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Abstract

By our suggested definition, an even number L, is called the largest strong
Goldbach number generated by the n-th prime 7, if every even number from
4 to L, is the sum of two primes not greater than P, but L, + 2 is not such a
sum. We discovered the existence of step-type distribution for L,arising from
observed fact that L, < L,,; and we proved that L, < L, for all n > 0. Every
such step is called a Goldbach step whose width is (22 + 1) - nl, where nl is
the starting point and 2 is the finishing point for the step. We proved that if
Goldbach conjecture is true then there are infinitely many Goldbach steps. It
is expected that distribution of Goldbach steps is asymptotically expressed as
Q(n1) ~ n/logn same as prime number theorem, where () is the number of
Goldbach steps. It means Goldbach steps have like-prime nature, thus, all nl
can be called like-primes and g; = nl-(7 + 1) - nl-iis defined as gap between
the #th and the (7 + 1)-th like-primes. We proved that if there are infinitely
many like-prime gaps whose length kis uncertain but bounded by a finite in-
teger V> 1, then Goldbach conjecture is true. Considering 4= 1 for twin like-
primes, it is conjectured that there are infinitely many like-primes 21 such that
nl + 1 is also like-prime to imply Goldbach conjecture and it is expected that
distribution of twin like-primes is asymptotically expressed as Qx(n) ~
2Gn/(logn)? akin to prime number theorem and same as a special case of the
first Hardy-Littlewood conjecture, where Q:(n) is the number of twin like-
primes and G, is twin prime constant. We also studied distributions of triplet
like-primes and quadruplet like-primes to imply Goldbach conjecture. We
presented there are bounds of L,/2 such that nlogn + nloglogn — n < L./2 <
nlogn + nloglogn for n > 20542, and in this paper, the bounds have been ver-
ified up to ;2 = 4000000000. If it can be proven that bounds of prime, nlogn +
nloglogn - n< P, < nlogn + nloglogn for n 2 6, can be used as bounds of Z,/2
for n > 20542, then Goldbach conjecture is true. Further, we proved that if
there is a bounded integer &> 20541 such that bounds of prime can be used as
bounds of L,/2 for n > k then Goldbach conjecture is true, where bounded
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integer k> 20541 means value of kis uncertain but there exists upper bound
N> 20542 for k.

Keywords
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Conjecture, The First Hardy-Littlewood Conjecture, Like-Prime Gap, Twin
Like-Prime Conjecture, Triplet and Quadruplet Like-Primes, Bounds of the
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1. Introduction

As is well known, Goldbach conjecture is one of the most famous unsolved prob-
lems in mathematics and the conjecture states that every even number greater
than 2 is the sum of two primes. An even number is called a Goldbach number if
the even number is a sum of two primes. It is traditional definition of Goldbach
number and brings mathematicians an approach to the conjecture. If it can be
proven that every even number greater than 2 is Goldbach number by studying
exceptional set of Goldbach numbers then Goldbach conjecture is true [1]-[7].
We suggested another definition of Goldbach number, that is, an even number is
called a Goldbach number generated by a given prime 2, if the even number is the
sum of two primes not greater than P, [8]-[11]. It is a stronger concept than tra-
ditional Goldbach number, which would limit the number of prime pairs to form
an even number. It is such limit makes 27, have definite bounds. We further sug-
gested definition of the largest strong Goldbach number, that is, an even number
L, is called the largest strong Goldbach number generated by the n-th prime 2, if
every even number from 4 to L, is the sum of two primes not greater than 2, but
L, + 2 is not such a sum. Therefore, all even numbers from 4 to L, must be Gold-
bach numbers generated by the prime. It means that if L, approaches infinity as n
grows without bound then all even numbers greater than 2 will be Goldbach num-
bers and Goldbach conjecture is true.

We discovered existence of step-type distribution for L, based on observed data
to imply L, < L., further, we proved that L, < L, for all n> 0. Thus every such
step is called a Goldbach step whose width is (222 + 1) - 1l to denote the number
of largest strong Goldbach numbers to form the step, where nl is the starting point
and 722 is the finishing point for the step. We proved that if Goldbach conjecture
is true then there are infinitely many Goldbach steps and can expect that distribu-
tion of Goldbach steps is asymptotically expressed as (1) ~ n/logn same as prime
number theorem, where () is the number of Goldbach steps. From it we see all
Goldbach steps have like-prime nature, therefore, all 11 also have such like-prime
nature and can be called like-primes. Let nl-7 denote the /-th like-prime. Then it
is clear that nl-i< nl-(/+ 1) for all /> 0. Therefore, we can use all like-primes to
represent the existence of all Goldbach steps so that g;= nl-(i/+ 1) - nl-7is defined
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as gap between the ith and the (7 + 1)-th like-primes.

By introducing like-prime gap, some useful basic concepts are established such
as twin like-prime, triplet like-prime, quadruplet like-prime, and so on. If it can
be proven that there are infinitely many like-primes then Goldbach conjecture is
true. The conjecture seems to be supported by some conjectures corresponding to
the first Hardy-Littlewood conjecture and Polignac’s conjecture.

We also discover Goldbach conjecture to be implied by existence of a pair of
bounds for L, or L,/2. We proposed there are bounds such that 2z1logn + 2nlog-
logn - 2n < L, < 2nlogn + 2nloglogn or nlogn + nloglogn - n < L,/2 < nlogn +
nloglogn for n > 20542, and the bounds have been verified up to 1 = 4000000000
in this paper. If it can be proven that bounds of prime, nlogn + nloglogn - n< P,
< nlogn + nloglogn for n > 6, can be used as bounds of Z,/2 for n > 20542, then

Goldbach conjecture is true.

2. Like-Prime Nature of Goldbach Steps
2.1. Prime Number Theorem

Let x be positive integer and prime counting function 7(x) denote the number of
primes not greater than x. Then prime number theorem states that there is a limit
such that

i 7 (x) .

im
X—0 x
log x

This limit means the relative error between 7(x) and x/logx approaches 0 as x

(2.1)

grows without bound, that is, 7(x) is asymptotically expressed as

ﬂ(x) ~ lo;x . (2.2)

It is asymptotic distribution law of primes.

The prime number theorem can also be written as an approximation for 7(x)

as follows
ﬁ(x):Li(x) , (2.3)
where
Li(x)= . (2.4)
> logt
is the logarithmic integral and it has an equivalent asymptotic series such that
© !
log x 5 (log x)
(2.5)
x 1 2
= 1+ + —t+
log x log x (logx)

2.2. The Largest Strong Goldbach Number Generated by Prime

Definition 2.1 Let P,denote the n-th prime. Then P+ Pyis called a Goldbach num-
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ber generated by P, if i < n, k< n. L, is called the largest strong Goldbach number
generated by P,if L,is an even number such that every even number from 4 to L, is
the sum of two primes not greater than 2, but Z, + 2 is not such a sum. Every even
number from 4 to L, is called a strong Goldbach number generated by P,.

By Definition 2.1, we can find all Goldbach numbers generated by a given
prime, for example, all Goldbach numbers generated by P, = 31 are 4, 6, 8, 10, 12,
14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 58, 60,
62. But 56 = 54 + 2 is not Goldbach number generated by P, = 31. The smallest
Goldbach number is 4 and the largest Goldbach number is 62 but every even num-
ber from 4 to 54 is strong Goldbach number generated by £, = 31 and 54 is the
largest strong Goldbach number generated by 7, = 31 in the example. The first
50 largest strong Goldbach numbers are listed as follows

4, 6, 10, 14, 18, 26, 30, 38, 42, 42, 54, 62, 74, 74, 90, 90, 90, 108, 114, 114, 134,
134, 146, 162, 172, 180, 186, 186, 218, 222, 230, 240, 240, 254, 258, 270, 270, 290,
290, 290, 330, 348, 348, 366, 366, 366, 398, 398, 410, 410.

More largest strong Goldbach numbers generated by primes less than 107 can
be found in [12]. Figure 1 in [11] shows distributions of P,and L, for 1000000 <
1n<100000000.

Ln/(2nlog(n) + 2nlog(log(n)))
0.965

0.960
0.955
0.950
0.945
0.940
0.935
0.930
0.925

0.920
n_start = 20542

0.915

0 1,000,000,000 2,000,000,000 3,000,000,000 4,000,000,000
n

Figure 1. Distribution of L/ Bu(11) for 20542 < n < 4000000000.

2.3. Step-Type Distribution of Largest Strong Goldbach Numbers

Numerical evidence for the first 50 largest strong Goldbach numbers presents that
there is an observed fact that Z, < L,,1, and such distribution characteristic can be
seen more clearly from figure 3 in [9] to show distribution of L, for n < 200. The
figure makes us realize that distribution of L, is a step-type curve with upward

trend. We have the following theorem to show the rationality of general existence

DOI: 10.4236/apm.2025.156020

415 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.156020

P.Y.Zhou

for such steps.

Theorem 2.2 L, < L, for every n> 0.

Proof. Let L, be the largest strong Goldbach number generated by 2,. Then L,
must be a strong Goldbach number generated by 2,., by Definition 2.1. Therefore,
it is impossible that L, > L, for any n > 0. Suppose L, = L. for all 7> 0. Then if
there is a counterevidence to this hypothesis then this hypothesis does not hold.
Since there are many counterevidences to this hypothesis such as Z17,, = 491586
< Lyzs = 491612. Hence this hypothesis does not hold. Suppose L, < L, for all
n > 0. Then if there is a counterevidence to this hypothesis then this hypothesis
does not hold. Since there are many counterevidences to this hypothesis such as
L7 = Laiyy = 491612. Hence this hypothesis does not hold. Thus L, < L., for
every n> 0 and the theorem holds.

Although there are infinitely many largest strong Goldbach numbers generated
by infinitely many primes because Z, one-to-one corresponds to 2, we can not con-
firm if there are infinitely many steps arising from Z, < L,... In order to consider
whether there are infinitely many such steps, we have the following definitions.

Definition 2.3 Every step in distribution curve of L, is called a Goldbach step.

Definition 2.4 For a given Goldbach step, Wis called width of the Goldbach
step if W= (12 + 1) - nl, where 11 is n-value at the starting point of the Goldbach
step and 12 is n-value at the finishing point of the Goldbach step but 722 + 1 is n-
value at the starting point of next Goldbach step. H is called Aeight of the Gold-
bach step if A= Ly, for the Goldbach step, where 111 is 1-value at the starting point
of the Goldbach step.

By Definition 2.3 and Definition 2.4, W > 1 for all n > 0 and every Goldbach
step must be formed by one largest strong Goldbach number or more consecutive
largest strong Goldbach numbers, thus, every L, for n> 0 must belong to a Gold-
bach step. For example, Lizsso = 275466 < Lizgro = 275706 < Lizsy1 = 276132 means
there is a Goldbach step Lizs70 = 275706 whose height is Li2s70 = 275706 and width
is (112 +1) - n1 = (12870 + 1) — 12870 = 1. Another example is L7, = 491586 <
L7 = Lzaa = Lozas = Lnizae = Lizy = 491612 < Lpizs = 491624. It means there is a
Goldbach step L7z = Lyira = Lnns = Lnze = Lazy = 491612 whose height is Lp1723
= 491612 and width is (112 + 1) - nl = (21727 + 1) - 21723 = 5.

Remark 2.5 Theorem 2.2 implies general existence of Goldbach steps, that is,
there is no a largest strong Goldbach number generated by prime not to belong to
n= 1,2,3,---} to be
an infinite sequence will generate the largest strong Goldbach number sequence
{L;L, <L

istence of Goldbach steps. But we have not known if there are infinitely many

a Goldbach step. It means the prime sequence {Pn,Pn <P

n+l>

n=12,3,- } to be also an infinite sequence and show general ex-

n+1°

Goldbach steps based on existence of the largest strong Goldbach number se-
quence {L;L, <L ,n=123,..}.

n+1>

2.4. Infinitude of Goldbach Steps and Their Like-Prime Nature

Lemma 2.6 If L, approaches infinity as n grows without bound, then Goldbach

conjecture is true.
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Proof. By Definition 2.1, every even number from 4 to L, for a given prime P,
is a strong Goldbach number generated by 2, thus, all even numbers from 4 to L,
also must be Goldbach numbers generated by 2,. It means if L, approaches infin-
ity as n grows without bound then all even numbers greater than 2 will be Gold-
bach numbers and Goldbach conjecture is true.

Theorem 2.7 If Goldbach conjecture is true, then there are infinitely many
Goldbach steps.

Proof. If there is a finite number of Goldbach steps, then there must exist a
Goldbach step to be the last Goldbach step which has infinite width to prevent the
occurrence of more Goldbach steps, and the Goldbach step with infinite width
must also stop the increase of value of largest strong Goldbach number generated
by prime so that there is no asymptotic result such that Z,approaches infinity as
n grows without bound to imply Goldbach conjecture as Lemma 2.6 describes,
thus, Goldbach conjecture is not true. Since this conclusion contradicts condition
in this theorem. Hence if Goldbach conjecture is true then there is no the last
Goldbach step whose width is infinite but there are infinitely many Goldbach steps
and the theorem holds.

Let (1) be Goldbach step counting function and denote the number of Gold-
bach steps among the first n largest strong Goldbach numbers. Then we can get
the observed value of Q(n) for 1 < n< 4000000000 in this paper. We had proposed

an approximation Q'(n) for Q(n) as follows [11]

n
! =Li _ 2.6
Q(n) l(n)+lognloglogn (26)
where
rode
Li(n)=|—,
i(n) > logt

and the asymptotic series for Li(n) is that

Li(n)~ l i —= " {H 2 2+~--}. (2.7)
(0] k=0

(logn) logn logn  (logn)

gn

Taking the first three terms in (2.7) [13], (2.6) becomes

Q'(n)= " [1+ ! + 2 -+ ! J (2.8)

logn logn (1ogn) loglogn

In this paper, (2.6) is improved as

O'(n) = Li(n)+ ”( 1 1 J (2.9)

logn|{ loglogn  4(loglogn)’

Taking the first three terms in (2.7), above approximation becomes

Q'(n)~ n [1+ ! + 2 + ! + ! 2]. (2.10)

logn logn (10gn)2 loglogn 4(loglogn)
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We can give relative error between (1) and Q(n) in Table 1, where Q(n) is
Goldbach step counting function, Q'(n) is the value predicted by (2.10) and 7(n)

is prime counting function.

