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Abstract 
In this paper, as a result of dividing the set of natural numbers into disjoint 
levels, we have studied levely multiplicative functions that are defined from 
N  to N  and which keep numbers at the same level when restricted on levels, 
i.e. | :

iL i if L L→ . We have defined the level multiplicative function and ex-

plained how to generate it using the restriction function 
1|Lf . Furthermore, if 

1|Lf  is bijective, then all | iLf  and f  are bijective functions. Moreover, the 

levely multiplicative function preserves the unique factorization for any num-
ber n∈N  and maintains divisibility properties.  
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1. Introduction 

Let N  be the set of natural numbers. A number a  divides a number b  (writ-
ten |a b ), if there exists a number c  such that b ca=  (in this case a  is said 
to be a factor or divisor of b ). The greatest divisor of a  and b  (written 
( ),a b d= ) is a number d  such that | , |d a d b , and for any number c  such 
that | , |c a c b , we have c d≤ . A number a  is said to be a prime number if and 
only if 1a >  and is divisible by 1 and itself. We denote the set of prime numbers 
by P . Two numbers a  and b  are said to be relatively prime if ( ), 1a b =  [1], 
[2].  

Lemma 1.1 [3]: Every , 1n n∈ >N , can be written as a product of prime num-
bers.  

Theorem 1.1 [3]: The Unique Factorization Theorem. Any natural number 
grater than one can be written as a product of primes in one and only one way. 

i.e. for any , 1n n∈ >N , can be written exactly in one way in the form  
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1 2
1 2

kee e
kn p p p=   where 0, 1,2, ,ie i k≥ =  , each ip  is prime, and i jp p≠ . 

We call this representation the prime-power decomposition of n .  
For any a∈N , the set of all multiple numbers of a  is { }:a na n↑ = ∈N . 

For any A ⊆ N  the set of all multiple of elements of A  is  
{ }: , |A n a A a n↑ = ∈ ∃ ∈N . We say that A  is an upward closed subset of N  if 

A A= ↑ . The set of upward closed subsets of N  is denoted by  
{ }:A A Aµ = ⊆ = ↑N  [4]. 

Lemma 1.2 [4]: For any A ⊆ N , a A
A a

∈
↑ = ↑


.  
Let P  be the set of prime numbers and let { }0 1L = , { }1 :L a a= ∈P ,  

{ }2 1 2 1 2 1: ,L a a a a L= ∈ ,  , { }1 2 1 2 1: , , ,n n nL a a a a a a L= ∈  ,  . Then we 
say that iL , where 0i ≥  are the levels of N . A number a∈N  is in the level nL  
if 1 2

1 2
kee e

ka p p p=  , where ip ∈P , 0 ie n≤ ≤ , 1,2, ,i k=  , and  

1 2 ke e e n+ + + =  [5].  
Lemma 1.3 [5]: (a) 0 ii

L∞

=
=N


  
(b) i jL L φ∩ =  where i j≠  ( )0 ii

L φ∞

=
=



  
If :f →N N  is a function A ⊆ N , then the restriction function of f  on 

A  is a function | :Af A → N  such that ( ) ( )|Af a f a=  for any a A∈ . A func-
tion :f →N N  is injective if 1 2a a=  whenever ( ) ( )1 2f a f a= . It is surjec-
tive if for any b∈N , there exists a∈N  such that ( )f a b= . A function that is 
both injective and surjective is called bijective. If :f →N N  is bijective, then  

1 :f − →N N  is also a bijective function, and it is called the inverse function of 
f . A function :f →N N  is called increasing if and only if ( ) ( )f a f b≤  

whenever a b≤  [6] [7].  
Lemma 1.4 If :f →N N  is a function. Then  
(a) | |i jL Lf f φ∩ = , ∀ i j≠  
(b) |0 iLi

f f∞

=
=


  
Proof: (a) By (Lemma 1.3 (b)), i jL L φ∩ =  for i j≠ . 
Therefore, ( ) ( )| |i jL i L jf L f L φ∩ = , which implies | |i jL Lf f φ∩ = . 
(b) Let ( )( ),a f a f∈ . Since 0 ii

