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Abstract

We consider the Pythagoras equation X* +Y? = Z”, and for any solution of
ations. Advances in Pure Mathematics, 13, s 3 _
3570, the type (a,b=2 b, ¢0,C)GN , §22, b odd, (a,b,c)=(£1,0,1)(mod4),
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c>a, ¢>b,and gcd(a,b,c) =1, we then prove the Pythagorician divisors
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(OMOMMY e pcces:

divisors of a and b, such that a=dd" (resp. b=ee"), these divisors are

called: Pythagorician divisors from g, (resp. from b). Let’s put A €{0,1}, de-

c—a

fined by:

E/I(modZ) and S:s—ﬂ,(s—l). Then Je €2N+1 such

that (e,e”):(255,2"5 @j Moreover the map ﬂ:(a,b,c)H(d,E,S) is a
e

bijection. We apply this new tool to obtain a new classification of the primi-
tive, positive and non-trivial solutions of the Pythagoras equations:

a’+b> =c’ via the Pythagorician parameters (d,2,S). We obtain for
(d,e) fixed, the equivalence class of any Pythagorician solution (a,b,c),
checking 7(a,b,c)=(d,e,S), namely: M = ({d} x{e}x N*) . We
also update the solutions of some Diophantine equations of degree 2, already

known, but very important for the resolution of other equations. With this
tool of Pythagorean divisors, we have obtained (in another paper) new recur-

rent methods to solve Fermat’s equation: a*+b* =¢*, other than usual infi-
nite descent method; and to solve congruent numbers problem. We believe
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that this tool can bring new arguments, for Diophantine resolution, of the

general equations of Fermat: a*” +b*” =¢*’ and a” +b” =c”.
MSC2020-Mathematical Sciences Classification System: 11A05-11A51-
11D25-11D41-11D72.
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1. Introduction

A question that many mathematicians have asked themselves since the 17th
century is the following: “Is there a Diophantine method, allowing to solve Fer-
mat’s equation: a” +b” =c”, or a’’ +b’" =c*”, where p is prime”. Very in-
teresting results were obtained by Fermat himself, in the case: a* +5* = ¢*, with
his famous method of the “infinite descent”, by Sophie Germain via his famous
prime numbers, Ernst Kummer and by Guy Terjanian via Diophantine methods
cf. [1] p. 110-123, p. 360, p. 209 and [2], and this, in particular with the assump-
tion that p/abc or not.

But in the end, the proof of Wiles for the general case (1995) (cf. [3]) which is
the culmination of the new methods developed in the 20th century, in particular
those counting the number of integer points of the elliptic curves, has in a way
closed the problem of solving , by non-diophantine means.

The goal of this paper is to prove Theorem 1.1. It’s why, we therefore return
naturally to the basis of this problem, by focusing on the well-known problem of
solving the Pythagoras equation: a’ +b” = c”. This gives us, a new parametriza-
tion for the expression of Pythagorean triples (which is a new tool that we call:
“Pythagorician divisors”).

This new parametrization is very important because it allows to solve many
Diophantine equations: Thus, the results found can be directly applied, to the
case: a'+b*=c* (cf [1] [4]) producing a new demonstration, and in some ex-
tent, to the equation a*” +b*” = c’”, where pis any odd prime number.

From a historical point of view, note that the Pythagorean triples have been
known since ancient Egypt, long before Pythagoras, as evidenced by the prob-
lems of the Berlin papyrus 6619, found in Thebes in 1858 and dated to
1680-1620BC, cf. Clagett M., in [5]. There are also Pythagorean triples in the
Kahun papyrus (1800BC): 6 +8> =10°; 12° +16” = 20", and more surprisingly,

2 2
rational Pythagorean triples, which are: (1 + %j +27 = (2 + %J ;

(33

We will follow the following plan for the article: We first make some remind-
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ers, followed by the definitions of the Pythagorean divisors, as well as the asso-
ciated theorems. We express the Pythagorean triples with these new parameters
in different tables, and we explain an equivalence relation allowing a new classi-
fication of these triples. Finally we apply these methods to the resolution of cer-

tain important equations of degree 2, before concluding.

1.1. Notations-Reminders

Let’s make some reminders:
Reminders 1.1 Va,ceN*, VneN, n>2, we have
n—1 —1-
1) ¢"—a"=(c—a)xT,(c,a), where T,(c,a)= " rat.

k=0
2) gcd(c—a T (c,a))zgcd(n,c—a)

o Thereforeif n=p Iisprime, then gcd(c—a,Tp (c,a)) IS {l,p} .
e In particular gca’(c—at,T2 (c,a)) ef{l,2}.

3) In addition, if’ gcd(a,c)=1, then: gcd(c,Tn (c,a)) =1= gcd(a,Tn (c,a)) )

Convention 1.1 Let (a,b,c) #* (0,0,0) be a solution of the Pythagoras equa-
tion: a’ +b* =c*. We agree for the following, unless otherwise stated, that
(a,b,c) = (il,O,l)(mod4) .

This in no way restricts the expression of the generality of the solutions of said
equation, because (b,a,c) is also a solution called “associated with (a,b,c) 7,
such that (b,a,c)=(0,+1,1)(mod4).

Reminders 1.2 Let (a,b,c)#(0,0,0) bea solution of a*+b* =c*. So:

e (a,b,c) issaidto be a positive solution if a>0, b>0, ¢>0.

° (a,b, c) = (1, 0, 1) is said to be the positive trivial solution.

o (a >0,b=2"h #0,c> O), is said to be a positive non-trivial solution (then
§22, b odd).

o (a,b,c) iscalled a primitive solution if and only it ged (a,b,c)=1.

o et (a,b,c) be a positive primitive solution, then (ita,itb, itc) teN,
form the set of solutions known as generated by (a,b,c).

Proposition 1.1 The set of all the solutions of the Pythagoras equation
a’ +b* =c’, is formed from the solutions generated by all the positive primitive
solutions, and their associates (notice that the null solution belong to).

It is well known cf. [1], [6] or [7] (see also Table 3, at the end of paragraph 1.3),
that:

Proposition 1.2 The set of positive primitive solutions of a’ +b* =c’, is

given by the following set:

{(u2 —v2, 2uv, u? +v2);u,veN,u >v,u+vzl(mod2) and gcd(u,v)zl}.

Note that in this article, we obtain in Corollary 1.2, our new parametrization,
(in [8] there is another parametrization).
1.2. Pythagorician Divisors

We will describe and set the parameters we will need.
Definition 1.1 Let (a,b =2'h # O,c) eN?, §>2, b, odd,

DOI: 10.4236/apm.2023.132003

37 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132003

F. E. Tanoé, P. K. Kimou

(a,b,c)=(%1,0,1)(mod4), ¢>a>0, ¢>b>0, and a,b,c pairwise relativly
prime.

1) We call divisors of such a triplet, coming from a (resp. from b) the unique
couple (d,d") (resp. (e,e”)) defined by

(d,d")= (gcd(a,c—b),%j, note that @ = dd";

(ee”)= (gcd(b,c - a),éj, note that b = ee”.
e

2) When in addition, we suppose that (a,b,c) Is a non-trivial, primitive and
positive Pythagorician triplet, that is to say that. a* +b* = c*, then those just de-
fined divisors are call Pythagorician divisors of such a triplet, coming from a
(resp. From b) and are the unique couples (d,d") (resp. (e,e")):

Definition 1.2 Let, as above, be a triplet: (a,b =2° bl,c) eN?, §22, b, odd
So:

1) ie{O,l} is defined by %Eﬂ(modZ).

. s, if A=0;
2) S eN, is defined by: S:s—ﬂ(s—l): ]
1, otherwise.
0,if A=0;
And note that. S—S:l(s—l): )
s —1,otherwise.

Proposition 1.3 Let as above, a triplet: (a,b = 2“'bl,c). In addition, we sup-
pose that (a,b,c) is a non-trivial, primitive and positive Pythagorician triplet,
that is to say that. a’ +b* =c’. Then:

1) d,d" areoddand gcd(d,d")=1.

L,if 1=0;

2) eis always even and ged (e,e")=2" =
) 7 & ( ) {2, otherwise.

b
Specifically, 3! e=1(mod2) and pgcd (E,j'] =1, such that
e

255 {27, if 1=0;

e = e = .
2e, otherwise;

b if 1=0: Implies that:

er/zzs—Sﬁ: E, ’
e s—1 bl :
2°7 —, otherwise;
e
5= b] :
ged| 2’e,— |=1,if 1=0;
ged (e,e")=2" = ¢

ged (25, 2! @j =2 otherwise.
e

e .
—xe"=ee",if 1=0;

Note that. b, = ) )

e e _
EXZS_I =e Xzs—l >

And that the factors are coprime, given the fact that gcd (e,e")=2".

otherwise.

DOI: 10.4236/apm.2023.132003 38 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132003

F. E. Tanoé, P. K. Kimou

For the proof of this proposition, see the proof of the first case and second
case, of the the following Theorem.

