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Abstract

It is shown that any polynomial written as an infinite product with all positive
real roots may be split in two steps into the product of four infinite polyno-
mials: two with all imaginary and two with all real roots. Equations between
such infinite products define adjoint infinite polynomials with roots on the
adjoint roots (real and imaginary). It is shown that the shifting of the coordi-
nates to a parallel line of one of the adjoint axes does not influence the rela-
tive placement of the roots: they are shifted to the parallel line. General rela-
tions between original and adjoint polynomials are evaluated. These relations
are generalized representations of the relations of Euler and Pythagoras in
form of infinite polynomial products. They are inherent properties of split
polynomial products. If the shifting of the coordinate system corresponds
to the shifting of the imaginary axes to the critical line, then the relations of
Euler take the form corresponding to their occurrence in the functional eq-
uation of the Riemann zeta function: the roots on the imaginary axes are all
shifted to the critical line. Since it is known that the gamma and the zeta
functions may be written as composed functions with exponential and trigo-
nometric parts, this opens the possibility to prove the placement of the zeta
function on the critical line.

Keywords

Infinite Polynomials, Shifting to the Critical Line, Zeta Function

1. Introduction

One of the open questions of number theory is the placement of the roots of the
Riemann’s zeta function. To analyze this problem, first, the placement of the
roots of other analytical functions must be analyzed. One option to start this

analysis offers the infinite polynomial products, because the placement of their
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roots is well defined. For infinite polynomial products, first, the variable splitting
is carried out. The relations between such split products result in the adjoint po-
lynomial functions. Shifting the roots on one of the coordinate axes of one split
polynomial product, the roots of the adjoint functions on the other axes are
shifted to a parallel line.

Once the laws of the relations between infinite polynomial products are de-
fined, the approximation of basic functions by the corresponding polynomials is
established. First the most important function, the exponential function and its
adjoint functions, the trigonometric functions are represented by infinite poly-
nomial products. Starting with the binomial coefficients the polynomial repre-
sentation of the normal distribution and of the exponential function are estab-
lished. The adjoint functions of the exponential functions give the infinite poly-
nomial product representations of the trigonometric functions.

Shifting the roots on the real axes of the point of symmetry to the critical line,
shifts the roots of the adjoint functions to the critical line. Equations between
these shifted functions have the identical form to components of the functional
equation of the Riemann zeta function. If all components are written in form of
infinite polynomial products, then the functional equation defines all complex

roots and poles on the critical line.

2. Splitting a Polynomial with all Positive Roots

Is (¢') a complex number, so any function ( /(¢)) is a complex number again.
The sum of such a complex number and of its conjugate, as well as the difference
of the complex number and its transpose result in a real number
(f(é’)—m = f(é’)—f(é’) =real ). The sum of such a complex number and
of its transpose, as well as the difference of the complex number and its conju-
gate result in an imaginary number (f(/;)+f(§')T = f(g“)—m = imaginary ).
These obvious relations will be applied to polynomial functions.
Definition of the complete polynomial function:
>0, g, # g, > Gy

The positive real numbers ( a, > ay ) with
J

) ) (j2) (+1) i

(j,ji»j»€Z, Z=1,2,---,00) are composing the vector (4,). The set of the
square roots (al(i) = ao(j) ) of these numbers is composing the vector ( 4, ). The
set of the square root of these last numbers (az(j) = m ) is composing the
vector ( 4,). The following infinite product ( P(¢, 4,)) is the complete poly-
nomial function with the complex variables (¢, ). With all positive real roots at
( a ) in the normed form it is defined as follows:

J

PGy 4)=TT| 12 @)

P a
J=1 0())

Definition of the first-degree split polynomials:
Splitting the complex variable (¢, ) by the substitution (¢, = \/ZO ) the poly-

nomial will be split:
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(2.2)

=P (S, 4) B (&5 4) (al(,f) :m)

The first of these first-degree split polynomials, ( P, (&}, 4, ) ) has all positive
real roots at (a](j) ) and is like the complete polynomial ( P(¢,, 4, )), the other
(P, (<), 4,)) has all negative real roots at (_al(/) ):

P, (g“l,A]):f[{ —aij P, ({,,Al):f[(HaiJ (2.3)
J=1 1) Jj=1 1)

Definition of the second-degree split polynomials:

Continuing the splitting by the variable substitution (¢, = \/21 ) of the first-
degree split polynomials (P, (£, 4,)) and (P, (<), 4,)), they will be split into
two components resulting in the second-degree split polynomials:

P(goaAo) =P, (41»‘41)‘})»« (41"4 )
_Ppip(é‘Z’AZ)'Ppin(é’Z’A ) n p(§2’l A ) n n(§2’l A )

The splitting of the first-degree split polynomial (P, (¢, 4,)) is like the split-

(2.4)

ting of the original polynomial ( P(&,, 4, )), since the first-degree split polyno-

mials have exclusively positive real roots ( ay >0):
J

Pp(gl’Al):ﬁ[l_ £ ]ﬁ[“‘i}
J=l Gy ) - %) (2.5)

_%,p(gzﬂAz)'Pp,n(é’z’Az) (az(j): al(/.))

