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Abstract 
The purpose of this paper is to construct near-vector spaces using a result by 
Van der Walt, with p  for p a prime, as the underlying near-field. There are 
two notions of near-vector spaces, we focus on those studied by André [1]. 
These near-vector spaces have recently proven to be very useful in finite li-
near games. We will discuss the construction and properties, give examples of 
these near-vector spaces and give its application in finite linear games. 
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1. Introduction 

In the early 20th century, the American mathematician Leonard Eugene Dickson 
wondered what structure would arise if one axiom in the list of axioms of a divi-
sion ring was removed. Dickson discovered that there are near-fields which ful-
fill all axioms of a division ring except one distributive law. In this essay we will 
be using right near-fields. 

Near-vector spaces are less linear than traditional vector spaces. The ones we 
are interested in were first introduced by André in the paper [1]. There are a few 
different notions of near-vector spaces, those studied by André, Beidleman [2] 
and Karzel [3]. André used right near-fields to study near-vector spaces. It was 
later shown by van der Walt, that an arbitrary finite-dimensional near-vector 
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space can be constructed using a finite number of near-fields [1]. This construc-
tion has been used in order to characterize all finite-dimensional near-vector 
spaces by taking copies of p , for p a prime [4]. 

In this paper we discuss near-vector spaces constructed over p  in terms 
of their quasi-kernels and regularity. Regularity is a central notion in the study 
of near-vector spaces. In [1] the Decomposition Theorem states that every 
near-vector space can be written as a direct sum of maximal regular subspaces. 
Thus regular subspaces are considered the building blocks for near-vector spac-
es. The importance of the Decomposition Theorem is in the decomposition of 
complex structures into small, simpler structures which are convenient to work 
with. 

André’s near-vector spaces have various applications in Finite Linear Games 
and Cryptography to mention a few. 

This paper is organized in three chapters. In Chapter 2 we give basic defini-
tions and examples which lead to the concept of a near-vector space. In Chapter 
3 we show how near-vector spaces are constructed over p  using a result by 
van der Walt. We determine the quasi-kernels ( )Q V  of our near-vector spaces 
and decompose them into maximal regular subspaces using the Decomposition 
Theorem. We give necessary conditions needed to show when two near-vector 
spaces are isomorphic (Lemma 3.8). This is something new that has not been 
provided in any literature before. We observed that if ( ),V F  is a near-vector 
space of dimension n, i.e. nV F= , then the number of iQ ’s in the Decomposi-
tion Theorem is less or equal to n (Lemma 3.11). A proof was provided. In 
Chapter 4 we look at an application of near-vector spaces over p  to finite li-
near games and consider some examples. 

2. Preliminary Material and Examples 

This chapter focuses on the fundamentals of near-vector spaces. 

2.1. Basic Definitions 

Recall the following definitions. 
Definition 2.1. [5] A set V is said to be a right vector space over a division 

ring F, if ( ),V +  is an abelian group and, if for each Fα ∈  and v V∈ , there 
is a unique element v Vα ∈  such that the following conditions hold for all 

, Fα β ∈  and all ,u v V∈ :  
a) ( )u v u vα α α+ = + , 
b) ( )v v vα β α β+ = + , 
c) ( ) ( )v vαβ α β= , 
d) 1v v= .  
The elements of V are called vectors, whereas elements of F are called scalars. 

And the operation that acts on (or combines) a scalar α  and a vector v to form 
the vector vα  is called scalar multiplication.  

Remark 2.2.  

https://doi.org/10.4236/apm.2023.131002


K. Tefoetsile et al. 
 

 

DOI: 10.4236/apm.2023.131002 13 Advances in Pure Mathematics 
 

a) A vector space V is said to be closed under both operations, by this we 
mean:  

i) Closed under addition: If ,u v V∈  then u v V+ ∈ . 
ii) Closed under multiplication: If ,u V Fα∈ ∈  then u Vα ∈ .  
b) A division ring F can be regarded as a set of endomorphisms of V by de-

fining ( ) :f u uα α=  for all u V∈  and Fα ∈ . 
c) If ( ),V F  is a vector space, then for every , Fα β ∈  and for each u V∈ , 

there exists Fγ ∈  such that u u uα β γ+ = . 
d) If the scalars are real, then V is called a real vector space while if the scalars 

are complex, V is called a complex vector space.  
The following are examples of (real) vector spaces. 
Example 2.3. For 1n ≥ , ( ){ }1 2 1 2, , , | , , ,n

n nx x x x x x= ∈   , is a vector 
space with usual (point-wise) addition and multiplication.  

Example 2.4. For 1n ≥ , { }0 10 | , , ,n i
n i niP a x a a a

=
= ∈∑   , the set of poly-

nomials of degree at most n is a vector space.  
Example 2.5. The set   of all real-valued functions defined on the real line 

with operations  

( )( ) ( ) ( ):f g x f x g x+ = +  

and  

( )( ) ( ):cf x cf x= , 

for all , ,f g c∈ ∈ , is a vector space over  .  
Definition 2.6. [6] Let V be a vector space over F. Let V' be a subset of V. 

Then V' is called a subspace of V if it is itself a vector space with the induced op-
erations of V.  

Before we define what a near-vector space is, we need the following. 
Definition 2.7. [7] A right near-ring is a triple ( ), ,N + ⋅  which satisfies:  
a) ( ),N +  is a group;  
b) ( ),N ⋅  is a semigroup;  
c) ( )a b c a c b c+ ⋅ = ⋅ + ⋅  for all , ,a b c N∈ .  
N is a near-field if { }( )\ 0 ,N ⋅  is also a group.  

2.2. Near-Vector Spaces 

Definition 2.8. [8] A pair ( ),V F  is called a near-vector space if:  
a) ( ),V +  is a group and F is a set of endomorphisms of V. 
b) F contains the endomorphisms 0, id  and id− . 
c) { }* \ 0F F=  is a subgroup of the group of automorphisms of ( ),V + . 
d) If u uα β=  with u V∈  and , Fα β ∈ , then α β=  or 0u = , i.e. F 

acts fixed point free (fpf) on V. 
e) The quasi-kernel ( )Q V  of V, generates V additively as a group. Here  

( ) { }| , , such that .Q V u V F F u u uα β γ α β γ= ∈ ∀ ∈ ∃ ∈ + =        (1) 

Remark 2.9.  
a) Since id F− ∈ , ( ),V +  is an abelian group, i.e.  
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( )( ) ( )( ) ( )( ) ( )( )( )1 1 1 1u v u v u v v u v u+ = − − + − − = − − − = − + − = + . 

b) If Fα ∈  then 0 0α =  and ( ) ( )u uα α− = −  since α  is an endomor-
phism of V. 

c) Every vector space is a near-vector space.  
Lemma 2.10. [1] Let ( ),V F  be a near-vector space. Then the quasi-kernel 
( )Q V  has the following properties:  
a) ( )0 Q V∈ . 
b) For ( ) { }\ 0u Q V∈ , γ  in Equation (1) is uniquely determined by α  and 

β . 
c) If ( ) ,u Q V Fλ∈ ∈ , then ( )u Q Vλ ∈ , i.e., ( )uF Q V⊆ . 
d) If ( )u Q V∈  and i Fλ ∈ , for { }1,2, ,i n∈  , then ( )1

n
ii u u Q Vλ η

=
= ∈∑  

for some Fη ∈  and for all positive numbers n. 
e) If ( )u Q V∈  and , Fα β ∈ , then there exists a Fγ ∈  such that 

u u uα β γ− = .  
Proof.  
a) Let , Fα β ∈  and take any Fγ ∈ . Then 0 0 0α β γ+ = . Hence,  

( )0 Q V∈ . 
b) Let ( ) { }\ 0u Q V∈  and , Fα β ∈ . Then there exist γ  such that 

u u uα β γ+ = . That is, ( )u uα β γ+ = . So by Definition 2.8-(d), 0u =  or 
α β γ+ = . But 0u ≠ . So, α β γ+ = . 

c) Let ( )u Q V∈  and Fλ ∈ . Suppose 0λ = . Then ( )0 0u u Q Vλ = = ∈  
(by (a) above). Now suppose 0λ ≠ . Let , Fα β ∈ . Then , Fλα λβ ∈ . Since 

( )u Q V∈ , then there exist γ  such that  

( ) ( ) 1u u u uλα λβ γ λλ γ−+ = = , since 1 1λλ− = . 