Theorem 1.1 (of Pythagorician divisors). Let (a,b =2 bl,c) eN”?, s>2,
b, oddand A,S as defined in definition 1.1 & 1.2. and proposition 1.3. Denote

by (d,d") and (ee")= (2SE, 278 gj the Pythagorician divisors of (a,b,c).
e

So, there is an equivalence between the following propositions:

2
2 25¢
c—b=d? c—a:%:—( 2);
SN2 g2 2 = .
(i) a +b" =c"; (id) {c+b:d"2’(m) .
c+a=2e" :Z(Z'Y'Sjlj )
e

Proof 1 Let us show that (i) < (ii) <> (iii).

e [t is clear that each system (ii) and (iii) leads to the equality (i) at+b* =%,
o Conversely, let us show that.
a’+b* =’ realized = each one of the systems (ii) and (iii) is solvable.
Note that. a’ +b> =c* = a’ =(c—b)(c+b) and b* =(c—a)(c+a).
Letusput. A, =ged(c—b,c+b) and A, =ged(c—a,c+a).
Consequently (cf. Reminders1.1.):
A, = gcd(c—b,c+b) = gcd(c—b,Tz(c,b) = gcd(Z,c—b) =1
(because c¢—b is odd),
While.
A, =ged(c—a,c+a)=ged(c—a,T,(c,a)=ged(2,c—a)=2
(because c—a Iseven).
o 1Mcase A, =1=c-b=c+b=1(mod2).

a*=(c-b)(c+b)and ) )
But =310,0 62N+1/gcd(5,5):1,
A, =ged(c—b,c+b)=1

c-b=5°
c+b=06"
Lef' s take a look at the quantities d and d" :

Checking: { =a’ = (55")2 =a=00".

—ph = 2.
ged (a,c~b) = ged (55",6°)=5=d :>5"=§=d":>{z+[;_;l”;
_dr,

Hence as announced in the system (ii).

In conclusion the point ii) is checked by (d,d")Z(gcd(a,c—b),%j, the

Pythagorician divisors coming from a, as defined in definition 1.1.; moreover, as
stated in proposition 1.3., we have gcd(d,d")=ged(5,6")=1, as noted in the
proof.
e 2Mcase A, =pged(c—a,c+a)=2.

Then: ¢c—a=c+a=0(mod2).

Thus: b2=(c—a)(c+a):4(cgaj(czaj with gcd(c;a,c;a)=l (cf

Reminders1.1.2)). So we have.
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555 w

We have 2 sub-cases:

a) 1% sub-case: %E 0(mod2) < cra =1(mod2) ie A=0, so in this
case. S=s.
Then A E,&" e N" such that (E,g") = (O,l)(mod 2) and gcd(E,g") =1,
c—a :Ez;
Checking:
cta
=g".
2

2
Hence(1.1)=> (%) = (Eg”)2 = % =Fe"=>b=2E¢".
Consider then the Pythagorician divisors coming from b:e = ged(b,c—a).

Then: e= gcd(2Eg”, 2E’ ) = Z(gcaf(Eg",E2 ) =2E;
e=2F , .. b
From where. Thus, according to definition1.1: ¢"=—=¢",
b=2Ec"=es", e
and Is indeed the second Pythagorician divisors coming from b and associated

with e.

"’

But ee"=2'by=b=3le=1(mod2) and E=ﬁ such that:
e

e=2E=2"¢=2"""g=25¢ since we are in the case where 21=0. (1.2)

Note that E =2"e.

2
e

But then: 1€~ 7; Hence exactly point (iii).

c+a=2e".

In addition:
As ¢"=1(mod2) and b=ee"=2'b,, we deduce that all the points of

Proposition 1.3. are proved, since:
ged(E,e")=1< pgcd(g,e"j =1= gcd(e,e")=1= 20 =2%:
Lef s note that gcd (E, e”) =1 (because gcd(e,e") =1).

This demonstrates point 2) of proposition 1.3. in the case A=0.
c+a

P 2" sub-case. % = 1(m0d2) & = 0(m0d2) ie. A=1, in this case

S=1.
This time in (1.1): 3!(Z,&")=(1,0)(mod2) with ged(€,s")=1, verifying:
c—a .
2 ’ bY =2
C+a_ n2 3(2) _(gg)
-

:S:Eg”:bszl =2¢g".
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b:‘ =25 b:] (remember that s >?2). Note that the points
£ £

We have. &"=2""

of proposition 1.3. are thus demonstrated, if £ =¢ and &"=e¢".

o Let us calculate the Pythagorician divisors coming from b:

e;fgcd(b,c—a) = ged (226",287 ) = 2ged (26",27 ) = 22 = 2%;/255 (1.3)

Then: e = , and from e€"=2ge"=b=&"=¢e" (cf definition1.1).

2
e

So, we have: cTas 2’ hence point (iii), which completes the proof of

2
ct+a=2e".

the theorem.

Note that g =e isoddand e" iseven. However gcd(e,e")=1, hence
ged (e,e") = ged (2e,€") = 2gcd (E,%j =2=2"

Which completes the proof of Proposition 1.3.
|

From which we deduce, the notations remaining the same, the following co-
rollary, and which shows that the usual well-known parameters u, v (cf. Proposi-
tion 1.2.) are in fact intimately linked to the Pythagorician divisors, which is a
remarkable fact in itself, and that the Pythagorician divisors are interdependent.

Corollary 1.1 Suppose that. a’ +b* =c* is realized, with (a,b,c) takenasa
non-trivial, primitive and positive solution. So: the usual well-known parameters
u>veN (cf proposition 1.2), which express the solution
(a,b,c)= (uz -, 2uv,u’ +V ), are unique and are related to the Pythagorician
divisors as follows:

e=2v, d=u-v, . — s
1) s and ; In particular. e =2 v

e"=u d"=u+v.

2) From where we deduce.

= 5 =€”:E+d,
y (1.4)
:uzfz "_d.
2 2
Then:
d=-S+te'=d"—e=—d"+2¢"; e=2(d"-e");
2 And (1.5)

e r=24d
d"=5+e"=d+e=—d+2e". e

3) A=leS=1<u=0(mod2) < v=e=1(mod2) < a=—-1(mod4).
4) 1=0S=s22cu=1(mod2) < v=2""2=0(mod2) < a=1(mod4).

We have the following corollary, still under the same assumptions and nota-

tions as above:
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Corollary 1.2 There is equivalencies between the following propositions:

" 2 " 2
a=dd"=(ﬂj - (d _dj ;
2 2

i) @ +b = G bzz(dn;dj[dﬂz_dj;

[d”+dj2 (d”—djz
c= + .
2 2

(i) b:ee”:2e”(§); (v {P=" +(2%¢)d;

§—\2
c:e"2+(£j2. c:<2 e) +(2Sz)d+d2.
2 2

Proof 2 As soon as Theorem 1.1. is verified, then Corollary 1.1. is trivially ve-
rified, and the same is true for Corollary 1.2., indeed.
- We have (j) < (jj) < (jjj) as consequencies of corollary 1.1.
- Concerning the result. (j) < (vj) We can compare this result to the one
found in [1] p. 7, but ours being an update and more precise, which addi-
tionally includes the correct identification of the odd parameters, and the

value of s, this because we are using Pythagorician divisors and the parameter
2 e{0,1}, defined by % = 2(mod2).

Given that. a=dd" and b=ee", this result is easily demonstrated from the
value of e in proposition 1.3. 2) and the formulas (1.4) of Corollary 1.1. Then, for
that of ¢, we use Theorem 1.1. (ii) or (iii). So from the hereafter formulas:

a=d(d+e)=d* +ed;

be Crd )= ea:
=€ E"L _?Jre ’ It suffices then to replace e=2¢ .

c:a+é:b+af2 :ﬁ+ed+d2.
2 2

Definition 1.3 We now define the following sets:

1) T : The set of non-trivial, primitive and positive Pythagoras solutions of
the type (a,b=2'b,c)=(£1,0,1)(mod4).

2) The set: 2N-+1x 2N+1={(x.y) € (2N+1)" / ged (x,») =1}

It is clear that Card (ZN +1x 2N+1|=+w, because there is an infinity of
pairs of distinct odd prime numbers ie. (p.p'),and p=p'.

Corollary 1.3 T isin bijection with: (ZN +1x 2N+ 1) xN*, as follows:

cop

E:F—>(2N+l X 2N+1)><N*

cop

d= gcd(a,c—b)
“ d(b c—a)
_ _ & 5
b = (d’e’ )(a,b,c) =|1e= 2S
¢ S
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where S=s—-1 (s - 1), with s=v, (b) and A defined in Definition 1.2;

Whose reciprocal bijection is:

ﬂ":(2N+1x2N+1)xN*—>T_+

cop

a=d’+(2°2)d
d »z)
? H(a,b,c)(d,gqs): b=( 2e) +(2SE)d
S—\2
c=(2 e) +(255)d+d2

Remark 1.1 When (a,b,c) = (uz -, 2uv,u? +v2) EF , then
c—a
2
Recall that: 2uv=2'b with b =1(mod2) , but then S=s-A(s-1),

d=u-v and e=2"%v (cf corollary1.1. 1). As a result, we also have.

=v* =A(mod2), thus A is none other than, the parity indicator of v.

ﬂ:F—)(ZN+1X2N+1)XN*

cop
' —v* d=u-v
2uv H(d,E,S)(a’b’c) =|le=2"%y
u’ +v* S=s-A(s-1)

Proof 3 1) Firstly, 7 is well defined, because:

ged(d,e)=1,and S eN". Let's remind that (cf. corollary1.1.):
S=s—/1(s—l)=l©l:1 and S:s—l(s—l):s22<:>/1=0.