Table 1. The relative error between Q(z2) and Q'(n).

n 7(n) Q(n) Q(n) Q(n)/ n(n) relative error
100 25 55 45 2.2000000 0.18181818
1000 168 277 256 1.6488095 0.07581227
10000 1229 1868 1771 1.5199349 0.05192719
100000 9592 13693 13472 1.4275437 0.01613963
1000000 78498 109565 108429 1.3957680 0.01036827
10000000 664579 912224 905814 1.3726344 0.00702678
100000000 5761455 7819295 7768442 1.3571736 0.00650352
1000000000 50847534 68459494 67942959 1.3463680 0.00754511

Based on above numerical evidence, one can expect the relative error between
Q(n1) and Q(n2) will approach 0 as n grows without bound. It means that there is

a limit as follows

im 201 (2.11)
n—» Q (n)
By (2.9), the limit becomes
lim () =1, (2.12)
e n 1 1

Li(n)+ + 2
logn | loglogn  4(loglogn)

and we have the following theorem.

Theorem 2.8 If lim Q(n) =1, then
Li(n)+ " ! + ! 5
logn| loglogn  4(loglogn)
n
lim& =1.
n—o0 n
logn
. . n 1 1 .
Proof. Using (2.7), Li(n)+ + — | can be written as
logn| loglogn  4(loglogn)

k! n 1 1

z —+ + . (2.13)
logn = (logn)  logn|{ loglogn 4(loglogn)

Considering asymptotic series in (2.13), we see that the 4-th term approaches
higher order infinity than the (& + 1)-th term as n grows without bound in the

asymptotic series because there is the following limit.
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(k+1)!n
k+
tim J087) "~ KL (2.14)
n—w k'n n—w ]ogn
(logn)/\+l

Since the first term in the asymptotic series for Li(n) is n/logn, there are two

limits for two additional terms as follows

n 1
limiognloglogn 1 (2.15)
n—o n n—m lOg 10gn
logn
n 1
logn 4(loglogn)’
m ( g gn) =lim ! -=0. (2.16)
o n "> 4(loglogn)
logn
Since it is assumed that
O(n)

lim =1;

n—o0 ) n 1 1
Li(n)+ + 2
logn|{ loglogn  4(loglogn)

by (2.13), (2.14), (2.15) and (2.16) we have

n
limﬁzl. (2.17)
n—x0 n
[log nJ
Hence the theorem holds.
Corollary 2.9 If lim o) —1, then Gold-
Li(n)+ ! L, ! 5
logn| loglogn  4(loglogn)
bach conjecture is true.
Proof. Suppose lim o() =1. Then, by
Li(n)+—" L. ! .
logn| loglogn  4(loglogn)
Theorem 2.8 we have the following limit.
n
limﬁzl. (2.18)
n—x0 n
[log nj
It means (Xn) is asymptotically expressed as
n
n)~ . 2.19
O(n) ogn (2.19)

From (2.19) we see that Q(n) approaches infinity as n grows without bound if

n/logn approaches infinity as n grows without bound. Since it is obvious that
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nf/logn approaches infinity as n grows without bound. Hence (X(n7) approaches
infinity as  grows without bound. It means that there are infinitely many Gold-
bach steps. Since height H;= L,.; of the /-th Goldbach step must be smaller than
height Hiy = Ly of the (7 + 1)-th Goldbach step by Theorem 2.2 and definition
2.4. Hence Ly ;< L.y for all 7> 0 so that L,.; approaches infinity as 7 grows
Ly <L, gn»i= 1,2,3,---} is a subse-

nl—i

without bound. Since the sequence {Lnl_ "
quence of the largest strong Goldbach number sequence {L,; L, < Ly, n=1, 2,
3, ...}. Hence the result that Z,.; approaches infinity as 7 grows without bound
must lead to the result that L, approaches infinity as n grows without bound. By
Lemma 2.6, Goldbach conjecture is true and the corollary holds.

Limit (2.18) and asymptotic expression (2.19) mean that the relative error be-
tween () and n/logn approaches 0 as n grows without bound, thus, both the

two results are same as statement of the prime number theorem as follows

w(n) _,

lim————=1, (2.20)
n—ow n
[lognJ
and
7(n)~— (2.21)

logn

Formulas (2.18), (2.19), (2.20) and (2.21) mean asymptotic distribution law of
Goldbach steps is same as asymptotic distribution law of primes described by
prime number theorem if Goldbach conjecture is true so that Goldbach steps are
infinite by Theorem 2.7. Therefore, we say that Goldbach steps have like-prime
nature and the nature will bring us a chance to study a kind of special natural
numbers which seem to have such like-prime nature to represent the existence of
Goldbach steps.

3. Gap between Like-Primes
3.1. Like-Prime

We have seen that it is clear that Goldbach steps have like-prime nature if there
are infinitely many Goldbach steps because asymptotic distribution law of Gold-
bach steps is same as asymptotic distribution law of primes described by prime
number theorem. Therefore, it is necessary that we should find a kind of special
natural numbers for representing existence of all Goldbach steps and these num-
bers can well embody like-prime nature of Goldbach steps.

Definition 3.1 Let P, denote the n-th prime. Then natural number n = nl is
called a /ike-primeif n= nl is n-value at the starting point of a Goldbach step.

Remark 3.2 By Definition 3.1, the first like-prime is 1 and every like-prime
greater than 1 satisfies L1 < Ly but the first like-prime 1 does not satisfy L, <
L, because there is no L,., = L. By Definition 3.1, we also see that if a natural
number 7 is not like-prime then the natural number must satisfy Z,.; = L,, which

means if L, = L, then L, must be on a Goldbach step whose width is greater than
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1 but n> nl for the step.

By Definition 3.1 we can find known like-primes. Let n1-7 denote the i-th like-
prime. Then the largest like-prime is known as 1721-68459494 = 999999987 for n <
10° and the first 50 like-primes are listed as follows

1,2,3,4,5,6,7,8,9,11, 12, 13, 15, 18, 19, 21, 23, 24, 25, 26, 27, 29, 30, 31, 32,
34, 35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72, 77, 81,
83, 86.

More like-primes can be found in [12]. Q(n) in Table 1 gives the number of
like-primes for n < 10% 10° 10%, 10°, 105, 107, 108, 10°.

Lemma 3.3 nl-i< nl-(i+ 1) foralli> 0.

Proof. Since nl-7is n-value at the starting point of the /~th Goldbach step and
nl-(i+ 1) is n-value at the starting point of the (7 + 1)-th Goldbach step by Defi-
nition 2.4. Hence n1-7 < nl1-(7 + 1) for all 7> 0 by Theorem 2.2 and the lemma
holds.

Remark 3.4 Definition 3.1 and Lemma 3.3 mean that the existence of all Gold-
bach steps is represented by the like-prime sequence {nl-% nl-i< nl-(i+ 1), i=1,
2,3, ...} but we do not know if the sequence is an infinite sequence.

Theorem 3.5 If Goldbach conjecture is true, then the like-prime sequence {nl-
Enl-i<m-(i+1),i=1,2,3,...} is an infinite sequence.

Proof. By Theorem 2.7, If Goldbach conjecture is true then there are infinitely
many Goldbach steps. Since every Goldbach step is represented by a like-prime
nl and nl-7< nl-(i+ 1) for all 7> 0 by Lemma 3.3. Hence if Goldbach conjecture
is true then there are infinitely many like-primes nl such that nl-i< nl-(i+ 1) for
all 7> 0, thus, the like-prime sequence {n1-% nl-i< n1-(i+1),i=1,2,3, ...} isan
infinite sequence and the theorem holds.

Note there is a converse theorem of Theorem 3.5.

Theorem 3.6 If the like-prime sequence {nl-i nl-i< nl-(i + 1), /= 1,2, 3,...}
Is an infinite sequence, then Goldbach conjecture is true.

Proof. Suppose the like-prime sequence {nl-% nl-i< nl-(i+ 1), i=1,2,3, ...}
is an infinite sequence. Then there are infinitely many Goldbach steps because
every nl denotes a Goldbach step by Definition 3.1. Since Ly.; < Ly for all 7>
0 by Definition 2.4. Hence L,.; approaches infinity as 7 grows without bound to
lead to the result that Z, approaches infinity as n grows without bound. By Lemma
2.6 Goldbach conjecture is true and the theorem holds.

Remark 3.7 Theorem 3.6 means if it can be proven that the like-prime sequence
{nl-% nl-i< nl-(i+ 1), /=1, 2, 3, ...} is an infinite sequence, then Goldbach con-

jecture is true.

3.2. Largest Strong Goldbach Numbers with Distinct Values

Definition 3.8 Largest strong Goldbach number Z, is called a /argest strong
Goldbach number with distinct value if n= nl.

Remark 3.9 Definition 3.8 means all Z,;, which are heights of Goldbach steps, are
a kind of special largest strong Goldbach numbers to satisfy L.; < L.z for all 7>
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0, where L .;is the i-th largest strong Goldbach number with distinct value. Thus,
there is the sequence of largest strong Goldbach numbers with distinct values {Z.;
Lni< Ly, 1= 1, 2, 3, ...}. By Definition 3.8, approximate and asymptotic distri-
bution laws of Goldbach steps (2.9) and (2.19) are also approximate and asymptotic
distribution laws of largest strong Goldbach numbers with distinct values.

By Definition 3.8 we can find known largest strong Goldbach numbers with dis-
tinct values. The largest Li.;is Lyi-esas0104 = Looosssss7 = 45603524304 for nn < 10° and
the first 50 largest strong Goldbach numbers with distinct values are listed as follows

4, 6, 10, 14, 18, 26, 30, 38, 42, 54, 62, 74, 90, 108, 114, 134, 146, 162, 172, 180,
186, 218, 222, 230, 240, 254, 258, 270, 290, 330, 348, 366, 398, 410, 434, 440, 474,
522, 528, 566, 570, 614, 630, 634, 650, 680, 686, 722, 794, 822.

More largest strong Goldbach numbers with distinct values can be found in [12]
and Q(n) in Table 1 gives the number of largest strong Goldbach numbers with
distinct values for n < 10% 10°, 10% 10°, 10, 107, 10%, 10°.

Lemma 3.10 L., < Ly sy forall i> 0.

Proof. Since L, is height of the i~th Goldbach step and L,.(i1) is height of the
(7+ 1)-th Goldbach step by Definition 2.4. Hence Lp.; < Ly for all 7> 0 and the
lemma holds.

Remark 3.11 Definition 3.8 and Lemma 3.10 mean that the existence of all
Goldbach steps is represented by the sequence of largest strong Goldbach num-
bers with distinct values {L, .5 Ln.i < La.s1, 1= 1, 2, 3, ...} but we do not know if
the sequence is an infinite sequence.

Theorem 3.12 If Goldbach conjecture is true, then the sequence of largest
strong Goldbach numbers with distinct values { L4 Ln-i < La-gry, 1= 1,2, 3, ...}
is an infinite sequence.

Proof. By Theorem 2.7, If Goldbach conjecture is true then there are infinitely
many Goldbach steps. Since every Goldbach step is represented by a largest
strong Goldbach number with distinct value and L, .; < Lu.+y for all 7> 0 by
Lemma 3.10. Hence if Goldbach conjecture is true then there are infinitely many
largest strong Goldbach numbers with distinct values such that L.; < Lu.s+1) for
all 7> 0, that is, the sequence of largest strong Goldbach numbers with distinct
values {Ln1-5 Ln-i < Li-ir1), 1= 1,2, 3, ...} is an infinite sequence and the theorem
holds.

Note there is a converse theorem of Theorem 3.12.

Theorem 3.13 Ifthe sequence of largest strong Goldbach numbers with distinct
values { L. Lm-i < Lm-in1), 1= 1, 2, 3, ...} is an infinite sequence, then Goldbach
conjecture is true.

Proof. Suppose the sequence of largest strong Goldbach numbers with distinct
values {Li-3 Lm-i < L1, 1 =1, 2, 3, ...} is an infinite sequence. Then there are
infinitely many Goldbach steps because L, denotes height of Goldbach step by
Definition 2.4 and Definition 3.8. Since Lp1.; < Ly-;+1) for all 7> 0 by Lemma 3.10.
Hence L, .;approaches infinity as 7 grows without bound to lead to the result that

L, approaches infinity as n grows without bound. By Lemma 2.6 Goldbach con-
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jecture is true and the theorem holds.

Remark 3.14 Theorem 3.13 means if it can be proven that the sequence of larg-
est strong Goldbach numbers with distinct values {Zm.5 Lni < L1y, =1, 2,
3, ...} is an infinite sequence, then Goldbach conjecture is true. The sequence of
largest strong Goldbach numbers with distinct values seems to be similar to the

like-prime sequence.

