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Abstract 
The Intermediate Value Theorem (for short, TVI) is a real analysis concept 
that one encounters in her/his College first calculus course. It is stated for a 
real continuous function, f , on a closed non empty interval I ⊂  . These 
two hypothesis, on the function and the interval, ensure that all values in be-
tween ( )min I f  and ( )max I f  are taken by f . In this note, we consider 

any non constant real function, say g , on an interval I  of the real line   
so that g  is continuous except on an order-scattered subset; under these 
conditions, the interior of ( )g I  is not empty. 
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1. Introduction 

The Intermediate Value Theorem (for short, TVI) is a popular concept in real 
analysis that freshmen learn in their College first calculus course. For recall that if 

[ ]: ,f I a b= →   is continuous ( a b< ), then [ ]( ) ( ) ( ), min ,maxI If a b f f=    ; 
thus all values between ( )min I f  and ( )max I f  are reached by f . So, in order 
to elaborate on this, we start with the following definitions.  

Definition 1.1 Let ( ), AA <  and ( ), BB <  be two partially ordered sets. We 
say that ( ), AA <  embeds in ( ), BB <  whenever there is an injective function  

( ): , Af A < ↪ ( ), BB <  so that: 

Ax y<  implies Afx fy< . 

Definition 1.2 A chain ( ), CC <  is called an order-scattered chain whenever 
( ),<  does not embed in ( ), CC < . 

Next, the following examples, from general literature, shed light on what topo-
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logical property should ( )Disc f , the set of discontinuities of f , have to ensure 
TVI-property for f . This is stated in the main theorem of this note. 

Example 1.3  
There is a function :f I ⊆ →   so that ( )Disc f  is uncountable and the 

interior of ( )f I  is empty:  
For, consider Dirichlet’s function (rational indicator function):  

( ) 1D x = , if x  is rational and 0, otherwise.  

This is discontinuous everywhere. 
Example 1.4  
There is a function :f I ⊆ →   so that ( )Disc f  is a countable dense set; 

moreover, the interior of ( )f I  is empty:  
For, consider Thomae’s function, see [1]: 

( ) 1T x
q

= , if x∈  and px
q

=  for p∈ , q∈  co-prime i.e., their 

greatest common divisor is 1, ( ) 0T x = , otherwise. 

This is continuous only at the irrational numbers.   
Example 1.5  
There is a function :f I ⊆ →   so that ( )Disc f  is an uncountable set: 
For, consider Cantor indicator function:  

( ) 1C x = , if x  is in the Cantor set, ( ) 0C x = , otherwise.  

This is continuous only at numbers not in the Cantor set. 
This note is organized as follows: 
In Section 2, we supply a concrete representation of elements of Int, the class of 

Boolean algebras over linearly ordered sets (Theorem 2.3); in addiction, Theorems 
2.5 and 2.6 are proved. Next, scatterdness, in ordinal/topological sense, for linearly 
ordered sets, (Lemma 2.4 and Theorem 2.5), is established. In section 3, we state 
the main theorem (Theorem 2.8).  

Recall that a Hausdorff space X  (for short, 2T -space) is a topological space X  
in which two different points ,a b  are separated by two disjoint open sets in X  
(that is to say, there are two disjoint open sets aU  and bU  in X  so that aa U∈  
and bb U∈ ). Next, let ( ),<  (respectively ( ),< ) be the set of rational 
numbers with its usual linear ordering (respectively ( ),<  be the set of real 
numbers with its usual linear ordering <  and endowed with the interval topol-
ogy). Finally, denote by ( )Disc f  the set of discontinuities of any function f . 

A linear ordering ( ), LL <  is a partially ordering in which two different ele-
ments are comparable with respect to L<  (linear ordering is used interchangea-
bly with a chain). Now, if ( ), LL <  is a chain, set { }: :tb u L t u= ∈ ≤  and con-
sider the subalgebra, of the power set Boolean algebra ( )L℘ , generated by 

:tb t L∈ ; it is called the interval algebra over the chain ( ), LL <  and denoted 
by ( )Int L . Whenever, ( ), LL <  has a least element, the Stone space associated 
with ( )Int L , ( )( )Ult Int L , is homeomorphic to ( ), LI L < , the set of initial 
chains in ( ), LL < , that is to say, sets that are either empty or closed downwards 
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in ( ), LL < , endowed with Tychonoff’s topology inherited from 2L . Indeed, 
( )( ) ( ): , LUlt Int L I Lφ → <  defined by ( ) { }: : sU s L b Uφ = ∈ ∈  is a homeo-

morphism, see [2]. 

