+d—1)+f(a+b—m,c+d k)]

1
__A(l)[(c+d_k)|¢f(a+b—n,c+d—l) (evaoly I,f(a+b—n,c+d-k)

o lof(@¥b=mcrd 1)+ (Hd_lylwf(a+b—m,c+d—k)}

)
[Mm (a+b-n,c+d-1)+ (a+b7m),lwf(a+b—n,c+d—k)

(Minrllpf (a+b-m,c+d—1)+ (asn)

1
+W[(a+bm),(c+dk) I, f (a+ b-n,c+d —|)+

+I(pf(a+b—m,c+d—k)}

A, f(a+b—n,c+d-k)

(a+b-m)~,(c+d-I)

v osay Lo (@FD=MCEd =T+ 1 f(a+b-m,otd k)}‘

< (n[:(r:))il(l)k) J';J'Olp(t S)|Hat6_;s f(a+b—((1-t)m+tn),c+d—((1-s)k+sl))dsdt

f (a+b—((1—t)m+tn),c+d —(sk+(1—s)|))dsdt

s f(a+b—(tm+(1-t)n),c+d —((1-s)k+sl))dsdt

~ f (a+b—(tm+(1—t)n),c+d —(sk+(1—s)|))dsdt

|

4(n—m)(|—k)( ” ‘ & e K r
<2 UVl s) d dt) 2_t(a, f(a,d f (b,
A(L)A(L) L) dsdt)x| 22 f (a0 +ag T(@d) +55 T (0)
1

? "8 L "le? " le? "l

f(bd) - f(mk) - f(m1) - f(nk) - f(n1) | .
+6tas ( ) otos (m ) otos (m ) otos (n ) otos (n )}

Lemma 2.6

Assume that f:A=[a,b]x[c,d]cR* >R is continuous and integrable, the
following fractional equality holds:

{4f(a+b—m;n d-%) 2f[a+b nc+d-%) 2f[a+b mc+d—%)

—2f(a+b—m;n,c+d—lj— f [a+b—m+

+2f(a+b-n,c+d—k)+2f (a+b—m,c+d—1)+2f (a+b—m,c+d k)]

n,c+d—k)+2f(a+b—n,c+d—|)

2

__A(1)|:(C+dl)+ I,f(a+b—m,c+d—k)+ (Hdik),l(pf (a+b—n,c+d—|)}
2

_A_(l)[(a*b'")+ f(atb-mcrd—k)+ 1 f (a+b—n,c+d—l)}

1
+m[(mm)wk) | f(asb-ncrd=l)+ o1 F(arb-nc+d-kK)

+ (a+b-n)* (c+d—k)~ 1, f (b.c)+ (a+b-n)* (c+d—1)" 1, f (a+b-m,c+d _k)}
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where

J :JéjEAl(t,s)ata—;S f(a+b—((1-t)m+tn),c+d —((1-s)k+sl))dtds,

J, :I‘%J.";_Al(t's)ata_;s f (a+b—(tm+(1—t)n),c+d —((1—s)k+sl))dtds,
11 o?
3, =z[? —Al(t,s)atas