So ( ) ( ) ( )( )1u u uλ α λ β λ λ γ−+ = . That is, ( )u Q Vλ ∈ . Hence, ( )uF Q V⊆ . 
d) Let ( )u Q V∈  and ,1i F i nλ ∈ ≤ ≤ . Want to show that  

( )1
n

ii u u Q Vλ η
=

= ∈∑ . We prove this by induction. That is,  

i) Base case: For 1n = , we have ( )1
1 ii u u Q Vλ λ
=

= ∈∑  (by (c) above). 

ii) Inductive step: Assume ( )1
k

ii u u Q Vλ η
=

= ∈∑ . We need to show that 

( )1
1

k
ii u Q Vλ+

=
∈∑ . That is,  

( )

1

1
1 1

1

1

, for some .

k k

i i k
i i

k

k

u u u

u u
u
u F

λ λ λ

η λ

η λ

µ µ

+

+
= =

+

+

= +

= +

= +

= ∈

∑ ∑

 

Therefore, by induction we conclude that ( )1
n

ii u u Q Vλ η
=

= ∈∑  for some 
Fη ∈  and for all n, where n is a positive number. 

e) Let ( ) { }\ 0u Q V∈  and , Fα β ∈ . Then by Remark 2.9-(b), ( )1β − =
Fβ− ∈  since F is a set of endomorphisms of V. So there exist Fγ ∈  such 

that ( )u u uα β γ+ − = , i.e. u u uα β γ− = .  
□ 
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Example 2.11. Every near-field is a near-vector space over itself.  
Example 2.12. Let ( ) ( )2, ,V F =   . Then ( ),V F  is a near-vector space 

with scalar multiplication defined by  

( ) ( )3 3
1 2 1 2, ,x x x xα α α=  

for all ( ) 2
1 2, ,x x α∈ ∈  . It is not a vector space over  . To see that it is not 

a vector space over  , let ( ) 2
1 2,x x ∈ . Then for ,α β ∈ , we get the fol-

lowing two equations  

( )( ) ( ) ( )( )3 3
1 2 1 2, ,x x x xα β α β α β+ = + +  

and  

( )( ) ( ) ( ) ( ) ( )( )3 3 3 3
1 2 1 2 1 2 1 2, , , , .x x x x x x x xα β α β α β α β+ = + = + +  

In general, ( )3 3 3α β α β+ ≠ + . Thus, the distributive law for scalars does not 
hold in general, so ( ),V F  is not a vector space over  .  

Definition 2.13. [9] Let ( ),V F  be a near-vector space. A subset V ′  of 
( )Q V  is said to be linearly independent if for all 1 2, , , n Fα α α ∈  and 

1 2, , , nv v v V ′∈ ,  

1 1 2 2 0n nv v vα α α+ + + =  

implies that  

1 2 0.nα α α= = = =  

A subset V ′  is a generating system of ( )Q V  if for all ( )v Q V∈  there exist 

1 2, , , n Fα α α ∈  and 1 2, , , nv v v V ′∈  such that  

1 1 2 2 .n nv v v vα α α= + + +  

A basis for ( )Q V  is defined to be a basis for V and the cardinality of the ba-
sis is the dimension of V.  

Remark 2.14. A near-vector space ( ),V F  is said to be a finite-dimensional 
near-vector space if it is of finite dimension.  

Lemma 2.15. [9] Let V be a near-vector space and let { }|1iB u i n= ≤ ≤  be a 
basis of ( )Q V . Then each v V∈  is a unique linear combination of elements of 
B, i.e. there exists i Fλ ∈ , with 0iλ ≠  for at most a finite number of  

{ }1,2, ,i n∈  , which are uniquely determined by v and B, such that  

1
.

n

i i
i

v u λ
=

= ∑  

Proof. See [9].                                                   □ 
Example 2.16. The near-vector space from Example 2.12 has basis  

( ) ( ){ }1,0 , 0,1B = . Therefore, ( )2 ,   is a 2-dimensional near-vector space.  
Definition 2.17. [10] If ( ),V F  is a near-vector space and V V′∅ ≠ ⊆  is 

such that V ′  is the subgroup of ( ),V +  generated additively by  

{ }| , ,XF x x X Fα α= ∈ ∈  

where X is a independent subset of ( )Q V , then we say that ( ),V F′  is a sub-
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space of ( ),V F , or simply V ′  is a subspace of V if F is clear from the context.  
Remark 2.18.  
a) If ( ),V F′  is a subspace of ( ),V F , then X is a basis of V ′ . 
b) ( ),V F′  is a subspace of ( ),V F  if and only if V ′  is closed under addi-

tion and multiplication.  
Example 2.19. Every near-vector space is a subspace of itself.  
Next we define what it is meant when two near-vector spaces are said to be 

isomorphic. 
Definition 2.20. [6] Two near-vector spaces ( )1 1,V F  and ( )2 2,V F  are said 

to be isomorphic if there are group isomorphisms ( ) ( )1 2: , ,V Vφ + → +  and 

( ) ( )* *
1 2: , ,F Fψ ⋅ → ⋅  such that  

( ) ( ) ( ) ,u uφ α φ ψ α=  

for all 1u V∈  and *
1Fα ∈ . We write ( ) ( )1 1 2 2, ,V F V F≅ .  

To further investigate the structure of near-vector spaces, we need to under-
stand what is meant when two non-zero elements of the quasi-kernel ( )Q V  
are compatible and when a near-vector space is regular. 

Definition 2.21. [9] The elements u and ( ) { }\ 0v Q V∈  are compatible (u cp 
v), if there exists a { }\ 0Fλ ∈  such that  

( ).u v Q Vλ+ ∈  

Definition 2.22. [1] Let ( ),V F  be a near-vector space such that { }0V =  
or ( ) { }0Q V ≠ . Let ( ) { }\ 0u Q V∈ . Define the operation u+  on F by  

( ) : ,uu u uα β α β+ = +  

for all , Fα β ∈ .  
Lemma 2.23. [1] Two non-zero elements of the quasi-kernel ( )Q V  are 

compatible if and only if there exists a { }\ 0Fλ ∈  such that  

.u vλ+ = +  

Proof. See [9].                                                   □ 
Theorem 2.24. [9] The compatibility relation is an equivalence relation on 
( ) { }\ 0Q V .  
Proof.  
a) Reflexivity: Let ( ) { }\ 0u Q V∈ . Then by Lemma 2.10-(d),  

( ) { }\ 0u u Q Vλ+ ∈  for *Fλ ∈ . Thus u cp u. 
b) Symmetry: Suppose u and v are compatible, then u cp v, with 

( ) { }, \ 0u v Q V∈ . Then there exists *Fλ ∈  such that ( )u v Q Vλ+ ∈ . We need 
to show that v cp u. Since u and v are elements of ( ) { }\ 0Q V ,  
( ) ( )1 1 1u v u v v u Q Vλ λ λ λ− − −+ = + = + ∈  for 1 *Fλ− ∈ . Thus, v and u are com-
patible, i.e. v cp u. 

c) Transitivity: Let ( ) { }, , \ 0u v w Q V∈  and suppose u cp v and v cp w. Then 
by Lemma 2.23 u vλ+ = +  and v wη+ = +  for *, Fλ η ∈ . We need to show that 

u wµ+ = +  for some *Fµ ∈ . Firstly, define ( )
1

:u u

λλ λ
λα β α β

−

+ = + . So,  
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( )
( )

1

1

*, for .

u v

v

w

w

w F

λ

λλ λ

λλ λ
η

ηλ

µ

α β α β

α β

α β

α β

α β µ ηλ

−

−

+ = +

= +

= +

= +

= + = ∈

 

Hence, v cp w.  
Therefore, the compatibility relation is an equivalence relation on ( ) { }\ 0Q V .  