L∞

=
=N


, we have ( ) ( )|,
ii La L f a f a∈ =  for 

some i . Therefore ( )( )| |,
i iL La f a f∈ , which implies |0 iLi

f f∞

=
⊆


. 
On the other hand, since | iLf f⊂  ∀ 0,1, 2,i =  , we have |0 iLi

f f∞

=
⊆



. 
Thus, |0 iLi

f f∞

=
=


.                                               ◼ 

2. Levely Multiplicative Functions on N 

As a consequence of dividing N  into infinitely many disjoint levels, we can di-
vide any function :f →N N  into infinitely many disjoint functions, which can 
be obtained by restricting f  to iL  for all 0,1, 2,i =  . If each function | iLf  
sends numbers to the same level, and the image of any number in level iL  under 
the effect of | iLf  is a product of images of its prime decomposition under the 
function 

1|Lf , then 
1|Lf  generates the function f , and it is called a levely mul-

tiplicative function.  
Definition 2.1: A function :f →N N , is said to be levely function if and only 

if ( ) if a L∈  for all , 0,1, 2,ia L i∈ =  . 
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i.e. ( )| iL i if L L⊆ , ( )
0| 1 1Lf =   

Example 2.1: If :f →N N  is defined by ( ) 2 , , 2i
if n n L i j= ∈ = , and 

( ) 3 , , 2 1, 0,1,2,i
if n n L i j j= ∈ = + =  , then f  is a levely function.  

Definition 2.2: A levely function :f →N N  is said to be a multiplicative 
function or a function that is generated by ( )( ){ }1 1| | 1, :L Lf a f a a L= ∈ , if and only 
if ( ) ( ) ( ) ( ) ( )

1 1 1| | 1 2 | 1 | 2 |i iL L i L L L if a f a a a f a f a f a= =   for any | , 2,3,
iLf i =  , 

and for any 1 2 i ia a a a L= ∈ , where 1 2 1, , , ia a a L∈ .  

i.e. 
( ) ( ) ( )( ){

( ) ( ) ( ) ( )}
1 1 1

1 1 1 1

| 1 2 | 1 | 2 | 1 2 1

| 1 | 2 | | 1

, : , , , ,

, , ,

iL i L L L i i

L L L i L

f a a a f a f a f a a a a L

f a f a f a f L

= ∈

∈

  



, 

|0 iLi
f f∞

=
=


 

When :f →N N  is a levely multiplicative function, we will write  
| :

iL i if L L→  for all 0,1, 2,i =  .  
And 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1 1 1 1 1| | 1 | 2 | | 1 | 2 | | 1: , , ,
iL i L L L i L L L i Lf L f a f a f a f a f a f a f L= ∈  . 

for all 1i ≥ .  
Example 2.2: Let 

1| 1 1:Lf L L→  be defined by ( )
1| 2Lf n =  ∀ 1n L∈ . 

Then, 
1|Lf  generates all the functions | iLf , where 2i ≥  as follows:  

( ) ( )
( ) ( ) ( )

1 1 1

| | 1 2

| 1 | 2 |

2 2 2 2

i iL L i

L L L i

i

f n f p p p

f p f p f p

=

= ⋅

= ⋅ =







 

And the levely multiplicative function :f →N N  is defined by ( ) 2if n =  
where in L∈ .  

Theorem 2.1: Every function 
1| 1 1:Lf L L→  generates a unique levely multi-

plicative function :f →N N , |0 iLi
f f∞

=
=


.  
Proof: By (Definition 2.1) and (Lemma 1.4 (b)) |0 iLi

f f∞

=
=


 is generated by 

1|Lf . To prove that f  is unique, let 1f  and 2f  be levely multiplicative func-
tions generated by 

1|Lf . Then, for any 1 2 , 1i ia a a a L i= ∈ ≥ , we have  

( ) ( )
( )
( ) ( ) ( )

1 1 1

1 |

| 1 2

| 1 | 2 |

i

i

L

L i

L L L i

f a f a

f a a a

f a f a f a

=

=

=





 

and 

( ) ( )
( )
( ) ( ) ( )

1 1 1

2 |

| 1 2

| 1 | 2 |

i

i

L

L i

L L L i

f a f a

f a a a

f a f a f a

=

=

=





 

Therefore, 1 | 20 iLi
f f f∞

=
= =


. Hence, f  is unique.                   ◼ 
Lemma 2.1: If :f →N N  is a levely multiplicative function, then 
(a) ( ) ( ) ( )| | |i j i jL L Lf a f b f ab

+
=  ∀ ,i ja L b L∈ ∈   

(b) ( ) ( ) ( )f ab f a f b=  ∀ ,a b∈N   
Proof: (a) Let 1 2 1 2,i i j ja a a a L b b b b L= ∈ = ∈  . Then,  
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( )
( )