The first one of the second-degree split polynomials (P, ,(¢,,4,)) has all

positive real roots at ( ) ) and is similar again to the original polynomial
( P({O, 4,) ), the other ( P, (£,.4,)) has all negative real roots at ( ~ay, ):

= 4 - 4
P, (&nd)=T]|1-=1|, P, (&) =]]| 1+ (2.6)
A ) AL By
The splitting of the other first degree split polynomial ( P, (&, 4,)) with all
negative real roots is different: It splits into two second degree split polynomials

each of them with all roots on the imaginary axes:

« 42 - 42
Flepd)=1 1 1= =11} 1+—"—=
2 (S d) H{ i‘asz H{ +i'a2(f>} e

:])”,P (4/2’i.A2).])nJ1 (4’2’1."42)

The first one of the second-degree split polynomials (P, ,(&,,i-4,)) has all

positive imaginary roots at (i- ay, ) the other, (P, ,(£,,i- 4,)) has all negative

n_n

imaginary roots at (—i- ay, )

m(:z,z--Az):ﬁ[l—.@ ] e,,(@,i-Az>:ﬁ[l+ : ] @8)

P a - i-a
/=l %)) J=l 25
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Definition of the adjoint axes:

This splitting of the negative numbers renders the introduction of the imagi-
nary and of the complex numbers necessary, to increase the degree of liberty.
The two independent axes, the real and the imaginary are defined as adjoint
axes.

From these above relations result per definition the following relations be-

tween the first-degree split polynomials:

P ($.4)=P, ($4) P, (S 4)
P (& A4)=P, ($oiv 4B, (&oniv4y)

The complete polynomial (P(;’ O,AO)) after the second-degree split (2.9) has

(2.9)

symmetrically placed infinite number of roots on the real and on the imaginary

axes. Between the two real roots next to zero there are only imaginary
max | — <R <min
[ “) ] ¢(s2) [azm J

at: §2=i~a2m, é’zz—i-azm, j=1,2,---,00 (2.10)

From the definitions follow the symmetry relations: If a polynomial ( P(¢, 4,))
may be written in the form (2.1) with all roots positive and real, then it may be
split after the substitution (¢, =\/ZO ) into two first degree split polynomials,
one ( P, (¢, 4,)) having only positive, the other (P, (¢}, 4,)) having only nega-

tive real roots and each of them is the transpose function of the other:
T
P (. 4)=P,(¢.4) (2.11)

Definition of the polynomials bound by their roots:

Similarly, the polynomial ( P, (¢, 4,)) having only positive real roots may be
split after the substitution (¢, = \/21 ) into two second degree split polynomials
one (P, ,(&,.4,)) having only positive, the other (P, ,(¢,,4,)) having only
negative real roots of the same set of real numbers and each of them is the

transpose function of the other:

Pﬂ,p (é/Z’AZ):prn (é/Z’AZ)T (2'12)

This pair of second-degree split polynomials has roots on the same axes: they
are bound by their roots being on the same axes, on the real axes and having
the same absolute values.

Taking the polynomial ( P, (¢, 4, ) ) with all negative real roots, after the subs-
titution (¢, = \/?1 ) it may be split once more into two second degree split po-
lynomials like (2.8), both having all roots on the imaginary axes. The two second
degree split polynomials are symmetrical over the real axes, meaning they are

conjugate complex:

Rl,p(é/z’i'A2)=PU (§29i'A2) (2.13)

This pair of second-degree split polynomials has roots on the same axes: they
are bound by their roots being on the same axes, on the imaginary axes and

having the same absolute values.
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Taking the roots of the first-degree split polynomials (2.10) on the imaginary,
instead on the real axes, results polynomials formally identical to the polyno-

mials (2.13). Therefore, they are conjugate complex as well:

P, (yindy) =P, (&0 4,) (2.14)

3. Adjoint Polynomials and Equations for Their Roots

Definition of the adjoint polynomials:

The first-degree split polynomials (R, (<,,i-D,)), (O, (<,,i-C,)) with roots
on the imaginary axes result as sum and difference of the second-degree split
polynomials (P, , (<,.4,)), (P, ,(&,.4,)) with roots on the adjoint, on the
real axes. The second-degree split polynomials (P, ,(£,.4,)), (P, ,(&;.4,))
with roots on the imaginary axes result as sum and difference of the first-degree
split polynomials (R, (£,,D,)), (Q,(¢,,C,)) with roots on the adjoint, on the
real, axes. They are mutually adjoint split polynomials to the original split po-
lynomials.