3.3. Like-Prime Gap

Because nl-i< nl-(i+ 1) for all /> 0 by Lemma 3.3, there must exist gap between
like-primes as gap between primes does. Thus, we have the following definition.
Definition 3.15 g;is called the i-th like-prime gap if g;= nl-(i + 1) - nl-i.
By Definition 3.15, the first 100 like-prime gaps are listed as follows
,1,1,1,1,1,1,1,2,1,1,2,3,1,2,2,1,1,1,1,2,1,1,1,2,1,1, 2,3, 1, 2, 3, 2,
2,1,2,52,2,1,3,2,1,1,1,5,4,2,3,2,3,2,2,1,5,4,1,9,4,2,4,5,2, 1, 2, 3, 2,
3,351.,1,2,6,1,8,1,6,1,9,2,5,10,2,3,6,1,3,3,2,4,3,53,3,1,1, 1, 1, 8.
There are some natural numbers to become length of gap between like-primes
suchas1,2,3,4,5,6,8,9, 10 among the first 100 like-prime gaps. More like-prime
gaps can be found in [12]. By Definition 3.1 we see that if there is a natural number
n greater than 1 such that Z,, = L, then the natural number n is not a like-prime,
thus, there are kX - 1 consecutive natural numbers not to be like-prime between
nl-iand nl-(7 + 1) if g;= kbecause like-prime gap is defined as g;= nl-(7/+ 1) -
nl-i. Considering k = 1, there is no natural number between nl-7and nl-(i + 1).
Thus, we conjecture the number of consecutive natural numbers between n1-7and
nl-(7+ 1) can be arbitrarily large, that is, length of gap between like-primes can
be arbitrarily large. If Goldbach conjecture is true, by Theorem 3.5 there are infi-
nitely many like-primes to satisfy nl-i < nl-(i + 1). Therefore, by Definition 3.15

there are infinitely many like-prime gaps and we have the following result.

n:1+ig[.
i=1

3.4. Twin Prime Conjecture and Its Strong Form

Let Nbe a natural number greater than 1. Then there is a sequence including N -
1 consecutive composite numbers M + 2, M + 3, ..., M + Nbecause M + 2 =
2(N/2+1), M+3=3(M/3+1),..., M+ N=NMN/N + 1) all are composite
numbers. Therefore, gap between primes can be arbitrarily large so that every pos-
itive even number can become length of a prime gap. Let p denote prime. Then
Polignac’s conjecture states that there are infinitely many primes p such that p +
2kis also prime for every natural number & [14], and specially, there are infinitely
many primes p such that p + 2kis also prime for & = 1, which is twin prime con-
jecture. There is a strong form of twin prime conjecture, that is, an asymptotic
distribution law of twin primes akin to the prime number theorem is a special case
of the first Hardy-Littlewood conjecture [15].

Let m(x) denote the number of primes p < xsuch that p+ 2 is also prime. Define
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twin prime constant C; as [16]

-2
G =T 1-—— :Hp(p 2)z0.660161815---. (3.1)
p=3 (p—l) p=3 (p—l)
Then there is a special case of the first Hardy-Littlewood conjecture such that
¢oodt
7, (x)=2C >
2 ( ) 2 S (log[)z
7, (x)~2C,—— (3.2)
(logx)

in the sense that the quotient of the two expressions approaches 1 as x grows with-
out bound [17]. Although (3.2) to be a strong form of twin prime conjecture has
not been proven, the conjecture seems certain to be true. Obviously, if (3.2) holds
then twin prime conjecture is true. Table 2 gives the number of twin primes and

the values predicted by the Hardy-Littlewood formula [15].

Table 2. Counted and predicted values for the number of twin primes.

X () Hardy-Littlewood ratio relative error
100000 1224 1249 1.0204248 0.0200160
1000000 8169 8248 1.0096707 0.0095780

10000000 58980 58754 0.9961681 0.0038318
100000000 440312 440368 1.0001271 0.0001271

3.5. Twin Like-Prime Conjecture and Its Strong Form

Definition 3.16 A like-prime nl is called a twin like-primeif nl + 1 is also like-
prime.

By Definition 3.16, we can find known pairs of twin like-primes and the first 50
pairs of twin like-primes are listed as follows

(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 7), (7, 8), (8, 9), (11, 12), (12, 13), (18, 19),
(23, 24), (24, 25), (25, 26), (26, 27), (29, 30), (30, 31), (31, 32), (34, 35), (35, 36), (41,
42), (51, 52), (63, 64), (69, 70), (70, 71), (71, 72), (95, 96), (105, 106), (129, 130),
(148, 149), (149, 150), (159, 160), (168, 169), (175, 176), (213, 214), (240, 241), (241,
242), (242, 243), (243, 244), (267, 268), (268, 269), (269, 270), (280, 281), (321, 322),
(322, 323), (333, 334), (334, 335), (345, 346), (368, 369), (369, 370).

More twin like-primes can be found in [12] and Qy(n) in Table 3 gives the
number of twin like-primes for n < 10? 107, 104, 107, 105, 107, 10%, 10°.

Conjecture 3.17 There are infinitely many like-primes nl such that nl + 1 is
also like-prime.

Corollary 3.18 If Conjecture 3.17 is true, then Goldbach conjecture is true.

Proof. Since every pair of twin like-primes (21, 11 + 1) corresponds to a Gold-
bach step with width to be 1, the infinitude of twin like-prime pairs means that
there are infinitely many Goldbach steps with width to be 1 to lead to the existence
of infinitely many Goldbach steps. By L) > Ln.. for all 7> 0, Ly, approaches
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infinity as 7 grows without bound to lead to the result that Z,approaches infinity
as n grows without bound. The result implies Goldbach conjecture by Lemma 2.6
and the corollary holds.

Table 3. The relative error between Qx(n) and 0, (n) .

n m(n) Q:(n) Q.(n)/ m(n) 0, (n) relative error
100 8 27 3.37500000 21 0.22222222
1000 35 77 2.20000000 65 0.15584415
10000 205 356 1.73658536 306 0.14044943
100000 1224 1947 1.59068627 1790 0.08063687
1000000 8169 12146 1.48684049 11760 0.03178000
10000000 58980 84339 1.42995930 83077 0.01496342
100000000 440312 619480 1.40691146 616587 0.00467004

1000000000 3424506 4741957 1.38471271 4751900 0.00209242

Remark 3.19 Conjecture 3.17 can be called twin like-prime conjecture to cor-
respond to twin prime conjecture. As there is a strong form of twin prime con-
jecture, which is a special case of the first Hardy-Littlewood conjecture, there is
also a strong form of twin like-prime conjecture as the following discussion
does.

Let (1) denote the number of twin like-primes among the first 2 positive in-
tegers to number the first n primes for generating largest strong Goldbach num-
bers and be also called twin like-prime counting function. Then we propose that
there is an approximation O, (n) for Q(n) such that

0, (n)= 0 (n),

toodr n 1 1
0. (n)=2C,| ——+2C + , o (3.3)
:(n) 2'z[(logt)2 ’ (logn)2 {loglogn (loglogn)z]
where G, is twin prime constant (3.1).
toodr 2 n
Since |———=1Li(n)+ - [15], (3.3) becomes
'[(10gt)2 (n) log2 logn
. =2C,| Li -
QZ(n) 2( l(n) 1ognj+ 2log2
(3.4)
+2G, " 3 ! + ! = |-
(logn)™ | loglogn  (loglogn)
There is the asymptotic series for Li(n) such that
n & k!
Li(n)= _
(n) lognk:o(logn)k
(3.5)
n 1 2 6
= 1+ + ~+ T+
logn{ logn  (logn)” (logn) J

Taking the first four terms in (3.5), by (3.4) we get
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" 2 6 1 1
0;(n)~2C 1+ + + + ]
5 oy | oen " (ogn) toglogn " (loglogn)’) 5
+2C, —=—.
log?2

We can give relative error between Qx(n) and 0O, (n) as Table 3 shows. In the
table, Q(n) is the number of twin like-primes, Q, (n) is the values predicted by
formula (3.6) and m(n) is the number of twin primes.

Theorem 3.20 If
lim 2, (n) =1, then
pe (LA YCRN N R . S
2 (logt) (logn)” ( loglogn  (loglogn)
lim—2 ) ("n) -1
",
? (log n)2
Proof. As we know, there are two results such that
toodt 2 n
—  =TLi(n)+ - s (3.7)
Jz.(logt)z () log2 logn
n & k!
Li(n)=
( ) logn % (logn)k
(3.8)
n 1 2 6
= 1+ + —+ T+
logn( logn  (logn)” (logn) J

toode n 1 1
Let @, (n)=2C +2C + . By (3.7)
: () 2J2'(logt)2 2(10gn)2[10g10gn (loglogn)z} Y

and (3.8) we have
n & k! 2

+2C, 1
og?2

0, (n)=~2C
() *logn i (logn)"

(3.9)
Yo LI [ S S— |
(logn)” | loglogn  (loglogn)

Considering asymptotic series in (3.9), we see that the 4-th term approaches
higher order infinity than the (X + 1)-th term as n grows without bound because

of the existence of the following limit.

(k+1)!n
2C2 (10 )/(+2 k+1
lim e _limXtl_y. (3.10)
n—w 20 k'n n—o logn
? (logn)k+1

Since the first term of asymptotic series in (3.9) is

n

2C,———
’ (logn)2

>
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there is a limit for constant term in (3.9) as follows

2C 72
2 1 2
I g2 _ 2 . (logn) (3.11)
n—><>02 n 10g2n—>ao n
2 2
(logn)

For two additional terms in (3.9), we have the following limits.

20 .
fim__(logn) (loglogn) _ (. 1 _ (3.12)
n— 2 n n—>» loglogn
2(logn)2
" (g (oglog |
fim ———= BB fim———— —0. (3.13)
20, . (loglogn)
(logn)
Since it is assumed that
lim 0 () 1,

e J-n dt +2C n 1 + 1
202 (logt)’ ? (logn)’ | loglogn ~ (loglogn)’

by (3.7), (3.8), (3.9), (3.10), (3.11), (3.12) and (3.13) we get

lim QZ—(';) 1.
""ac
g (log n)2
Hence the theorem holds.
Corollary 3.21 If
0 (”)

lim

=1 then Goldbach

" -[n dr +2C n 1 + 1 ,
2% (logt)2 ? (logn)2 loglogn (loglogn)2

conjecture is true.

Proof. Suppose lim 210) =1.
" ndt 1 1
ZJ' 5 +2C, d 5 + 5
? (log?) (logn)” | loglogn  (loglogn)
Then we have the following limit by Theorem 3.20.
im—2 (3.14)
n—>0 2C2 n .
(logn)
It means there is an asymptotic expression as follows
n
0,(n)~2C,——. (3.15)
(logn)

Formula (3.14) means the relative error between Q.(11) and 2Gn/(logn)* ap-

proaches 0 as n grows without bound, and formula (3.15) means that Q.(n) is
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asymptotically equal to 2Gn/(logn)®. It is obvious that result (3.15) means that
there are infinitely many pairs of twin like-primes since 2 G n/(logn)* approaches
infinity as n grows without bound. By Conjecture 3.17 and Corollary 3.18, Gold-

bach conjecture is true and the corollary holds.

3.6. Triplet Prime Conjecture

There are two forms of prime 3-tuplet such that (p, p+ 2, p+6) and (p, p+ 4, p
+ 6), and also called prime triplet. It is conjectured that there are infinitely many
primes psuch that p+ 2 and p + 6 are also primes. It is also conjectured that there
are infinitely many primes p such that p + 4 and p + 6 are also primes. The con-
jectures are called triplet prime conjecture. There is a strong form of triplet prime
conjecture to be a special case of the first Hardy-Littlewood conjecture as the fol-
lowing discussion does.

Let m(x) denote the number of primes p < xsuch that p+2and p+ 6 or p+ 4

and p + 6 are also primes. Define a constant C; as [15]

2
-3
c =2 Mzz.ssmss%m. (3.16)
2 p=5 (p - 1)
Then there is a special case of the first Hardy-Littlewood conjecture such that
¢odt
7y (x) = C3_[—3 ,
> (log?)
x
my(x)~ C———, (3.17)
(logx)

in the sense that the quotient of the two expressions approaches 1 as x grows with-
out bound. Obviously, if (3.17) holds then triplet prime conjecture is true and twin
prime conjecture is also true because every prime triplet must include a pair of
twin primes. There are two tables, Table 4 and Table 5, to give the number of

prime triplets and the values predicted by the Hardy-Littlewood formula [15].

Table 4. Counted and predicted numbers of prime triplets of the form (p, p+ 2, p+ 6).

X 13(X) Hardy-Littlewood ratio relative error
100000 259 279 1.0772200 0.0716845
1000000 1393 1446 1.0380473 0.0366528
10000000 8543 8591 1.0056186 0.0055872

100000000 55600 55491 0.9980395 0.0019604

Table 5. Counted and predicted numbers of prime triplets of the form (p, p+ 4, p + 6).

X 13(X) Hardy-Littlewood ratio relative error
100000 248 279 1.1250000 0.1111111
1000000 1444 1446 1.0013850 0.0013831
10000000 8677 8591 0.9900887 0.0099112
100000000 55556 55491 0.9988300 0.0011699
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3.7. Triplet Like-Prime Conjecture and Its Strong Form

Because there are two forms, (p, p+ 2, p+ 6) and (p, p+ 4, p + 6), to represent
existence of prime triplets. Correspondingly, we have the following two defini-
tions.

Definition 3.22 A like-prime 1 is called a triplet like-primeif nl + 1 and nl +
3 are also like-primes but n1 + 2 is not a like-prime.

By Definition 3.22, we can find known like-prime triplets of this form and the
first 50 like-prime triplets of this form are listed as follows

(8,9,11), (12,13, 15), (18, 19, 21), (26, 27, 29), (31, 32, 34), (35, 36, 38), (41, 42,
44), (51. 52, 54), (129, 130, 132), (269, 270, 272), (394, 395, 397), (397, 398, 400),
(437, 438, 440), (472, 473, 475), (543, 544, 546), (666, 667, 669), (1192, 1193, 1195),
(1381, 1382, 1384), (1434, 1435, 1437), (1874, 1875, 1877), (2036, 2037, 2039),
(2612, 2613, 2625), (2847, 2848, 2850), (2998 2999, 3001), (3489, 3490, 3492),
(3492, 3493, 3495), (3561, 3562, 3564), (3803, 3804, 3806), (4071, 4072, 4074),
(4150, 4151, 4153), (4311, 4312, 4314), (4405, 4406, 4408), (4619, 4620, 4622),
(4808, 4809, 4811), (4831, 4832, 4834), (5269, 5270, 5272), (5297, 5298, 5300),
(5394, 5395, 5397), (5459, 5460, 5462), (5510, 5511, 5513), (5630, 5631, 5633),
(5647, 5648, 5650), (5761, 5762, 5764), (5876, 5877, 5879), (5879, 5880, 5882),
(5958, 5959, 5961), (6014, 6015, 6017), (6388, 6389, 6391), (6983, 6984, 6986),
(7345, 7346, 73438).