1 1 1 1 1

| | | 1 2 | 1 2

| 1 | 2 | | 1 | 2 |

| 1 2 1 2

|

i j i j

i

i j

i j

L L L i L j

L L L i L L L j

L i j

L

f a f b f a a a f b b b

f a f a f a f b f b f b

f a a a b b b

f ab
+

+

=

=

=

=

 

 

 

 

(b) Let ,a b∈N , then there are some ,i j  such that 1 2 i ia a a a L= ∈ ,  

1 2 j jb b b b L= ∈ , so 1 2 1 2i j i jab a a a b b b L += ∈  . By (a) we have  

 

( ) ( )
( ) ( )

( ) ( )

|

| |

i j

i j

L

L L

f ab f ab

f a f b

f a f b

+
=

=

=

 

◼

 

Corollary 2.1: If :f →N N  is a levely multiplicative function, then: 
(a) ( ) ( ) ( ) ( )

1 2 1 2| 1 | 2 | | 1 2n nL L L n L nf a f a f a f a a a
+ + +

=


    
(b) ( ) ( ) ( ) ( ) ( )1 1| | 1 | | 1i i j i i jL i L i L j L i i jf a f a f a f a a a

+ + + + ++ +=


  , where i j< , ∀

1 1, , ,i i i i j ja L a L a L+ +∈ ∈ ∈  
(c) ( ) ( ) ( ) ( )1 2 1 2n nf a a a f a f a f a=   ∀ 1 2, , , na a a ∈N   
(d) ( ) ( )( ) ( )ii

if a f a f L= ∈  ∀ i
ia L∈   

Proof: (a) We will use mathematical induction.  
The result is obvious when 1n = .  
By (Lemma 2.1 (a)) when 2n = , we have  

( ) ( ) ( )
1 2 1 2| 1 | 2 | 1 2L L Lf a f a f a a

+
= . 

Suppose that it is true for 1n k= − ,  
( ) ( ) ( )

( )
( )

1 2 1 1 2 1| 1 | 2 | 1 | 1 2 1k kL L L k L kf a f a f a f a a a
− + + + −− −=



    
We will show that this implies it is true for n k=   

( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )
( )

( ) ( )
( )

1 2 1 2 1 1

1 2 1

1 2

| 1 | 2 | | 1 | 2 | |

| 1 2 1 |

| 1 2

k k k

kk

k

L L L k L L L k L k

L k L k

L k

f a f a f a f a f a f a f a

f a a a f a

f a a a

−

+ + + −

+ + +

−

=

=

=




 





 

(b) Similar to (a) by induction. However, we will start with the number i  in-
stead of 1. 

If j i=  it is obvious. 
By (Lemma 2.1 (a)), in case of 1j i= + , we have  

( ) ( )
( )

( )
1 1| | 1 | 1i i i iL i L i L i if a f a f a a
+ + ++ += . 

If we suppose that 
( ) ( ) ( ) ( ) ( ) ( )1 1 1 1| | 1 | 1 | 1 1i i j i i jL i L i L j L i i jf a f a f a f a a a

+ − + + + + −+ − + −=


 
. 

then  

( ) ( ) ( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1

1 1

| | 1 | | | 1 | 1 |

| 1 1 |

| 1 1

i i j i i j j

ji i j

i i j j

L i L i L j L i L i L j L j

L i i j L j

L i i j j

f a f a f a f a f a f a f a

f a a a f a

f a a a a

+ + −

+ + + + −

+ + + + − +

+ + −

+ −

+ −

=

=

=





 





 

(c) Similar to (a) 
(d) Let i

ia L∈ . Then, by (b) we have  
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( ) ( )
( ) ( )
( )( ) ( )

i

i
i

f a f a a

f a f a

f a f L

=

=

= ∈



                                          

◼

 

Theorem 2.2: If :f →N N  is a levely multiplicative function, then for any 
1 2

1 2
nee e

n na a a a L= ∈ , where 0 je n≤ ≤ , 1,2, ,j n=  , 1 2 ne e e n+ + + = , and 

1 2, , , na a a ∈P  in the unique decomposition of prime powers, we have  
( ) ( )( ) ( )( ) ( )( ) ( )1 2

1 2
nee e

n nf a f a f a f a f L= ∈  in the unique decomposition of 
the prime powers.  