2) 7 is indeed surjective, because. ¥ (d,e,S)e (2N+1 x 2N+1)><N* , its

cop

antecedent by 7w Is.

s\2 s—\2
a=d’+(2°2)d.b= 2 ;) +(2°¢)d.c= ’ ;) +(2°e)d+d® | which
indeed belongs to T,
Since:
- a’+b*=c’ and (a,b,c)#(1,0,1) is primitive and positive, therefore
(a,b,c) € F

We distinguish the cases. S=1 and S=s>2. That is to say (d,e,1) and
(d,e,S=s>2). Denote by v,(x) the2-adic valuation of the integer x. Then:

e Forcase S=1:

=t =1(med2) = 2=1;
B v2(2(52+éd)) b ey 52 1 5d))b = b —1(mo )
b=2 { vz(z(E2+Ed)) J 2 (2( * d))’b] 2v2(2(52+5d)) 1( d2),

gcd(a,c—b)zgcd(d(d+2z),d2)=d;

ged (b,c—a) gcd(2€(€+d),2§x?)
2% B 2

=e.
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e Andin the second case S=s>2:

c—a

2
b=2"2(2'e+d)=s=Sand b =

= 22(5—1)52 = O(modz) = 1=0;
b
2%e
ged (a,c—b) = gcd(d(d +25),d2) —d:
ged (b,c —a) ng(2SEx(2S’IE+d),255X (2&1?))
2S - 2S

=1(mod2);

=e.

So in all cases: ﬂ(a,b = 2‘Ybl,c) =(d,e,S)= r is surjective. o
3) Elsewhere, m is also injective, because if (a,,b,c,), (a,,b,,c,)eT"
and that 7(a,,b,c,)=7(a,,by,c,), then:
- d,=gcd(a,,¢,—b)=gcd(ay,c,—b,)=d, = d, =d,.
- Si=s5-A(s-1)=s5,-A4(s,-1)=S, and
- ged (b, e, —a,) _ ged (by,c, —ay)
1 25 2%

—_ St S, —
— — — 2 —
=e,=>e =2 ¢g=2"¢ =¢,

But then:
a,=d,(d, +e]):d2(d2 +e2):a2;

(d,=d,ande =e,)={b =¢ (%+dlj =e, (%2+d2j =b,; (cf corollary 1.2.
¢, =b+d} =b,+d; =c,.

")

Hence (a,,b,c;)=(a,,b,,c,)= 7 is injective.

Ultimately 7 1is bijective as stated.

We will retain the following proposition, (which is the counterpart of propo-

sition 1.2.), the notations being unchanged:

Proposition 1.4

s=\? s=)?
T = d2+(2sz)d,@+(2Sz)d,@+(2sz)d+d2 /

(d,e)e2N+1x2N+land SeN" .

cop
The proof comes directly from the bijectivity of 7~'.

1.3. Pythagorician Classes of Pythagoras Solutions and Tables
Let us keep the notations of the previous corollaries and propositions, then:

F:{(a,b,c)(d”),such that (d,e)€2N+1 x 2N+1and S GN*}.
e, cop

This makes it possible to define the following concepts:
Definition 1.4 1) Let (a,b,c)eT" , we call Pythagorician parameters asso-

ciated with (a,b,c), the elements forming the unique triplet

(d,e,S)e (2N+1 x 2N+1)><N*, such that:

cop
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cd (b,c—a
d = ged(a,c-b), Ez% where S=s-A(s—1).
It is clear that the Pythagorician parameters of (a,b,c)( 0.2.5) are worth

(d,e,s).
2) When (d,e)e2N+1x 2N+1 s fixed, we call Pythagorician class cross-
cop
ing through the solution (a,b, c)( z0)’ the set noted.

(a,b,c)(d,g’l) = {(a,b,c)(d’as) /S e N*} .

1t is clear that classes of 2 different solutions are pairwise disjoint, hence.

(a,b,c)(d1 _ m(a,b,c)(d2 o) = @, V(d.g)#(d,,e,)€2N+1x2N+1; and
5€1» €25 cop
that.
T = U (a,b,c)(dﬂ) , where
(a,b,c)(d’al)e(fl o

C= {(a,b,c)(d’al) /(d,e)e2N+1x 2N+1} .

cop
3) We define an equivalence relation on F , noted % , as follows.
We say that (al,b1 =21 b1,1»¢1)’ (az,b2 =27 blqz,cz)e T" are P -equivalent

in F,and we note.
(a,,b,,cl) (a,,b,,¢,) = 3(d,e) e 2N+1x 2N+1/(a,,b,,c,;) and

cop
(a,,b,,¢,) €(a,b, c)

gcd a,c ged (a,,c, —b
[gcd(al,cl—bl), 21511 j (gcd a,,¢c,—b ),%], where:
A

Vie{l,2},4 €{0, 1}/

s, =v,(b,). L
- The equivalence class (a,b,c) containing the element (a,b = 2Sb1,c) el
is called the Pythagorician class of the solution (a,b,c), and if
(a,b,c)e (a,b,c)(d’al) , we get:

(ab.c)=(abc), ., =" ({d}x{e}xN')
=z ({gcd(a,c—b)}x{W}xN*J.

This unique element: (a,b,c)( 420)° is called the canonical exceptional repre-

2 = (mod2) and Sl.:sl.—ii(sl.—l) where

sentative of the class (a,b, c) .

3) We note: (a,b,c) :{(a,b,c)(dgs) /ISSSE}. This is the class of

(d.z1),,
(a,b,c)(d’al) truncated in ¢ .
1.3.1. Equivalent Expression, for the Equivalence Relation % with

Respect to the Parameterization (u2 —v2uv,u’ + v2)

Let (u2 =2 2uv,u® +v* ) eT" . We then ask ourselves the question of knowing
under what conditions a Pythagorician triplet (ulz v, 2uv,ul +v; ) is P-
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equivalent (in 7" ), to the chosen one?

Recall that if (d,e,S),(d,.q,S,)e (2N +1x 2N+1)>< N* are respectively, the
cop

Pythagorician parameters associated with the Pythagorician triplets
(u2 v, 2uv,u’ +v2) and (ulz v, 2u v, u) +v12), then:
d=u-v; d =u —v;
_ .5 and <_ s »and thus we get:
e=2"v. e =2""v.
Proposition 1.5 Let (uz v, 2uv,u’ +v2),(u12 =, 2uv,,ul +v12) eT", two

Pythagorician triplets, and = be the relation of P -equivalence in T* . Then,

there is an equivalence between the following 2 propositions:

2 2 2 2\ ~ 2 2 2 2
1) (u1 =V, 2uv,uy v, )%(u =V, 2uv,u” +v )

u :u+(25"s —l)v; u 1 255 _1\u
2) 1 PN 1 —
v, = 2575y, V| 0 2%° %

Remark 1.2 1) Note that necessarily when the equivalence takes place, then
simultaneously. v, =2%"*v and v=2°"y eN".

2) Lef's remark that we can replace in an equivalent way, the first proposition
of (ii) by:

{ul =u +(2k —l)v;
dk e Z such that
v, =2,

Note that for such a k, we have 2°v and 27" v, e N, and in case that v is
odd, then necessarily k= 0.

(resp. the second proposition of (ii) by: 3k € Z. such that

w) (1 2°-1 “),
VI_O 2¢ v)"
1 2¢-1

3) Denote by M, ={[0 o j, keZ}, then (./\/lp,x) Is a commutative

group.
This relation is indeed an equivalence relation because

12551\ (1 25
= ,and
0 25 0 25
1 2% 1)1 2% -1 1 2% 1
o 295 Jlo 25% JTlo 2% )

» Suppose that u = O(mod2) then S=1and v= 1(m0d2).

If u,=0(mod2)=2%"-1=0(mod2)= S =1;butthen (u,v,)=(u,v).

So in an equivalence class of a Pythagorician triplet, which contains a Pytha-
gorician triplet (u2 -, 2uv,u’ +v2), with u even then it’s the only triplet to
have this property, ie. all (ul2 v, 2u v, ul +v] ) which are equivalent to it, are
such that u, = 1(mod2). We can therefore choose (u2 =2, 2uv,u’ +v2) as an
canonical exceptional representative element of its class.
> Now suppose that u=1(mod2) then §>2 and v=0(mod2). We note
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that v=2%"¢.
Consider now the element (ulz —v,2u v, Ul V] ) belonging to the class of
u = u+<2l’s —l)v

1 , then
=25y

(u2 -, 2uv,u’ + v2) , and defined by:

1

(12 +37) (12 —+?)
2
u, =0(mod2), and it is the only Pythagorician triplet having this property, in

v, =¢=1(mod2), and =e’ =1(mod2)= 4 =1, hence

the class of (u2 -, 2uv,u’ + vz) , it’s why, we can therefore choose it as the ca-
nonical exceptional representative for this class.

We have just shown the following proposition:

Proposition 1.6 Let _(_ulz v, 2u,,ul +v} )EF, then there exists a single
(u2 -, 2uv,u’ +v2)e T* such that u=0(mod2), and

2 2 2 2 2 2 2 2
(”1 =V, 2, uy )e(u =V, 2uv,u” +v )

u=u +(2S171 —l)v;
So then:
v =25,

And as a result.

(uz -2, 2uv,u’ +v2):{(u12 —vi,2u,v,u; +v,2)/{u1 :u+(2SH _I)V;,S1 eN*} )

v =25y,
and those classes form a partition of F , when u,veN", u= O(mod 2) ,
u+vs= 1(mod2) , gcd(u,v) =1.
Definition 1.5 1) For simplicity one can also note:
(u,v)= (u2 =2, 2uv, u’ + vz)

2) When u=0(mod 2) , one notes:

(u,v),, = {(u +(2S1" —I)V,ZS"] v) where S, < f} ,
it is the class of (u2 -, 2uv,u’ + v2) truncatedin ¢ .

1.3.2. Paradoxical Rarefaction of Pythagorician Triplets
(u2 —v:2uv,u’ + vz) Such That u=0(mod 2) ie.

Whose Adjacent Side Is =—1(mod 4).