2

J, =J.O%J.O%A1 (t,s)% f(a+b—(tm+(1-t)n),c+d—(sk+(1-s)I))dtds,

f (a+b—((1—t)m+tn),c+d —(sk+(1—s)|))dtds,

Js =f§f£—/\z(t,3)af;s f(a+b—((1-t)m+tn),c+d —((1-s)k +sl))dtds,

Jg :L’;E_AZ (t,s)afgs f (a+b—(tm+(1—t)n),c+d —((1—s)k+s|))dtds,

J; =IO%EA2 (t.s)af;S f(a+b—((1-t)m+tn),c+d —(sk+(1-s)I))dtds,

Js =I$I£_A2 (t,s)%;s f (a+b—(tm+(1—t)n),c+d —(sk+(1—5)|))dtd5,

2

Jg =Ef§—/\a (t’s)afas f(a+b—((1-t)m+tn),c+d —((1-s)k+sl))dtds,

I :fi_fé&(t,s)af;s f(a+b—(tm+(1-t)n),c+d —((1-s)k+sl))dtds,

2

101 0
L)
2

f(a+b—((1-t)m+tn),c+d —(sk+(1-s)I))dtds,

2

Jp :EJ.O;—A3 (t,s)% f (a+b—(tm+(1—t)n),c+d —(sk+(1—s)|))dtds,

Jis =.[iEA4 (t,s)af;S f(a+b—((1-t)m+tn),c+d —((1-s)k+sl))dtds,

I =_@E—A4 (t's)ata_;s f(a+b—(tm+(1-t)n),c+d —((1—s)k+sl))dtds,

2

0
Jis =Eﬁ_/\4(t's)atas
2 2

f(a+b—((1-t)m+tn),c+d —(sk+(1-s)1))dtds,

i =E_@A4 (t,s)%;s f(a+b—(tm+(1-t)n),c+d —(sk+(1—s)I))dtds,

and

i )

A, (t,S) _ J‘;J‘S”o((b_a)uzj((d _C)/l)d/ldu,
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HS(’) 2)u)e((d=)2)

ut

””” ) (4=94) 400

where A(t)=Ithu and A(s)zjswdﬂ.

0 u A
Proof
Here, we apply integration by parts, then we completes the proof.
Theorem 2.7

2

af
0s

If assumptions of Lemma 2.6 hold and satisfies the Mercer’s ineaqal-

ity, then the following inequality holds:

‘4f(a+b—m;n d-%} 2f(a+b nc+d-%) 2f(a+b mc+d—%)

—2f(a+b— n,c+d—lj—f(a+b—m+n,

+2f(a+b-n,c+d-k)+2f(a+b-mc+d-1)+2f(a+b—m,c+d-k)

2
_A_(l)[(ﬁd|)+I¢f(a+b—m,c+d—k)+(c+dk)_lwf (a+b—n,c+d—|)}

c+d—kj+2f(a+b—n,c+d—|)

2 f(a+b-mec+d—k)+

m[mbn)* o f(

- ,I(pf(a+b—n,c+d—l)]

(a+b-m)

a+b-nc+d-1)+ a+b-nc+d-k)

A(l)A(l) |i(a+b—m)7,(c+d_k)f I(/l f ( (a+b—m)7,(c+d—|)+ I(p f (

* e e T B0 1 f (asbomed —k)}‘

1 o
“ A {[ e

{ 2 1A, (t5) duds + 2 o[, (& 5) dtds + £ [2|Aq (6]t + [ [1]a, (t.5)| dtds}
2 2 2 2

2

+4 0
otos

2

0
f (b, 4
™ (b,c)+

2

685 i (b,d)H

f(ad)+4

2 2

52 0 o 62
{atasf(m,k)+atasf(m,l)+ asf(n’k)+ﬁf(n’l)u
{L;Ill (st 2 st L e« £ i, ts|dtds}}

Proof

From the Lemma 2.6, we have

‘4f(a+b—m;n d—%j 2f(a+b nc+d—kT+|j 2f(a+b mc+d—%)

n,c+d—|}—f(a+b—m+n,

+2f(a+b-nc+d-k)+2f(a+b-m,c+d-1)+2f(a+b—m,c+d—k)

—2f(a+b—m+ c+d—kj+2f(a+b—n,c+d—l)
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I,f(a+b-n,c+d —I)}

A(l)[ cray Iq,f(a+b—m,c+d—k)+(c+d7k)i )
2
__A(l) (a+b,n)+|¢f(a+b—m,c+d—k)+(Mfm),l(pf(a+b—n,c+d—|)]
a+b-nc+d-k)