More like-prime triplets of this form can be found in [12] and Qs(#n)in Table 6
gives the number of like-prime triplets of the form (n1, nl + 1, n1 + 3) with nl +
2 not to be like-prime for n < 102 10%, 10, 10°, 105, 107, 10%, 10°.

Definition 3.23 A like-prime nl is called a triplet like-primeif nl + 2 and nl +
3 are also like-primes but n1 + 1 is not a like-prime.

By Definition 3.23, we can find known like-prime triplets of this form and the
first 50 like-prime triplets of this form are listed as follows

(9, 11, 12), (21, 23, 24), (27, 29, 30), (32, 34, 35), (49, 51, 52), (61, 63, 64), (67,
69, 70), (93, 95, 96), (127, 129, 130), (319, 321, 322), (331, 333, 334), (395, 397,
398), (400, 402, 403), (537, 539, 340), (662, 664, 665), (667, 669, 670), (1163, 1165,
1166), (1172, 1174, 1175), (1190, 1192, 1193), (1379, 1381, 1382), (1384, 1386,
1387), (1432, 1434, 1435), (1646, 1648, 1649), (1880, 1882, 1883), (2037, 2039,
2040), (2101, 2103, 2104), (2179, 2181, 2182), (2532, 2534, 2535), (2570, 2572,
2573), (2617, 2619, 2620), (3184, 3186, 3187), (3487, 3489, 3490), (3490, 3492,
3493), (3631, 2633, 3634), (3643, 3645, 3646), (4031, 4033, 4034), (4069, 4071,
4072), (4147, 4149, 4150), (4406, 4408, 4409), (4448, 4450, 4451), (4832, 4834,
4835), (5270, 5272, 5273), (5325, 5327, 5328), (5392, 5394, 5395), (5416, 5418,
5419), (5642, 5644, 5645), (5677, 5679, 5680), (5759, 5761, 5762), (5877, 5879,
5880), (5959, 5961, 5962).

More like-prime triplets of this form can be found in [12] and Qs(z) in Table 7
gives the number of like-prime triplets of the form (n1, nl + 2, nl1 + 3) with nl +
1 not to be like-prime for n < 10% 10°, 10* 10°, 105, 107, 10%, 10°.

Conjecture 3.24 There are infinitely many triplet like-primes nl defined by
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Definition 3.22.

Corollary 3.25 If Conjecture 3.24 is true, then Goldbach conjecture is true.

Proof. Since every like-prime triplet (21, nl + 1, nl + 3) with nl1 + 2 not to be
like-prime must include a pair of twin like-primes to correspond to existence of a
Goldbach step with width to be 1, the infinitude of such like-prime triplets means
that there are infinitely many Goldbach steps with width to be 1 to lead to the
existence of infinitely many Goldbach steps. By L1y > Lm- for all 1> 0, L.,
approaches infinity as 7/ grows without bound to lead to a result that Z,approaches
infinity as n grows without bound. The result implies Goldbach conjecture by
Lemma 2.6 and the corollary holds.

Conjecture 3.26 There are infinitely many triplet like-primes nl defined by
Definition 3.23.

Corollary 3.27 If Conjecture 3.26 is true, then Goldbach conjecture is true.

Proof. Since every like-prime triplet (21, nl + 2, nl + 3) with nl1 + 1 not to be
like-prime must include a pair of twin like-primes to correspond to existence of a
Goldbach step with width to be 1, the infinitude of such like-prime triplets means
that there are infinitely many Goldbach steps with width to be 1 to lead to the
existence of infinitely many Goldbach steps. By L1y > L. for all 1> 0, L.,
approaches infinity as 7 grows without bound to lead to a result that Z,approaches
infinity as n grows without bound. The result implies Goldbach conjecture by
Lemma 2.6 and the corollary holds.

Remark 3.28 Triplet like-primes defined by Definition 3.22 can be called the
first kind of triplet like-primes and triplet like-primes defined by Definition 3.23
can be called the second kind of triplet like-primes. Both Conjecture 3.24 and
Conjecture 3.26 can be called triplet like-prime conjecture to correspond to triplet
prime conjecture. As there is a strong form of triplet prime conjecture to be a
special case of the first Hardy-Littlewood conjecture, there is also a strong form of
triplet like-prime conjecture.

Let Qs(n) denote the number of like-prime triplets among the first n positive
integers to number the first n primes for generating largest strong Goldbach num-

bers. Then we propose that there is an approximation 0} (n) for Q;(n) such that

(0 (”) ~0; (n) >
todt n 1 1
0! (n)=C -C + ,  (3.18)
() 3,2[(10gt)3 3 (10gn)3 {3loglogn 3(10g10gn)2J
where G; is defined as a constant as follows
2 —
c =2 wzz.gssmss%---. (3.19)
2555 (p —1)

This constant is just constant (3.16).

rode 1
By [———=—Li(n)-
Y [Gog 253

n __n . 1 N 1
(logn)2 2logn log2 (10g2)2

[15], (3.18) be-

comes

DOI: 10.4236/apm.2025.156020

430 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.156020

P.Y. Zhou

) B l ) _ n _ n 1 ;
0 (n)— Cz{le(n) 2(10gn)2 2]ogn]+c3[10g2 +(log2)2j

n 1 1
-G S + = |-
(logn)” { 3loglogn  3(loglogn)
There is the asymptotic series for Li(n1)/2 such that
1 k!

EU(”)~ oy

~ 2logn 55 (logn)’

(3.21)
n 1 2 6 24
1+ + >+ -+ Tt

logn  (logn)” (logn) (logn)

(3.20)

- 2logn

Taking the first five terms in the asymptotic series, (3.20) becomes

QS'(n)zQ( n {1+ 3 N 12 1 1 J

logn)'\ logn (logn)’ 3loglogn 3(loglogn)’
C3 ! '|';2 .
log2  (log2)
We can give the relative error between Qs(z2) and (n) as Table 6 shows. In

the table, Qs(z) is the number of the first kind of like-prime triplets and 0O, (n)
is the values predicted by formula (3.22) and 755(n2) is the number of prime triplets

(3.22)

of the form (p, p+ 2, p+ 6).

Table 6. The relative error between Qs(n) and Q;(n) for the first kind of like-prime

triplets.

n 02) Qs(n) Q(n)/m(n) 0, (n) relative error

100 4 8 2.00000000 15 0.46666666

1000 15 16 1.06666666 22 0.27272727
10000 55 59 1.07272727 56 0.05084745
100000 259 238 0.91891891 227 0.04621848
1000000 1393 1238 0.88872936 1208 0.02423263
10000000 8543 7497 0.87756057 7314 0.02440976
100000000 55600 48173 0.86642086 47749 0.00880161
1000000000 379508 323262 0.85179232 329517 0.01898232

Table 7. The relative error between Qs(n1) and Q) (n) for the second kind of like-prime

triplets.
n 13( 1) Q(n) Qs(n)/ ms(n) 0, (n) relative error
100 4 8 2.00000000 15 0.46666666
1000 15 17 1.13333333 22 0.22727272
10000 57 70 1.22807017 56 0.20000000
100000 248 284 1.14516129 227 0.20070422
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Continued
1000000 1444 1354 0.93767313 1208 0.10782865
10000000 8677 7601 0.87599400 7314 0.03775818
100000000 55556 48155 0.86678306 47749 0.00843110
1000000000 379748 324149 0.85358974 329517 0.01629051

We can give the relative error between Qs(z2) and (n) as Table 7 shows. In
the table, Qs(n) is the number of the second kind of like-prime triplets, O, (n) is
the values predicted by formula (3.22) and m(2n) is the number of prime triplets
of the form (p, p+ 4, p+ 6).

From Table 6 and Table 7 we see both counted numbers of the first kind of
like-prime triplets and the second kind of like-prime triplets seem to be close to
the value predicted by formula (3.22), which means that it is reasonable to study
Goldbach problem by introducing like-prime and like-prime gap.

Theorem 3.29 If
lim o, (n) =1, then
" nodt 1 1
C,l. G + .
(logt) (logn)” ( 3loglogn  3(loglogn)
im0y
n—w0 n
3(logn)3
Proof. As we know, there are two results such that
U % S . S SR WE P £
2(logt) 2 2(10gn) 2logn log2 (10g2)
n & k!
Li(n)= S
) logn i (logn)*
(3.24)
n 1 2 6
= 1+ + >+ T+
1ogn( logn  (logn)” (logn) ]

toodt n 1 1
Let Q(n)=C e + . By (3.23)
>() 3J2‘ lo t) 3(10gn)3[310g10gn 3(10glogn)2} Y

and (3.24) we have an expression for Q;(n) as follows

o2ty X [1 1]

2 logn = z(logn) log2  (log2)’

(3.25)

n 1 1
-C; 3 + = |-
(logn) | 3loglogn  3(loglogn)

Considering above asymptotic series, we see the &-th term approaches higher
order infinity than the (kX + 1)-th term as n grows without bound because there is
a limit such that
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C, (k+1)n
2 (logn)*
lim—0gn) kel o (3.26)
n—ow Q k'n n—o ]ogn
2 (logn)kﬂ
Since the first term in above asymptotic series is
n
C——=,
(logn)
there is a limit for constant term as follows
1 1
C{log2+(log2)2J 1 1 (10 n)3
lim :[ — ]lim = 0. (327)
n—o C3 n . 10g2 (logz) n—o n
(log n)
For above two additional terms, there are the following limits.
n
< 3(logn)3 (loglogn) 1
lim =lim——=0 (3.28)
n— n n—>» 3loglogn
3 3
(logn)
n
“ 3(logn)’ (loglogn)’ 1
lim =SB tim _=0. (3.29)
q, . 3(loglogn)
(logn)
Since it is assumed that
lim 0, () =1.  (3.30)
" nodt n 1 1
G _[2 3 & 3 + 2
(logt) (logn)” ( 3loglogn  3(loglogn)
By (3.23), (3.24), (3.25), (3.26), (3.27), (3.28),(3.29) and (3.30), we get
im—2)
n—»00 n
} (log n)3
Hence the theorem holds.
Corollary 3.30 If
lim Q () =1, then Goldbach
" nodt n 1 1
3-[2 33 3 log 1 * 2
(logt) (logn) | 3loglogn  3(loglogn)
conjecture is true.
Proof. Suppose lim Q.(n) =1.

Then we have the following limit by Theorem 3.29.

Tepd Lo,
32(logt)3 3(logn)3 3loglogn 3(10g10gn)2
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lim—2 () =1. (3.31)
n—>0 n
’ (log n)3
It means there is an asymptotic expression as follows
n
0, (n)~C,——. (3.32)
(logn)

Formula (3.31) means the relative error between Q(n) and Gun/(logn)® ap-
proaches 0 as n grows without bound, and formula (3.32) means that () is
asymptotically equal to Gn/(logn)®. It is obvious that Gyn/(logn)® approaches in-
finity as n grows without bound to lead to a result such that there are infinitely
many triplet like-primes. Since every like-prime triplet must include a pair of twin
like-primes. Hence there are infinitely many pairs of twin like-primes. By Conjec-
ture 3.17 and Corollary 3.18, Goldbach conjecture is true and the corollary holds.

3.8. Quadruplet Prime Conjecture

There is a form of prime 4-tuplet such that (p, p+ 2, p+ 6, p+ 8), and also called
a prime quadruplet. It can be conjectured that there are infinitely many primes p
such that p+ 2, p+ 6, p+ 8 are also primes. There is a strong form of the conjec-
ture to be a special case of the first Hardy-Littlewood conjecture as the following
discussion does.

Let m(x) denote the number of primes p < xsuch that p+ 2, p+ 6 and p+ 8 are
also primes. Define a constant C as [15]

3 u—
; =£H&f)z4.151180864-”. (3.33)
2 p=5 (p—l)

Then there is a special case of the first Hardy-Littlewood conjecture such that

t o dr
7,(x)=C R
el
X
7, (x)~C , (3.34)
()=

in the sense that the quotient of the two expressions approaches 1 as xgrows without
bound. Obviously, if (3.34) holds then quadruplet prime conjecture is true and twin
prime conjecture is also true because every prime quadruplet must include two pairs
of twin primes. Table 8 gives the number of prime quadruplets of the form (p, p +
2, p+ 6, p+ 8) and the values predicted by the Hardy-Littlewood formula [15].

Table 8. Counted and predicted numbers of prime quadruplets.

X 71(X) Hardy-Littlewood ratio relative error
100000 38 53 1.3947368 0.2830188
1000000 166 184 1.1084337 0.0978260
10000000 899 863 0.9599555 0.0400444
100000000 4768 4735 0.9930788 0.0069211
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3.9. Quadruplet Like-Prime Conjecture and Its Strong Form

Definition 3.31 A like-prime nl is called a quadruplet like-prime if nl + 1, nl
+ 3 and nl + 4 are also like-primes but nl + 2 is not like-prime.

By Definition 3.31, we can find known like-prime quadruplets and the first 50
like-prime quadruplets are listed as follows

(8,9, 11, 12), (26, 27, 29, 30), (31, 32, 34, 35), (394, 395, 397, 398), (666, 667, 669,
670), (2036, 2037, 2039, 2040), (3489, 3490, 3492, 3493), (4405, 4406, 4408, 4409),
(4831, 4832, 4834, 4835), (5269, 5270, 5272, 5273), (5876, 5877, 5879, 5880), (5958,
5959, 5961, 5962), (8091, 8092, 8094, 8095), (10497, 10498, 10500, 10501), (10733,
10734, 10736, 10737), (11131, 11132, 11134, 11135), (12997, 12998, 13000, 13001),
(13127, 13128, 13130, 13131), (14213, 14214, 14216, 14217), (17904, 17905, 17907,
17908), (27625, 27626, 27628, 27629), (30245, 30246, 30248, 30249), (31632, 31633,
31635, 31636), (39646, 39647, 39649, 30650), (41557, 41558, 41560, 41561), (41994,
41995, 41997, 41998), (43936, 43937, 43939, 43940), (44993, 44994, 44996, 44997),
(46776, 46777, 46779, 46780), (46878, 46879, 46881, 46882), (46881, 46882, 46884,
46885), (64189, 64190, 64192, 64193), (66571, 66572, 66574, 66575), (69408, 69409,
69411, 69412), (74943, 74944, 74946, 74947), (75532, 75533, 75535, 75536), (83170,
83171, 83173, 83174), (91873, 91874, 91876, 91877), (111024, 111025, 111027,
111028), (115356, 115357, 115359, 115360), (120590, 120591, 120593, 120594),
(123186, 123187, 123189, 123190), (127922, 127923, 127925, 127926), (129456,
129457, 129459, 129460), (130140, 130141, 130143, 130144), (137394, 137395,
137397, 137398), (138142, 138143, 138145, 138146), (139466, 139467, 139469,
139470), (141529, 141530, 141532, 141533), (143319, 143320, 143322, 143323).