We get the following proposals: o

Proposition 1.7 Let (a,b =2'h ,c) eT", lets recall cf corollary 1.1. that
S=s-A(s-1)=leA1=1.

1) The Complete set of representatives (called canonical complete set of rep-

resentatives) of F/%: Namely C, ={(a,b,c)eF//1=1}, is the set of

non-trivial Pythagorician solutions, positive, primitive “said evens (with reference

to u even)”, which correspond to the Pythagorician solutions of T* whose adja-
cent side is =—1(mod4).

2) Card(C)= Card(2N +1x 2N+ 1) =400, (because there is an infinity of
cop

prime numbers), However for (d,?) fixed, the element (a,b,c)(dﬂ) is the
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unique element of C, (ie. even), which is present in (a,b,c)(dﬂ) . Thus:

although they are in infinite number, we deduce that there is a relative rarefac-
tion of the solutions (a,b,c) €, (ie even ones), compared to those & C,, that

is to say the set of “odd’ solutions (a,b,c), whose cardinality is equal to:

Card((2N+1 x 2N+1)><(N* \{1})) = Card (C,)x Card (N"\{1}), which is much

cop

greater than Card (C,).

Remark 1.3 So, in any class (a,b,c)( 02.5) there is exactly one element such

as u=0(mod2), ie whose adjacent side is =-1(mod4) . This one is

(a.b.c), ., =(d* +2ed, 22" +2ed,2e" +2ed +d* ), and then

del)
u=e+d= 0(m0d2), where d = gcd(a,c—b), and e= gcd(b,c—a) .
And there are on the other hand in this same class. Card (N* \{1}) other
elements, all having u=1(mod2), they are:

25e

s—\2 2
(@.5,¢) 0s) = d2+(255)d,@+(255)d, %+(255)d+d2 where
§>2, them: u=2""g+d=1(mod2).

o It is difficult to observe this phenomenon, because if we fix a bound for the
hypothenuse, and we use the parameterization in (u,v) the even and odd u
will alternate, and in the end, after counting, there will be no significant dif-
ference (thus, Table 2 gives 121 quantities z which are even, and 118 quanti-
ties u which are odd). We get the same conclusion likewise if we use the pa-
rametrization (d ,e,8 ) of Table 3, because given the fixed bound, the ex-
ponentiation 2°, will be quickly out of control, and it will appear very
quickly only § =1, thus in Table 3 (which is a double entry one) we find the
same conclusion, that is:121 triplets for which S =1, and 118 other triplets
for which §>2.

e For draw the below curve (cf. Figure 1), we consider the average of the car-
dinalities of the classes, taken per block of 5 classes, that is to say that we
make the average obtained by taking the ratio of the cardinality of the i-th

block of consecutive 5 classes (of type (u,v)) by 5, this corresponds to the

Card (l)

application: i ). The curve above reveals a hyperbolic behavior

of the representatives of the classes. Where data were obtained from Table
3. The curve shows the average positioning of the classes, when ¢ <1500,
most of the classes do not open, strictly speaking, but reveal their canonical
complete set of representatives who is then isolated, and it’s why the curve
tends towards the value 1.

As sample data:

Card (1) 22
1* block ={(2,1),(4,1),(4,3),(6,1),(6,5)} and ars()z?:4.4;
Card(5) 14
5" block ={(14,9),(14,11),(14,13),(16,1),(16,3)} and arT():?:z.s;
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Card (22
22% block ={(34,3),(34,5),(34,7),(34,9),(34.11)| and WT():g:

1.2.
(The classes (u,v) cf. Definition 1.5., are easy to get from Table 3. The val-

ues use to draw the curve (with Excel software) are:

i" block 1 2 34 5 6 7 8 9 10 11 12 13 14 15
Card(i)
5

44 38 3 3 28 2 26 24 14 26 1 2 2 14 1

i"block 16 17 18 19 20 21 22 23 24 25

Card (i
Card(D) 5 | 16 16 12 14 12 12 1 1

451
44
354+
34
24
14
05+
o+———t+—+—t+—+—+—+—+—t+—+—+—+—+—+—+—+—+—+—+—+—+——+—+—+>
0123 4567891011 1213141516171819 202122232425 2627

"5 - Block

Figure 1. Rarefaction of certain Pythagorician triples.

Now, we get Tables 1-3 hereafter, by using the formal calculus software:
Maple.
e In Table 1, we consider the truncated classes (u,_v) @ when u,veN",
1<v<u<l10, u EO(modZ), u+vzl(mod2), gcd(u,v)zl and ¢<15.
This classification shows as announced, the rarity of right-angled triangles,
positive non-trivial primitives, with adjacent side congruent to —1(mod4). In
fact there are 13 pairs (u,v) canonical representatives, 7e. with even u, and 182

pairs (u,v) with odd u.

Table 1. Truncated classes (u,v) uveN,0<v<u<l0.

<’

(21) (&) (43 (61) (65 (&) (83) (85 (87) (101) (10,3) (10,7) (10,9

(2,1) (4, 1) (4,3) 6,1) (6,5) 8,1) (8,3) (8,5) 8,7) (10,1) (10,3) (10,7) (10,9)

3,2 (5,2 7,6  (7,2) (11,100 (9,2 (11,6) (13,10) (15 14) (11,2) (13,6) (17,14) (19,18)

DOI: 10.4236/apm.2023.132003 49 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132003

F. E. Tanoé, P. K. Kimou

Continued

(5,4) (7,4) (13,12) (9,4) (21,20) (11,4) (17,12) (23,20) (29,28) (13,4) (19,12) (31,28) (37,36)

(9,8) (11,8 (25,24) (13,8) (41,40) (15,8) (29,24) (43,40) (57,56) (17,8) (31,24) (59,56) (73,72)

(17,16) (19,16) (49,48) (21,16) (81,80) (23,16) (53,48) (83, 80) (113, (25,16) (55, 48) (115, (145,

112) 112) 144)
(37, (161, (39, (101, (163, (225, (227, (289,
33,32) (35,32) (97,96 41,32) (103,96
( ) ) ) 32) 160) 32) 96) 160) 224) ( ) ( ) 224) 288)
193, 69, 321, 71, 197, 323, 449, 199, 451, 577,
(65, 64) (67, 64) ( ( ( ( ( ( ( (73, 64) ( ( (
192) 64) 320) 64) 192) 320) 448) 192) 448) 576)

(129, (131, (385, (133, (641, (135, (389, (643, (897, (137, (391, (899, (1153,
128) 128) 384) 128) 640) 128) 384) 640) 896) 128) 384) 896)  1152)

(257, (259, (769, (261, (1281, (263, (773, (1283, (1793, (265, (775, (1795, (2305,
256) 256) 768) 256) 1280) 256) 768) 1280) 1792) 256) 768) 1792) 2304)

(513, (515, (1537, (517, (2561, (519, (1541, (2563, (3585, (521, (1543, (3587, (4609,
512) 512)  1536)  512)  2560)  512)  1536)  2560)  3584)  512)  1536)  3584)  4608)

(1025, (1027, (3073, (1029, (5121, (1031, (3077, (5123, (7169, (1033, (3079, (7171, (9217,
1024)  1024)  3072)  1024)  5120) 1024)  3072)  5120) 7168)  1024)  3072)  7168)  9216)

(2049, (2051, (6145, (2053, (10,241, (2055, (6149, (10,243, (14,337, (2057, (6151, (14,339, (18,433,
2048)  2048)  6144)  2048) 10,240) 2048)  6144) 10,240) 14,336) 2048)  6144) 14,336) 18,432)

(4097, (4099, (12,289, (4101, (20,481, (4103, (12,293, (20,483, (28,673, (4105, (12,295, (28,675, (36,865,
4096)  4096) 12,288) 4096)  20,480) 4096) 12,288) 20,480) 28,672) 4096) 12,288) 28,672) 36,864)

(8193, (8195, (24,577, (8197, (40,961, (8199, (24,581, (40,963, (57,345, (8201, (24,583, (57,347, (73,729,
8192)  8192) 24,576) 8192) 40,960) 8192) 24,576) 40,960) 57,344) 8192) 24,576) 57,344) 73,728)

(16,385, (16,387, (49,153, (16,389, (81,921, (16,391, (49,157, (81,923, (114,689, (16,393, (49,159, (114,691, (147,457,
16,384) 16,384) 49,152) 16,384) 81,920) 16,384) 49,152) 81,920) 114,688) 16,384) 49,152) 114,688) 147,456)

e In this second table, which is double entry: We give the positive non-trivial
primitive Pythagorician triplets (a,b,c) = (u2 =, 2uv,u’ +V* ) , where
u>v; u+v=1(mod2) and ged(u,v)=1;

as well as the corresponding Pythagorician parameters

(d,E,S)e(ZN—i—l X 2N+1)><N*.

cop

Table 2. Table of positive primitive Pythagorician triplets of type (a,b,c) with

c <1500.
N° u v a b c A s d e S N
1 2 1 3 4 5 1 2 1 1 1 1
2 3 2 5 12 13 0 2 1 1 2 2
3 4 1 15 8 17 1 3 3 1 1 27
4 4 3 7 24 25 1 3 1 3 1 6
5 5 2 21 20 29 0 2 3 1 2 28
6 5 4 9 40 41 0 3 1 1 3 3
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44

