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() ® Let bbe alocally integrable function on R" and 7'be an integral operator. For a

suitable function £ the commutator generated by b and 7 is defined by
[b,T]f =bT(f)-T(bf). The investigation of the commutator begins with
Coifman-Rochberg-Weiss pioneering study and classical result (see [1]). The
major reason for considering the problem of commutators is that the bounded-
ness of commutator can produce some characterizations of function spaces (see
[1] [2]). Now, with the development of the Calderén-Zygmund singular integral
operators, their commutators and multilinear operators have been well studied
(see [1] [3]-[7]). In [8], Hu and Yang proved a variant sharp function estimate
for the multilinear singular integral operators. In [9] [10] [11] [12], C. Pérez, G.
Pradolini and R. Trujillo-Gonzalez obtained a sharp weighted estimate for the sin-
gular integral operators and their commutators. The boundedness of the pseu-
do-differential operators was studied by many authors (see [13]-[21]). In [15],
the boundedness of the commutators associated to the pseudo-differential oper-

ators is obtained. The main purpose of this paper is to study the multilinear
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pseudo-differential operators as follows.
We say a symbol o(X,£) isintheclass S, or o€S),,iffor x,¢€R",

o* o
ox 227 7

m-p|B|+3a

<C, 4 (1+[¢])

A pseudo-differential operator with symbol & (X,£)€S); is defined by
T(F)(x)= e o (x£) f(£)de,

where fis a Schwartz function and f denotes the Fourier transform of £ We
know there exists a kernel K (X, y) such that

T(F)(x)=. K(xx=y) f(y)dy,
where, formally,
K(xy)=], e (x,¢)de.

In [14], the boundedness of the pseudo-differential operators with symbol
oS s(B<nbf2,0<5<1-0) is obtained. In [14], the boundedness of the
pseudo-differential operators with symbol of order 0 and —oo is obtained. In
[17], the sharp function estimate of the pseudo-differential operators with sym-
bol ce S;:Q? (O <0<10<56<1- 6’) is obtained. In [15], the boundedness of
the pseudo-differential operators and their commutators with symbol
ceS W (0<0<1,0<5<1-0) is obtained. Our results are motivated by these
papers.

Suppose T'is a pseudo-differential operator with symbol O'(X,cf) €S];. Let
m; be the positive integers ( j=1,---,1), m +---+m =L and b; be the func-
tionson R" (j=1,---,1).Set, for 1< j<m,

ij+1(bj;x1 y) :bj (X)_ Z i

lafem; !

Db, (y)(x- )"
The multilinear operator associated to 7'is defined by

Tb(f)(XHRnHi_lT;fly(f";x’y)

Note that when L=0, T, is just the multilinear commutator of 7 and b,

K(x,x=y)f(y)dy.

(see [11]). While when L >0, T, is non-trivial generalizations of the commu-
tator. It is well known that multilinear operators are of great interest in harmon-
ic analysis and have been widely studied by many authors. Hu and Yang (see [8])
proved a variant sharp estimate for the multilinear singular integral operators. In
[11], Pérez and Trujillo-Gonzalez prove a sharp estimate for the multilinear
commutator when b; e OSCeprJ’ (R" ) . The main purpose of this paper is to
prove a sharp function inequality for the multilinear operators associated to the
pseudo-differential operators with symbol o eS %7 (0<0<10<5<1-0)
when D“b; e BMO(R”) for all o with |a|:mj. As the application, we ob-
tain the L?(p>1) norm inequality for the multilinear operators.

First, let us introduce some notations. Throughout this paper, Q =Q(X,d)

will denote a cube of R" with sides parallel to the axes, whose center is x and
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side length is d. For a locally integrable function b, the sharp function of b is de-
fined by

(9= spigr o)l

where, and in what follows, b, :|Q|7 _[Qb X dX. It is well-known that (see [22]

(23] [24])
b suplnf |J |b c|dy
Q X CE
and
[p=b,] <Kol for k=1,

We say that b belongs to BI\/IO(R”) if b* belongsto L* (R”) and
ol =07

. Let Mbe the Hardy-Littlewood maximal operator defined by
M (f)(x)=sup—|_|f(y)dy,
(0=s0p gLl )

we write that Mp(f):(M(fp))]/p for 0O<p<o.

We shall prove the following theorems.