More like-prime quadruplets can be found in [12] and Q4(#n) in Table 9 gives
the number of like-prime quadruplets of the form (21, n1 + 1, n1 + 3, nl + 4) with
nl + 2 not to be like-prime for n < 102, 10%, 10%, 10°, 105, 107, 105, 10°.

Conjecture 3.32 There are infinitely many like-primes nl such that nl + 1, nl
+ 3 and nl + 4 are also like-primes but nl + 2 is not like-prime.

Corollary 3.33 If Conjecture 3.32 is true, then Goldbach conjecture is true.

Proof. Since every like-prime quadruplet (z1, n1 + 1, nl + 3, nl + 4) with nl +
2 not to be like-prime must include two pairs of twin like-primes to correspond
to two Goldbach steps with width to be 1, the infinitude of like-prime quadruplets
means that there are infinitely many pairs of twin like-primes. By Conjecture 3.17
and Corollary 3.18, Goldbach conjecture is true and the corollary holds.

Remark 3.34 Conjecture 3.32 can be called quadruplet like-prime conjecture to
correspond to quadruplet prime conjecture. As there is a strong form of quadru-
plet prime conjecture, which is a special case of the first Hardy-Littlewood con-
jecture, there is also a strong form of quadruplet like-prime conjecture as the fol-
lowing discussion does.

Let Qu(21) denote the number of quadruplet like-primes among the first n positive
integers to number the first n primes for generating largest strong Goldbach num-

bers. Then we propose that there is an approximation Q, (n) for Qu(n) such that

0, (n) = 0;(n),
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toode n 1 1
0! (n)=C -C + ,  (3.35)
2 (n) 4‘2[(1ogt)4 4(logn)4 4loglogn  4(loglogn)’
where C; is defined as a constant as follows
3
-4
c, =2 Mz4.151180864---. (3.36)
2 p=5 (p—l)
This constant is just constant (3.33). By
toode 1. n n n 2 1 1
f T =—Li(n)- T > + -+ >+
2(logt) 6 3(logn)” 6(logn)” Ologn 3(log2)" 3(log2)” 3log2
[15], (3.35) becomes
1 n n n
0,(n)=C,|=Li(n)- - -
H(n)= G| GH ) 3(logn)’ 6(logn)’ 6logn
+C, 2 S+ ! —+ ! (3.37)
3(log2)" 3(log2)” 3log2
—c, n i 1 N 1 .
(logn)" | 4loglogn  4(loglogn)
There is the asymptotic series for Li(n)/6 such that
o !
lLi(n): n k! i
6 6logn i (logn)
(3.38)
n 1 2 6 24 120
= 1+ + =+ -+ o+ =+ |
6logn| logn (logn)” (logn) (logn) (logn)

Taking the first six terms in the asymptotic series, (3.37) becomes

o (n)zC4 n {1 4 20 : 1 1 ]

+ + - -
logn)* logn (1o 4loglogn  4(loglogn)’
(logn) (logn) (loglogn) (3:39)

2 1 1
+C, -+ ~+ .
(3(10g2) 3(log2) 3log2]

We can give the relative error between Qi(n7) and Q, (n) as Table 9 shows. In
the table, Qu(n) is the number of like-prime quadruplets, O, (n) is the values
predicted by formula (3.39) and m(n) is the number of prime quadruplets.

Table 9. The relative error between Qi(n) and Q,(n).

n m(1n) Qu(n) Qu(n)/ m(n) 0;(n) relative error
100 2 3 1.50000000 15 0.80000000
1000 5 5 1.00000000 16 0.68750000
10000 12 13 1.08333333 22 0.40909090
100000 38 38 1.00000000 45 0.15555555
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Continued
1000000 166 155 0.93373493 157 0.01273885
10000000 899 784 0.87208008 753 0.03954081
100000000 4768 4095 0.85885067 4199 0.02476780
1000000000 28388 24198 0.85240242 25447 0.04908240

Theorem 3.35 If

lim o, (n) =1, then
" nodt n 1 1
C -C +
4L (logt)4 ! (logn)4 4loglogn  4(loglog n)2
limQ4—(n)=l.
n—o n
4(logn)4
Proof. As we know, there are two results such that
dt4=lLi(n)— n - n - n_ 2 - 1 - 1 ’
2(logr)” 6 3(logn)” 6(logn)  ©6logn 3(log2)" 3(log2)” 3log2
n & k!
Li(n)= a—
(n) 10gnk:o(logn)k
(3.40)
n 1 2 6
= 1+ + >+ T+
logn( logn  (logn)” (logn) ]
rde n 1 1
Let Q! (n)=C -C + . By (3.40)
i) 4'!.(10gt)4 4(10gn)4{410810g” 4(10g10gn)zj ’
we have
, C, n & k! 2 1 1
n)x— +C + +
=g logn i (logn)' 4[3(log2)3 3(log2)’ 3log2j

(3.41)
n 1 1

-C, Z + = |-
(logn)"  4loglogn  4(loglogn)

Considering the asymptotic series in (3.41), we see the 4-th term approaches

higher order infinity than the (k£ + 1)-th term as n grows without bound. There-

fore, we have the following limit.

C, (k+1)!n

6 (logn)™ k4l

EL‘EQ kin :mlegnzo. (3.42)
6 (logn)kH

Since the first term in the asymptotic series in (3.41) is

_n
) (logn)4

>
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there is a limit for above constant term as follows

2 1 1
C{3(1 DR 2)2+3log2]
(o) o
lim £ ng
€ (logn)’ (3.43)
4
_ 2 . 1 _, 1 lim(logn) o
3(log2)” 3(log2)” 3log2 jm= n

For two additional terms in (3.41), there are the following limits.

n
“ 4(logn)' (loglogn) 1
lim 1) \OEO8%) _ lim -0, (3.44)
frares n n—>e 4loglogn
! (log n)4
< 4(lo )4 (nlo lo n)2 1
lim 21 RO8 08— fim _=0. (3.45)
n—0 n )14304 l 1 n
" (loglogn)
(logn)
Since it is assumed that
lim Q. () =1, (3.46)
e de n 1 1
C -C +
4!(logt)4 ! (logn)4 [410g10gn 4(10g10gn)2
by (3.40), (3.41), (3.42), (3.43), (3.44), (3.45) and (3.46) we get
limQ4—(n) =1.
n—om n
! (log n)4
Hence the theorem holds.
Corollary 3.36 If
lim o, (n) =1, then Goldbach
e J-n dr _ n 1 + 1
h (logt)* ! (logn)'| 4loglogn 4 (loglogn)’

conjecture is true.
Proof. Suppose
Q4 (n) =1

lim
" jn e n 1 N 1
th (logt)4 ! (logn)4 4loglogn 4(10g10g n)2

Then we have the following limit by Theorem 3.35.

limQ4—(Z) =1. (3.47)

! (logn)4

It means there is an asymptotic expression as follows
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_n
(log n)4 .

Formula (3.47) means the relative error between Qi(n) and Cin/(logn)* ap-

0,(n)~C, (3.48)

proaches 0 as 2 grows without bound, and formula (3.48) means that Qi(n) is as-
ymptotically equal to Cyn/(logn)*. It is obvious that C,n/(logn)* approaches infinity
as 1 grows without bound to lead Qu(n) to approach infinity as n grows without
bound, thus, there are infinitely many pairs of twin like-primes since every like-
prime quadruplet must include two pairs of twin like-primes. By Conjecture 3.17
and Corollary 3.18, Goldbach conjecture is true and the corollary holds.

3.10. General Like-Prime Gap Conjecture

Suppose length of like-prime gap can be arbitrarily large. Then every natural num-
ber can become length of a like-prime gap and we can make the following conjec-
ture.

Conjecture 3.37 There are infinitely many like-primes nl such that nl + k is
also like-prime for every natural number k.

Remark 3.38 Conjecture 3.27 can be called general like-prime gap conjecture
and the conjecture corresponds to Polignac’s conjecture. Specially, it is conjec-
tured that there are infinitely many like-primes nl such that nl + kis also like-
prime for k& = 1, which is just our proposed twin like-prime conjecture.

Conjecture 3.39 There are infinitely many like-primes nl such that nl + k is
also like-prime for a special natural number k.

Conjecture 3.40 There are infinitely many like-prime gaps whose length k is
uncertain but bounded by a finite integer N > 1.

Remark 3.41 Conjecture 3.39 is made for any special natural number, for ex-
ample, k= 100 or 4= 10000, but Conjecture 3.40 is made for kto be uncertain but
bounded by a finite integer N > 1, that is, value of & is uncertain but there exists
upper bound N > 1 for & Thus Conjecture 3.40 is weaker than Conjecture 3.39.
However, if it is proven that N= 2 then &£ =1 to be a special natural number and
twin like-prime conjecture is true.

Corollary 3.42. If Conjecture 3.37 is true, then Goldbach conjecture is true.

Proof. Suppose there are infinitely many like-primes nl such that nl + kis also
like-prime for every natural number 4 Then the like-prime sequence {nl-# nl-i
<nl-(i+1),i=1,2,3,...}is an infinite sequence because natural numbers are
infinite. By Theorem 3.6 Goldbach conjecture is true and the corollary holds.

Corollary 3.43 If Conjecture 3.39 is true, then Goldbach conjecture is true.

Proof. Suppose there are infinitely many like-primes nl such that nl + kis also
like-prime for a special natural number & Then there are infinitely many like-
primes because the set of all like-primes n1 such that nl + kis also like-prime for
a special natural number kis a subset of the set of all like-primes. Hence the like-
prime sequence {nl-% nl-i< nl-(i+ 1), =1, 2, 3, ...} is an infinite sequence. By
Theorem 3.6 Goldbach conjecture is true and the corollary holds.

Corollary 3.44 If Conjecture 3.40 is true, then Goldbach conjecture is true.
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Proof. Suppose there are infinitely many like-prime gaps whose length kis un-
certain but bounded by a finite integer N> 1. Then there are infinitely many like-
primes because the set of all like-primes n1 such that nl + kis also like-prime for
kto be uncertain but bounded by a finite integer N> 1 is a subset of the set of all
like-primes. Hence the like-prime sequence {nl-# nl-i< nl-(i+1),i=1,2,3, ...}
is an infinite sequence. By Theorem 3.6 Goldbach conjecture is true and the cor-
ollary holds.

3.11. Prime, Almost Prime and Like-Prime

By definition of prime, that is, a prime is a natural number which has exactly two
natural number divisors: 1 and itself, the fundamental theorem of arithmetic states
that every natural number greater than 1 can be written as a product of distinct

prime factors as follows

where p;is the j~th distinct prime factor, a;is exponent of p;and ris the number

of distinct prime factors. Let k denote the number of all prime factors of n. Then
k=Y a ;-
j=1

Thus the natural number 7 greater than 1 is called a &~almost prime. It is clear
that every natural number greater than 1 must be a 4&~almost prime and all primes
are 1-almost primes. By studying almost prime, it was proven that every large even
number can be represented as the sum of a prime and the product of at most two
primes [18] [19], it was proven that there are infinitely many primes p such that
P+ 2 has at most two prime factors [18] [20], it was proven that a number Pwhich
is either a prime or a semiprime (2-almost prime) does always satisfy a condition
such that there always exists a prime Pbetween 17 and (2 + 1)* [21]. We see that
1 is not an almost prime but 1 is a like-prime. As every natural number greater
than 1 must be a k&-almost prime which may be a prime, an odd composite number
or an even number, every like-prime greater than 1 must be also a k-almost prime
which may be a prime, an odd composite number or an even number. It is not
true that every natural number greater than 1 is a like-prime but it is true that
every like-prime greater than 1 is an almost prime. The smallest gap between 1-
almost primes g, = Pp1 — Pyis 2 for n> 1 but the smallest gap between like-primes
& =nl-(i+ 1) - nl-iis 1 for 7> 1 and such a pair of like-primes is called a pair of
twin like-primes to correspond to a pair of twin primes so that distribution of twin
like-primes can be described by an approximation similar to a special case of the
first Hardy-Littlewood conjecture and can be asymptotically expressed as Qx(n2) ~
2Gn/(logn)*. By our definitions about two kinds of triplet like-primes to corre-
spond to two forms of triplet primes, distribution of triplet like-primes can be
described by an approximation similar to a special case of the first Hardy-Little-

wood conjecture and can be asymptotically expressed as Qs(n) ~ Gin/(logn)®. By
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our definition about quadruplet like-prime to correspond to quadruplet prime,
distribution of quadruplet like-primes is described by an approximation similar
to a special case of the first Hardy-Littlewood conjecture and can be asymptoti-
cally expressed as Qi(n) ~ Cyn/(logn)*. Such studies on distributions of twin like-
primes, triplet like-primes and quadruplet like-primes make us more clearly un-
derstand like-prime nature of Goldbach steps generated by primes because like-
prime always represents existence of Goldbach step. Thus, a basic link between
primes and like-primes not only has been established in studying on distribution
of like-primes but also established in studying on distribution of twin like-primes,
triplet like-primes and quadruplet like-primes. These links seem to be conducive

to finding more possible approaches to prove Goldbach conjecture.