37

12

35

10

61

60

11

45

53

28

45

29

65

56

33

10

85

84

13

11

64

65

16

63

12

49

73

48

55

13

32

89

80

39

14

13

112 113

15

15

65

85

36

77

16

46

97

72

65

17

144 145

17

18

84

101

20

99

10

19

69

109

60

91

10

20

35

140 149

51

10

21

15

180 181

19

10

22

85

44 125

117

11

23

66

88 137

105

11

24

50

132 157

85

11

25

30

176 185

57

11

26

11

11 10 21 220 221

27

99

11

24 145

143

12

28

72

120 169

119

12

29

53

168 193

95

12

30

17

11

23 264 265

11

12

31

100

52 173

165

13

32

86

104 185

153

13

33

70

156 205

133

13

34

47

208 233

105

13

35

33

13 10 69 260 269

36

13 12 25 312 313

37

119

13

28 197

195

14

38

104

11

84 205

187

14

39

89

140 221

171

14

40

55

252 277

115

14

41

37

11

75 308 317

11

14

42

19

13

13 27 364 365

14

43
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Continued
44 15 2 221 60 229 0 2 13 1 2 120
45 15 4 209 120 241 0 3 11 1 3 101
46 15 8 161 240 289 0 4 7 1 4 67
47 15 14 29 420 421 0 2 1 7 2 14
48 16 1 255 32 257 1 5 15 1 1 138

49 16 3 247 96 265 1 5 13 3 1 124
50 16 5 231 160 281 1 5 11 5 1 107
51 16 7 207 224 305 1 5 9 7 1 92
52 16 9 175 288 337 1 5 7 9 1 75
53 16 11 135 352 377 1 5 5 11 1 57
54 16 13 87 416 425 1 5 3 13 1 39

55 16 15 31 480 481 1 5 1 15 1 21

56 17 2 285 68 293 0 2 15 1 2 139
57 17 4 273 136 305 0 3 13 1 3 121
58 17 6 253 204 325 0 2 11 3 2 105
59 17 8 225 272 353 0 4 9 1 4 87
60 17 10 189 340 389 0 2 7 5 2 73
61 17 12 145 408 433 0 3 5 3 3 51

62 17 14 93 476 485 0 2 3 7 2 36
63 17 16 33 544 545 0 5 1 1 5 5

64 18 1 323 36 325 1 2 17 1 1 148
65 18 5 299 180 349 1 2 13 5 1 127
66 18 7 275 252 373 1 2 11 7 1 110
67 18 11 203 396 445 1 2 7 11 1 77

68 18 13 155 468 493 1 2 5 13 1 59

69 18 17 35 612 613 1 2 1 17 1 22
70 19 2 357 76 365 0 2 17 1 2 149
71 19 4 345 152 377 0 3 15 1 3 140
72 19 6 325 228 397 0 2 13 3 2 125
73 19 8 297 304 425 0 4 11 1 4 102
74 19 10 261 380 461 0 2 9 5 2 90
75 19 12 217 456 505 0 3 7 3 3 71

76 19 14 165 532 557

77 19 16 105 608 617 31

(=N - =]
(9]
W
—
(9]

W W N

78 19 18 37 684 685
79 20 1 399 40 401 1 19 1 1 164

80 20 3 391 120 409 1 17 3 1 153
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Continued
81 20 7 351 280 449 1 3 13 7 1 130
82 20 9 319 360 481 1 3 11 9 1 112
83 20 11 279 440 521 1 3 9 11 1 94
84 20 13 231 520 569 1 3 7 13 1 79
85 20 17 111 680 689 1 3 3 17 1 40
86 20 19 39 760 761 1 3 1 19 1 23
87 21 2 437 84 445 0 2 19 1 2 165
88 21 4 425 168 457 0 3 17 1 3 150
89 21 8 377 336 505 0 4 13 1 4 122
90 21 10 341 420 541 0 2 11 5 2 108
91 21 16 185 672 697 0 5 5 1 5 48
92 21 20 41 840 841 0 3 1 5 3 12
93 22 1 483 44 485 1 2 21 1 1 180
94 22 3 475 132 493 1 2 19 3 1 169
95 22 5 459 220 509 1 2 17 5 1 156
96 22 7 435 308 533 1 2 15 7 1 143
97 22 9 403 396 565 1 2 13 9 1 132
98 22 13 315 572 653 1 2 9 13 1 96
99 22 15 259 660 709 1 2 7 15 1 80
100 22 17 195 748 773 1 2 5 17 1 60
101 22 19 123 836 845 1 2 3 19 1 41
102 22 21 43 924 925 1 2 1 21 1 24
103 23 2 525 92 533 0 2 21 1 2 181
104 23 4 513 184 545 0 3 19 1 3 166
105 23 6 493 276 565 0 2 17 3 2 154
106 23 8 465 368 593 0 4 15 1 4 141
107 23 10 429 460 629 0 2 13 5 2 128
108 23 12 385 552 673 0 3 11 3 3 106
109 23 14 333 644 725 0 2 9 7 2 93

110 23 16 273 736 785 0 5 7 1 5 68

111 23 18 205 828 853

112 23 20 129 920 929 34

(= = =]
w
w
(53]
w

N N N

113 23 22 45 1012 1013
114 24 1 575 48 577 1 23 1 1 188
115 24 5 551 240 601 1 19 5 1 172
116 24 7 527 336 625 1 17 7 1 158

117 24 11 455 528 697 1 13 11 1 134
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Continued

118 24 13 407 624 745 1 4 11 13 1 114
119 24 17 287 816 865 1 4 7 17 1 81
120 24 19 215 912 937 1 4 5 19 1 61
121 24 23 47 1104 1105 1 4 1 23 1 25
122 25 2 621 100 629 0 2 23 1 2 189
123 25 4 609 200 641 0 3 21 1 3 182
124 25 6 589 300 661 0 2 19 3 2 170
125 25 8 561 400 689 0 4 17 1 4 151
126 25 12 481 600 769 0 3 13 3 3 126
127 25 14 429 700 821 0 2 11 7 2 111
128 25 16 369 800 881 0 5 9 1 5 88
129 25 18 301 900 949 0 2 7 9 2 76
130 25 22 141 1100 1109 0 2 3 11 2 38
131 25 24 49 1200 1201 0 4 1 3 4 9

132 26 1 675 52 677 1 2 25 1 1 201
133 26 3 667 156 685 1 2 23 3 1 192
134 26 5 651 260 701 1 2 21 5 1 184
135 26 7 627 364 725 1 2 19 7 1 174
136 26 9 595 468 757 1 2 17 9 1 160
137 26 11 555 572 797 1 2 15 11 1 145
138 26 15 451 780 901 1 2 11 15 1 115
139 26 17 387 884 965 1 2 9 17 1 97
140 26 19 315 988 1037 1 2 7 19 1 82
141 26 21 235 1092 1117 1 2 5 21 1 62
142 26 23 147 1196 1205 1 2 3 23 1 42

143 26 25 51 1300 1301 1 2 1 25 1 26
144 27 2 725 108 733 202
145 27 4 713 216 745 190
146 27 8 665 432 793

17 5

2
3

19 1 4 167
2 157
2

NN

148 27 14 533 756 925 13 7

0
0
0

147 27 10 629 540 829 0
0 131
0

149 27 16 473 864 985 5 11 1 5 103

150 27 20 329 1080 1129 0

(O]
N
3]
[SS)

74
151 27 22 245 1188 1213 0
152 27 26 53 1404 1405 0

153 28 1 783 56 785 1 27 1 1 210

(SRR S )

154 28 3 775 168 793 1 25 3 1 205

DOI: 10.4236/apm.2023.132003 54 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132003

F. E. Tanoé, P. K. Kimou

Continued

155 28 5 759 280 809 1 3 23 5 1 195
156 28 9 703 504 865 1 3 19 9 1 176
157 28 11 663 616 905 1 3 17 11 1 161
158 28 13 615 728 953 1 3 15 13 1 146
159 28 15 559 840 1009 1 3 13 15 1 135
160 28 17 495 952 1073 1 3 11 17 1 116
161 28 19 423 1064 1145 1 3 9 19 1 98

162 28 23 255 1288 1313 1 3 5 23 1 63

163 28 25 159 1400 1409 1 3 3 25 1 43

164 29 2 837 116 845 0 2 27 1 2 211
165 29 4 825 232 857 0 3 25 1 3 203
166 29 6 805 348 877 0 2 23 3 2 193
167 29 8 777 464 905 0 4 21 1 4 183
168 29 10 741 580 941 0 2 19 5 2 173
169 29 12 697 696 985 0 3 17 3 3 155
170 29 14 645 812 1037 0 2 15 7 2 144
171 29 16 585 928 1097 0 5 13 1 5 123
172 29 18 517 1044 1165 0 2 11 9 2 113
173 29 20 441 1160 1241 0 3 9 5 3 91

174 29 22 357 1276 1325 0 2 7 11 2 78

175 29 24 265 1392 1417 0 4 5 3 4 52

176 30 1 899 60 901 1 2 29 1 1 217
177 30 7 851 420 949 1 2 23 7 1 197
178 30 11 779 660 1021 1 2 19 11 1 177
179 30 13 731 780 1069 1 2 17 13 1 162
180 30 17 611 1020 1189 1 2 13 17 1 136
181 30 19 539 1140 1261 1 2 11 19 1 117
182 30 23 371 1380 1429 1 2 7 23 1 83

183 31 2 957 124 965 0 2 29 1 2 218

184 31 4 945 248 977 0 3 27 1 3 212
185 31 6 925 372 997 0 2 25 3 2 206
186 31 8 897 496 1025 0 4 23 1 4 191
187 31 10 861 620 1061 0 2 21 5 2 185
188 31 12 817 744 1105 0 3 19 3 3 171
189 31 14 765 868 1157 0 2 17 7 2 159
190 31 16 705 992 1217 0 5 15 1 5 142