Theorem 1. Suppose T is the pseudo-differential operator with symbol
oe Sli”;/; (0<0<1,0<5<1-6) . Let D°b;e BMO(R") for all o with
|a| =m; and j=1---,1.Then there exists a constant C>0 such that for every
f eCé"(R“), 2<r<ow and XeR",

(Tb(f))#(i)scrll{ 5 [o

= “"J‘:ml

], 110

Theorem 2. Suppose 7 is the pseudo-differential operator with symbol
ceS 7 (0<0<1,0<5<1-0) . Let Db eBMO(R") for all a with
|a|:mj and j=1,--,1

1)If weA, and 2< p<ow,then

Pl 2l 2 o
oj|=m
2)If weA and 2< p<wo,then

|
(), <CTT| X |
i1 Jajl=m;

Db, HBMO] r ( f )"Lp(w)

Daib,-uwo}||f||m

2. Proofs of Theorems

To prove the theorems, we need the following lemmas.
Lemma 1. (see [4]) Let A be a functionon R" and D%belL® (Rn) forall «
with |a| =L andsome g>n.Then
Jl/q

. L
|RL(b,x,y)|£C|x—y| > [|Q ) |_[ 4tes)
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where Q is the cube centered at xand having side length 5Jn |X - y| .
Lemma 2. (see [13]) Let 7 be the pseudo-differential operator with symbol
o€ Sli'%z(0<9<l,0S5<l—9). Then, for every f e LP(R"),1< p<oo,
[T(O)ls <l
Lemma 3. (see [13]) Let oS,/ (0<0<10<5<1-0) and K be the ker-
nel of the pseudo-differential operator 7" with symbol o €S "69/52 . Then, for

|X0—X|£d <1 and k=1,
(1-0)(m-n/2)

2 Xy —X
U(zkd) ? dyrol(210) |K(x X—y) =K (X % — y)| dy) W

provided m is an integer such that n/2<m<n/2+1/(1-6).
Lemma 4. (see [13]) Let o€ Sp ;(0<p<1) and
K(x,w)= J.R" ™o (X,£)dé.
Then, for |W|>1/4 and any integer N >1,
K (x,w)| <Cy | "
Proof of Theorem 1. It suffices to prove for f €C; (Rn) and some constant
C,, the following inequality holds:

ﬁJ'JTb(f —C |dx<CH[ Z ‘

b, ”BMO] f)(X).

Without loss of generality, we may assume |=2. Fix a cube Q= Q(Xo,d)
and XeQ . We consider the following two cases:
Case 1. d <1. In this case, let Q" be the cube concentric with Q of side
length d*.Let Q =5/nQ* and 61 (x)=b;(x)- > iI(D”’bj )Q X%, then
lof=m; &>

ij (bj;x, y): ij (Bj;x, y) and Da5j = D"‘bj —(D”‘bj )Q for |a| =m; . We write,

for f:fZQ+f;(Rn\Q:fl+f2,
H mj -+ b';le
T (F)(x)=], ”|X 1y(|’ )K(X'X—y)f(y)dy

m; (053 %,
J.RHHJ 1|x E/IL : y)K(X’X_y) f,(y)dy
-y A Ry, (B21%¥)(x=y)" DBy (y)

|ea |= "hal |X_y|L
R, (b;x y)(x-y)? D*b,
N ‘Z %f n (b y)|(xx_ny) (y)K(X'X—y) f(y)dy
N 1 J. (X_y)a1+az Dalﬁl(l_y)Dazb"z(y)
: x=Y|

K(x,x—y)f,(y)dy

K(x,x-y)f (y)dy

R
gy Jao|-my Oy 1t !

Hil ij+1 (5, X, Y)

. K(xx=y) f,(y)dy,
Y

+,[R"
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then
@Qm(f)(x)—n(f2)<xo>|dx
S|31|URn _1|Xm_(yt|) Xy)K(X:X—Y)fl(y)dv dx
+I%Ifo \M\EJR" N (Bzi: '_y3|(LX_ L Db, (y) K (x,x—y) f,(y)dy|dx
g Z R“(Sl;ﬁ’_y)yﬁf I, ()1 (k- ) )b
+|%| I, T (x—y)*™ |'z“_15;|(L y)Db, (y) (x,x—y) f,(y)dy|dx