□ 
Theorem 2.25. [9] Let ,u v  and ( ) { }\ 0u v Q V+ ∈ . Then  
a) u cp v, and 
b) u cp u v+ .  
Proof.  
a) Since ( )u v Q V+ ∈ , by Definition 2.21 u and v are compatible with 1λ = . 
b) Set v uα=  for *Fα ∈ . Then u cp u v+  since  
( ) ( ) ( )u u v u u u Q Vα+ + = + + ∈  for 1λ =  (by Lemma 2.10-(d)).  

□ 
Definition 2.26. [9] A near-vector space V is called a regular near-vector 

space if any two vectors of ( ) { }\ 0Q V  are compatible.  
Theorem 2.27. [9] A near-vector space V is regular if and only if there exists a 

basis which consists of mutually pairwise compatible vectors.  
Proof. Suppose a near-vector space V is regular. Then, by Definition 2.26, any 

two non-zero elements of the quasi-kernel ( )Q V  are compatible. Therefore, 
every basis of ( )Q V  (also a basis of V) consists of mutually pairwise compati-
ble vectors. 

Conversely, let V be a near-vector space. Let B be a basis of V consisting of 
mutually pairwise compatible vectors. Let ( ) { }\ 0u Q V∈ . Then u can be writ-
ten as a unique linear combination of elements of B (Lemma 2.15). Suppose 

1
n

i iiu u λ
=

= ∑  where iu B∈  and *
i Fλ ∈  for all { }1,2, ,i n∈  . Let  

1
1 if 1

0 if 1.

n
ii iu n

u
n

λ
=

− >′ = 
=

∑  

Then ( ) { }\ 0n nu u u Q Vλ′= + ∈ . Since ( ) { }\ 0u Q V∈  then for every 
, Fα β ∈ , there exists a Fγ ∈  such that  

( ) ( )

( )
.

n n n n

n n n n

n n n n

n n

n n

u u u u u u
u u u u
u u u u
u u

u u

α β λ α λ β

α λ α β λ β
α β λ α λ β

λ γ

γ λ γ

′ ′+ = + + +

′ ′= + + +
′ ′= + + +

′= +

′= +

 

But { }1 2 1, , ,n nu u u u −∉  . Thus, by uniqueness, n n n n n nu u uλ α λ β λ γ+ =  and 
u u uα β γ′ ′ ′+ = , which implies that ( )u Q V′∈ . 

It still remains to check if u and u′  are compatible. 
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If 0u′ =  then n nu u λ=  and by Lemma 2.10-(d), ( )n n nu u Q Vλ+ ∈ . Thus 

nu  cp n nu λ . If 0nu ≠  then by Theorem 2.25, n nu λ  cp n nu u λ′ +  since 
, n nu u λ′  and n n n nu u u uλ λ′ ′+ = +  are elements of ( )Q V . But nu  cp n nu λ  

by Lemma 2.10-(d). Therefore, by transitivity (Theorem 2.24), nu  cp u. But by 
assumption nu  is compatible with every element of B. Therefore, u is compati-
ble with every element of B by transitivity (Theorem 2.24). Thus if 

( ) { }, \ 0v w Q V∈  then v cp iu  and w cp iu  with any iu B∈  since 
( ) { }\ 0u Q V∈  was chosen arbitrarily. Hence again, by transitivity (Theorem 

2.24), v cp w. Thus every two non-zero elements of ( )Q V  are compatible. 
Therefore, a near-vector space V is regular.                             □ 

Definition 2.28. [5] The near-vector space ( ),V F  is said to be the direct 
sum of the subspaces 1 2, , , nW W W , symbolised by 1 2 nV W W W= ⊕ ⊕ ⊕  if 
and only if  

a) 1 2 nV W W W= + + + , and 
b) ( ) { }1 2 1 1 0i i i nW W W W W W− +∩ + + + + + + =   for each i.  
We then have the following important theorem by André. 
Theorem 2.29. (The Decomposition Theorem) [11] Every near-vector space 

V is the direct sum of regular near-vector spaces ( )iV i I∈  such that each 
( ) { }\ 0u Q V∈  lies in precisely one direct summand iV . The subspaces iV  are 

maximal regular near-vector spaces.  
We note that if V is regular, it is the only maximal regular subspace. The De-

composition Theorem means that every non-regular near-vector space ( ),V F  
is a direct sum of disjoint maximal regular near-vector subspaces iV , for 

{ }1,2, ,i n∈  , such that  

1 2 nV V V V= ⊕ ⊕ ⊕ . 

We will not prove this theorem here. A proof can be found in [11]. The fol-
lowing is the procedure described in the proof on how V is decomposed into its 
maximal regular near-vector subspaces:  

a) Partition ( ) { }\ 0Q V  into sets iQ  of mutually pairwise compatible vec-
tors. 

b) Let ( ) { }\ 0B Q V⊆  be a basis of V and let :i iB B Q= ∩ . 
c) Let :i iV B=  be the subspace of V generated by iB . Then each iV  is a 

maximal regular subspaces of V and V is a direct sum of those iV ’s.  
As a result of Theorem 2.29, we have the following theorem. 
Theorem 2.30. (The Uniqueness Theorem) [9] There exists only one direct 

decomposition of a near-vector space into maximal regular near subspaces.  
Definition 2.31. [9] The uniquely determined direct decomposition of a 

near-vector space V into maximal regular subspaces, is called the canonical di-
rect decomposition of V.  

3. Construction of Near-Vector Spaces over p , for p a  
Prime 

In this chapter we characterize all finite-dimensional near-vector spaces over 
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p  where p is prime and we use Van der Walt’s Theorem, also known as the 
Construction Theorem, to construct these near-vector spaces. 