Taking the second-degree split polynomials with all real roots (2.6) for any
(&,) their sum results in the polynomials (Q, (&,,i-C,)) and their difference
the polynomials (R, (¢,,i- D, ) ), all with imaginary roots:

P, (& 4)+P,, (&0 4)
:2.Qn7p (412’i.c2).Qn7n (gz,i-Cz)ZZ-Qn (gzsi'cl)
L (gzaAz)_Pp_n (52"42)
=2'R, , (é,zvi'Dz)'RnJ (é’z,i-Dz):ZRn (gz’i'Dl)

(3.1)

(3.2)

Taking the second-degree split polynomials with all imaginary roots (2.8), for
any (¢,) their sum results the (Q,(¢,,C,)) and their differences the polyno-
mials ( R, (¢,,D,)) all with real roots:

P»Lp (é’zai'Az)"‘PnJ (é,zai'Az)
:z'Qp_p(gzacz)'Q,,_n (;zvcz)zz'Qp (gzacl)
})nip (é’zai'Az)_PnJ, (é/z’i'Az)
=2'R, , (gz,Dz)'Rp,n (§2,D2)=2-i~Rp (Q’z,Dl)

(3.3)

(3.4)

The above definitions allow to formulate the following lemma:

Lemma 3.1:

Polynomials composed as the sum, or the difference of second-degree
split polynomials bound by their roots define their adjoint polynomials with
all roots on the adjoint axes.

Proof: Setting the sum or the difference of split polynomials equal to zero re-
sult in the equations above for the roots of the adjoint polynomials roots on the

adjoint axes.
P"—p (gz’i.A2)+P”_” (gz,i'A2)=2~Q1)(§2’Cl)
B, (gz’Az)'i'prn (gz’Az):z'i'Rp (§Z,i~C1)
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P, (i 4)=P, (&onio4)=2i"R,(£,,D))
PILP (§Z’A2)_Pp7n (é/szz):z'Rn (élz,l.'Dl)

These equations may be regarded as the generalized relations of Euler. This
is because when applied to the split polynomials of the exponential and trigo-
nometric functions, they correspond to the relations of Euler. They define roots
on one of the adjoint axes for the adjoint polynomials and are the consequences
of the symmetry conditions (2.11) and (2.12), concluding the proof.

Therefore, the relations of Euler are inheriting properties of the split po-
lynomials.

Multiplying formally all components of the infinite product (2.8) results in
the second-degree split polynomial and for its conjugate the following polyno-

mials:
P (Conin ) =1k i Gy —hy - C2 ki G5k,
) TR RV SRV
Rﬂ,p (é,Z’i'AZ):H'kl 'i'é,z _kz élzz _k3 'i'§;+k4'§;
L O R LR

(3.5)

The sum of the above two series is again a polynomial, an even function and
the difference is a polynomial, an odd function, with roots on the real axes, in
accordance with (3.3) and (3.4):

P (i-t,i-A)+P,  (i-7,ii-4)

:;-(l—kz'(i-rf ey (iv7) kg (io7) e

2-(1+ky-0" +k, 0" —kg-0° +---)

=2.ﬁ[1_0_2]=2.Qp (é’pcl)
j=1 ¢

10)
P, (& dy) =P, (&rniv4)
:2-(k1-i-(i-r)—k3~i-(i-r)3+k5-i~(i-r)5—k7-i-(i-r)7+---)

=2-i-k -0 1—5-0'2+—-0'4—k—7-0'6+--- (3.6)
k k,

Multiplying formally all components of the infinite product (2.6) results in
the second-degree split polynomial and for its transpose the following polyno-

mials:
Pp_p(§2’A2)=1_kl G,k ':j_k3’§§ +k4'§;_k5 4/25 +kg 426"' (3.7)
prn (§25A2):1+k1'§2+k2 '422+k3'§23+k4'§;+k5 '4/25+k6'§26+“'

The sum of the above two series is again a polynomial an even function with

roots on the imaginary axes, the difference is an odd function with real roots,
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both in accordance with (3.1) and (3.2):
});;_p(gzaAz) P n(gz’ ) 2'(1+k2‘§;+k4'§24+k6'é/26+"')