+|31|JQ|T5<f2)<x>—T5(fz><xo>|dx
=L+L L+

Now, let us estimate I, I,, I,, I, and I, respectively. First, for xeQ

and yeQ, by Lemma 1, we get
RL(Bﬁx,y)_

ng/2

Higmo ™

Now let_a(x.£) = (0 )| 7 ~a( e
q(x,cf) es’) 0.5 » et S be the pseudo-differential operator with symbol q(X,r.f) ,
by the Hardy-Littlewood-Soboleve fractional integration theorem and the L*-
boundedness of S (see [13]), we obtain, for 1/p=1/2-6/2,

Ilscf[ >

1= ‘aj‘:mj

-ng/2 ng/2

, we have

Db,

]

@Qh(m(xndx

ip
N RS
o, ([ s (0)(0f o)

D% bj HBMO |Q|-1/D (J‘Rn fl(X)|2 dx)l/z
[of* -
BMO |Q|1/p |Q| I | |

1r
x)rde

= ‘“J‘:ml

<c[]| ¥

j=1 ‘aj‘:mj

j=1 ‘aj‘:mj

Db,

]

j=1 ‘aj‘:mj

D“b.

Hiemo {ﬁk' f (

1= fegf=m;

<C “ip, %).
<c]| ¥ [, [M.(1)()
1= fegf=m;
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For |,, by Lemma 1 and Hélder’s inequality, we get, for 1/r +1/r'=1/2,
ip
T (D7, ,)(x)| ox
BMO |Q|'[ ‘
Y V2
z BMOHZ Q| (IR”‘S Dalblfl (x)‘ dx)
2=y

. , 2
BMO HZ_:HJQ'W(J‘R" Dalbl(x) fl(X)| dX)

yr'
v
de
Q

D*2h,

I,<C >’
|az|=m;

Db

<C >
|z |=m,
<C >’
|az|=m;

Db,

R
B laaomg D™ BMO |Q|1/p z |Q|'[

1 i
x[@ﬁj“ (x)|r dx]

scf[{ Db, BMO]M,(f)(X).

Db, (x)~ (Db, ),

=L\ Jal=m;

For |, similar to the proof of 1,, we get

|33Cf[[ >

j=1 \a\:mj

Db,

j BMOJ'V'r(f)(*)-

Similarly, for |,, taking r,r, >1 such that 1/r +1/r, +1/r, =1/2, we obtain

l,<C |j ‘T D“B,D5, f, ) (x )‘pdeﬂp

- ml%z\ mz(IQ
<c ¥ IQI’””UR”‘S D“151D“262f1)(x)rdxj]/2

lea=my | |=m;

ey (.

lea|=my Jerz|=m;

- - , V2
DB, (x) DB, (x) , (x) dx)

Y 1 r ir
‘ J [@J'Q|f(x)| de

_ o
|Q|:I/p oy |= "hzkézl my j—l[

SCH[ Db, BMOJMr(f)(Y().

i1

lof=m;

For |, we write

T5 (£)(%) =T () (%)
(xx-y) K(Xovxo_y) 2 -
=Jeo { L JHRmJ (0%, y) f, (y)dy

|X y| |X0 _Y| j=1

(R (By) R (i) T
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_I { m (B2 % ) (x=y)"

1 ¢ | R (Bixy)(x=y)*
— — K , -
ST, @, 1R |: |X_y|L (X X y)
R o, 0_ ap ~
(B0 o () )y
[% -]

1 (X y)a1+a2
+ K(x,x-y
Jea|= ml%z\ my ala,! J l: |X y| ( )

—%K(XO,XO—y)]D%Bl(y)D%Bz(y) £ ()

=19 1P 1 1),

By Lemma 1 and the following inequality (see [24])
|bQ1 - sz =C |Og(|Q2 |/|Q1|)||b||BMO for QcQ,

we know that, for xeQ and yeQ(XO,(ZMd)M)\Q(XO,(de)l_g),
R, (B;X, y)‘ <Clx-y| ;L( + (D“b)@(x’y) —(D“b)QD

ka|x—y|L‘;L o

Db

BMO

Db

Note that |x—y|~|x0—y| for xeQ and yeR"\Q,weobtain

0] <3
2 2K g oo (K (X =Y) =K (305 )

x;mﬁ ij bj;x,y Hf y |dy

|x—y[" i

i | 1 1
+kz:()kzj(2k )* <‘y XO‘ 2k+1d “X y| _y|L‘

x|K(xO,x0—y)|]I R
i
. L\
Db |BMOJkZ_0k (Iy ol<( 2k+1d |f | dy)
12
x| Joxs 19|K (X, x=y) =K (X9, % — )|2d
(#a )* dy-rol<(2d y 01 % —Y)| dy
+CH{ Db |BMOJKE(;)|<2UV o 1dm|f |2dyj