3.1. Automorphisms of p  

Before we get into constructing near-vector spaces, we start by understanding 
the basic structure of p , for p a prime. We know that p  is a group under 
addition. For a prime p, let  

{ }0,1, , 1 .p p p= = −    

Then p  is a field under addition and multiplication modulo p. That is, p  
is a field with additive identity zero, multiplicative identity one, additive inverse 

x−  and multiplicative inverse 1x−  for every px∈ . The inverse of px∈  
is an element, denoted by 1x− , satisfying  

1 1 1mod .xx x x p− −= =  

All { }* \ 0p px∈ =   are invertible. Thus, *
p  is a set of invertible elements 

in p  and the inverse of its elements can be computed using  
1 2 mod .px x p− −=  

We know that *
p  is a cyclic group under multiplication. That is, there exists 

*
px∈  such that  

{ } { }* 1 2 1|1 1 , , , .n p
p x x n p x x x −= = ≤ ≤ − =   

Such an element x is called a generator of *
p . Being cyclic implies that 

( )* ,p ⋅  is an abelian group. 
Lemma 3.1. [9] Let q be a positive integer. Each element of p  has a q-th 

root in p  if and only if ( )gcd , 1 1q p − = .  
Proof. Suppose that every element of p , px∈ , has a q-th root in p . Let 

1 2 1, , , px x x −
, non-zero elements of p , be q-th roots of 1,2, , 1p − , respec-

tively. That is,  

mod ,q
nx n p≡                           (2) 

where nx  is a non-zero elements of p , in a particular order, for 
{ }1,2, , 1n p∈ − . Suppose that ( )| 1d p − , where 1d > . We know that if p is a 

prime number and ( )| 1d p − , then the congruence,  

1 0moddx p− ≡  

has exactly d solutions [12]. That is, there exists distinct ,1i py i d∈ ≤ ≤ , such 
that  

1mod .d
iy p≡                          (3) 

From Equation (3), we get 1d
iy pr= +  for some integer r. If |d q , then 

q dt=  for some integer t. That is, ( ) ( )1
t tq d

i iy y pr= = + . Using the binomial 
formula, we get  

( ) ( ) ( )
0 1

1 1 .
t tt i i iq

i
i i

t t
y pr pr

i i
−

= =

   
= = +   

   
∑ ∑  
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That is,  

1 1

1 1
1 1 1 ,

t t
q i i i i
i

i i

t t
y p pr p p r pm

i i
− −

= =

   
= + = + = +   

   
∑ ∑  

where m is an integer. Thus, 1mod ,1q
iy p i d≡ ≤ ≤ . This contradicts the fact 

that there is only one element of p , px∈ , with 1modqx p≡  (from Equa-
tion (2)). Hence, if ( )| 1d p −  and 1d > , then d q . Therefore, 

( )gcd , 1 1q p − = . 
Conversely, suppose that ( )gcd , 1 1q p − = . Then by [[12], Theorem 2.3], 

( )1 1aq b p+ − =  for some ,a b∈ . Let , 0px x∈ ≠  (note that 0x =  has a 
q-th root being itself). Note that for every element of p , px∈ ,  

( )gcd , 1x p = . Since ( )gcd , 1x p = , by Fermat’s Theorem,  
1 1mod .px p− ≡  

Thus  
( )1 1 1mod ,b p bx p− ≡ ≡  

which implies that  

( ) ( )11 mod .
qaq b p ax x x x p+ −≡ ≡ ≡  

That is,  

( ) mod .
qax x p≡  

Hence, x has a q-th root in p , namely ax . Therefore, each element of p  
has a q-th root in p  if and only if ( )gcd , 1 1q p − = .                    □ 

The above lemma leads to the following lemma which makes use of the Galois 
Field ( )( ), ,rGF p + ⋅  of order rp . 

Lemma 3.2. [13] The mapping ( ) ( )* *
: r rGF p GF pψ →  is an automorphism 

of the group ( )( )*
,rGF p ⋅  if and only if there exists q∈ , with 1 1rq p≤ ≤ −  

and ( )gcd , 1 1rq p − = , such that ( ) qx xψ =  for all ( )*rx GF p∈ .  

Proof. Since ( )( ), ,rGF p + ⋅  is a finite field, ( )( )*
,rGF p ⋅  is a cyclic group. 

That is, there exists ( )*rx GF p∈  such that  

( ) { } { }* 2 1|1 1 , , ,
rr n r pGF p x x n p x x x −= = ≤ ≤ − =  . Let ( ) kx xψ = , for some  

{ }1,2, , 2rk p∈ − . Note that we cannot have 1rk p= −  since  
( ) 1 1

rk px x xψ −= = =  for all ( )*rx GF p∈ . That is, ψ  won’t be surjective. 
Then ( )i ikx xψ =  for some { }1,2, , 1ri p∈ − . But  

{ } ( )*|1 1i r rx x i p GF p= ≤ ≤ − = , so is { } ( )*|1 1k ik r rx x i p GF p= ≤ ≤ − = , 
since ψ  is bijective on ( )*rGF p . This means that every element of ( )*rGF p  
has a k-th root in ( )*rGF p  and by Lemma 3.1, ( )gcd , 1 1rk p − = . Take 
k q= . 

Conversely, suppose that there exists q∈ , with 1 1rq p≤ ≤ −  and 
( )gcd , 1 1rq p − = , such that ( ) qx xψ =  for all ( )*rx GF p∈ . We know that 
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( )( )*
,rGF p ⋅  is a cyclic group and let a be its generator. That is, qa  is also a 

generator of ( )*rGF p  since 1 1rq p≤ ≤ −  and ( )gcd , 1 1rq p − = . Since qa  is 
a generator of ( )*rGF p , then for any ( )*rx GF p∈ , there exists 1 1rk p≤ ≤ − , 
such that qka x= . Thus, ψ  is surjective. Let ( )*, rx y GF p∈ , such that 

q qx y= . Then there exists 1 , 1rk t p≤ ≤ − , such that kx a=  and ty a= . That 
is, qk qta a=  which implies that k t=  and x y= . Hence, ψ  is injective. Thus,  

ψ  is bijective. Also for any ( )*, rx y GF p∈ , we have ( ) ( ) ( )xy x yψ ψ ψ= . 

Therefore, ψ  is an automorphism of ( )( )*
,rGF p ⋅ .                     □ 

3.2. Van Der Walt’s Theorem 

The following theorem describes how arbitrary finite-dimensional near-vector 
spaces can be constructed. 

Theorem 3.3. [8] Let ( ),V +  be a group and let { }: 0F D= ∪ , where D is a 
fixed point free group of automorphisms of V. Then ( ),V F  is a fi-
nite-dimensional near-vector space if and only if there exist a finite number of 
near-fields 1 2, , , nF F F , semigroup isomorphism ( ) ( ): , ,i iF Fψ → ⋅ , and an 
additive group isomorphism 1 2: nV F F Fφ → ⊕ ⊕ ⊕  such that if  
( ) ( )1 2, , , nv x x xφ =  , then  

( ) ( ) ( ) ( )( )1 1 2 2, , , ,n nv x x xφ α ψ α ψ α ψ α=   

for all ,v V Fα∈ ∈ .  
We will not prove the theorem here, see [14] for more details. We only show 

how it is used in constructing near-vector spaces over p , for p a prime. The 
following is a brief step by step approach on how to construct near-vector spaces 
over p  using Theorem 3.3 and making use of Lemma 3.2. 

Let ( ), ,p + ⋅  be a field with p a prime. Then  
1). Set ( ) ( )( ), ,

n
p pV F =    where n is the dimension of our near-vector 

space. That is,  

( ){ }1, , | for 1 .n i pV x x x i n= ∈ ≤ ≤   

2). List all { }1,2, , 1q p∈ −  such that ( )gcd , 1 1q p − = . 
3). For each i, list all automorphisms, ( ) iq

iψ α α= , where { }1,2, , 1iq p∈ −  
and ( )gcd , 1 1iq p − =  for pα ∈ . 