:2ﬁ I_ELJ :2Qrz(§2’lcl)

E)
Ppﬁp(é’ZBAz)_Ppin (gzaAz):_z'(kl'§2+k3'§23+k5 -4'25+k7 gz7+)

k k k
=—2-k1~§2~[1+;3-§§+k—j~§;‘+;:-§2"+~-j 59)

=5 _). 2
I

o) =

All polynomials (0, (£,,i-C,) ), (Q,(¢,.C) ) (R, (&,,i-Dy) ) resp.
(R, (£,.D,)) have an infinite number of roots ( C, ), respectively (D, ), symmetri-
cally distributed around zero on the adjoint axes. The polynomials (R, (¢,,D,))
and (R, (£,,i- D)) have additional roots at zero.

Formally all four functions may be taken at any complex value (¢ ): the func-
tions (Q, (£,,C,)) and (Q, (£,,i-C,)) remain in this case symmetrical over the
imaginary resp. over the real axes and the functions (R, (£,,D,)) and

(R,(&,.i-D;)) skew symmetrical over the origin:
—2-R,(z,i-D,)=P, ,({.i-4)-P, ,(£.i-4,)
(é'lA) ({lA)2R(r,i~D])
2-R, (O'i-D):P p( ¢, A )—F;_n(é’,Az)
- ( ) P p( )__2'Rn(_G’D1)
2:0,(zi- C1)= (6 ) P, (¢4)
:Pp,p( o 4)+ P, (_5=A2):2'Qn(_7’i’cl)
G+ E (S A)
= n,p(_é”l' 2)+Pn n( i A) 2.Qp(_o-’cl)

Addition and subtraction of the adjoint polynomials (Q, (o.,C,)) and

(3.9

(R,(7,i-Dy)) allows to write the following equations expressing the original

split polynomials by their adjoint polynomials on the adjoint axes:

P, (&)= f[[H } ; ﬁ{l—drz}an(r,i-Cl)+Rn(r,i-D])(3.10)
- Cl() i- 1

J=l 20 /= )

© 2 I 72 .
P, (&udy)=T]|1+— |- 1= 0,(7,i-C)—-R,(7,i-Dy)
LGy ] Ty e dl(.f)
The sum and the difference of the adjoint polynomials (Q, (o, C,) ) and
(R, (o,D,)) allows to write the following equations expressing the original split

polynomials by their adjoint polynomials on the adjoint axes:
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Pnp(42,i-A2)=12[{1—0—2]—;—6ﬁ{1—;2 ]=QP(O',C1)+1'~RP(o-,Dl)(3.11)

Pnin (§2’i'A2):ﬁ[1_6_2]+;_0ﬁ|:1_;—_2:l:Qp (G’Cl)_i'Rp (O-’Dl)

With this the following lemma may be formulated:

Lemma 3.2:

The sum and the difference of the adjoint polynomials define the roots of
the original split polynomials on the corresponding adjoint axes.

Proof: The equations (3.10) and (3.11) define roots of the original split poly-
nomials on the adjoint axes, as stated in the lemma and concluding the proof.

The resulting polynomials (3.1) of the adjoint polynomials may be written in
the product form similarly to the first-degree split polynomials (2.3) and there-
fore may be formally split into the following second-degree split polynomials of
theirown: (0, ,(£,.G,)) (0, ,(£,.G)), R, ,(£,.D,) and R, ,(&,.D,).

0,(4,¢)=0, ,(£.G)0, ,(£.C,)
=ﬁ[1_£].ﬁ[1+i} =ﬁ{1—i] (3.12)

C i C,
2 | A 1)

R, (C],D])= R, p(gz’DZ)'Rp,n (gzaDz)

R, , (§2,D2) = Hl:l_ dgz :l s R, , (§2aD2) = H 1+d§2_2]

These split components of the adjoint polynomials are formally identical to
the split components (2.6) and (2.8), only the roots ( 4,) are replaced by (C,)
respectively by (D, ).

Similarly, to (3.1), (3.2), (3.3) and (3.4) these polynomials may be written with
roots on the imaginary axes as well. Their sum and difference define adjoint po-
lynomials on the adjoint axes of their own:

They are the adjoint polynomials of the adjoint polynomials: The second de-

gree adjoint polynomials:
(QQpin (é’z,CCZ) > QRPJ (gz’CDz ) )> RQpin (é’z’Rcz) and RRpin (gzaRDz)

The sum and the difference of these second degree adjoint polynomials define
similarly to (3.10) and (3.11) the corresponding first degree adjoint polynomials
on the adjoint axes.