2. Scattered Chains in ( ), R <  versus Countable Ordinals 

Recall the Cantor-Bendixon’s derivation of a topological space. For, let X  be a 
Hausdorff topological space and A  is a non empty subset of X . We say that 
a A∈  is an isolated point in A , whenever there is an open set, U  containing 
a , of X  so that { }A U a∩ = . The set of isolated points of A  is denoted by 

( )Iso A . Hence, for X  a Hausdorff space, by induction on the ordinal α , de-
fine the thα -Cantor derivative of X , as follows:  

 ( )0X X=  (2.1) 

 ( ) ( )1 \X X Iso X=  (2.2) 

 ( ) ( )( )( )11X Xα α+ =  (2.3) 

 ( ) ( ) , if is a limit ordinal.X Xλ α
α λ

λ
<

=


 (2.4) 

Thus, ( )( )X α

α
 is a decreasing sequence of closed subsets of X , which is ac-

tually a stationary sequence i.e., there is a first ordinal δ , called the rank of X  
and denoted by ( )rk X  so that ( ) ( )1X Xδ δ += . Thus, either ( )X δ = ∅ , or  

( )( )Iso X δ = ∅ . 
Definition 2.1 A Hausdorff space X  is called topologically scattered space 

whenever every closed subspace has an isolated point.  
Proposition 2.2 For any non empty Hausdorff compact and topologically scat-

tered space X , the first δ  so that ( )X δ = ∅  is a successor ordinal i.e.,  
1δ β= +  and thus ( )X β  is a finite set.  

Indeed, if δ  is a limit ordinal and if ( )X ν
ν δ<

= ∅


, then, by compactness 
( )( )max ,ii i n

i n
X X νν <

<
= ∅ =



, for some n ω< : Contradiction.   
Next, recall that a Boolean algebra B  is called scattered whenever its Stone 

space, ( )Ult B , is a scattered topological space; sometime we use interchangeably 
the word superatomic Boolean algebras for scattered Boolean algebras. Moreover, 
if X  denotes ( )Ult B , then ( ) ( )( )( )

1\
rk X

X X Xα α
α

+
≤

=


. Thus, it follows that, 
whenever ( )Ult B  is a scattered topological space, ( )Ult B B≤ , see [3], [Vol.1, 
Theorem.15.7., pp. 274]. 

In this section we give a characterization of countable topologically scattered 
compact spaces. We start with the following result.  

Theorem 2.3  
1) Any countable Boolean algebra B  is generated by a chain. 
2) Let B  be a Boolean algebra generated by a chain ( ),C ⊆  in B . Then 

there is a chain ( ),L   with a least element so that B  is isomorphic to ( )Int L . 
Moreover, the Stone space of B , denoted by ( )Ult B , is homeomorphic to the 
set of initial chains ( ),I L  , endowed with Tychonoff’s Topology inherited from 
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2L . 
The first part of this theorem appeared in [4]; here, we supply a proof. So, enu-

merate the whole algebra and construct, by induction, the ad hoc chain. Indeed, 
for let { }:nx n∈  be a countable enumeration of  . Denote by u′  the com-
plement of any u  in B ; then construct, by induction, a chain  , so that  

=  . 
Step 0. Let 0x ∈ . Set { }0 00, ,1x=  and 0 0= ⊆   . 
Step 1. If 1 0x ∈ , we set 0 0=   and 1 0 .=   If 1 0x ∉ , we set  

{ }1 0 1 0 0 10, , ,x x x x x= ∧ ∨  

Notice that 1  is a chain, then put 1 1=  , 1 0⊇   and 1 0⊇  . Now, to 
check that 1x  is in 1 , notice that  



01 1

1 0 1 0 1 0 x x x x x x
∈∈ ∈

     
     ′= ∧ ∨ ∧ ∨
     

     
 

 

 

Step 1.n +  Suppose that chains ( ){ }0 1 0: , ,n na aϕ⊆ ⊆ ⊆ =     are con-
structed so that: ( )0 10 1na a aϕ= < < < = , and n n=  . 

Now to finish up the ( )1 thn +  step, assume that 0 1, , , n nx x x ∈   and look at 

1nx + . 
Case 1. 1n nx + ∈ . In this case we put 1n n+ =  . 
Case 2. 1n nx + ∉ . In this case, define a new sequence ( )k k

v  by  
( )( )1 1:k k n k kv a x a a+ + ′= ∨ ∧ ∧  for ( )0, , 1k nϕ= − . 