-1

o= -
— 2
X[J.(zk )’ <Jy—xo|< (2k+1d) |Xo _y|2 |K(X0,X0 —y)| dy} ,

(Bx v ( yldy

mi

j=1

H[

lal=mj

1/2

|af=m;
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for the second term above, similar to the proof of Lemma 2.1 in [13], we have

|X0 —X|2 , Y2
R e AL

| _ | )(m-n/2)
(21"

thus, by Lemma 3 and recall that n/ 2<m,

|(1) <c 2 . » E d(l—H)(m n/2) f 2d 12
Il 2 10l 5 gl 110 )
Yr
2 e
<C Db, A L] S Lol f(y) d
1,'1 ‘a%:nj J|BMO kZ:‘I ‘Q(XO’(de)la).[Q(xo,(zkd) ]| (Y)| y
2 0
PO e
=1\ |af=m; =
2
SCH Z |BMO M, (f)(X).
j= :
For |5 2) , by the formula (see [4]):
- . 1
RL(b;x,y)—RL(b;xo,y):‘ﬁ%ﬁRL_w(D"b X, % )(x - y)
and Lemma 1, we have
RL(B;x,y)—RL(B; xo,y)‘SCﬂZLZJx_XOrﬁ|x_y|/f Db, -
thus
2 e
0 “ X=X
It ‘ch ‘a‘;ﬂj Db 2 i o sl K |||< X% = Y)|| £ (v)|dy
r
2
<C Db, N ] R — o f(y)[ d
1}1 \a%:nj J|BMO kZ:; ‘Q(XO,(de)l_g) jQ(Xo,(de) 8]| (y) dy
2
<C[] HZ Dby (M, (F)(%).
=1\ Jaf=m;
Similarly,
2
12 SCH[ Z||D“bj||BMOJM,(f)(>z).
=1\ |a]=m;
For 11, recall that b, —bao| < avo > Similar to the proofs of 1V and

19, we get, for 1/r+1/r' =1/2
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<C 9" (=)
W ey oy

(b X, y) (Bz;xo,y)—

Db, (y)||f, (y)|dy

. (52;x, y)HK(x,x—y)|

=)

Db, (y ||f y)|dy

fe|=my

Rmz (62; XO' y)

+C ZI |K X X—y)- (Xvao_y)| D“151(y)||f2(y)|dy

e[y |%, —

k(1-6)(n/2-m)
BMO Z Zkz

laf=m;

Y2

1 ~ 2

8 1-0 .[Q xo(2¢a)7 f(y)Dalbl(y)| dy
(o(ww e J

Db,

r
- -6)(n/2-m 1
< C\g{%z . kz:; K 2K(@-0)(n/2-m) (‘—J.Q[xo (zk 1 ,9]| f | dYJ

Q(XU,(de)l 9)
»

ol(ze”)

BMOJZ" 2EIEM (F)(%)

X
Jea|=my

D“lbl(y)—(Dalbl)_

.[Q[Xo ,(2“ d)lﬁg)

H[

j=1 ‘a‘:mj

IA

cﬁ(

Db, BMOJMr(f)(f().

Similarly,

laf=m;

je|<cl{ £ |p

j=1

BMO]Mr(f)(X).
For Iée),simﬂartotheproofof Ié),weget,for Yr+1/r+Yr, =12,

|(X— y)a1+a2 B (Xo _ y)aﬁaz
=y =y R”‘ x—y[" %=y ‘
|K X, X — y)| D“b, (y)||D*b, ( ||f |dy

lerl=m;

1¥<c

a1+a2

+C Y I|K(xx y) =K (X, % — y|‘

ey az =g % - y|"
x| Db, (y)
<c ¥ i ok(1=0)(n/2-m)

oq|=my Jrp|=m; k=1

Db, (y) . (v

(y)|dy

12

: f(y) Db, (y) Db, (y)| dy

Q(xo,(Z"d)H})