191 31 18 637 1116 1285 0 2 13 9 2 133
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192 31 20 561 1240 1361 0 3 11 5 3 109
193 31 22 477 1364 1445 0 2 9 11 2 95
194 32 1 1023 64 1025 1 6 31 1 1 225
195 32 3 1015 192 1033 1 6 29 3 1 221
196 32 5 999 320 1049 1 6 27 5 1 214
197 32 7 975 448 1073 1 6 25 7 1 207
198 32 9 943 576 1105 1 6 23 9 1 198
199 32 11 903 704 1145 1 6 21 11 1 186
200 32 13 855 832 1193 1 6 19 13 1 178
201 32 15 799 960 1249 1 6 17 15 1 163
202 32 17 735 1088 1313 1 6 15 17 1 147
203 32 19 663 1216 1385 1 6 13 19 1 137
204 32 21 583 1344 1465 1 6 11 21 1 118
205 33 2 1085 132 1093 0 2 31 1 2 226
206 33 4 1073 264 1105 0 3 29 1 3 219
207 33 8 1025 528 1153 0 4 25 1 4 204
208 33 10 989 660 1189 0 2 23 5 2 196
209 33 14 893 924 1285 0 2 19 7 2 175
210 33 16 833 1056 1345 0 5 17 1 5 152
211 33 20 689 1320 1489 0 3 13 5 3 129
212 34 1 1155 68 1157 1 2 33 1 1 232
213 34 3 1147 204 1165 1 2 31 3 1 228
214 34 5 1131 340 1181 1 2 29 5 1 223
215 34 7 1107 476 1205 1 2 27 7 1 216
216 34 9 1075 612 1237 1 2 25 9 1 208
217 34 11 1035 748 1277 1 2 23 11 1 199
218 34 13 987 884 1325 1 2 21 13 1 187
219 34 15 931 1020 1381 1 2 19 15 1 179
220 35 2 1221 140 1229 0 2 33 1 2 233
221 35 4 1209 280 1241 0 3 31 1 3 227
222 35 6 1189 420 1261 0 2 29 3 2 222
223 35 8 1161 560 1289 0 4 27 1 4 213

224 35 12 1081 840 1369 0 3 23 3 3 194
225 35 16 969 1120 1481 0 5 19 1 5 168
226 36 1 1295 72 1297 1 3 35 1 1 236
227 36 5 1271 360 1321 1 3 31 5 1 230
228 36 7 1247 504 1345 1 3 29 7 1 224
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229 36 11 1175 792 1417 1 3 25 11 1 209
230 36 13 1127 936 1465 1 3 23 13 1 200
231 37 2 1365 148 1373 0 2 35 1 2 237
232 37 4 1353 296 1385 0 3 33 1 3 234
233 37 6 1333 444 1405 0 2 31 3 2 229
234 37 8 1305 592 1433 0 4 29 1 4 220
235 37 10 1269 740 1469 0 2 27 5 2 215
236 38 1 1443 76 1445 1 2 37 1 1 239
237 38 3 1435 228 1453 1 2 35 3 1 238
238 38 5 1419 380 1469 1 2 33 5 1 235
239 38 7 1395 532 1493 1 2 31 7 1 231

In Table 3, which is double entry too: This one gives the positive non-trivial
primitive Pythagorician triplets:
S —

5—\2 2
(a,b,c) = dz+(2sa)d,@4255)51,@4255)01%12 , where

(d,E,S) € (2N+1 X 2N+1)><N*, note that:

cop
, b=2"h and S=s-A(s-1), with

c—a

2ef0,1y/

=A(mod?2).

We give as well the corresponding usual Pythagorician parameters: u>v;
u+v=1(mod2) and ged(u,v)=1;suchthat a= u?—v?; b=2uv;

c=u2+v2.

Table 3. Table of positive primitive Pythagorician triplets of type (a,b,c) with

c<1500.

N° d e S a b c A s u v N°
1 1 1 1 3 4 5 1 2 2 1 1
2 1 1 2 5 12 13 0 2 3 2 2
3 1 1 3 9 40 41 0 3 5 4 6
4 1 1 4 17 144 145 0 4 9 8 18
5 1 1 5 33 544 545 0 5 17 16 63
6 1 3 1 7 24 25 1 3 4 3 4
7 1 3 2 13 84 85 0 2 7 6 11
8 1 3 3 25 312 313 0 3 13 12 37
9 1 3 4 49 1200 1201 0 4 25 24 131
10 1 5 1 11 60 61 1 2 6 5 8
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11 1 5 2 21 220 221 0 2 11 10 27
12 1 5 3 41 840 841 0 3 21 20 92

13 1 7 1 15 112 113 1 4 8 7 15
14 1 7 2 29 420 421 0 2 15 14 47
15 1 9 1 19 180 181 1 2 10 9 22
16 1 9 2 37 684 685 0 2 19 18 78
17 1 11 1 23 264 265 1 3 12 11 31
18 1 11 2 45 1012 1013 0 2 23 22 113
19 1 13 1 27 364 365 1 2 14 13 43
20 1 13 2 53 1404 1405 0 2 27 26 152
21 1 15 1 31 480 481 1 5 16 15 55
22 1 17 1 35 612 613 1 2 18 17 69
23 1 19 1 39 760 761 1 3 20 19 86
24 1 21 1 43 924 925 1 2 22 21 102
25 1 23 1 47 1104 1105 1 4 24 23 121
26 1 25 1 51 1300 1301 1 2 26 25 143
27 3 1 1 15 8 17 1 3 4 1 3

28 3 1 2 21 20 29 0 2 5 2 5

29 3 1 3 33 56 65 0 3 7 4 10
30 3 1 4 57 176 185 0 4 11 8 26
31 3 1 5 105 608 617 0 5 19 16 77
32 3 5 1 39 80 89 1 4 8 5 14
33 3 5 2 69 260 269 0 2 13 10 36
34 3 5 3 129 920 929 0 3 23 20 112
35 3 7 1 51 140 149 1 2 10 7 21
36 3 7 2 93 476 485 0 2 17 14 62
37 3 11 1 75 308 317 1 2 14 11 42
38 3 11 2 141 1100 1109 0 2 25 22 130
39 3 13 1 87 416 425 1 5 16 13 54
40 3 17 1 111 680 689 1 3 20 17 85
41 3 19 1 123 836 845 1 2 22 19 101
42 3 23 1 147 1196 1205 1 2 26 23 142
43 3 25 1 159 1400 1409 1 3 28 25 163
44 5 1 1 35 12 37 1 2 6 1 7

45 5 1 2 45 28 53 0 2 7 2 9

46 5 1 3 65 72 97 0 3 9 4 17
47 5 1 4 105 208 233 0 4 13 8 35
48 5 1 5 185 672 697 0 5 21 16 91
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49 5 3 1 55 48 73 1 4 8 3 13
50 5 3 2 85 132 157 0 2 11 6 25
51 5 3 3 145 408 433 0 3 17 12 61
52 5 3 4 265 1392 1417 0 29 24 175
53 5 7 1 95 168 193 1 3 12 7 30
54 5 7 2 165 532 557 0 2 19 14 76
55 5 9 1 115 252 277 1 2 14 9 41
56 5 9 2 205 828 853 0 2 23 18 111
57 5 11 1 135 352 377 1 5 16 11 53
58 5 11 2 245 1188 1213 0 2 27 22 151
59 5 13 1 155 468 493 1 2 18 13 68
60 5 17 1 195 748 773 1 2 22 17 100
61 5 19 1 215 912 937 1 4 24 19 120
62 5 21 1 235 1092 1117 1 2 26 21 141
63 5 23 1 255 1288 1313 1 3 28 23 162
64 7 1 1 63 16 65 1 4 8 1 12
65 7 1 2 77 36 85 0 2 9 2 16
66 7 1 3 105 88 137 0 3 11 4 24
67 7 1 4 161 240 289 0 4 15 8 46
68 7 1 5 273 736 785 0 5 23 16 110
69 7 3 1 91 60 109 1 2 10 3 20
70 7 2 133 156 205 0 2 13 6 34
71 7 3 3 217 456 505 0 3 19 12 75
72 7 5 1 119 120 169 1 3 12 5 29
73 7 5 189 340 389 0 2 17 10 60
74 7 5 3 329 1080 1129 0 3 27 20 150
75 7 9 1 175 288 337 1 5 16 9 52
76 7 9 2 301 900 949 0 2 25 18 129
77 7 11 1 203 396 445 1 2 18 11 67
78 7 11 2 357 1276 1325 0 2 29 22 174
79 7 13 1 231 520 569 1 3 20 13 84
80 7 15 1 259 660 709 1 2 22 15 99
81 7 17 1 287 816 865 1 4 24 17 119
82 7 19 1 315 988 1037 1 2 26 19 140
83 7 23 1 371 1380 1429 1 2 30 23 182
84 9 1 1 99 20 101 1 2 10 1 19
85 9 1 2 117 44 125 0 2 11 2 23
86 9 1 3 153 104 185 0 3 13 4 33
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87 9 1 4 225 272 353 0 4 17 8 59
88 9 369 800 881 0 5 25 16 128
89 9 5 1 171 140 221 1 2 14 5 40
90 9 5 2 261 380 461 0 2 19 10 74
91 9 5 3 441 1160 1241 0 3 29 20 173
92 9 7 1 207 224 305 1 5 16 7 51
93 9 7 2 333 644 725 0 2 23 14 109
94 9 11 1 279 440 521 1 3 20 11 83
95 9 11 2 477 1364 1445 0 2 31 22 193
96 9 13 1 315 572 653 1 2 22 13 98
97 9 17 1 387 884 965 1 2 26 17 139
98 9 19 1 423 1064 1145 1 3 28 19 161
99 11 1 1 143 24 145 1 3 12 1 28
100 11 1 2 165 52 173 0 2 13 2 32
101 11 1 3 209 120 241 0 3 15 4 45
102 11 1 4 297 304 425 0 4 19 8 73
103 11 1 5 473 864 985 0 5 27 16 149
104 11 3 1 187 84 205 1 2 14 3 39
105 11 3 2 253 204 325 0 2 17 6 58
106 11 3 3 385 552 673 0 3 23 12 108
107 11 5 1 231 160 281 1 5 16 5 50
108 11 5 2 341 420 541 0 2 21 10 90
109 11 5 3 561 1240 1361 0 3 31 20 192
110 11 7 1 275 252 373 1 2 18 7 66
111 11 7 2 429 700 821 0 2 25 14 127
112 11 9 1 319 360 481 1 3 20 9 82
113 11 9 2 517 1044 1165 0 2 29 18 172
114 11 13 1 407 624 745 1 4 24 13 118
115 11 15 1 451 780 901 1 2 26 15 138
116 11 17 1 495 952 1073 1 3 28 17 160
117 11 19 1 539 1140 1261 1 2 30 19 181
118 11 21 1 583 1344 1465 1 6 32 21 204
119 13 1 1 195 28 197 1 2 14 1 38
120 13 1 2 221 60 229 0 2 15 2 44
121 13 1 3 273 136 305 0 3 17 4 57
122 13 1 4 377 336 505 0 4 21 8 89
123 13 1 5 585 928 1097 0 5 29 16 171
124 13 3 1 247 96 265 1 5 16 3 49
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125 13 3 2 325 228 397 0 2 19 6 72
126 13 3 3 481 600 769 0 3 25 12 126
127 13 5 1 299 180 349 1 2 18 5 65
128 13 5 2 429 460 629 0 2 23 10 107
129 13 5 3 689 1320 1489 0 3 33 20 211
130 13 7 1 351 280 449 1 3 20 7 81
131 13 7 2 533 756 925 0 2 27 14 148
132 13 9 1 403 396 565 1 2 22 9 97
133 13 9 2 637 1116 1285 0 2 31 18 191
134 13 11 1 455 528 697 1 4 24 11 117
135 13 15 1 559 840 1009 1 3 28 15 159
136 13 17 1 611 1020 1189 1 2 30 17 180
137 13 19 1 663 1216 1385 1 6 32 19 203
138 15 1 1 255 32 257 1 5 16 1 48
139 15 1 2 285 68 293 0 2 17 2 56
140 15 1 3 345 152 377 0 3 19 4 71
141 15 1 4 465 368 593 0 4 23 8 106
142 15 1 5 705 992 1217 0 5 31 16 190