Note that  

( )0 1 1 2 2 10 .nv a v a v vϕ −≤ ≤ ≤ ≤ ≤ ≤ ≤  

Set 

( ){ }1 : , 0, , 1n n kv k nϕ+ = ∪ = −   

Next for each k , 1 1k k k k nv a a a x+ +′ ′∧ = ∧ ∧  and, by induction,  
( ) 1

0 1 1n
k k ka aϕ −
= + ′∨ ∧ =  

Hence,  
( )( )

( ) ( ) ( ) ( )

1
1 1 0 1 1

1 1
0 1 1 0 1

1 n
n n k k k n

n n
k k k n k k k n

x x a a x

a a x v a

ϕ

ϕ ϕ

−
+ + = + +

− −
= + + = +

′= ∧ = ∨ ∧ ∧

′ ′= ∨ ∧ ∧ = ∨ ∧ ∈
 

This finishes the induction step. Thus, n= ∪  . which shows that   is 
generated by the chain : n= ∪  . 

2) Let ( ): ,L C= ⊆  where ⊆  is the inclusion between subsets of C= , 
{ }: :cb s C c s= ∈ ⊆  and define ( ): C Int Lφ = →  by ( ) cc bφ = . Here, use Si-

korski’s extension criterion to extend φ  to a homomorphism ( ): C Int Lψ → . 
Then ψ  is onto since φ  is by construction. By, Sikorski’s extension criterion 
again, the one-to-oness follows.  

3) The function φ , defined by, ( ) { }{ }: : :uU u C b v C u v Uφ = ∈ = ∈ ⊆ ∈ , is a 
homeomorphism from ( )Ult   onto the set of initial chains ( ),I C ⊆ . 
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Lemma 2.4 Let ( ),C <  be a complete chain. If ( ),C <  is a scattered topolog-
ical space, then ( ),<  does not embed into ( ),C <  as an order set. Notice 
that the assumption of completeness of ( ),C <  is necessary.  

1) First, recall that S  denotes the topological closure of S  in ( ),C < , where 
( ),C < , is endowed with the interval topology. Second, if S C⊆  is infinite, then 

( )\ IsolS S ≠ ∅ . This follows since C  is a compact. Now suppose that S C⊆  
is a chain order isomorphic the ( ),< : We shall get a contradiction. Choose 

( ): \ Isolx S S S′∈ = , x  isolated in C . Say, u x v< < ; ( ) { },u v C x∩ = . 
2) There are s , t S∈  so that u s t v< < < , and [ ],x s t∉ . In fact, since  

( )Isolx S∉ , the set ( ),u s S∩  is infinite. Hence there clearly exist  

1 2 3u w w w v< < < <  such that ( ) ( )1 2 2 3, ,w w w w≠ ∅ ≠  and ( )1 2,x w w∉ . 
Choose ( )1 2,s w w S∈ ∩ , ( )2 3,t w w S∈ ∩ ; this proves 2). Now, taking s  and t  
as in 2), put ( ),S x t S′′ = ∩ . So S ′′  has type η . Clearly ( )\ IsolS S C′′ ′′ ⊆ . Pick-
ing w  in ( )\ IsolS S′′ ′′  by 1), we obtain ( ) { }, \w u v C x∈ ∩ , contradiction.  

3) To see the necessity of completeness, let 
( ),

: :
Q

r
r

Z A
∈ <

= ⋅ = ∑


  , where 

( ): ,r NA = <  with its natural ordering. Now, for ,u v Z∈ , set:  

Zu v<  

if, and only if 

either ( ru A∈ , sv A∈ , and Qr s< ) or ( , ru v A∈ , for some r∈  and Nu v< ). 

It follows that ( ), ZZ <  is a chain that is a counterexample.  
Theorem 2.5  
Let ( ),C   be a chain with a least element and ⊂  be the inclusion of sets. 

Then, the following are equivalent:  
1) ( ),<  does not embed into ( ),C  ; 
2) ( ),<  does not embed into ( )( )  , ;I C ⊂ ( )( )  ,I C ⊂  is considered as an 

order set;  
3) ( ),<  does not embed into ( )( ), ;I C ⊂ ( )( )  ,I C ⊂  is considered as a 

topological space; 
4) ( ),<  does not embed into ( )B C  i.e., ( )B C  is a superatomic interval 

algebra.  
3) and 4) are equivalent by the duality theory. 2) implies 1) since C  embeds 

in ( )I C . 1) implies 4) since a quotient of ( )B C  is isomorphic to ( )B C′  for 
some subchain C′  of C  (see Theorem 15.22, p. 253 in [2]). Finally, 3) implies 
2) by Lemma 2.4. 

Next theorem characterizes countable topological scattered compact spaces.  
Theorem 2.6 Let X  be a Hausdorff topologically scattered compact space. 