Definition of the generalized relations of Pythagoras:
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Multiplying these above equations pair wise with each other gives relations,
which may be regarded, by the same reasoning as at lemma 1, as the generalized

relations of Pythagoras:

P (0,4)=P, (0.4) P, ,(0,4)=0,(0.C) +R,(0.D,) (3.12)

p_

P(0,4)=P, ,(0,i-4) P, (0,i-4)=0,(0.C) +R,(0.D,)

n

4. Shifting the Infinite Polynomials on One of the Adjoint
Axes

What is the representation of a polynomial having all its roots on one of the ad-
joint axes, if the coordinate system is modified that way, that the same axes are
shifted parallel by a constant value? Taking the polynomials (P, ,(o,i-4,)) and
(P, ,(0,i-4,)) defined in (3.8), with all roots on the imaginary axis (i-az(j) )

and (—i- ay, ) and shifting the roots to the line (s, =4, —% ), then they will be

the complex numbers:

) (4.1)

—12)4-1 ay, )and(a2 " zg—i-a2

a
( 2.t )

/) ()

The variable (¢, ) will be replaced by the variable (s, =¢, ——) and the im-

b
aginary axes will be replaced by a line starting from (o = 5 ), instead from the

origin. For (b =1) this corresponds to the critical line of the Riemann Zeta func-

tion. For each of the components of the infinite product it may be written:

b
1- S —1- 2t 2 _ %y, _ o) _ %2_,) J1-_% (4.2)
i'az(j) a _b a _b a _b a _b % i
2_ty) 2 2_tr(/-) 2 2_tr(_,) 2 2_tr(j) 2
. élz o S, + 2 a, ) . s, _ azitr(j) [1+ S, :l
I-a, b b b Z a4
() a, , a, , )

iy Ty iy Ty Gy Ty Gy T

The polynomials (2.8) will have the form:

Jj= ,Jl

© a, _m; © a, g ©
1‘[ b H[l— } and H b H[1+a2 - } (4.3)

a
2_1;) azitr( )

'a
2_mj)

In this representation the point of central symmetry is changed from the origin

b
to the point (o = 5 ). Correspondingly the roots of the second-degree split func-

b
tions with all roots on the real axes will be shifted by the same value (s, =¢, )

) )-

b
=—+a,
2 ()

b
and their roots will be ( a oy, = 5 ay, )and (a, ,
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Again, for each of the components of the infinite product it may be written:

a - - a
2y 7a, )~ R N
_ _ (4.4)
5 = %my = o)
1+ = 111+

& b = a

o a7 2.m)
My o9 -

The corresponding polynomials (2.8) will have the same form as (4.3).
The infinite products as first components in (4.3) and (4.4) are approaching a

constant value, especially in case of the exponential function and (5 =1) gives:

© a b

lim [| ——— | =e? = Ve = 1.649 (4.5)

without taking account of this limit, the equation defining the adjoint functions
on the adjoint axes by setting equal the two infinite polynomial products, the

):

above limits cancel out, resulting in the complex or real roots ( a, w)
-\

0 0

IT-—2— =T 1+—2 (4.6)

i a i a
J=1 2—”(/') J=1 27tr(j)

Shifting the roots of the second-degree split polynomials from the imaginary

b .
axes to the critical line ( EH -7 ), respectively shifting the roots on the real axes

b b
by (E) to (0+E) yields the complex roots on the shifted second-degree split

polynomials, with the imaginary part of the roots remaining unchanged:

b .
(aziiit = E‘H ) az(j) ) (a27i7n )s

=——i-a
() 2

") ()

) (4.7)

(a, ,

) Ty A

b
= 5+ az(j) ) and ( a, ,

) (©)

with this shifting the point of central symmetry is moved from the origin to the
b
oint (o =—).
point (o==:)

With the definitions (3.1), (3.2), (3.3) and (3.4) the equations defining the
roots of the symmetric and of the askew symmetric adjoint functions on the ad-

joint axes will be:

Ppﬁpitr (§Z7A27tr)+Ppinitr (§Z’A27tr ) =2 Qnitr (§Z’C17i7tr)

(4.8)
cl_i_tr(/) :E+l«cl(/)
Ppﬁpitr(é’Z’AZitr)_f;Jinitr(§Z’A27tr):2'Rn7tr(é,27Dliiitr)

b (4.9)
o =—Fi-d
-ty T g 0
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(4.10)

(4.11)
Ly T * dl(/)