143 15 7 1 435 308 533 1 2 22 7 96
144 15 7 2 645 812 1037 0 2 29 14 170
145 15 11 1 555 572 797 1 2 26 11 137
146 15 13 1 615 728 953 1 3 28 13 158
147 15 17 1 735 1088 1313 1 6 32 17 202
148 17 1 1 323 36 325 1 2 18 1 64
149 17 1 2 357 76 365 0 2 19 2 70
150 17 1 3 425 168 457 0 3 21 4 88
151 17 1 4 561 400 689 0 4 25 8 125
152 17 1 5 833 1056 1345 0 5 33 16 210
153 17 3 1 391 120 409 1 3 20 3 80
154 17 3 2 493 276 565 0 2 23 6 105
155 17 3 3 697 696 985 0 3 29 12 169
156 17 5 1 459 220 509 1 2 22 5 95
157 17 5 2 629 540 829 0 2 27 10 147
158 17 7 1 527 336 625 1 4 24 7 116
159 17 7 2 765 868 1157 0 2 31 14 189
160 17 9 1 595 468 757 1 2 26 9 136
161 17 11 1 663 616 905 1 3 28 11 157
162 17 13 1 731 780 1069 1 2 30 13 179
163 17 15 1 799 960 1249 1 6 32 15 201
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164 19 1 1 399 40 401 1 3 20 1 79

165 19 1 2 437 84 445 0 2 21 2 87

166 19 1 3 513 184 545 0 3 23 4 104
167 19 1 4 665 432 793 0 4 27 8 146
168 19 1 5 969 1120 1481 0 5 35 16 225
169 19 3 1 475 132 493 1 2 22 3 94

170 19 3 2 589 300 661 0 2 25 6 124
171 19 3 3 817 744 1105 0 3 31 12 188
172 19 5 1 551 240 601 1 4 24 5 115
173 19 5 2 741 580 941 0 2 29 10 168
174 19 7 1 627 364 725 1 2 26 7 135
175 19 7 2 893 924 1285 0 2 33 14 209
176 19 9 1 703 504 865 1 3 28 9 156
177 19 11 1 779 660 1021 1 2 30 11 178
178 19 13 1 855 832 1193 1 6 32 13 200
179 19 15 1 931 1020 1381 1 2 34 15 219
180 21 1 1 483 44 485 1 2 22 1 93

181 21 1 2 525 92 533 0 2 23 2 103
182 21 1 3 609 200 641 0 3 25 4 123
183 21 1 4 777 464 905 0 4 29 8 167
184 21 5 1 651 260 701 1 2 26 5 134
185 21 5 2 861 620 1061 0 2 31 10 187
186 21 11 1 903 704 1145 1 6 32 11 199
187 21 13 1 987 884 1325 1 2 34 13 218
188 23 1 1 575 48 577 1 4 24 1 114
189 23 1 2 621 100 629 0 2 25 2 122
190 23 1 3 713 216 745 0 3 27 4 145
191 23 1 4 897 496 1025 0 4 31 8 186
192 23 3 1 667 156 685 1 2 26 3 133
193 23 3 2 805 348 877 0 2 29 6 166
194 23 3 3 1081 840 1369 0 3 35 12 224
195 23 5 1 759 280 809 1 3 28 5 155
196 23 5 2 989 660 1189 0 2 33 10 208
197 23 7 1 851 420 949 1 2 30 7 177
198 23 9 1 943 576 1105 1 6 32 9 198
199 23 11 1 1035 748 1277 1 2 34 11 217
200 23 13 1 1127 936 1465 1 3 36 13 230
201 25 1 1 675 52 677 1 2 26 1 132
202 25 1 2 725 108 733 0 2 27 2 144
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203 25 1 3 825 232 857 0 3 29 4 165
204 25 1 4 1025 528 1153 0 4 33 8 207
205 25 3 1 775 168 793 1 3 28 3 154
206 25 3 2 925 372 997 0 2 31 6 185
207 25 7 1 975 448 1073 1 6 32 7 197
208 25 9 1 1075 612 1237 1 2 34 9 216
209 25 11 1 1175 792 1417 1 3 36 11 229
210 27 1 1 783 56 785 1 3 28 1 153
211 27 1 2 837 116 845 0 2 29 2 164
212 27 1 3 945 248 977 0 3 31 4 184
213 27 1 4 1161 560 1289 0 4 35 8 223
214 27 5 1 999 320 1049 1 6 32 5 196
215 27 5 2 1269 740 1469 0 2 37 10 235
216 27 7 1 1107 476 1205 1 2 34 7 215
217 29 1 1 899 60 901 1 2 30 1 176
218 29 1 2 957 124 965 0 2 31 2 183
219 29 1 3 1073 264 1105 0 3 33 4 206
220 29 1 4 1305 592 1433 0 4 37 8 234
221 29 3 1 1015 192 1033 1 6 32 3 195
222 29 3 2 1189 420 1261 0 2 35 6 222
223 29 5 1 1131 340 1181 1 2 34 5 214
224 29 7 1 1247 504 1345 1 3 36 7 228
225 31 1 1 1023 64 1025 1 6 32 1 194
226 31 1 2 1085 132 1093 0 2 33 2 205
227 31 1 3 1209 280 1241 0 3 35 4 221
228 31 3 1 1147 204 1165 1 2 34 3 213
229 31 3 2 1333 444 1405 0 2 37 6 233
230 31 5 1 1271 360 1321 1 3 36 5 227
231 31 7 1 1395 532 1493 1 2 38 7 239
232 33 1 1 1155 68 1157 1 2 34 1 212
233 33 1 2 1221 140 1229 0 2 35 2 220
234 33 1 3 1353 296 1385 0 3 37 4 232
235 33 5 1 1419 380 1469 1 2 38 5 238
236 35 1 1 1295 72 1297 1 3 36 1 226
237 35 1 2 1365 148 1373 0 2 37 2 231
238 35 3 1 1435 228 1453 1 2 38 3 237
239 37 1 1 1443 76 1445 1 2 38 1 236

1.4. Application to the Resolution of the Equations x* + y* =27’

and x2+2y2 =7’

1.4.1. Resolution of the Diophantine Equation x* + y* =27’

> Consider the equation: x°+ 3> =2z> with x,y,z, positive, coprime in
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pairs and x>y (cf. [9], for another type of resolution). We suppose that
1,1,1) that is to say that it is non-trivial. It is clear that:

(ro2)
x=y=z=1(mod2). But then:
2 2
¥ +y' =2 (%} +Ex+Tyj =z (1.6)

(with x;y , Ty , z coprime in pairs and %, x+Ty of opposite parity).
Let Be{0,1} defined by:

Vi B
x+(—21) yzo(mod2)©#zl(mod2); (1.7)

Then, the Pythagoras Equation (1.6) is written as:

[x—(—l)ﬁyJ2+ [H(—l)ﬂy]zzzz (1.8)

B B
x—(-1 x+(-1 —
That is: [ (2 ) y’ (2 ) Y =25b1,ZJET+ , (where s>2; b, odd).
For such a triplet, we know (cf. Definition 1.2.) That there exists A e {0,1} R
such that:
—(=1Y
_ ()
+E /l(mod2) (1.9)

As in the previous section, and if necessary, we state:

S:s—}t(s—l) and S’:S—lz(s—l)(l—/l). (1.10)

Then, Je odd, such that we have the expression of the Pythagorician divi-

sors associated with (1.8):

1y’ ), Cfy 1y’
(d.d")= gcd[x_(_) y o ox(E y], 2 and 2ZCUY e
2 2 d 2
1\ (1)
e=gcd x+(2l) y, 2=z (21) yJ:ZSE; p
x+(—1) y
x+(—1)ﬂy And 5 =ee
eu: 2 :2.V7S@.
e e

d"=d+e=d+2°¢;
In addition we have: | = ¢ So—
e"=—+d=2"e+d.