Then the following are equivalent statements. 
1) Each point of X  has a countable basis, 
2) X  is homeomorphic to a countable ordinal, 
3) X  is a countable set.  
2) implies 2) and 3) implies 2) are trivial. We only prove 1) implies 2) by induction 
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on ( )rk X . For assume that ( )X δ  is a finite set, for some ordinal δ . Hence, we 
may assume that the kernel of X , denoted by ( ) ( ) { }: rk XK X X= = ∞ . Now, pick 
a countable strictly decreasing sequence, ( )n n

V
ω∈  of clopen sets of X  so that 

{ }n nV = ∞


. Set 1: \n n nW V V += . It follows that { }nn
X W= ∪ ∞


, so that nW  is 
a clopen subset of X  of rank less that δ . So by the induction hypothesis nW  is 
homeomorphic to a countable ordinal 1nα +  for some ,n ω∈  where ω  de-
notes the first infinite ordinal. Next, notice that X  and ( )1 1nn ωα<

+ +∑  are ho-
meomorphic spaces. 

Corollary 2.7 ([5]) Any countable scattered Boolean algebra B  is isomorphic 
to ( )Int α , for some countable ordinal α . 

By Theorem 2.6, ( )Ult B  is homeomorphic to a countable ordinal, say 1α + . 
Theorem 2.8 (FTVI1) 
If a non constant real function f  is continuous on an interval I  of the real 

line   except on an order-scattered set C I⊆ , then the interior of ( )f I  is 
not empty.  

The proof of the theorem follows from next two claims.  
Claim 2.9 Let ( ),<  be the set of real numbers with its usual interval topol-

ogy. Any order-scattered chain in ( ),<  is at most countable.  
Assume the contrary. By Hausdorff’s theorem on order-scattered chains that is 

to say, an uncountable scattered chain embeds a sub-chain ordered-isomorphic to 
the first uncountable ordinal 1ω , see [6], [Theorem 5.28, pp. 87]. Hence, ( ),<  
has an uncountable set of rational numbers, which is a contradiction.  

Claim 2.10 Let ( ),C I⊆ ⊆ <  be an order-scattered set as in the main the-
orem. Denote by ( )( ),I C ⊂  the set of all initial chains of ( ),C <  endowed 
with Tykonov’s topology inherited from 2C . Then, since ( ),C <  is order-scat-
tered, ( )Int C  is a scattered Boolean algebra i.e., ( )( )Ult Int C  is a topologically 
scattered space. Moreover, since ( ),C <  is order-scattered and countable, it fol-
lows that ( )Int C  is isomorphic to an interval algebra over a countable ordinal.   

It follows from Theorems 2.5 and 2.6, that ( )Int C  and ( )Int α  are isomor-
phic Boolean algebras for some 1α ω< . 

By, Claim 2.10, ( )( ),I C ⊂ , as a scattered topological space, has an isolated 
point (since it is homeomorphic to 1α + ), say { }: :s t C t s↓ = ∈ ≤ . Pick u C∈  
so that ] [,s u C∩ =∅ . So, ] [, \s u I C⊆ . Next, f  is continuous on ] [,s u  and 
thus, ] [( ),f s u  is an interval2: which, in turn, shows that ( )( )int f I ≠ ∅ . 

As a consequence, we get the usual TVI-theorem on the real line.  
Corollary 2.11 (TVI) If f  is a continuous non constant real function on a 

closed interval I , then ( ) ( ) ( )min ,max
I I

f I f f =   
. Therefore, the interior of 

( )f I  is not empty. 
Concluding remark 2.12 Let f  be a function defined on an interval I . 

 
1†, Fez-TVI (FTVI). 
2Indeed, let s a b u< < < ; assume, e.g., fa z fb< < . Now, construct two sequences ( )n n

a  ( )n n
b , so 

that: n nfa z fb< < , [ ] [ ] [ ]1 1, , ,n na b a b a b⊃ ⊃  and diameter of [ ],n na b  converges to zero. So,  

[ ] { },n nn
a b c=



. By continuity of f , fc z= . Thus, ] [( ),f s u  is an interval. 
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Should the set of discontinuities be scattered, whenever the interior of ( )f I  is a 
non empty set, seems a very natural statement. For, recall Darboux theorem for 
TVI with respect to the derivative of a function: The derivative of a function al-
ways satisfies TVI regardless if this derivative is continuous function or not. So, 
one may ask: How big ( )Disc f ′ , would be for the derivative of a function f ? 
Actually, there is a characterization of the discontinuity set of a derivative and it 
is found in the following two references: Benedetto [7] (Chapter 1.3.2, Proposi-
tion, 1.10, p. 30); and Bruckner [8] (Chapter 3, Section 2, Theorem 2.1, p. 34). 

On the other hand, there is a well-known function called the Conway’s base-13 
function engineered by J. H. Conway as a counterexample to the converse of the 
intermediate value theorem. In other words, base-13 function is a function that 
satisfies the intermediate-value property on any interval but it is discontinuous at 
every point; since it is unbounded on every interval. Hence, this function answers 
the first question in this remark. 

Finally, the choice of Boolean algebras, in this note, was naturally motivated by 
the notion of scattered chains in the real line.  
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