Similarly, to (3.10) and (3.11) addition and subtraction of the adjoint poly-
nomial functions result in the original split polynomial functions in the infinite

product form:

Qn_tr (S27 1_i tr)+Rn tr (S 1_i tr): p_p_tr (szaAz_tr)
O, (S2: i tr) (s i rr) p_ nitr(SZ’Azitr) (4.13)
0, , (Sza 1 ,,)+l ‘R, (52D n): o (SZ’A27i7tr)

Qp_tr (Szﬂcl_tr)_i'Rp_tr (52:D1_n~ ) = Pn_n_tr (SZ’AZ_i_tr) (4'15)

(4.12)

(4.14)

Thus, any infinite polynomial having polynomial quotient equations of similar

form, will have all the roots either on the critical line (%H’ -7 ) or on the real

b
axes (o _E) within the shifted coordinate system, corresponding to roots either

on the imaginary axes or on the real axes within the original coordinate system.
Lemma 4.1:

The complex roots of polynomials in a shifted coordinate system, with

shift of the imaginary axes parallel by a constant value (%) will be exclu-

sively on the critical line (§+i-r ), if the roots of the same polynomials in

the original coordinate system are all on the imaginary axes.
Proof: The roots of a polynomial being exclusively on the imaginary axes are

moved by the shifting from the imaginary axes to the critical line at the distance
(%), because with (4.8) and (4.9) the imaginary components of the complex

roots remain unchanged, as stated in the lemma and concluding the proof.

5. The Product Representation of the Exponential Function

The exponential function may be written as a polynomial in the form of an infi-
nite product with the aid of the binomial coefficients (Ref. [1]). The binomial
coefficients are for any positive integer (n =1,2,---,00 ) defined as:

n! C(n+1)
j-(n=j) T(j+1)T(n-j+1)

B(jin)= J=12n (5)

The maximum is: ( j = g ):
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n n
2 il
: _H(1+2-jj (5.2)

Normed with this maximum the binomial coefficients will be:

. 2 2 r| 241 2
By (Jon) = 5::(’;)) = ]L_((i)l)! =T (].ngr (njﬁ ) (5.3)

Using the following linear shifting of the coordinates on the abscise and neg-
lecting unity versus (g ), the normed binomial coefficients will be centered

around the origin:

§](j,n)=(j—§j g éz(j,n){j—gj-g; j=§2(n)-\/§+§ (5.4)

It can be proved, that this function is equal to the normal distribution of the

variable (&, (n) ). The complete proof is not given in the present paper, only the
formal identity is demonstrated in Annex Al:

2
lime 9™ = lime €M)y 2 2

im0 i 1~ (zeam i) 2-ae )

Using the definition of the gamma function from Gauss (Ref. [2]):

I'(x)= lim (=1t }zlim[mx-mlkﬁj (5.6)

,,le:m‘ x-(x+1)-(x+2)---(x+m—1) m ok+x

(5.5)

This infinite polynomial product written for (g ), (§+ g, \/g ) and for

(g— <, \/g ), shortened gives the following quotients, composed of an exponen-

tial part and of a trigonometric part:

—):rm (£ (n)- T, (&2 (m))
r(’;—cz(n)j

| . (.{2 (n)) = 1im[n_(42(n)). ZJ

(5.7)

e (_gz (”))'Fm (_52 (”))
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F,r,-(Q (”))=1im } 1+&

n—w k=0 (k-i_nj 2
2 n

Inserted into the normal distribution (4.5) eliminates the exponential compo-

(5.8)

nents. Using the definitions of the following positive real numbers, leaking out

to infinity, but on the real axes:
2

2
M; lima, (k,n)=o0; a,(k,n)==-a,(k,n)

2-n n—o 3 n

Herewith the normal distribution function with roots (¢, (n)=a, (k,n)) on

a, (k,n):

Il
—~
o
\O
~

the real axes but leaking out to infinity results in the exponential function with
real roots (¢, (n) =a, (k,n)) and (&, (n) =—a, (k,n)) on the real axes but leak-

ing out to infinity as well. They are transposed to each other:

— a2 _1; - _L
Pp,p,e(gz’AZ)_e _ig?oliﬂ[l az(k,n)J:l

—e%2 — i - 42
le),",@(gz’Az)_e _lﬂ{g{l_‘_az(l{,n)J}

The exponential functions with roots (¢, (n) =i-a, (k,n)) and

(5.10)

(&, (n)=—i-a,(k,n)) on the imaginary axes, but leaking out to infinity are

conjugate complex to each other:

T O PR S
Rx,p,e(§2’A2)_e _}%{g(l i-az(k,n)ﬂ

— a2 _ i - L
P, (6rndy)=e _hm{g(lﬂ-az(k,n)ﬂ

(5.11)

n—»ow

6. The Product Representation of the Trigonometric
Functions

With lemma 2.1, the relations of Euler, the sum and the difference of the
second-degree split polynomials of the normal distribution function, the expo-
nential functions (4.10) and (4.11) written with roots on one of the adjoint axes
are defining roots for the adjoint functions on the other adjoint axes. Taking the
roots of the exponential functions on the real axes (¢, =i- 7 ), define the roots of
the adjoint functions, the trigonometric functions, with roots on the imaginary

axes (¢, =¢; =0 ):

i 1)t 2 1 e

PpJu(4’2,A2)+P,,7,176(§2,A2)=2~QU (r,i-C,) ;¢ +e” =2-cosh(o)=2-cos(i-7)
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1“{“(1 @)HlmHl &’”)H

1'2
=—2-i-lim TT) 1+
n—)w|:dl (O) k—()( dl (k)J:|
P, ($.4)-P, , (&.4)=2R, (r,i-D;) ;e —e” =2-i-sinh(c)=2-sin(i-7)

Taking the roots of the exponential functions (1.11) on the imaginary axes

(&, =i-7), define the adjoint functions, the trigonometric functions, on the real

axes (¢, =¢; =0 ):

. U 7 . 1 T P u _i
“{H(ﬁﬂ“{“[ﬁﬂ i {1252
p 6(427 )+Pn n e(é’Z’AZ):Z.Qpie(O-’CI);

e’ +e"" =2-cosh(i-7)=2-cos(o)

w1115 | 1)
2“‘{ 4(0) & ( a(k)ﬂ

P, (nd)=P,, (Ld)=2-i-R, ,(0.D,);
e,i.r —CM :—ZISlnh(lT)zzlSHl(U)

=

Addition and subtraction of the above equations give with the imaginary roots

of the trigonometric functions the real roots of the exponential function:

E G e st Bl e G il

0, .(0.i-C)+R, (7.i-D,))=P, , (0.4,); cos(i-z')+i-sin(i~r)=e’”

sl - el s e )

Qnie (T’ilcl)_Rnie (T’i.Dl)zppfnie (O-’AZ); COS(i'T)—l.‘Sin(l.'T)=eo-

(8

Addition and subtraction of the above equations give for real roots of the tri-
gonometric functions the following equations, especially for (o =7 ) the identi-

ty of Euler:

ol et il

QP?E (O-’Cl)_'—i.RILe (G’Dl ) = Pn,p?e (T’i ’ AZ); COS(G)_i'Sin(U) = efi’o'

e -5 ey T

i-o

Qpie(o-’cl)_i.R (O- D) n_n e(T’i.A2); COS(O-)-I-Z..Sin(O-):e
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In (5.4) the sum of two complex functions results in a periodic function. From
where does the periodicity originate? This will be clear if the products of the sum

are evaluated as infinite series:

e - 1+—i-x
k=0 a, (k,l’l) (65)

L 2. 3 4, 5 6
=1+i-h-x—h -x"—i-hy-x +hx" +i-hg-x —hx"+---

- :(l‘az(k n>]

=l—i-h-x—hy-x"+i-h-x +hx*—i-h - x> —hx®+--

:

The sum and the difference of these series result in the known series for the

trigonometric functions:

cos(x)=cosh(i-x)=1-h, - x*+h,-x* —hg-x* +--,

. 1 1 1
with h2 _E’h4 _Z’h(’ _6_!’... (66)
Sin(x)=Sinh(i.x)=hl 'x_hl 'x3+h5 'x5+”',With hl :%’h3 :%’hs :%r._

In these series the value of the last term always overtakes the sum of all pre-
vious terms.

Since the sign of the last term is varying, the function becomes periodic, the

root values converging to odd respectively to even multiples of (g ). In fact, the
value ( g ) is defined by this convergence, as already recognized by Euler.

0Odd multiples of (g) give the zeros for the split cosine and for the cosine

functions at:

(Cz( ) (2 k- 1) 2, cl(k):(z_k_l)Z_(gj)
defining the vectors (C,) and ( C, ). (6.7)

T
Even multiples of (E ) give the zeros for the split sine and for the sine func-
tions at:

T

(d, (k) = 2-k-5, d (k)= (Zok)2 (gj ) defining the vectors ( D, ) and ( D,).