The notations being the same, we then apply the Pythagorician divisors theo-

rem to (1.8), from which we deduce the following corollary:
Corollary 1.4 There is an equivalence between the following propositions (the
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solutions are supposed to be primitive and positive non-trivial).

2
x=e" —(Ej +2[£je”
2 2

2
(i) x*+y* =2z" issolvable (ii) {y = (—1)ﬂ l:—e”2 +(§j + 2(%) e’};

X

[d”+dj2 [d”—djz [d”—dj(dudj
- ol =2 ;
2 2 2 2
” 2 H_ 2 ”_ n
1y’ _(d +dj J{d dj +2(d d)(d +d] ;
2 2 2 2
(d"+dj2 (d”—djz
z= + .
2 2
x=2x2"e* +4x2%ed +d*;

(iv) {y=(-1)"[2x22" -d"};
z=2x2"¢e*+2x2%ed +d°.

(iii) §y

Proof 4 It suffices to apply Theorem 1.1., and Corollary 1.1. & 1.2., with re-
spect to (1.8).
Remark 1.4 1) We have. B €{0,1} such that (—l)ﬂ = sign(2><22s?2 —af)2
ie y20.
2) Note that the non-trivial, primitive and positive solutions of the equation
x* +y* =22 are given by unique expressions of the type:
X, ¥, 2 )—( —v? 4+ 2uw, uz—v2—2uv,u2+v2) when [ =1, and

(
(u —v 4+ 2uv, V' —u’ +2uv,u +v) when [ =0, with
(

u,v)= E (4 +d,u , such that. u>v, ged(u,v)=1,
"2 2 2

u+v=1(mod2).
In other words by (x, y,z) = (uz —v? +2uv, |u2 = 2uv|, u* + vz) .

Let us keep the same notations, then on the model of Corollary 1.3., We have:

Corollary 1.5 The set of non-trivial, primitive and positive solutions of the

equation x*+y* =2z" is in bijection with the set (2N+1 X 2N+1)><N , as

cop

tollows:

S
N gcd(x+(_l)ﬂy x—(—l)ﬁyJ , where 3 and S' are

defined in (1.7), (1.9) (1.10).
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Whose reciprocal bijection is:
d x=2x2"¢* +4x2%ed +d’

—1
z | y=(-1)'[2x2*@ -a’] | where fe{0,1} and
S') | z=2x2"e* +2x2%ed +d*

(1) =sign(2x2"2* -a°).
Proof 5 The proofis similar to that made in Corollary1.3.
Remark 1.5 By reasoning similar to that already done in the paragraph 1.3, if
we consider ¥ , the set of non-trivial, primitive and positive solutions of
x*+y? =227, then (x,y,,2,)=(%,,¥,.2,) < (d,,8 ) =(d,,e,) definean
equivalence relation on X, and each class m contains a unique solution
(xo,¥9.2,) forwhich Sy =(s,—1)(1-24,)=0 ie A, =1 (cf(1.10)), and which
will be its canonical representative. These solutions characterized by
x=2¢’ +4ed +d’

S'=0, are “raré’, they are of the type. | y=(-1)" [222 -d 2} ; their cardinality
z=2e" +2ed +d’

is equal to: Card (ZN +1x 2N+ 1) , while the solutions characterized by S'>1,

cop

have for cardinality. Card (ZN +1x 2N+ 1) x Card (N*) .

cop
Exemples 1.1 Lef's take the minimum possible value (d,e)=(1,1), we get

the minimal solution of x* +y2 =2z%, that is (7,1,5)= - (1,1,0), whose

class is {fﬁl (l,l,S'),S'eN},z’.a:
(7,1,5):{(7,1,5),(17,7,13),(49,31,41),(161,127,145),(577,511,545),---}

1.4.2. Resolution of the Diophantine Equation x*+2y* =7’
> We finish this paragraph, using methods similar to that of Pythagorician di-
visors, to solve the equation x”+2y”> =z’ (One can compare our method
with those applied to the resolution of similar equations cf. [10] and [11]).
One can see also ref. [12] for details and applications to congruent numbers
problem.
We suppose that x,y,z are positive and primitive, therefore necessarily

x,z areodd, y#0 isevenand x,y,z are pairwise coprime. Let’s define:

B
Be{o,1} by:# 0(mod2),

(1.11)

z—(—l)ﬂ X
and therefore T l(mod 2).

z+
Recall (cf. Reminder 1.1.) That gcd [ ( 5 ) 2

B B
+(-1 —(-1
z+(-1) X z (-1)"x
2 2
Hence 34, evenand a, odd,suchthat y=aa,, gcd(a,,a,)=1 and:

Then: y* =2x
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z+(_1)ﬂx:i ,
’ +(-1
2 2 = gcd| y, z ( )x :gcd[alaz, J—al,
s 2
Z_(_l) X 2
=a2
2
So, if we set:
B
z+(-1)" x
ezgcd[y, (2) ]zal ande"z%za2 (1.12)

it follows that:

e v
) —=—e",if f=0;
Z+(—1)ﬁ x e’ . X= (—1)'6 [e——e"zj =12

N 2 : 2o _
2 2 ——+e",if f=1.
B
Z—(—l) x:eﬂz. yzee”;
2 2
z=e”+ S

To sum up:

Y (—1Y
If Be{0, 1} isdefined by: Z+(2¥ =0(mod2) < w =1(mod2),
+(-1Y
and that: gcd [y, Mj =e,and PAEpLY
2 e
We just come to show the following result:

Proposition 1.8 There is an equivalence between the following propositions
(the solutions are supposed to be non-trivial, primitive and positive).
(i) x*+2y* =z issolvable;

, 2(2) —e"if f=0;
x:(—l)ﬁ{Z(gj —e”zJ: 2

e”z—z(fj if =1
(ii) 2

e
=2eﬂ =1
g @
e 2
z:e"2+2(—j .
2

Remark 1.6 We have (x, V, Z) = (|u2 —2v2|, 2uv, u? +2v2) where

(1,v) =(e§j

Let (x,»,z) be a positive non-trivial and primitive solution x*+2y* =z
then we have:

2

>

y=2"y and s 21,y odd. Let’s put S"=s-1eN. (1.13)

Then since €” is odd, there exists odd € such that: e=2'¢ with ee"=y,
from where y=2"¢e".

DOI: 10.4236/apm.2023.132003

67 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2023.132003

F. E. Tanoé, P. K. Kimou

We have the following Proposition:

Proposition 1.9 The set of non-trivial, primitive and positive solutions of the

equation x*+2y* =z’ is in bijection with the set (2N+1 X 2N+1)><N , as

cop

follows:
" y
e =
B
+(-1
gcd{y, ()XJ
by 2
g
y| = z+(=1Yx) | where 8 and S" are defined in
z ~ ged| y, f
‘- 2x2"%
S”

(1.11) and (1.13).
Whose reciprocal bijection is:

- x=(-1)’ (2(25"5)2 —e"z)
3 Ig—: y= 2e”(23"6)
S”

, where [ e {O,l} and
z=e”+2(2%e)
(-1 = sign(z(zs”z)2 —e"z).

Remark 1.7 In the same way as the previous equations it is possible to classify

the positive primitive solutions of this equation, in terms of equivalence classes:

" )y yl

e'= = =
gcd(y,ﬁ(_zl)ﬁxJ gcd[J/nZl—i_(_zl)ﬂl)ﬁ]
(x.3.2) = (x,,2) < £(-1) x z+(-1)" x
ged [yzz] ged (y v 121]
€= 2x 2% - 2% 25 —“

As an example, consider the smallest positive and primitive solution (1,2, 3)
of this equation, obtained for (e",e,S")=(1,1,0), ie (1,2,3)=g"'(1,1,0),
themn:

(1.2.3)={g" (1.1,5"),5" e N} ={(1,2,3),(7,4,9).(31.8,33),(127.16,129),---}

2. Conclusions and Perspectives

This new method exposed here, made it possible to solve the Pythagoras equa-
tion from its Pythagorician divisors, and to make a classification of the solutions
of this one, highlighting the importance of the quantity 4 =0 or 1, defined by

c—a

= i(mod 2) , as well as other quantities coming directly from the Pythago-

rician divisors.
In addition, this method opens interesting prospects for resolution, concern-

ing the Pythagoras equation and those which proceed from it, as we have ex-
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posed it in this paper, but probably also, concerning the quadratic equations, in
particular those of Pell-Fermat of the type: a’—db’=1. This is how the
well-known problem of the existence of the square area of the right-angled tri-
angle could also be considered from this point of view, and the same applies to
Fermat’s equations of the type a*+b* =c*, a*” +b*” =c’’ or more generally

those of the type a” +b” =c”.
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