Proof: Let, 1 2
1 2

nee e
n na a a a L= ∈ , where 0 je n≤ ≤ , 1,2, ,j n=  ,  

1 2 ne e e n+ + + = , and 1 2, , , na a a ∈P . Then, by (Corollary 2.1 (b), (c)), we 
have  

( ) ( )
( ) ( ) ( )
( )( ) ( )( ) ( )( ) ( )

1 2

1 2

1 2

1 2

1 2

1 2

n

n

n

ee e
n

ee e
n

ee e
n n

f a f a a a

f a f a f a

f a f a f a f L

=

=

= ∈







 

Now, by (Theorem 1.1), since 1 2
1 2

nee e
na a a a=   is unique,  

( ) ( )( ) ( )( ) ( )( )1 2
1 2

nee e
nf a f a f a f a=   

is also unique.                                                     ◼ 
Furthermore, one of the characteristics that distinguishes the levely multiplica-

tive function :f →N N , which is generated by 
1|Lf , is that if 

1|Lf  is a bijective 
function, then all | , 2

iLf i ≥ , and f  are bijective.  
Theorem 2.3: If :f →N N  is a levely multiplicative function and  

1| 1 1:Lf L L→  is injective, then: 
(a) | 11:

iLf L L→  is bijective, ∀ 1, 2,3,i =    
(b) f  is bijective.  
Proof: (a) First, we will show that | :

iL i if L L→  is injective, ∀ 2,3,i =   
Let , ,ia b L a b∈ ≠ , where 1 2 1 2,i ia a a a b b b b= =  ,  

1 2 1 2 1, , , , , , ,i ia a a b b b L∈  . Since, a b≠ , there exists 1,1na L n i∈ ≤ ≤ , and 
,1m ib L m i∈ ≤ ≤ , such that n ma b≠ . Since 

1|Lf  is injective, ( ) ( )
1 1| |L n L mf a f b≠ . 

By (Theorem 2.2), we have  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )

1 1 1 1

1 1 1 1

| | 1 | 2 | |

| 1 | 2 | |

|

i

i

L L L L n L i

L L L m L i

L

f a f a f a f a f a

f b f b f b f b

f b

=

≠

=

 

   

Hence, | iLf  is injective for all 2,3,i =   
To prove that | iLf  is surjective for all 2,3,i =  , let 1 2 i ib b b b L= ∈ , so 

1 2 1, , , ib b b L∈ . Since 
1|Lf  is surjective, there exist 1 2 1, , , ia a a L∈  such that 

( ) ( ) ( )
1 1 1| 1 1 | 2 2 |, , ,L L L i if a b f a b f a b= = = . 
Therefore, ( ) ( ) ( )

1 1 1| 1 | 2 | 1 2L L L i if a f a f a b b b=  ,  
and ( )| 1 2iL if a a a b= , where 1 2 i ia a a L∈ .  
So | iLf  is surjective. Hence, | iLf  is bijective for all 1,2,i =   
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(b) First, we show that f  is injective.  
i) If , ,a b a b∈ ≠N , and , ,i ja L b L i j∈ ∈ ≠ , then 
( ) ( ) ( )| |i iL L if a f a f L= ∈ , ( ) ( ) ( )| |j jL L jf b f b f L= ∈ , 

and since ( ) ( )| |i jL i L jf L f L φ∩ = , we have ( ) ( )f a f b≠   
ii) If , ,a b a b∈ ≠N , and , ia b L∈ , then by (a), we have  

( ) ( ) ( ) ( )| | .
i iL Lf a f a f b f b= ≠ =  

Hence, f  is injective. 
Now, by (a) ( )| , 0,1, 2,

iL i if L L i= ∀ =  . Therefore  

( )

( )

( )

0

0

|
0

0

i

i
i

i
i

L i
i

i
i

f f L

f L

f L

L

∞

=

∞

=

∞

=

∞

=

 
=  

 

=

=

= =

N

N









                                                

Hence, f  is surjective and therefore bijective.                      ◼

◼

 
Corollary 2.2 If :f →N N  is a levely multiplicative and a bijective function, 

then 1 :f − →N N  is levely multiplicative and bijective.  

3. Levely Multiplicative Functions with Divisibility 

Let :f →N N  be a levely multiplicative function. If |a b , then ( ) ( )|f a f b  
is necessary, but ( ) ( )|f a f b  is not sufficient for |a b . For example, in (Exam-
ple 2.2) ( ) ( )2 2 | 5 2f f= = , but 2 | 5/ . 