4). Define scalar multiplication by  

( ) ( ) ( ) ( )( )
( )1 2

1 2 1 1 2 2

1 2

, , , : , , ,

, , ,n

n n n

qq q
n

x x x x x x

x x x

α ψ α ψ α ψ α

α α α

=

=

 



 

for all ( ) ( )1 2, , ,
n

n px x x ∈   and pα ∈ .  
Lemma 3.4. [13] Let ( )rF GF p=  and nV F=  (n-copies) be a near-vector 

space with scalar multiplication defined for all Fα ∈  by  

( ) ( ) ( ) ( )( )1 2 1 1 2 2, , , : , , , ,n n nx x x x x xα ψ α ψ α ψ α=   

where the ψ ’s are automorphisms of ( ),F ⋅  and they can be equal. Then V is 
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regular if and only if for all { }, 1, 2, ,i j n∈   and ( )rGF pα ∈ , 
( ) ( )lp

i jψ α ψ α= , for some { }0,1, , 1l r∈ − .  
Proof. See [13].                                                  □ 
Since ( )p GF p= , i.e. 1r = , we have that the maximal regular subspaces of 

V are those for which the iq ’s coincide. That is, if we have a near-vector space 
say, ( ) ( )( )3

11 11, ,V F =   , with scalar multiplication  
( ) ( )3 3

1 2 3 1 2 3, , , ,x x x x x xα α α α= . Then the canonical direct decomposition of V is 

1 2V V V= ⊕  where ( ){ }1 1 1,0,0 |V x x F= ∈  and ( ){ }2 2 3 2 30, , | ,V x x x x F= ∈ . 
Each iV , for { }1,2i∈ , contains vectors with same type of action. By the De-
composition Theorem, those iV ’s are the maximal regular subspaces of V. 

The following lemma describes the decomposition of the quasi-kernel of a 
near-vector space constructed using copies of p . 

Lemma 3.5. [15] Suppose that V is a n-dimensional near-vector space over 

p  with ( )Q V V≠  and 1 2 nV V V V= ⊕ ⊕ ⊕  is the canonical decomposition 
of V. Then  

( ) 1 2 nQ V Q Q Q= ∪ ∪ ∪  

where i iQ V=  for each { }1,2, ,i n∈  .  
Proof. See [15].                                                  □ 
Consider the following example where we show that a partition across the qu-

asi-kernel gives a near-vector space which is not regular. 
Example 3.6. Let ( ) ( )( )3

11 11, ,V F =    be a near-vector space with scalar 
multiplication  

( ) ( )3
1 2 3 1 2 3, , , , .x x x x x xα α α α=  

Then the quasi-kernel is ( ) ( ){ } ( ){ }1 2 1 2 3 3, ,0 | , 0,0, |Q V x x x x F x x F= ∈ ∪ ∈ . 
Let ( ),u v Q V∈ . Then ( ),V F  is regular if u and v are compatible, u cp v. That 
is, there exist a *Fλ ∈  such that ( )u v Q Vλ+ ∈ . Take ( )1,1,0u =  and 

( )0,0,1v = . Then  

( ) ( )
( ) ( )
( ) ( )

3

3 *

1,1,0 0,0,1

1,1,0 0,0,

1,1, , since .

u v

Q V F

λ λ

λ

λ λ

+ = +

= +

= ∉ ∈

 

Thus, ( ),V F  is not a regular near-vector space.  
The number of iq ’s satisfying Lemma 3.2 is ( )1pφ − , where φ  is the Eu-

ler’s totient function. That is, for each i, there are ( )1pφ −  distinct possibilities 
for ψ . 

Theorem 3.7. [9] A n-dimensional near-vector space ( ),V F  over p  is a 
vector space if and only if 1 2 1nq q q= = = = .  

Proof. If 1iq =  for all i, then from Theorem 3.3 and Lemma 3.2, we get scalar 
multiplication as  

( ) ( )1 2 1 2, , , , , ,n nx x x x x xα α α α=   

which is a vector space for all ( ) ( )1 2, , ,
n

n px x x ∈   and pα ∈ . For any 
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other choices of iq ’s, with 1 1q = , non-isomorphic near-vector spaces are 
created.                                                          □ 

We also have 
Lemma 3.8. Let ( ) ( )( ), ,

n
p pV F =    be a near-vector space. For all 

( ) ( )1 2, , ,
n

n px x x ∈   and Fα ∈ , let ( )1
n

pV =   with scalar multiplication 
defined by ( ) ( )1 2 1 2, , , , , ,n nx x x x x xα α α α=   for all ( )1 2 1, , , nx x x V∈  and 

pα ∈ . Let ( )2
n

pV =   with scalar multiplication defined by  
( ) ( )1 2 1 2, , , , , ,q q q

n nx x x x x xα α α α′ ′ ′=   for all ( )1 2 2, , , nx x x V∈  and  

pα ∈ , where all 1q′ ≠  and q′  is a positive integer. Then ( ) ( )1 2, ,V F V F≅ .  
Proof. To show that ( ) ( )1 2, ,V F V F≅ . Define ( ) ( )1 2: , ,V Vφ + → +  by 
( ) ( )1 2 1 2, , , , , ,q q q

n nx x x x x xφ β β β′ ′ ′=   and ( ) ( )* *: , ,F Fψ ⋅ → ⋅  by  
( )ψ α α=  for all *, Fα β ∈ . We need to check the following.  
a) If φ  and ψ  are well-defined: 
Let ( ) ( )1 2 1 2, , , , , ,n nx x x y y y=  . Then  

( ) ( )
( )
( )

1 2 1 2

1 2

1 2

, , , , , ,

, , ,

, , , .

q q q
n n

q q q
n

n

x x x x x x

y y y

y y y

φ β β β

β β β

φ

′ ′ ′

′ ′ ′

=

=

=

 





 

Let α β= . Then ( ) ( )ψ α α β ψ β= = = . 
b) Checking if φ  and ψ  are bijective and,  
( ) ( )( ) ( ) ( )1 2 1 2 1 2 1 2, , , , , , , , , , , ,n n n nx x x y y y x x x y y yφ φ φ+ = +     and  
( ) ( ) ( )ψ αβ ψ α ψ β= : 
Let ( ) ( ) ( )1 2 1 2, , , , , , ,

n
n n px x x y y y ∈    and *, Fα β ∈ . Suppose  

( ) ( )1 2 1 2, , , , , ,n nx x x y y yφ φ=  . Then  
( ) ( )1 2 1 2, , , , , ,q q q q q q

n nx x x y y yβ β β β β β′ ′ ′ ′ ′ ′=  . That is,  

1 1 2 2, , ,q q q q q q
n nx y x y x yβ β β β β β′ ′ ′ ′ ′ ′= = =  which implies that  

1 1 2 2, , , n nx y x y x y= = =  (after multiplying by *q Fβ ′− ∈ , recall that *F  is a 
set of invertible elements in p ). Thus, φ  is injective. 

Let ( )1 2 2, , , ny y y V∈ . Then there exist ( )1 2 1, , , nx x x V∈  such that  
( ) ( )1 2 1 2, , , , , ,n nx x x y y yφ =  . Take  

( ) ( )1 2 1 2, , , , , ,q q q
n nx x x y y yβ β β′ ′ ′− − −=   for *q Fβ ′− ∈ . Then  

( ) ( )1 2 1 2, , , , , ,n nx x x y y yφ φ=  . Thus φ  is surjective. Therefore, φ  is bijec-
tive. Furthermore,  

( ) ( )( )
( )
( ) ( ) ( )( )
( )
( ) ( )
( ) ( )

1 2 1 2

1 1 2 2

1 1 2 2

1 1 2 2

1 2 1 2

1 2 1 2

, , , , , ,

, , ,

, , ,

, , ,

, , , , , ,

, , , , , , .

n n

n n

q q q
n n

q q q q q q
n n

q q q q q q
n n

n n

x x x y y y

x y x y x y

x y x y x y

x y x y x y

x x x y y y

x x x y y y

φ

φ

β β β

β β β β β β

β β β β β β

φ φ

′ ′ ′

′ ′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′

+

= + + +

= + + +

= + + +

= +

= +

 







 

 

 