X

J.Q(xo,(zkd)lig)
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r
<C 5™ k(1-0)(n/2-m) 1 Sl dy
e ‘Q(Xo'<2kd)l_g) IQ[X"’(”)l 0)' o)
U
xf[ ;j 10 D"jb.(y)—(D“"b.) " dy
1 a0,
2
sc]‘!{z Db, |BMO]M,(f)()?).
j=1\ |a|=m;
Thus
2
||5|scnl[z Db, IBMOJW)(X)-
=1\ |al=m;
Case 2. d >1.In this case, let Q=5x/ﬁQ and
h 1 a a . g
bj(x):bj(x)_\a%:nja(D bj>éx ,then R, (b;x,y)=R, (b;;xy) and
Daf)j = Dﬂtbj —(D”‘bj )Q for |a|:mj . Write, for f = f;((j + fZR"\Q =f+1,,
1
@_[Q|Tb(f)(x)|dx
) .
1o |r THisRo, (Bix)
<— K(x,x-y)f dy|dx
|Q|IQ Joo y[ ( y) fu(y)dy
c Ry, (D% ) (x=y)*
+@Io‘aﬂ§mkn 2(2|X_y)|L Db, (Y)K (xx=y) f; (y)dy|dx
c Ry, (Bix,y)(x=y)*
gkl 2 e | |X_)y|L Db, (y)K (xx~y) f,(y)dy|ox
C (x=¥)""™ Db, (y) Db, (y)
RPN n K(x,x—y)f, (y)dy|dx
|Q|.[Q oy Jeal=my R |x—y|L ( ) 1( )

1
+@jQ|TB(f2)(x)|dx
=3+, +3,+3,+J..

Similar to the proof of I, I,, I, and I,, we get, by the L° (1< p<oo)-
boundedness of 7'(see Lemma 2),

2 1
J, <C —
<C 2 1070 [M"

o
D bj “BMO |Q|71/r (IR"

1 u
o [@Mf (x)|r dx]

yr
T( fl)(x)|r de

D“Ib,

£, (x)| dx)yr

A
(@)
M

1}
LN

jaj =mj

A
O
=~

Db,

jrj =mj
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H[ Bmo]wf)(z);

=m;j

12
nsc 3 b, % (IQ [T (D%Blfl)(x)rdx]
|z |=m,
-1/2 ~ 2 Y2
sCHZ Db, BMOHZ Q (jRn D6, () , () dx)
az|=mp =My

<C Y |b= Db, (x)—(D “bl)drd

b,
|z |=m, BMO {|Q| j

1 y
X[@L}“ (x)|r dx}

<CH[ M,jwf)(z);

yr
X]

=L\ Jaf=m

(&)
w

scﬁ(

j=1

b BMO]M,U)(@:

|af=m;

2 Y2
dx)

- - 2 \¥2
-|DB () Db, (x) fl(x)| dx)

) 1/t 1 yr
x)| dx — (] (x)| dx
oo | i)

Db, BMOJMr(f)(X).

(&
N

e ¥ ([ fr (06076 4)00

[ea|=my [erp|=my

s<c ¥

[eag|=my Jeza|=my

2
<c > JI 20 |p
oy~ Jegl-mp -1 ©

H(

j=1

laf=m;

For J;, we write

(), L )

K(x,x=y)f,(y)dy

x=y["

1 ¢ R (Bxy)(x—y)* ar
_Hz ;IRn (2|x 3)/|L K (xx=y)D®b(y) , (y)dy
oq|=my 41 - -

1 . Ry (B5xy)(x-y)® o
_\\Z ?fm 3 Ix )y|L K(x,x=y)Db,(y)f,(y)dy
op|=my &£ = -
) L DOV (k)06 () D6, (1) (1)
|ea|=my Jors |= "‘2061'0(2 |X y| , ! ' R

similar to the proof of I, and by using lemma 4, we get
2 ©
T(IN=CT| 3 10 S il 10

=
& -2n
b, BMO \aﬂzml I;) k.[zk“é\zk@'X - y|

|=m;

+C
|ar]=m;

D(Z

DB, (y)|  (y)|dy
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This completes the proof of Theorem 1.
Proof of Theorem 2. (a) follows from Theorem 1. For (b), Choose 1<r<p
in Theorem 1, we get

I ()], < |M Tb(f))"Lp <c|(T,(f))

<1 2 [os] |

LP

M ()]s

|
<CJ [Z Db BMO]||f||Lp.
o =m;

This finishes the proof.
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