4. Bounds of the Largest Strong Goldbach Number
4.1. Bounds of P, and Bounds of 2P,

There is an equivalent statement of prime number theorem, that is,

P
lim——=1, (4.1)
n>= plogn

and an asymptotic expression is as follows

P ~nlogn. (4.2)

It is asymptotic form of prime.
Rosser proved that [22]

P >nlogn for nx1, (4.3)

but the theorem does not mean nlogn is lower bound of prime 2,. Cesaro gave a

better approximation for P, in 1894 as follows

P _
n logn
2 (4.4)
(loglogn) —6loglogn+llJr 1
_ 0 ,
2(log n)2 (log n)2

and it was proven that there are non-asymptotic bounds of 7, such that [23] [24]

nlogn+nloglogn—n< P, <nlogn+nloglogn for n>6. (4.5)

By (4.5) it is clear that both upper and lower bounds of 7, are definite number
for n > 6. Let Ayy(n1) denote the upper bound of P, and Ai(227) denote the lower
bound of Z,. Then we have four examples to verify the definiteness of bounds for
prime as Table 10 shows.

It could be easy understood that 2P, are a kind of special even numbers among
all even numbers because 2 P, is able to be written as a sum of two known primes,
2P, = P, + P, thus, 2P, can be thought as a known Goldbach number according
to traditional definition of Goldbach number and also a known Goldbach number
generated by P, according to our suggested definition of Goldbach number. It

means every 2P, must be a Goldbach number formed by a pair of known primes
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(P Pu). Therefore, there is a method for calculating bounds of 22,. Let By(n)
denote the upper bound of 22, and Bi.w(22) denote the lower bound of 27,. By 27,
= P, + P, we have

Table 10. Examples verifying definiteness of bounds for prime.

n P, Aup(n) Alow(n)
100000 1299709 1395639 1295639
1000000 15485863 16441302 15441302

10000000 179424673 188980382 178980382
100000000 2038074743 2133415472 2033415472

B, (n)= 4, (n)+ 4, (n)

=(nlogn+nloglogn)+(nlogn+nloglogn) (4.6)
=2nlogn+2nloglogn,
Blow (I’l) = Alow (n)+ Alow (n)
=(nlogn+nloglogn—n)+(nlogn+nloglogn—n) (4.7)

=2nlogn+2nloglogn—2n,

and bounds of 2 P, can be expressed as

2nlogn+2nloglogn—2n<2P, <2nlogn+2nloglogn for n>6. (4.8)

However, if 2P, is thought as a Goldbach number based on traditional defini-
tion of Goldbach number then (2, P,) is not the only prime pair to form 22,
Suppose Goldbach conjecture is true. Then there is an integer a > 0 such that 2, -
ais a prime P;less than P, and P, + ais a prime 7 greater than P, so that there is
another prime pair (2, P) to form 22, that is, 2P, = P;+ P So, there is another

pair of bounds for 2P, as follows

By, (1) =4, (i)+ 4, (k)
=(ilogi+iloglogi)+(klogk +kloglogk),

Blow (Vl) = Alow (i)+Alow (k)
=(ilogi+iloglogi—i)+(klogk +kloglogk —k).

(4.9)

(4.10)

It is obvious that (4.9) is not equal to (4.6) and (4.10) is also not equal to (4.7).
In fact, it has been known that there is a tendency such that the higher the value
of an even number is, the larger the number of prime pairs to form the even num-
ber is. Thus, especially for large n, there are many different prime pairs to form a
given 2P, so that there are so many different pairs of bounds for 2 2,. It means that
bounds of 2P, are indefinite for a given 27, and the result is different from the
definiteness of bounds for prime P,. In other words, the definiteness of bounds
for prime P, does not support the definiteness of bounds for 22, if 27, is thought
as a Goldbach number based on traditional definition of Goldbach number. How-
ever, if 2P, is thought as a Goldbach number generated by P, then (2, P,) must

be the only prime pair to form 22, because every Goldbach number formed by
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prime pair (P, Py for 1 < n and k < n must be smaller than 22, and 2P, is the
largest Goldbach number generated by P2, Therefore, we say that (2, P,) is the
only prime pair to form 2P, according to our suggested definition of Goldbach
number so that bounds of 22, are definite and formula (4.8) can show the defi-
niteness of bounds for 2P, (see Theorem 3.5 in [11]). In other words, the definite-
ness of bounds for prime P, supports the definiteness of bounds for 22, if 27, is
thought as a Goldbach number generated by 2,. It means our suggested definition
of Goldbach number strongly limits the number of prime pairs to form 22, and it
is such limit that makes 22, have definite bounds. Table 11 gives some examples

to verify the definiteness of bounds for 2.7,

Table 11. Examples verifying definiteness of bounds for 2 2.

n P, 2P, Bup(n) Bow(n)
10000000 179424673 358849346 377960764 357960764
20000000 373587883 747175766 785331628 745331628
30000000 573259391 1146518782 1203755294 1143755294
40000000 776531401 1553062802 1629347336 1549347336
50000000 982451653 1964903306 2060265255 1960265255
60000000 1190494759 2380989518 2495424749 2375424749
70000000 1400305337 2800610674 2934109797 2794109797
80000000 1611623773 3223247546 3375811752 3215811752
90000000 1824261409 3648522818 3820150459 3640150459
100000000 2038074743 4076149486 4266830945 4066830945

4.2. The Relative Error between L, and 2P,

According to Definition 2.1, 27, is the largest Goldbach number generated by 7,
and is also the largest possible value of L, generated by P,. So, there must be L, <
2P, for a given P,. However, it is obvious that density of primes will be smaller
and smaller with growth of n because average gap between primes is about logn
and will be larger and larger with growth of 7as prime number theorem describes.
Thus one can expect that there is an integer 4 > 0 such that there may be some
examples for L, =2P,for 1 < n< kbut L, < 2P, for all n> k. It is clear that prime
number theorem supports the expectation, and value of & has been found. After
checking all largest strong Goldbach numbers generated by primes less than 107
[12], we discovered that there exist seven examples for L, = 22, for 1 < n< 29 such
that L,=2P,forn=1,2,3, 4,6, 8,29 (see Table 2 in [11]) but L, < 2P, for n> 29
among all largest strong Goldbach numbers generated by primes less than 107.
The observed fact strongly supports above expectation, that is, there is an integer
k =29 such that there are seven examples for L, = 2P, for 1 < n<29 but L, < 27,
for 30 < n < 664579 because there is no example for L, = 2P, for 30 < n < 664579
(Pssaszo = 9999991 is the last prime less than 107) and density of primes will be
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smaller and smaller with growth of n for n > 664579 by prime number theorem.
So, we have the following proposition.

Proposition 4.1 L, < 2P, for all n> 29.

After checking all Z, for 30 < n < 4000000000, we have verified Proposition 4.1
for 30 < 12 < 4000000000 and the proposition seems to be true. Based on general
existence of L, < 2P, for n> 29, A noteworthy fact is that the relative error between
L,and 2P,, &n) = (2P, - L,)/2 P, is smaller and smaller with growth of nas Table
12 shows. By the general trend one can expect that the relative error between L,
and 2 P, approaches 0 as 2 grows without bound. However, we also discovered the
existence of some large local fluctuations for decreasing trend of &) as Table 13
shows. On the other hand, there must exist continuous small upturns for the rel-
ative error between L, and 27, on every Goldbach step whose width is greater than

1. Since the relative error between L, and 2P, can be written as
5(n)=(2P,-L,)/2P, =1-L,/2P,, (4.11)

there must be continuous small upturns of &(2) on a Goldbach step with width

greater than 1 as the following theorem shows.

Table 12. The relative error between L, and 2 Pa.

n Py Ly An)
100 541 966 0.107208872
1000 7919 15522 0.019952014
10000 104729 208926 0.002539888
100000 1299709 2598332 0.000417785
1000000 15485863 30970934 0.000025571
10000000 179424673 358847082 0.000006309
100000000 2038074743 4076147580 0.000000467
1000000000 22801763489 45603524304 0.000000058

Theorem 4.2 For every largest strong Goldbach number on a given Goldbach
step with width greater than 1, the relative error between L, and 2P, is smaller
than the relative error between Ly, and 2 P,,..

Proof. Let &(n) =1 - L,/2P, denote the relative error between L, and 22,. Since
L, remains unchanged, that is, L, = L, but 2P, would increase, that is, 2P, >
2P, for every largest strong Goldbach number on a given Goldbach step with
width greater than 1. Hence L,/2P, > Lyn1/2 P tolead to 1 - Li/2P, <1 - Ly /2Py
so that &(n) < & n + 1) for the Goldbach step and the theorem holds.

Table 13. Some large local fluctuations for decreasing trend of &{n).

n Pn LII 5(11)
10000000 179424673 358847082 0.000006309
20000000 373587883 747172802 0.000003966
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Continued
30000000 573259391 1146516350 0.000002121
40000000 776531401 1553057954 0.000003121
50000000 982451653 1964900462 0.000001447
60000000 1190494759 2380986204 0.000001391
70000000 1400305337 2800608066 0.000000931
80000000 1611623773 3223242669 0.000001513
90000000 1824261409 3648518604 0.000001154

By Theorem 4.2, as an example, there is a Goldbach step Lesszoo = Losazor = Lesazoz
= Le64303 = Leeazoa = Losazos = Lesazos = 19989300 (since Lesazoo = 19989090 < 19989300
and Lgsszor = 19989602 > 19989300) and the relative error between L, and 22, on
the Goldbach step has been calculated as Table 14 shows. Thus we see that there
are continuous small upturns for relative error between L, and 22, on the Gold-
bach step such that &(664300) < J(664301) < &H664302) < &664303) < JH664304)
< 0(664305) < 8(664306) in the table.

Table 14. A verification for Theorem 4.2.

n P, Ln A(n)
664300 9995413 19989300 0.00007633
664301 9995437 19989300 0.00007873
664302 9995477 19989300 0.00008273
664303 9995483 19989300 0.00008333
664304 9995497 19989300 0.00008473
664305 9995519 19989300 0.00008693
664306 9995527 19989300 0.00008773

Above numerical evidences mean that there are complex fluctuations for rela-
tive error between L, and 27, including large upturns for the relative error be-
tween L, and 2P, as Table 13 shows and continuous small upturns for the relative
error between Z, and 22, on a Goldbach step with width greater than 1 as Table
14 shows. Despite of existence of such complex fluctuations for the relative error
between L, and 27, the total developing tendency of the relative error between L,
and 2P, is obviously smaller and smaller with growth of 12 as Table 12 shows. By
the total decreasing tendency for the relative error between L, and 27, it seems to
be reasonable that we can conjecture that, considering the general trend, the rela-
tive error between L, and 2P, will be smaller and smaller for n > 29 so that the
relative error between L, and 22, will approach 0 as n grows without bound. It

means that there is a limit

lim&(n)=0. (4.12)

n—>0
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According to (4.11), above limit becomes

L
lim—=1. (4.13)
n—»o 2})n
By means of (4.2), we get
L
lim——"—=1, (4.14)
n>o 2plogn

and there is an asymptotic expression as follows

L,~2nlogn. (4.15)

It is obvious that asymptotic expression (4.15) means that L, approaches infin-
ity as n grows without bound to imply Goldbach conjecture. However, there is a
problem to be considered before making above conjecture. The point of this prob-
lem is that, even for a finite range of n, we are unable to confirm the relative error
between L, and 2P, to decrease for every n within the range though there is a total
decreasing tendency of the relative error within the range. In other words, we are
unable to find numerical evidence to describe decreasing process of the relative
error between L, and 2P, by checking every relative error value caused by every
n-value within a given range of 1, because there are complex fluctuations for the
relative error between L, and 2 P,. Therefore, we should establish a rigorous crite-
rion to replace checking the relative error between L, and 27, for every n-value

and the criterion will arise from study on bounds of Z, and bounds of 27,

4.3. Bounds of L, and Bounds of 2P,

As 2P, are a kind of special even numbers to be able to be written as a sum of two
known primes among all even numbers, L, are also a kind of special even numbers
to be able to be written as a sum of two known primes among all even numbers
because every L, must be the sum of two primes not greater than 2, which can be
thought as a Goldbach number generated by P, according to our suggested defi-
nition of Goldbach number and also a Goldbach number according to traditional
definition of Goldbach number. It is different from 22, that our definition of
Goldbach number can limit the number of prime pairs to form 22, and lead (2,
P,) to become the only prime pair to form 2P, but there may be many prime pairs
to form Z, in general case. Even under our definition, if Goldbach conjecture is
true then there could exist an integer a > 0 such that Z,/2 - ais a prime 7;less than
L./2 but L,/2 + ais a prime P greater than L,/2 so that (P, £%) is a prime pair to
form L, and there may exist many such prime pairs to form a given L,. Let Cy(n)
denote the upper bound of Z, and Giw(22) denote the lower bound of L,. Then we

have upper and lower bounds of Z, as follows
CUP(”):Aup(i)+Aup (k)) (4.16)
Cvlow (l’l) = Alow (l)+ Alow (k) . (417)

However, it is obvious that both C,(22) and Gow(n1) are not a number but a set

for a given L,. In other words, both upper and lower bounds of L, are indefinite
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for a given L, For example, there are three prime pairs (P, P1), (Pis» Pi2), (Pis,
Pyy) to form L;; = 90 because Py = 59 and P;; = 31, Ps=53 and P, = 37, Ps =47
and P, = 43, therefore, by (4.16) there are three values 102, 101, 106 for the upper
bound of Z;; but by (4.17) there are three values 74, 73, 77 for the lower bound of
L;7. It means that we are unable to construct two functions of 2 to describe bounds
of L, though we have known that bounds of 22, can be described by (4.8).