Suppose also that ( ) ( )ψ α ψ β= . Then α β= . Thus ψ  is injective. Let 
*Fβ ∈ . Then there exist *Fα ∈  such that ( )ψ α β= . That is, α β= . Thus 

https://doi.org/10.4236/apm.2023.131002


K. Tefoetsile et al. 
 

 

DOI: 10.4236/apm.2023.131002 24 Advances in Pure Mathematics 
 

ψ  is surjective. Therefore, ψ  is bijective. Also ( ) ( ) ( )ψ αβ αβ ψ α ψ β= = . 
c) Checking if ( )( ) ( ) ( )1 2 1 2, , , , , ,n nx x x x x xφ α φ ψ α=   for all  

( )1 2 1, , , nx x x V∈  and  
*Fα ∈ :  

( )( ) ( )
( )
( )
( )
( ) ( )

1 2 1 2

1 2

*
1 2

1 2

1 2

, , , , , ,

, , ,

, , , , since is commutative

, , ,

, , , .

n n

q q q
n

q q q
n

q q q
n

n

x x x x x x

x x x

x x x F

x x x

x x x

φ α φ α α α

αβ αβ αβ

β α β α β α

β β β α

φ ψ α

′ ′ ′

′ ′ ′

′ ′ ′

=

=

=

=

=

 









 

Therefore ( )1,V F  is isomorphic to ( )2 ,V F  as a near-vector space i.e. 
( ) ( )1 2, ,V F V F≅ .                                                  □ 

3.3. Examples 

Here we construct non-isomorphic near-vector spaces by following the proce-
dure stipulated above in constructing near-vector spaces. Recall that for all 

{ }1,2, ,i n∈  , 1iq =  we get a vector space by Theorem 3.7 and by Lemma 3.8 
we get isomorphic near-vector spaces. The quasi-kernel ( )Q V  of each 
near-vector space will be investigated and we will decompose V into its maximal 
regular near-vector subspaces by the procedure described in the proof of Theo-
rem 2.29. 

Example 3.9. Let ( )5 , ,+ ⋅  be a field. Let ( ) ( )( )3
5 5, ,V F =   . We are 

looking for 1 4iq≤ <  such that ( )gcd ,4 1iq = . The candidates are { }1,3iq ∈ . 
We can take ( )1ψ α α=  and ( ) ( ) 3

2 3ψ α ψ α α= =  and the scalar multiplica-
tion can be defined as follows  

( ) ( ) ( ) ( )( ) ( )3 3
1 2 3 1 1 2 2 3 3 1 2 3, , : , , , , ,x x x x x x x x xα ψ α ψ α ψ α α α α= =  

for all ( )1 2 3, ,x x x V∈  and Fα ∈ . Hence ( ),V F  is a near-vector space. 
The quasi-kernel ( )Q V  consists of elements of V, u V∈ , such that for 

every , Fα β ∈  there exists a Fγ ∈  for which u u uα β γ+ = .  
i) Let us consider ( )1,0,0x V∈ . For , Fα β ∈ ,  

( ) ( ) ( ) ( )
( )

( )( )
( )( )

1 1 1 1

1 1

1

1

,0,0 ,0,0 ,0,0 ,0,0
,0,0
,0,0

,0,0 , with .

x x x x
x x
x
x F

α β α β
α β
α β

α β α β

+ = +
= +
= +
= + + ∈

 

Hence ( ) ( )1,0,0x Q V∈  for each 1x F∈ . 
ii) Consider ( )2 30, ,x x V∈ . For , Fα β ∈ ,  

( ) ( ) ( ) ( )
( )

( ) ( )( )
( )( ) ( )

3 3 3 3
2 3 2 3 2 3 2 3

3 3 3 3
2 2 3 3

3 3 3 3
2 3

3 3 3 3
2 3

1 3 1 3

0, , 0, , 0, , 0, ,

0, ,

0, ,

0, , , with .

x x x x x x x x

x x x x

x x

x x F

α β α α β β

α β α β

α β α β

α β α β

+ = +

= + +

= + +

= + + ∈
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Hence ( ) ( )2 30, ,x x Q V∈  for 2 3,x x F∈ . Note that ( ) ( )1 2 3, ,x x x Q V∉ . 
iii) Consider ( )1 2, ,0x x V∈ . For , Fα β ∈ ,  

( ) ( ) ( ) ( )
( )

( ) ( )( )
( )

3 3
1 2 1 2 1 2 1 2

3 3
1 1 2 2

3 3
1 2

1 2

, ,0 , ,0 , ,0 , ,0

, ,0

, ,0

, ,0 ,

x x x x x x x x

x x x x

x x

x x

α β α α β β

α β α β

α β α β

γ

+ = +

= + +

= + +

≠

 

for Fγ ∈  since in general, ( )3 3 3α β α β+ ≠ + . Hence ( ) ( )1 2, ,0x x Q V∉ . 
Note also that ( ) ( )1 3,0,x x Q V∉  for 2 3,x x F∈ .  
Therefore, the quasi-kernel ( )Q V  is  

( ) ( ){ } ( ){ }1 1 2 3 2 3,0,0 | 0, , | , .Q V x x F x x x x F= ∈ ∪ ∈  

Now we decompose V into its maximal regular near-vector subspaces. It is not 
difficult to verify that ( ) ( ) ( ){ }1,0,0 , 0,1,0 , 0,0,1B =  is a basis of the near-vector 
space ( ),V F . Let ( ) ( ){ }* \ 0,0,0Q Q V= . Then  

( ){ } ( ){ } ( ){ }*
1 1 2 3 2 3,0,0 | 0, , | , \ 0,0,0 .Q x x F x x x x F= ∈ ∪ ∈  

Partitioning *Q , we get  

( ){ } ( ){ }1 1 1,0,0 | \ 0,0,0Q x x F= ∈  

and  

( ){ } ( ){ }2 2 3 2 30, , | , \ 0,0,0 .Q x x x x F= ∈  

Now we get that  

( ){ }1 1: 1,0,0B B Q= ∩ =  

and  

( ) ( ){ }2 2: 0,1,0 , 0,0,1 .B B Q= ∩ =  

Let 1V  be a near-vector space generated by 1B . Then  

( ){ } ( ){ }1 1 1 1 1 1: 1,0,0 | ,0,0 | .V B x x F x x F= = ∈ = ∈  

Similarly, let 2V  be a near-vector space generated by 2B . Then  

( ) ( ){ }
( ) ( )( ){ }

2 2 2 3 2 3

33
2 3 2 3

: 0,1,0 0,0,1 | ,

0, , | , .

V B x x x x F

x x x x F

= = + ∈

= ∈
 

Since 2x  and 3x  are arbitrary elements in F, we can take ( ) ( )33
2 3,x x  as 2x′  

and 3x′  respectively. So  

( ){ }2 2 3 2 30, , | , .V x x x x F′ ′ ′ ′= ∈  

Therefore by the Decomposition Theorem, 1V  and 2V  are maximal regular 
near-vector spaces and the canonical direct decomposition of V is  

1 2 .V V V= ⊕  

Example 3.10. Consider the field ( )11, ,+ ⋅ . Let ( ) ( )( )3
11 11, ,V F =   . We 
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want 1 10iq≤ <  such that ( )gcd ,10 1iq = . The candidates for iq  are 
{ }1,3,7,9iq ∈ . Therefore, we can take ( )1ψ α α= , ( ) 3

2ψ α α=  and 
( ) 7

3ψ α α= . We define the scalar multiplication as follows;  