1
A(]_)A(l) |i(a+b—m)7,(c+d—k)7 I¢ f (a+ b-n,c+d- I)+ (a+b-m)~,(c+d-1)" I‘/’ f (

| f(a+b—m,c+d—k)]‘

(a+b-n)*,(c+d—k)~ I‘/’f (b,C)-i- (a+b-n)",(c+d-1)" ¢
1 E E aZ 82 2 2
<————a 2| 2|A, (L, 8)|| 4|— f (a, 4 f(a,d)+4 f (b, 4 f(b,d
A(1)A(1){I0!0| :{ S)|[ ‘Gtas (a.c)+ otos (a.d)+ atos (b.c)+ otos ( )‘
2t (k)| =2 £ (=2 £ (k)| =2 £ (1) ot
otos otos otos otos
é 1 az 82 62 82
+fon';|A2(t,s)||:4‘%f(a,c)+4atasf(a,d)+4 asf(b,c)+4 asf(b,ol)‘
02 0? 0? 0?
- f(m,k)—|—f (m,1)|—|— f(n,k)|— f(n,1)| |dtd
otos (m )‘ otos (m )‘ otos (n )‘ otos (n )H °
62 2 2
+” |A5(ts)|| 4 f( )+4atasf(a,d)+4 atasf(b,c)+4atasf(b,d)‘
62 az 2 82
f(m,k)- f(m, 1) - f(nk) - f(n,1)||dtd
otos (m ) otos (m ) otos (n )‘ otos (n )H S
101 82 62 2 62
+J.%J‘%|A ts|_4atasf(a,c)+4atasf(a,d)+4 f(b,c)+4atasf(b,d)‘
0? 0? 0? 0?
— f(m,k) - f(m, - f(n,k)— f(n,1)l |dtd
otos (m ) otos (m ) otos (n )‘ otos (n )H S}
I S | Y e 4%t (ad)+ 42 f (bo)+ a2 £ (bd
“A@Q)AQL) || etes (a.c) +4i5g f (@) + (b.c)+ (b.d)
M1 1 1 1
x .[7J'5|A t,s)|dtds+.[05j'i|1\2 (t,s)|dtds+.[i.[05|1\3 (t,s)|dtds+EE|A4 (t,s)|dtds}
L 2 2 22
B 32 52 2 2
- f(m,k f(m,l f(n,k f(n,I
_atas (m )+ 0s (m )+atas (n )+6tas (n )H
M1 1 1 1
x| [2[2[A (t3)) dtds+J'05ﬁ|A2 (t.s)| dtds+J'iJ'05|A3 (ts) dtds+ﬁE|A4 (t, s)|dtds}}.
L 2 2 22
Theorem 2.8
) 5
is co-

0
f(t,
= f(ts)

Suppose that tha assumptions of Lemma 2.6 are hold. If

ordinated convex function on [a,b]x[c,d], then we have the inequality

m+n k+|j 2f(a+b nc+d—%} 2f(a+b mc+d—%)

+d-——0

‘4f(a+b—
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—2f(a+b— n,c+d—lj—f(a+b—m+n,

+2f(a+b-n,c+d-k)+2f(a+b-mec+d-1)+2f(a+b—m,c+d—k)

c+d—k]+2f(a+b—n,c+d—l)

2
—A_(l)[mdw* |, f(a+b-me+d—k)+ . 1 f(a+b-nc+d _|)}
2
"_A(l)[@*b")* I, f(a+b-merd—K)+ 1 f(a+rb-nc+d -|)}
1
+m[(a+b‘m)v(°+d—k) I‘”f (a+b—n,c+d _I)+ (a+b=-m)” (c+d-1)" I(pf (a+b—n,c+d —k)

 (b,c)+ a+b—m,c+d—k)]‘

(a+b-n)" (c+d-1)" IV’ f (

(a+b-n)",(c+d—k)~ I‘/’

ﬁ{[l [2]a, (ts)" dtdsT{E P o) dtds}“
+(H A ()" dtdle (EE|A4(LS)|C¢ dtdsf’}

[ 2

- f(m,k
otos (m )

IA

2 s 2 B 2 s

+ar| 0
otos

1470
otos

ac

+

f(ad) f (b,c) f(b,d)

otos

B r
Proof

From the Lemma 2.6 and and Jensen-Mercer inequality by using the Holder
s

5N

PE !