By calculating the relative error between L, and 22, for 30 < n < 4000000000,
we see there are two characteristics for the relative error between Z, and 2P, such
that Z, < 2P, and the relative error between L, and 2 P, is smaller and smaller with
growth of n in total developing trend for 30 < n < 4000000000. But we do not
know if it is reasonable that bounds of 22, can be thought as bounds of Z, at least
for 30 < 2 <4000000000. As we know, upper bound of Z, formed by every prime
pair will be smaller than upper bound of 27, as Theorem 3.10 and Corollary 3.11
in [11] show, and lower bound of L, formed by every prime pair will be also
smaller than lower bound of 2 2, as Theorem 3.14 and Corollary 3.15in [11] show.
If these results are generalized to infinite range for 7 > 30 then we have the fol-
lowing preliminary estimates. First, it is reasonable that the upper bound of 27,
can be used as the upper bound of L, for n > 30 because upper bound of L, formed
by every prime pair will be smaller than upper bound of 22, so that every L, must
be smaller than the upper bound of 2P, for n > 30. We have verified that the ex-
pectation holds for 20542 < 1 < 4000000000 in this paper as Figure 1 shows, and
we have verified that L,/ B.,,(n) = 461882/502284 = 0.9195634342 < 1 for n = 20542
and L,/ By(n) = 194023368524/201644562409 = 0.9622048132 < 1 for n =
4000000000. Second, if lower bound of 2P, is used as lower bound of Z, then we
are unable to confirm whether every L, is larger than lower bound of 27, for n >
30. Value of ratio L,/ Bow(n) is called a normal event for L,/ Bow(n) if L, > 2nlogn
+ 2nloglogn - 2n for the n-value, that is, L,/ Bow(22) >1 for the n-value. But value
of ratio L,/ Bow(n) is called an abnormal event for L,/ Bow(n) if L, < 2nlogn + 2 nlog-
logn - 2nfor the n-value, that is, L,/ Bow(n1) < 1 for the n-value. In fact, by checking
every value of ratio L,/ Bo.(11), we discovered that there are 5225 abnormal events
for L,/ Bow(n) for n< 20541, that is, the case for L, < 2nlogn + 2nloglogn - 2n has
appeared 5225 times for n < 20541. The last seven abnormal events for L,/ Bow(n)
are listed in Table 15. These results correspond to the last seven largest strong
Goldbach numbers on a long Goldbach step whose width is 33 (ZLzoseo = Laosio =
Losii = ... = Laosso = Laosso = Lpossr = 461024 ). But there is no checked abnormal
event for L,/ Bow(n) for 20542 < n < 400000000 in our previous work [11], which
means L, > 2nlogn + 2nloglogn - 2nfor every nfor 20542 < n< 400000000. Figure
3 in [11] shows the ratio of Z, to lower bound of 22, for 20542 < n < 300000000.
Now this verification has been developed up to n = 4000000000 and we have
known there is no abnormal event for L,/ Bow(n1) for 20542 < n < 4000000000 by
checking every value of ratio L./B.w(n) for 20542 < n < 4000000000, that is, we
have verified that Z, > 2nlogn + 2nloglogn - 2n for 20542 < n < 4000000000 as Fig-
ure 2 shows and it has been verified that L,/ Bow(17) = 194023368524/193644562409
= 1.0019561928 > 1 for n = 4000000000. Of course, Lss/Bow(20542) =

DOI: 10.4236/apm.2025.156020

447 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.156020

P.Y.Zhou

461882/461200 = 1.0014787510 > 1 is the first normal event for L,/ Bow(1n) for 20542
< n<4000000000 and all values of L,/ Bow(n) for 20542 < n < 4000000000 are nor-

mal events for L,/ Bow(n) in this paper.

Ln/(2nlog(n) + 2nlog(log(n)) - 2n)
1.0032
1.0030
1.0028
1.0026
1.0024
1.0022
1.0020
1.0018

1.0016

1.0014 | start = 20542

1.0012

0 1,000,000,000 2,000,000,000 3,000,000,000 4,000,000,000
n

Figure 2. Distribution of L/ Biow(n) for 20542 < 1 < 4000000000.

Proposition 4.3 L,/ Biw(n) > 1 for n = 20542.
Proposition 4.3 supports bounds of 2P, to be used as bounds of Z, for n> 20542
and it was proven that if bounds of 27, can be used as bounds of Z, for n > 20542

then there is a limit such that

lim L, =1, (4.18)
n>n 2plogn
and Goldbach conjecture is true (see Theorem 3.19 and Corollary 3.20 in [11]).
We see (4.18) is just (4.14). Using L./ Bow(n) = L,/(2nlogn + 2nloglogn - 2n) to
replace &n) = 1 - L,/2P,, we have the following theorem to correspond to Theo-
rem 4.2.

Theorem 4.4 For every largest strong Goldbach number on a given Goldbach
step with width greater than 1, L,/ Bi,{n) is greater than L,/ Biow(n1 + 1).

Proof. Let L,/ Bow(n) = L,/(2nlogn + 2nloglogn - 2n) denote the ratio of L, to
lower bound of 22,. Since L, remains unchanged, that is, L. = L, but Bow(n)
would increase, that is, Bow(22 + 1) > Bow(n) for every largest strong Goldbach
number on a given Goldbach step with width greater than 1. Hence L1/ Biow(22 +
1) < L,/ Bow(n) and the theorem holds.

We can change Table 14 as Table 16 to give a verification for Theorem 4.4.

Remark 4.5 Theorem 4.4 means that, although there are continuous small up-
turns of &(n) on a Goldbach step with width greater than 1 by Theorem 4.2, every
value of L,/ Bow(n) remains greater than 1 if L,/ Bow(n12) > 1, where n2 is the fin-
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ishing point of the Goldbach step. Considering nl1 = n2 for a Goldbach step with
width to be 1, we can expect that if Goldbach conjecture is true then L1/ Bow(n11
- 1) > 1 for every nl > 20542 so that L,/ Bo(n) > 1 for every n> 20542 by Theorem
4.4. The expectation means that general existence of continuous small upturns of
d(n) on a Goldbach step with width greater than 1 would not lead to appearing of
Ly/Bow(n) < 1 if Lp/Bow(n2) > 1 for the Goldbach step. It means that if
Lo/ Bow(112) > 1 for n = 20542 then Goldbach conjecture is true.

Table 15. The last seven abnormal events for L./ Bow(n).

n P, Ly Lo/ Bow(n)
20535 231223 461024 0.9999913237
20536 231241 461024 0.9999392693
20537 231269 461024 0.9998850517
20538 231271 461024 0.9998330083
20539 231277 461024 0.9997744660
20540 231289 461024 0.9997246021
20541 231293 461024 0.9996725754

Table 16. A verification for Theorem 4.4.

n P, La Lo/ Bow(n)
664300 9995413 19989300 1.00287683
664301 9995437 19989300 1.00287522
664302 9995477 19989300 1.00287356
664303 9995483 19989300 1.00287200
664304 9995497 19989300 1.00287034
664305 9995519 19989300 1.00286873
664306 9995527 19989300 1.00286712

Theorem 4.6 If there is a bounded integer k > 20541 such that bounds of 2P,
can be used as bounds of L, for n 2 k, then Goldbach conjecture is true.

Proof. By our suggested definition of Goldbach number, (P, P,) is the only
prime pair to form 22, and bounds of 27, can be expressed as follows

2nlogn+2nloglogn—2n<2P, <2nlogn+2nloglogn for n>6. (4.19)

Suppose there is a bounded integer k& > 20541 such that bounds of 22, can be
used as bounds of Z, for n > k though value of kis uncertain. Let C,(n7) denote
upper bound of Z, and Go(22) denote lower bound of Z,. Then we have the fol-

lowing results.

C,, (n)=2nlogn+2nloglogn for n>k, (4.20)

up

Cow (n) =2nlogn+2nloglogn—2n for n>k. (4.21)

By (4.20) we obtain
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. L . L
lim——2— = lim ” , (4.22)
>0 Cy(n) o= 2nlogn+2nloglogn

up

and by (4.21) we obtain

lim L, =lim L, . (4.23)
o C(n) o= 2nlogn+2nloglogn—2n

Since G,p(n1) denotes upper bound of Z, and Gw(11) denotes lower bound of L,

we get
L
lim —=1, (4.24)
n—c Cup (I’l)
L
lim ——=1. (4.25)
n—»o Clow (n)

By (4.22) we have

. L
lim “ =1, (4.26)
n>» 2plogn+2nloglogn

and by (4.23) we have

. L
lim 2 =1. (4.27)
n>o 2nlogn+2nloglogn—2n
Considering
lim 2nloglogn _lim loglogn 0, (4.28)
n>o 2nlogn n—>o  logn
by (4.26) we obtain
L
lim—=2—=1. (4.29)
n>x 2nlogn
Considering
limanoglogn—Zn:hmloglogn_hm 1 —o, (4.30)
n— 2nlogn e logn  no=logn
by (4.27) we obtain
L
lim—=2—=1. (4.31)
n>x 2nlogn

Formulas (4.29) and (4.31) mean that there is the only result as follows

L
lim———=1. (4.32)
n>o 2plogn

The limit means Z, is asymptotically expressed as

L, ~2nlogn. (4.33)

Obviously, result (4.33) implies Goldbach conjecture by Lemma 2.6 and the
theorem holds.
Note bounded integer &> 20541 in Theorem 4.6 means value of kis uncertain

but there exists upper bound N > 20542 for k& However, if it is proven that N =
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20543 then k= 20542 to be a certain value, which is the strongest form of Theorem
4.6.

4.4. Bounds of L,,/2 and Bounds of P,

As we know, it was proven that there are non-asymptotic bounds of 2, such that

nlogn+nloglogn—n< P, <nlogn+nloglogn for n>6, (4.34)

and it is clear that bounds of prime are definite. Z, is an even number for any n >
0 so that Z,/2 must be an integer which may be a prime less than 7,, an odd com-
posite number or an even number for 12> 29. It is obvious that there is no a direct
method to discuss bounds of L,/2 for establishing a link between bounds of Z,/2
and bounds of prime. Thus we have the following definition.

Definition 4.7 Dyy(n) is called upper bound of L,/2 if Dy,(n) = Gyp(12)/2 and
Diow(n) is called lower bound of L,/2 if Digw(11) = Gow(n)/2.

According to Definition 4.7, both Dy,(n) and Di.(n) are indefinite because
Cp(n) and Gow(n) are indefinite as we have known. However, It has been verified
that bounds of 2P, can be used as bounds of L, for 20542 < 1 < 4000000000 be-
cause L,/ Bow(n) > 1 for 20542 < 1< 4000000000 so that it can be conjectured that
bounds of 27, can be used as bounds of L, for n> 20542. By Definition 4.7 it has
also been verified that bounds of P, can be used as bounds of Z,/2 for 20542 < n <
4000000000 as Figure 1 and Figure 2 show because (L./2)/ Awp(n) = Lo/ Byp(n) and
(La/2)] Aiow(n1) = L/ Bow(n). Equivalently, it has been verified that (L./2)/ Aw(n) =
0.9195634342 < 1 and (L./2)/ Aiw(nn) = 1.0014787510 > 1 for n = 20542 but
(Laf2)] Awp(m) = 0.9622048132 < 1 and (L,/2)/ Aiow(n1) = 1.0019561928 > 1 for n =
4000000000. Thus it can also be conjectured that bounds of P, can be used as
bounds of Z,/2 for n > 20542. So, there is an approximation for Z,/2 for n> 20542

such that
L,
2
~logn+loglogn—1+

(loglogn)2—6loglogn+11+ 1
_ o ’
2(logn)2 (logn)2

loglogn—2

and we have the following bounds of Z./2 for n > 20542.
nlogn+nloglogn—n<L,/2<nlogn+nloglogn . (4.36)

It had been proven that if bounds of P, can be used as bounds of Z,/2 for n >
20542 then Goldbach conjecture is true (see Theorem 4.15 and Corollary 4.16 in
(11]).

Theorem 4.8 Ifthere is a bounded integer k> 20541 such that bounds of P, can
be used as bounds of L,/2 for n 2 k, then Goldbach conjecture is true.

Proof. As we know, it was proven that bounds of prime P, are expressed as

nlogn+nloglogn—n< P, <nlogn+nloglogn for n>6. (4.37)

Suppose there is a bounded integer & > 20541 such that bounds of 7, can be
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used as bounds of L,/2 for n > kthough value of kis uncertain. Let D.,(z1) denote
upper bound of L,/2 and Di(n1) denote lower bound of Z,/2. Then we have the
following results.

D,,(n)=nlogn+nloglogn for n>k, (4.38)
D, (n)=nlogn+nloglogn—n for n>k. (4.39)

By (4.38) we obtain

L /2 L /2
lim / =lim ) , (4.40)
e D (n) = nlogn+nloglogn
and by (4.39) we obtain
L /2 L /2
lim n/ =lim v/ . (4.41)
o Dy (n) = nlogn+nloglogn—n
Since D,p(n1) and Diow(n1) denote upper and lower bound of Z,/2, we get
L /2
lim # =1, (4.42)
n—»ow Dup (n)
L /2
lim ”/ =1. (4.43)
n—o Dlow (n)
By (4.40) and (4.42) we have
L /2
"/ =1, (4.44)
n>» plogn+nloglogn
by (4.41) and (4.43) we have
L /2
v/ =1. (4.45)
n>oplogn+nloglogn—n
Considering
. _nloglogn . loglogn
lim =lim =0, (4.46)
n—>o  plogn n—>»  logn
by (4.44) we obtain
L /2
limL =1. (4.47)
n>@ plogn
Considering
lim210glogn=n _ loglogn . 1 _, (4.48)
n>o  plogn n>o logn  noelogn
by (4.45) we obtain
L /2
lim # =1. (4.49)
n—>» plogn
Formulas (4.47) and (4.49) mean that there is the only result as follows
L /2
lim¢ =1. (4.50)

n>= plogn
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The limit means Z,/2 is asymptotically expressed as
L,/2~nlogn. (4.51)
Obviously, result (4.51) implies Goldbach conjecture by Lemma 2.6 and the
theorem holds.
Note bounded integer &> 20541 in Theorem 4.8 means value of kis uncertain
but there exists upper bound N > 20542 for k& However, if it is proven that N =

20543 then k= 20542 to be a certain value, which is the strongest form of Theorem
4.8.