( ) ( ) ( ) ( )( ) ( )3 7
1 2 3 1 1 2 2 3 3 1 2 3, , : , , , , ,x x x x x x x x xα ψ α ψ α ψ α α α α= =  

for all ( )1 2 3, ,x x x V∈  and Fα ∈ . Thus, ( ),V F  is a near-vector space. 
We now investigate the quasi-kernel ( )Q V . The quasi-kernel is found to be  

( ) ( ){ } ( ){ } ( ){ }1 1 2 2 3 3,0,0 | 0, ,0 | 0,0, | .Q V x x F x x F x x F= ∈ ∪ ∈ ∪ ∈  

We now decompose V into its maximal regular near-vector subspaces. It is 
not difficult to verify that ( ) ( ) ( ){ }1,0,0 , 0,1,0 , 0,0,1B =  is a basis of the 
near-vector space ( ),V F . Let ( ) ( ){ }* \ 0,0,0Q Q V= . Then  

( ){ } ( ){ } ( ){ } ( ){ }*
1 1 2 2 3 3,0,0 | 0, ,0 | 0,0, | \ 0,0,0 .Q x x F x x F x x F= ∈ ∪ ∈ ∪ ∈  

Partitioning *Q , we get  

( ){ } ( ){ }1 1 1,0,0 | \ 0,0,0 ,Q x x F= ∈  

( ){ } ( ){ }2 2 20, ,0 | \ 0,0,0 ,Q x x F= ∈  

( ){ } ( ){ }3 3 30,0, | \ 0,0,0 .Q x x F= ∈  

Now we get that  

( ){ }1 1: 1,0,0 ,B B Q= ∩ =  

( ){ }2 2: 0,1,0 ,B B Q= ∩ =  

( ){ }3 2: 0,0,1 .B B Q= ∩ =  

Let 1 2,V V  and 3V  be near-vector spaces generated by 1 2,B B  and 3B  re-
spectively. Then  

( ){ }
( ){ }

1 1 1 1

1 1

: 1,0,0 |

,0,0 | ,

V B x x F

x x F

= = ∈

= ∈
 

( ){ }
( )( ){ }

( ){ }

2 2 2 2

3
2 2

2 2 2

: 0,1,0 |

0, ,0 |

0, ,0 | , since is arbitrary,

V B x x F

x x F

x x F x

= = ∈

= ∈

′ ′= ∈

 

( ){ }
( )( ){ }

( ){ }

3 3 3 3

7
3 3

3 3 3

: 0,0,1 |

0,0, |

0,0, | , since is arbitrary.

V B x x F

x x F

x x F x

= = ∈

= ∈

′ ′= ∈

 

Therefore by the Decomposition Theorem, 1 2,V V  and 3V  are maximal reg-
ular near-vector spaces and the canonical direct decomposition of V is then  

1 2 3.V V V V= ⊕ ⊕  

From the above examples, we get the following lemma. 
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Lemma 3.11. If ( ),V F  is a near-vector space of dimension n, i.e. nV F= , 
then the number of iQ ’s in the Decomposition Theorem is less or equal to n.  

Proof. Suppose ( ),V F  is a near-vector space of dimension n and the num-
ber of iQ 's in the Decomposition Theorem is greater than n. Then there exist 
m n>  such that mQ  is one of the cells of partitions of ( )Q V . By construction 
in the proof of the Decomposition Theorem, we have m mB B Q= ∩ , where B is 
the basis of V, and mB  generates mV . That is, m mV B= . Also V is a direct 
sum of all iV ’s, { }1, ,i m∈  , thus ( ) ( ) ( )1dim dim dim mV V V= + + . But 

( ) ( )1dim dim mV V m+ + ≥  and ( )dim V n= , which is a contradiction since 
m n> . Therefore, the number of iQ ’s in the Decomposition Theorem is less or 
equal to n.                                                        □ 

4. An Application to Finite Linear Games 

There are several applications of near-vector spaces: in Finite Linear Games and 
Cryptography, to mention a few. In this chapter we look at the application of 
near-vector spaces to finite or discrete linear games. 

Most of the content here is taken from [15]. 
A finite linear game is a problem where a physical object has a finite number 

of states of which can be altered by applying certain processes. By so doing, they 
produce finitely many outcomes. Digital systems in computer science are often 
of this type. Since there are only a finite number of states, we can use elements of 

p , for p a prime, to represent the various states. 
We generalize the idea by restricting the number of finite states to p  for p a 

prime. But before we do that, consider the following example. 
Recall that every vector space is a near-vector space. For consistency in the 

essay, we write scalars on the right of vectors. 
Example 4.1. Five switches control five light bulbs in a row, changing the 

state, on or off, of the light bulb directly above it and the state of light bulbs ad-
jacent to the left or right. Consider the figure below. 

If the first and the third light bulbs are on as in Figure 1(a), then pushing 
switch A changes the state of the system to the state in Figure 1(b). If we next 
push switch C, the state changes to the state in Figure 1(c). 

We are looking for an order in which we can push the switches so that only 
the first, third and fifth light bulbs will be on. Assume that all light bulbs are in-
itially off. We make use of ( )5

2  over 2 . The vectors in ( )5
2  represent 

the action of each switch where the elements of 2  represent the action done  
 

 
Figure 1. A row of five light bulbs controlled by five switches. 
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to the light bulb by a switch. Let 1 and 0 represent the on and off state of the 
light bulb, where 20,1∈ . Then the five switches can be represented by  

1 1 0 0 0
1 1 1 0 0

, , , and .0 1 1 1 0
0 0 1 1 1
0 0 0 1 1

a b c d e

         
         
         
         = = = = =
         
         
                  

 

Let i  and f  represent the initial and final state respectively. That is  

0 1
0 0

and .0 1
0 0
0 1

i f

   
   
   
   = =
   
   
      

 

To see how we can reach the final state f  (target configuration), we need to 
determine whether there are scalars 1 2 3 4 5 2, , , ,x x x x x ∈  such that  

1 2 3 4 5i ax bx cx dx ex f+ + + + + = . That is,  

1 2 3 4 5

0 1 1 0 0 0 1
0 1 1 1 0 0 0

.0 0 1 1 1 0 1
0 0 0 1 1 1 0
0 0 0 0 1 1 1

x x x x x

             
             
             
             + + + + + =
             
             
                          

 

We get the augmented matrix as  

1 1 0 0 0 1
1 1 1 0 0 0

.0 1 1 1 0 1
0 0 1 1 1 0
0 0 0 1 1 1

 
 
 
 
 
 
  

 

Applying row operations over 2  we get  

1 0 0 0 1 0
0 1 0 0 1 1

.0 0 1 0 0 1
0 0 0 1 1 1
0 0 0 0 0 0

 
 
 
 
 
 
  

 

Thus 5x  is a free variable and we have two possible solutions  

1 5x x=  

2 51x x= +  

3 1x =  

4 51 .x x= +  

When 5 0x =  and 5 1x =  we get the following solutions respectively  
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1 1

2 2

3 3

4 4

5 5

0 1
1 0

and .1 1
1 0
0 1

x x
x x
x x
x x
x x

      
      
      = =      
      
            

 

Therefore, we push switch a  once, c  once and e  once to reach the target 
configuration. 

Note that there is no way we can push the switches in such a way that only the 
first light bulb will be on. When a particular switch is pushed n-times, where n is 
an even number, the light bulb goes back to its original state. Also for any switch 
say a , an a a a= + + +  (n times).  