82
— f(m) - _
otos (m )

asf(n,l)

where l+£:1, p>1.
a p

62
f(t,
= f(ts)

(a b— d—k—Hj 2f(a+b nc+d—ﬂj 2f(a+b mc+d—ﬂj
2 2 2 2

—2f(a+b—m;n,c+d—lj—f(a+b—m+

+2f(a+b-n,c+d-k)+2f(a+b-m,c+d-1)+2f(a+b—m,c+d-k)

inequality and the convexity of , we obtain

n,c+d—kj+2f(a+b—n,c+d—l)

2

_—A(l)[(c+d_|)+ I, f(a+b-—m,c+d—k)+ sy ot (a+b—n,c+d—|)}
2

__A(l)[(awn)* I, f(a+b-m,c+d—k)+ (Mim),lwf (a+b—n,c+d—|)]

+ ! I,f(a+b-n,c+d-I)+

—A(l)A(l)[(a+b-m)v(°+d-k) , a+b-n,c+d-k)

(a+b-m)~ (c+d-1)" I‘/’ f (

+ (a+b—n)",(c+d—k)~ I‘/’ f (b’C)+ (a+b-n)",(c+d-1)" I¢’ f (a+ b-m,c+d- k)i”
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2

0
f(a,d
5 f(2.d)

2

0
f (b,
0 (b.c)

}dtds

f(b,c)

62

- f(b,d)‘

gm{ 2 At s)|{4‘af_;s f(ac)

0? PL

82
f(n,k)-
otos otos

82
otos (m")‘_

£ (k)|
aas (M )‘

e 4 (e

f(n,I)

2

+4 0
otos

2

+4 0
otos

62
4—f (a,d
+es [(@d)

f(b,d)‘

0? o2

62
f(n,k)| -
otos oto

62
£ (m.1)|—
s (M )‘

£ (m.k)|-
s (M )‘

R 42 )

62
otos

+ﬁﬁ|’\4 (t;s))| 4
2 2

62
otos

f(n, I)Hdtds

S

2

0
f(a,d
5 f(2d)

2

0 52
f (b,

asf(b,d)‘

+4 +4 +4

2

0
f(n,1)[|dtd

62
£ (n.K) -
reall )‘

2

0
f(ac)+4
5 (a,c)+ e

f(m,k) -

f(m,1)-

2 2
4L <42
otos oto

f(a,d) f (b,c)

af;s f (n,l)Hdtds}

B

sf(b,d)‘

62
£ (n.k)|-
el )‘

82
f 1
ais (@)

f(m,k)| -

f(m,l)-

2 B

1

| A s |

+47 0 + 47

0s

41»’

IA

f(a,d)

0
f (b,
5 f(be)

1
ﬂ:lﬁ

B

Vi

B B 5

2 2 2 )

62
otos

+

f(b,d)

f (m,k)

f(m,lI)

f (n,k)

B

f(n,I)

otos otos otos otos

K 5| 02
4 f(ad) +4 f (b,
" 0s (a ) * o5 ( C)

+

62
f i
aios (@)

1
Jo% [2]A, () dtds]a X[4ﬁ'
2

62 B

62
f(bd) -
otos ( )

62 B

> f(mk) -

1t a . 4| @
+(J’;J'02|A3(t,s)| dtds) x| 4 .

s 2 B
0
f(m,k

S

62

f (b,d
+6tas ( )

s B

2

+47 0 f(a’d) + 45
0s

62
2 t(a,
sios | (26)

1
* (EE|A4 (ts) dtds}a x [4ﬂ

B

s 2 Vi
0

f(m,l
oS (m )

62

> f(m,k)

- W{U}EW (ts)" dtdsja J{I%m/‘z (ts) dtdsJ

62

—1(b.0)

+
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+(EL}|A3 (t.s)" o|tds]‘1 +(EE|A4 (ts)" dtdsji}