5. What Propositions Will Imply Goldbach Conjecture?

Based on our above discussions, if any of the following propositions is proven then
Goldbach conjecture is true.
Proposition 5.1 L, approaches infinity as n grows without bound.
Proposition 5.2 There are infinitely many Goldbach steps.
Proposition 5.3 There is a limit such that

()

lim =1,

J37() N U SR —
logn | loglogn  4(loglogn)

where Q(n) is the number of Goldbach steps, Li(1) is logarithmic integral

Li(n)=| a
2

and Li(n1) has an asymptotic series as follows

n & k!

logn = (log n)k .

logt

Li(n)=

Proposition 5.4 There are infinitely many like-primes.

Proposition 5.5 There are infinitely many largest strong Goldbach numbers
with distinct values.

Proposition 5.6 There are infinitely many like-primes nl such that nl + 1 is
also like-prime.

Note Proposition 5.6 is equivalent to the following Proposition 5.7.

Proposition 5.7 There are infinitely many pairs of twin like-primes.

Proposition 5.8 There are infinitely many triplet like-primes.

Proposition 5.9 There are infinitely many quadruplet like-primes.

Proposition 5.10 There is a [imit such that

0, (n)

lim :1>

e In dr +2C n 1 N 1
2 (logt)2 ? (logn)2 loglogn (10g10gn)2

where Qx(n) is the number of twin like-primes, G, is defined as a constant

—2
CfH(l— ! ]:Hp(p 2):0.660161815--~,

>3 (p—1)2 >3 (p—l)
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I

and

rode 2 n
j Li(n)4—2— "
3 logt log2 logn

Proposition 5.11 There is a limit such that

0 (n) -1,

lim =

" n o dt n 1 1
G le 373 3 + 2
(logt) (logn)” ( 3loglogn  3(loglogn)
where Qs(n) is the number of triplet like-primes, C; is defined as a constant

2
-3
C, = 21‘[%3) ~ 2.858248596. -,

Y255 (p-)
and
roode n n 1 1
I (n)— 2 + + 2"
> (logt)’ 2 2(logn)” 2logn log2 (log2)

Proposition 5.12 There is a limit such that

0.(n) -1,

lim

e ‘[n dt _ n 1 + 1
a (logt)4 ! (logn)4 4loglogn 4(10g10gn)2

where Qu(n) is the number of quadruplet like-primes, C, is defined a constant

3 —_
ULy P Gl (p f)z4.151180864...,
2555 (p-1)
and
de :—Lz(n)— n - n - n_. 2 - 1 _, 1 ‘
(log?)* 3(logn)” 6(logn)” Ologn 3(log2)" 3(log2)” 3log2

Proposition 5.13 There are infinitely many like-primes nl such that nl + k is
also like-prime for every natural number k.

Proposition 5.14 There are infinitely many like-primes nl such that nl + k is
also like-prime for a special natural number k.

Proposition 5.15 There are infinitely many like-prime gaps whose length k is
uncertain but bounded by a finite integer N> 1.

Proposition 5.16 There are bounds of L, such that 2nlogn + 2nloglogn - 2n <
L, < 2nlogn + 2nloglogn for n > 20542.

Proposition 5.17 There is a bounded integer k > 20541 such that 2nlogn +
2nloglogn - 2n < L, < 2nlogn + 2nloglogn for all n > k, where bounded integer
k> 20541 means value of k is uncertain but there exists upper bound N > 20542
for k.

Proposition 5.18 There are bounds of L./2 such that nlogn + nloglogn - n <
L,/2 < nlogn + nloglogn for n > 20542.

Proposition 5.19 There is a bounded integer k> 20541 such that nlogn + nlog-
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logn - n< L,/2 < nlogn + nloglogn for all n > k, where bounded integer k > 20541
means value of k is uncertain but there exists upper bound N > 20542 for k.
Note Proposition 5.16 is equivalent to the following Proposition 5.20.
Proposition 5.20 Bounds of2P, can be used as bounds of L, for n = 20542.
Note Proposition 5.18 is equivalent to the following Proposition 5.21.
Proposition 5.21 Bounds of P, can be used as bounds of L,/2 for n > 20542.
Note Proposition 5.17 is equivalent to the following Proposition 5.22.
Proposition 5.22 There is a bounded integer k> 20541 such that bounds of 2P,
can be used as bounds of L, for all n > k, where bounded integer k > 20541 means
value of k is uncertain but there exists upper bound N > 20542 for k.
Note Proposition 5.19 is equivalent to the following Proposition 5.23.
Proposition 5.23 There is a bounded integer k> 20541 such that bounds of P,
can be used as bounds of L,/2 for all n > k, where bounded integer k > 20541
means value of k is uncertain but there exists upper bound N> 20542 for k.

6. Conclusion

In this paper, we presented there are connections between Goldbach conjecture
and prime number theorem and these links seem to arise from existence of largest
strong Goldbach numbers and Goldbach steps. We can expect distribution of
Goldbach steps is asymptotically expressed as Q(z2) ~ n/logn same as the prime
number theorem. So, by introducing like-prime and like-prime gap, it is expected
that distribution of twin like-primes can be asymptotically expressed as Q:(n) ~
2Gn/(logn)?, distribution of triplet like-primes can be asymptotically expressed
as Qs(n) ~ Gin/(logn)?, distribution of quadruplet like-primes can be asymptoti-
cally expressed as Qu(n1) ~ Cunn/(logn)* and these asymptotic expressions are obvi-
ously akin to prime number theorem and correspond to some special cases of the
first Hardy-Littlewood conjecture. It means that Goldbach steps have like-prime
nature which not only shows in distribution of like-primes but also in distribution
of like-prime gaps. Based on gap between like-primes, general like-prime gap con-
jecture is made, which states that there are infinitely many like-primes n1 such
that nl + kis also like-prime for every natural number k. The weakest form is that
there are infinitely many like-prime gaps whose length & is uncertain (value of &
is unknown) but bounded by a finite integer V> 1. We proved that many such
conjectures will imply Goldbach conjecture. Our study on bounds of Z, and
bounds of L,/2 seem to be supported by numerical evidence such that every
Lo/ Bow(11) > 1 and every (L,/2)/ Aiow(n) > 1 for 20542 < nn < 4000000000. There is a
general trend such that the relative error between Z, and 2 P, is smaller and smaller
with growth of n and one can expect that the relative error between L, and 27,
approaches 0 as n grows without bound, thus, the general trend will lead the rela-
tive error between lower bound of Z, and lower bound of 2 2, and also the relative
error between lower bound of Z,/2 and lower bound of 7, to be smaller and
smaller with growth of 2 so that we can expect every L./Bow(n) > 1 or every
(Laf2)] Aiow(n1) > 1 for n > 4000000000. It is obvious that if it can be proven that
every L/ Bow(n) > 1 or every (L,/2)/ Aiow(12) > 1 for n= 20542 then Goldbach con-
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jecture is true. A weak form of the statement is that if there is a bounded integer
k> 20541 such that bounds of prime can be used as bounds of Z,/2 for all n> &
then Goldbach conjecture is true, where bounded integer & > 20541 means value
of kis uncertain (value of kis unknown) but there exists upper bound N> 20542
for &

Acknowledgements

The author would like to acknowledge reviewers for their valuable comments and
helpful suggestions for improvement, and thank Rong Ao for his careful and use-

ful calculation and verification in data.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Montgomery, H. and Vaughan, R. (1975) The Exceptional Set of Goldbach’s Problem.
Acta Arithmetica, 27, 353-370. https://doi.org/10.4064/aa-27-1-353-370

[2] Chen, J.R. and Pan, C.D. (1980) The Exceptional Set of Goldbach Numbers. Scientia
Sinica, 23, 416-430.

[3] Chen, J.R. (1983) The Exceptional Set of Goldbach Numbers (II). Science in China
Series A, 7, 45-62.

[4] Li, H. (1999) The Exceptional Set of Goldbach Numbers. The Quarterly Journal of
Mathematics, 50, 471-482. https://doi.org/10.1093/qjmath/50.200.471

[5] Kaczorowski, J., Perelli, A. and Pintz, J. (1993) A Note on the Exceptional Set for

Goldbach’s Problem in Short Intervals. Monatshefte Fiir Mathematik, 116, 275-282.
https://doi.org/10.1007/BF01301533

[6] Briidern, J. and Perelli, A. (1998) Goldbach Numbers in Sparse Sequences. Annales
de ! institut Fourier, 48, 353-378. https://doi.org/10.5802/aif.1621

[7] Lu, W.C. (2010) Exceptional Set of Goldbach Number. Journal of Number Theory,
130, 2359-2392. https://doi.org/10.1016/}.jnt.2010.03.017

[8] Zhou, P. (2017) Strong Goldbach Number in Goldbach’s Problem. Journal of Math-
ematics Research, 9, 95-105. https://doi.org/10.5539/imr.vOn6p95

[9] Zhou, P. and Ao, R. (2018) Distribution of the Largest Strong Goldbach Numbers
Generated by Primes. Journal of Mathematics Research, 10, 1-8.
https://doi.org/10.5539/ijmr.v10n5p1l

[10] Zhou, P. (2019) A Weak Method to Come Close to Solution of Goldbach Conjecture.
International Mathematical Forum, 14, 247-252.
https://doi.org/10.12988/imf.2019.9938

[11] Zhou, P. (2024) Prime Number Theorem and Goldbach Conjecture. Journal of Math-
ematics Research, 16, 1-27. https://doi.org/10.5539/jmr.vi6n3pl

[12] Zhou, P. (2018) Numerical Evidence for Primes Less than 10000000 in An Experi-
mental Mathematics Method to Prove Goldbach’s Conjecture.
https://doi.org/10.13140/RG.2.2.31869.05608

[13] Derbyshire, J. and Silverman, M.P. (2005) Prime Obsession: Bernhard Riemann and
the Greatest Unsolved Problem in Mathematics. American Journal of Physics, 73,

DOI: 10.4236/apm.2025.156020

456 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.156020
https://doi.org/10.4064/aa-27-1-353-370
https://doi.org/10.1093/qjmath/50.200.471
https://doi.org/10.1007/BF01301533
https://doi.org/10.5802/aif.1621
https://doi.org/10.1016/j.jnt.2010.03.017
https://doi.org/10.5539/jmr.v9n6p95
https://doi.org/10.5539/jmr.v10n5p1
https://doi.org/10.12988/imf.2019.9938
https://doi.org/10.5539/jmr.v16n3p1
https://doi.org/10.13140/RG.2.2.31869.05608

P.Y. Zhou

(14]

(15]

(16]

(17]
(18]

(19]

(20]

(21]

(22]

(23]

(24]

287-288. https://doi.org/10.1119/1.1858489

de Polignac, A. (1849) New Research on Prime Number. Comptes rendus (in French),
29, 397-401.

Prime Constellation in the Online Wolfram Math World.
https://mathworld.wolfram.com/PrimeConstellation.html

Sloane, N.J.A. (2019) Sequence A005597 (Decimal Expansion of the Twin Prime Con-
stant). The Online Encyclopedia of Integer Sequences. OEIS Foundation.

Bateman, P.T. and Diamond, H.G. (2004) Analytic Number Theory. World Scientific.

Chen, J.R. (1973) On the Representation of a Large Even Integer as the Sum of a
Prime and the Product of at Most Two Primes. Scientia Sinica, 16, 157-176.

Ross, P.M. (1975) On Chen’s Theorem That Each Large Even Number Has the Form
(p1+p2) or (p1+p2ps). Journal of the London Mathematical Society, 10, 500-506.
https://doi.org/10.1112/jlms/s2-10.4.500

Chen, J.R. (1978) On the Goldbach’s Problem and the Sieve Methods. Scientia Sinica,
21, 701-739.

Chen, J.R. (1975) On the Distribution of Almost Primes in an Interval. Scientia Sinica,
18, 611-627.

Rosser, B. (1939) The n-th Prime is Greater than nlogn. Proceedings of the London
Mathematical Society, 2, 21-44. https://doi.org/10.1112/plms/s2-45.1.21

Rosser, B. (1941) Explicit Bounds for Some Functions of Prime Numbers. American
Journal of Mathematics, 63, 211-232. https://doi.org/10.2307/2371291
Dusart, P. (1999) The kth Prime Is Greater Than k (logk + loglogk—1) for k > 2.

Mathematics of Computation, 68, 411-415.
https://doi.org/10.1090/s0025-5718-99-01037-6

DOI: 10.4236/apm.2025.156020

457 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.156020
https://doi.org/10.1119/1.1858489
https://mathworld.wolfram.com/PrimeConstellation.html
https://doi.org/10.1112/jlms/s2-10.4.500
https://doi.org/10.1112/plms/s2-45.1.21
https://doi.org/10.2307/2371291
https://doi.org/10.1090/s0025-5718-99-01037-6

	On the Connections between Goldbach Conjecture and Prime Number Theorem
	Abstract
	Keywords
	1. Introduction
	2. Like-Prime Nature of Goldbach Steps
	2.1. Prime Number Theorem
	2.2. The Largest Strong Goldbach Number Generated by Prime
	2.3. Step-Type Distribution of Largest Strong Goldbach Numbers
	2.4. Infinitude of Goldbach Steps and Their Like-Prime Nature

	3. Gap between Like-Primes 
	3.1. Like-Prime
	3.2. Largest Strong Goldbach Numbers with Distinct Values
	3.3. Like-Prime Gap
	3.4. Twin Prime Conjecture and Its Strong Form
	3.5. Twin Like-Prime Conjecture and Its Strong Form
	3.6. Triplet Prime Conjecture
	3.7. Triplet Like-Prime Conjecture and Its Strong Form
	3.8. Quadruplet Prime Conjecture
	3.9. Quadruplet Like-Prime Conjecture and Its Strong Form
	3.10. General Like-Prime Gap Conjecture 
	3.11. Prime, Almost Prime and Like-Prime

	4. Bounds of the Largest Strong Goldbach Number
	4.1. Bounds of Pn and Bounds of 2Pn
	4.2. The Relative Error between Ln and 2Pn
	4.3. Bounds of Ln and Bounds of 2Pn
	4.4. Bounds of Ln/2 and Bounds of Pn

	5. What Propositions Will Imply Goldbach Conjecture?
	6. Conclusion
	Acknowledgements
	Conflicts of Interest
	References