From the above example, we can see that given n light bulbs with p possible 
states and a switch associated with each light bulb, the initial and final configu-
ration or state of the system is  

1 1

2 2and ,

n n

i f
i f

i f

i f

   
   
   = =
   
   
   

 

 

respectively. For the switches we have  

( )
1

2 ,

i

ni
i p

in

s
s

s

s

 
 
 = ∈
 
 
 



  

which captures the changes in the state of the light bulb above them. Each light 
bulb changes its state sequentially. The final state f  corresponds to the vector 
addition of the initial state i  and the number of times each switch is pressed 
(in some order). That is,  

1 1 2 2 ,n ni s x s x s x f+ + + + =  

where 1 2, , , n px x x ∈  . The scalar multiplication is defined for all switches 
( )n

i ps ∈   and all pα ∈  as follows  

11

2 2 ,

q
ii

q
i i

i

q
in in

ss
s ss

s s

α
αα α

α

  
  
 = = 
  
     




 

where q is a positive integer. Since we are working with near-vector spaces con-
structed over p  using a result by van der Walt (Theorem 3.3), then the num-
ber of times, α , a particular switch is pressed is given by the following scalar 
multiplication  

1

2

1 1

2 2 ,

n

q
i i

q
i i

q
in in

s s
s s

s s

α
α

α

α

  
  
   =   
  
    




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where iq , for { }1,2, ,i n∈  , satisfies Lemma 3.2. 
Note that in Example 4.1 we used the usual multiplication (linear) where 

1iq =  for all { }1,2, ,i n∈  . 
Now we consider the case where the scalar multiplication is not linear. 
Example 4.2. A row of four light bulbs is controlled by four switches. Each 

light bulb can have five possible states, 0, 1, 2, 3 or 4, where each number 
represents a different state. Each switch changes the states, assuming all light 
bulbs were initially off, of particular light bulbs as follows  

1 2 3 4

1 1 2 1
0 2 2 0

, , and .
0 4 0 3
4 0 1 2

s s s s

       
       
       = = = =
       
       
       

 

Note that we are working over 5  since there are five possible states. The  

initial state is 

0
0
0
0

i

 
 
 =
 
 
 

 and suppose the final state is 

1
3
1
3

f

 
 
 =
 
 
 

. To reach the  

final state, we need to determine whether there are scalars 1 2 3 4 5, , ,x x x x ∈  
such that  

1 1 2 2 3 3 4 4 .i s x s x s x s x f+ + + + =  

For the case where we use the usual multiplication, suitable sequence 
( )1,1,1,1 , we get scalars to be 1 2x = , 2 4x = , 3 0x =  and 4 0x = . We know 
that for suitable sequences ( )1,1,1,1  and ( )3,3,3,3  the resulting two 
near-vector spaces are isomorphic. But for a suitable sequence ( )3,3,3,3 , the 
number of times we press switches is different from how we press them with se-
quence ( )1,1,1,1 . With sequence ( )3,3,3,3 , we get 1 3x = , 2 4x = , 3 0x =  
and 4 0x = . It is no longer the case that for any switch is , for { }1,2, ,i n∈  , 

i i i is n s s s= + + +  (n-times). Take switch 2s  for example,  

( )

3

3

2 3

1 32
2 12 2

2 2 ,
4 24 2
0 00

s

    
    ⋅    = = =
    ⋅
    
     

 

whereas  

2 2

1 1 2
2 2 4

.
4 4 3
0 0 0

s s

     
     
     + = + =
     
     
     

 

This is all as a result of Lemma 3.2. Note that for the sequence ( )3,3,3,3 , 
( )Q V V= . That is, V is regular.  
Example 4.3. Suppose from Example 4.2 we use suitable sequence ( )1,3,3,1  

to define the scalar multiplication. This yields the following system of equations  
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( )1 2 3 43 1x x x x+ + + =                       (4) 

( ) ( )3 3
2 32 2 3x x+ =                        (5) 

( ) ( )3 3
2 44 3 1x x+ =                        (6) 

( ) ( )1 3 44 2 3.x x x+ + =                      (7) 

Thus, we get two systems of equations, each has the same type of action.  

( )1 2 3 43 1x x x x+ + + =                      (8) 

( ) ( )1 3 44 2 3x x x+ + =                      (9) 

and  

( ) ( )3 3
2 32 2 3x x+ =                       (10) 

( ) ( )3 3
2 44 3 1.x x+ =                       (11) 

The first system is linear and the second is non-linear. Keeping in mind that 

5  is a field and every element of 5  has an inverse in 5 , by doing so we 
get 1 2x = , 2 4x = , 3 0x =  and 4 0x = . Note that for Equation (5) and Equa-
tion (6) we used the fact that every element of p  has a q-th root in p  by 
Lemma 3.1. Note also that V is not regular, and observe that the quasi-kernel 
( )Q V  is  

( ) ( ){ } ( ){ }1 4 1 4 5 2 3 2 3 5 1 2,0,0, | , 0, , ,0 | , .Q V x x x x x x x x Q Q= ∈ ∪ ∈ = ∪   

Example 4.4. Suppose we have five possible states as in Example 4.2 with 
suitable sequence ( )1,3,3,1  but this time with the following switches.  

1 2 3 4

1 0 2 0
0 1 0 1

, , , .
0 1 0 2
2 0 1 0

s s s s

       
       
       = = = =
       
       
       

 

The initial state is 

0
0
0
0

i

 
 
 =
 
 
 

 and suppose the final state is 

1
3
1
3

f

 
 
 =
 
 
 

. We solve  

the following system of equations  

( )1 3 2 1x x+ =                         (12) 
3 3
2 4 3x x+ =                          (13) 

( )3 3
2 4 2 1x x+ =                         (14) 

( )1 32 3.x x+ =                         (15) 

We solve the same way we solved for Example 4.2 to get 1 0x = , 2 0x = , 

3 3x =  and 4 2x = . Note again that the quasi-kernel is  

( ) ( ){ } ( ){ }1 4 1 4 5 2 3 2 3 5 1 2,0,0, | , 0, , ,0 | , .Q V x x x x x x x x Q Q= ∈ ∪ ∈ = ∪   

Also note that the switches belong to either 1Q  or 2Q .  
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In a nutshell, we have considered the following cases:  
a) Case where ( )Q V V= , i.e. V is regular. Here the scalar multiplication is 

linear and is of the form  

1

2 ,

q
i

q
i

i

q
in

s
s

s

s

α
α

α

α

 
 
 =  
 
  



 

for any switch ( )n
i ps ∈   and pα ∈  with q satisfying Lemma 3.2. It’s easy 

to solve for scalars if 1q = . If 1q ≠ , then Lemma 3.1 is of assistance in solving 
for scalars together with simple substitution. 

b) Case where ( )Q V V≠ , i.e. V is not regular. By Theorem 2.29 we can write 
V into its maximal regular subspaces, i.e. 1 2 nV V V V= ⊕ ⊕ ⊕  so as its qua-
si-kernel ( )Q V  by Lemma 3.5. That is, ( ) 1 2 nQ V Q Q Q= ⊕ ⊕ ⊕ . 

c) Case where there will be more than one system to solve. The system that 
needs be solved is solved simultaneously in conjunction with Lemma 3.1. 

d) Case where the switches belong to iQ  for some { }1,2, ,i n∈  . Here the 
rows of the coefficient matrix can be rearranged so that the system can be easier 
to solve.  

5. Conclusion 

The aim of this paper was to discuss the construction of near-vector spaces over 

p , for p a prime. We showed how to construct near-vector spaces using finite 
(right) near-fields and an important result (theorem) by van der Walt (also 
known as the Construction Theorem). We then used this theory to describe all 
finite-dimensional near-vector spaces over p , for p a prime, up to isomor-
phism. We also looked at their quasi-kernels and regularity. The Decomposition 
Theorem by André was applied on those near-vector spaces in order to get their 
maximal regular subspaces. We showed an application of near-vector spaces 
over p  to finite linear games. 
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