; 22 s , pe s , Pe s 2 s
4 f(a, 4 f(a,d 4 f (b, f(b,d
|4 qes F@C) 45 F@d) #4755 fbe) 55 T(00)
1
52 s P B 22 B P B\
- f(mKk) - f(ml) - f(nk) - f(n,l .
otos (k) otos (m.1) otos (nk) otos (m.1)
Theorem 2.9
2 r
Suppose that tha assumptions of Lemma 2.6 are hold. If a@s f (t, S) is co-

ordinated convex function on [a,b]x[c,d], then we have the inequality

‘41‘ (a+b—m;n,c+d—%}2f (a+b-n,c+d-%)-2f (a+b-m,c+d-%)

m+n m+n

—2f(a+b— ,c+d—|j—f(a+b—

+2f (a+b-n,c+d-k)+2f (a+b-m,c+d-1)+2f (a+b-m,c+d -k)

2
—A(l)[(mw | f(asb-merd—k)+ o 1,0 (a+b—n,c+d—|)}
2

m[(amny Igof (a+b—m,c+d —k)+

,c+d—kj+2f (a+b-n,c+d-1)

- - I¢f(a+b—n,c+d—l)}

+;[ I,f(a+b—n,c+d—-1)+

ADAQ) L wsorai I, f(a+b—n,c+d—k)

(a+b-m)”(c+d-1)"

+(a+b—n)+,(c+d—k)’ 4 (a+b-n)" (c+d-1)" ¥

S

I f(b,c)+ I f(a+b—m,c+d—k)}‘

r r r

2 62
— f (b,
2 (00)

51

+4' 0

f(a,c) po

+4'

f(a,d)

S

1
r

r r r

2 2

82
otos

.[O;J.;Az (t' S)|dtds]>< [4’

r

62
f(n,l
otos (n )

+

f(b,d) f(m,k) f(m,1)

r

+4'

otos otos

62
— f(a,
otos (a C)

+

r r

62
otos

62
otos

82
otos

f (b,d)

f(m,k)

f(m1)

r
+4'

82
—f(a,
otos (a C)

* Jgf;ll\g(t,s)|dtds]{4r

r r
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r r

2

101 o 0
A, (t,s)|dtd 4" — 1 (a, 4"|—f(a,d 4 f (b,
J{Hﬁ' (t9) S)X[ atos T (®C)) T4 o5 T@d) +4Ta T (be)
1
& B ks K B o
f(b,d)l - f(mk) — f(ml) — f(nk) — f(n,l
+6tas (b.d) otos (m )‘ otos (m.1) otos (n.k) otos (n )]
Proof
From the Lemma 2.6 and and Jensen-Mercer inequality by using the Power
2 r
mean inequality and the convexity of 668 f(t,s) , we obtain

‘4f(a+b—m;”,c+d—%)—Zf(a+b—n,c+d—%)—2f(a+b—m,c+d—%)

—2f(a+b—m;n,c+d—lj—f(a+b—m;n,c+d—kj+2f (a+b-n,c+d-I)
+2f (a+b-n,c+d-k)+2f(a+b-m,c+d—l)+2f (a+b-m,c+d—k)

2
A( [(“d-')* ', f (a+b_m’c+d_k)+(c+d-k)* l,f(a+b-n,c+d _I)J
2

1)

m[(amny |¢f (a+b—m,c+d —k)+

- - wa(a+b—n,c+d—l)}

I,f(a+b-n,c+d-k)

a+b-n,c+d _I)+(a+b,m)’,(c+d—l)+ ¢

A(l)A(l) |:(a+b—m)’,(c+d—k)’ I(ﬂ f (

+(a+b—n)+,(c+dfk)' I‘/’ f (b’ C) +(a+b—n)+,(c+d7|)* I?’ f (a+ b-m,c+d- k):”