For ( ) ( )|f a f b  to be necessary and sufficient for |a b , f  must be bijec-
tive.  

Theorem 3.1 Let :f →N N  be a levely multiplicative function.  
(a) If |a b , then ( ) ( )|f a f b . 
(b) If f  is bijective, then |a b  if and only if ( ) ( )|f a f b .  
Proof: (a) Let , , |a b a b∈N . Then there exists c∈N  such that b ca= . 

Therefore ( ) ( ) ( ) ( )f b f ca f c f a= = . Thus, ( ) ( )|f a f b . 
(b) (⇒ ) By (a). 
(⇐ ) Let ,a b∈N , ( ) ( )|f a f b . Then there exists c∈N  such that  
( ) ( )f b cf a= . Since f  is surjective, there exist d ∈N  such that ( )c f d= . 

Therefore, ( ) ( ) ( ) ( )f b f d f a f da= = . Since f  is injective, b da= . Hence, 
|a b .                                                            ◼ 
As a result of Theorem 3.1, the next theorem and corollary show that a bijective, 

levely multiplicative, and increasing function preserves the greatest common di-
visor for any two numbers in N  and the relative prime numbers.  

Theorem 3.2 Let :f →N N  be a levely multiplicative, bijective, and increas-
ing function, then ( ),a b d=  if and only if ( ) ( )( ) ( ),f a f b f d= . 

Proof: (⇒ ) Let ( ),a b d= .Then |d a  and |d b . By (Theorem 3.1), we have 
( ) ( )|f d f a  and ( ) ( )|f d f b . If ( ) ( )|f c f a  and ( ) ( )|f c f b , and we sup-
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pose that ( ) ( )f c f d≥ , then by (Theorem 3.1), we have |c a , and |c b ' There-
fore c d≤ . But f  is an increasing function, so we have a contradiction. Hence 
( ) ( )f d f c≤ , and ( ) ( )( ) ( ),f a f b f d= .  
( ⇐ ) Let ( ) ( )( ) ( ),f a f b f d= . Then ( ) ( )|f d f a  and ( ) ( )|f d f b . By 

(Theorem 3.1) we have | , |d a d b . If we suppose |c a  and |c b , and we sup-
pose c d≥ , then by (Theorem 3.1), we have ( ) ( )|f c f a  and ( ) ( )|f c f b . 
Therefore ( ) ( )f c f d≤ . But f  is an increasing function, so we have a contra-
diction. Hence, d c≤ . Thus, ( ),a b d= .                              ◼ 

Corollary 3.1: Let :f →N N  be a levely multiplicative, bijective and increas-
ing function, then ( ), 1a b =  if and only if ( ) ( )( ), 1f a f b = .  

Proof: In (Theorem 3.2) when 1d =                                 ◼ 
Now, when :f →N N  is a levely multiplicative function, in case f  is not 

bijective function, it is not necessary that ( ) ( )f a f a↑ = ↑ . For instance, from 
(Example 2.2) we have  

( ) { }( )
{ }

2 2 :

2 :n

f f n n

n

↑ = ∈

= ∈

N

N
 

but  

( )
{ }

2 2

2 :

f

n n

↑ = ↑

= ∈N
 

Theorem 3.3: If :f →N N  is a levely multiplicative and bijective function, 
then:  

(a) ( ) ( )f a f a↑ = ↑   
(b) ( ) ( )f A f A↑ = ↑   
Proof: (a) Let { }:a na n↑= ∈N . 
Since f  is bijective, we get  

( ) ( ){ }
( ) ( ){ }
( )

:

:

f a f na n

f n f a n

f a

↑ = ∈

= ∈

= ↑

N

N  

(b) Let A ⊆ N . By (Lemma 1.2), we have 
a A

A a
∈

↑ = ↑


. By (a), we have.  

( )

( )
( ) ( )

( )
( ) ( )

( )

a A

f a f A

f a f A

f A f a

f a

f a

f A

∈

∈

∈

 
↑ = ↑ 

 

= ↑

= ↑

= ↑







                                         

◼

 

Corollary 3.2: If :f →N N  is a levely multiplicative and bijective function 
and A ⊆ N  is upward closed, then ( ) ( )f A f A= ↑   

Proof: Let A ⊆ N , A A= ↑ . By (Theorem 3.3 (b)) we have  

( ) ( )
( )

f A f A

f A

= ↑

= ↑
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Thus, ( )f A  is upward closed.                                    ◼ 
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