2

e L A )| 4t (ac) -4t (a,d)| 4|2t (b <4t (b,d)
A(L)A(L) [0 o atos atos atos otos
G5 0° 0° 0°
— = £ (M, k)|~ == f (m,])|~|=—= f (n,k)[~|== f (n,])| |dtd
otos (m )‘ otos (m )‘ otos (n )‘ otos (n )H °
1 1 82 62 02 62
+J'02'[;|A2(t,s)|{4‘ﬁf(a,c) +4 pon f(a,d)+4 pron f(bc)+4 po f(b,d)‘
G5 0° 0° 0°
— = f (M, k)|~ == f (m, 1)~ |=—= f (n,k)[~|=—= f (n,])| |dtd
otos (m )‘ 0s (m )‘ otos (n )‘ otos (n )H °
0 0 0
+[if |A3(t,s)|[4‘at—f(a,c) +4 f(a,d)+4 P f(b,c)|+4 o f(b,d)‘
G4 0° 0° 0°
—| = f (M, k)| ~|== f (m,])|~|=—= f (n,k f(n,1)| |dtd
atos (m.k) atos (m1) ato (n )‘ atos (n )H °
AL 9] 42 (@) - 4t (ad) + 412t (byc) + 412t (b,a)
272 | |otds 0s 0s 0s
& o o o
—=f (m,k)|~|=—= f (m,1)| - ) === f (n,1)| |dtd
atos (m.k) atos (m.1) atos (n )‘ atos (n )H S}
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r r

2 2

1 11 02 0 0
<— = I [2[2|A. (t,9)dtds |x| 4" |-<— £ (a, 4|t (a,d) +4"|-—t (b,
A(l)A(l){UO JiiAss) S][ otos | () 4 55 F(a) 45 T(be)
1
2 "] "] e "] "] e a
f(b,d) — f(mk) — f(ml) — f(nk) — f(n,1
* otos ( )‘ 0S (m ) otos (m ) 0S (n ) otos (n ) ]
+ 'f%ﬁ|A2(t,s)|dtds x 4'6—2f(a,c)r+4r - f(a,d)r+4r il f(b,c)r
073 otos 0s otos
1
? "] "le "] "le "l
f(b,d) — f(mk) — f(m1) — f(nk) — f(n,1
" otos ( )‘ otos (m ) otos (m ) 0S (n ) otos (n ) ]
. 1 r 2 r az r 82 r
+ I;.[02|A3(t,s)|dtdst e f(ac) +4 tasf(a'd) +4 asf(b,c)
1
2 r 22 r 2 r 2 r 2 rr
f(b,d) — f(mk) — f(m,1) - f(nk) — f(n1
" otos ( ) otos (m ) otos (m ) otos (n ) otos (n )
o[ R )fatds < a2t ao)| w42t (@) <4 f o)
375 otos otos otos
1
02 "] "] "] 02 i
f(b,d) — f(mk) — f(ml) — f(nk) — f(n,1
" otos ( ) otos (m ) otos (m ) oto (n )‘ otos (n ) ]

3. Comparison with Existing Results

The inequalities established in this paper extend and unify several known results.

I'(a)

Liouville fractional versions in [9]. Similarly, with ¢(x)=

For instance, by selecting ¢(X) = , our inequalities reduce to the Riemann-

1 X% , the results
kI'(«)
coincide with the k-Riemann-Liouville variants discussed in [10]. Therefore, the
present framework highlights the advantages of generalized fractional integrals,
which provide a unified setting accommodating multiple fractional operators

within a single structure.

4. Conclusions

In this study, we have developed new variants of Hermite-Hadamard-Mercer type
inequalities for functions that are convex on the coordinates, by employing a gen-
eral class of fractional integral operators. Our approach unifies and extends a wide
range of previously known results involving Riemann-Liouville, Katugampola,
and generalized fractional integrals. Through the introduction of integral identi-
ties involving two-variable convex functions and generalized kernels, we derived

midpoint, trapezoidal, and Simpson-type inequalities in a broader fractional con-
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text.

The novelty of our work lies in the incorporation of generalized fractional inte-
grals with kernel flexibility, enabling the modeling of a rich family of fractional
behaviors under a unified analytical structure. This framework captures more re-
fined integral bounds than classical methods and provides tools for analyzing frac-
tional convexity in multi-dimensional domains.

Moreover, the inequalities obtained herein are not only theoretically significant
but also pave the way for future applications in fractional differential equations,
numerical approximation, and optimization problems where coordinate-wise
convexity plays a central role. Potential directions for further research include the
extension to higher-dimensional settings, incorporation of stochastic or fuzzy
fractional operators, and applications to systems governed by nonlocal memory
effects.
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