Equations (6.4) may be written for even and for odd powers of ( x ) separated

as follows:
o k(—(lgkk;'k _i.ij((z);'fi;+l cos(x)+i-sin(x)  (68)
B B o
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The relations of Pythagoras (2.13) give the well-known formula:
0, .(0.¢ )+ R, .(o.D, )’ =cos(c) +sin(c)’ =P, , =1 (6.9)

p_e

0, .(n.C ) +R, ,(z,D, ) =cos(i-z) +sin(i-z) =P, , =1

n_e

From (6.1) and (6.2) follows, that the zeros of the trigonometric functions
on the adjoint axes are defined with (k=1,2,3,---,00) by the following equa-

tions:

P, , .(0,4,)=-P,

e (0.4,); e7=—¢";

_n_e

cosh(o) defines roots for cos(i-7) (6.10)

F, p,e(o—’A2):}i7

- (0.4,); ¢ =¢’; sinh(o) defines roots for sin(i-7)

P, , (t,4,)=-P, , .(7.4,); e =¢e"; cosh(i-7) defines roots for cos(o)
P, (t.4)=P, , .(7,4,); ¢'" =—¢""; sinh(i-7) defines roots for sin(c’)

n_n_e n_p_e

From (6.3) and (6.4) follows, that the zeros of the exponential functions on the

adjoint axes (leaking out to infinity) are defined by the following equations:
0, (ni-G)==R, (v.i-D));
cos(i-7)=—i-sin(i-7) defines roots for ¢ (6.11)
0, .(7,i-C))=R, ,(7,i-D;); cos(i-z)=i-sin(i-7) definesroots for e”
0, .(0.C))=—i-R, .(0.D,); cos(o)=—i-sin(c) defines roots for e
0, .(0.C))=i-R, ,(0.D;); cos(c)=i-sin(c) defines roots for e~
These equations are in accordance with the relations of Euler:
cos(o)+i-sin(o)=e¢""; cos(o)—i-sin(c)=¢"" (6.12)
cos(i-7)+i-sin(i-7)=e; cos(i-7)—i-sin(i-7)=¢"
cosh(i-z)=cos(o); sinh(o)=—i-sin(i-7)

The identity of the exponential and of the trigonometric functions with their
representation as infinite polynomial products is demonstrated in Annex 2.
With (3.12) the first-degree split infinite polynomial product (Q, ,(o,n))

may be split resulting in the split trigonometric functions, demonstrated in An-

o ki o
[1—Cz(j)]_g[1—2'j_lj (6.13)

ootz i

Al Gy ) AL 2]

nex 3:

9, »e (0.G,)=

©
j:

The sum and the difference of these second-degree split infinite polynomial

products are:

1

_(Qp,p,e("'T»CZ)+QP7"7€(1"T,C2)) (6.14)

QQILP,@ (i 7,6 ) = >
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1

RQP,p,e (i -7,C, ) = E(ij,e (i‘T’CZ ) _Qp,n,e (i‘T’CZ ))

Formally these equations are like the Equations (6.4). Therefore, their sum
and difference are like the relations of Euler defining the cosine hyperbolic and

sine hyperbolic functions:

cosh(i-7)= %-(e” +e7/7 ) =cos(o); sinh(i-7)= %-(e” —e7'T ) =sin(o) (6.15)

This similarity of these functions (6.14) and (6.15) results in the interesting
fact: Multiplying with the constant value (6) the arguments result in equality, as
demonstrated in Annex 4. More important is, that the components on the right
from (6.14) are mutually transposed, therefore define roots for the adjoint func-

tions on the imaginary axes.
7. Shifting the Roots from the Imaginary Axes to the Critical
Line

Equations (6.3) define roots on the imaginary axes of the trigonometric function
sine and cosine. This results from setting the symmetric respectively central
symmetric functions cosine hyperbolic respectively sine hyperbolic functions
equal to zero. Applying the linear shift, corresponding to lemma 3.1, of the hy-

perbolic functions from the imaginary axes to the critical line by replacing (o )

by(O'—%) and(0+i~7)by(%+i-1)gives:

%(e"—e’”):o; %-{ea_;—e[g;j}«/_:%-(e“—e”):o; e’ =¢7 (7.1)

The imaginary components of the roots for (cos(i-7)) and (sin(i-7)) for

1
both are independent from the shifting on the real axes: (cos(aﬂ'-z’j) and

(sin(%ﬂ'-rj).

,(e” +e™" ) =0; e =—e"" (7.2)
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1 L L 1 1 ; i : i
2 e?  +e? 'ﬁzi'(el“reﬂ)zo; e =—e""

The real roots for (cos(o)) and for (sin(o)) both are shifted with reference
to the critical line: (COS(O‘ —%) ) and ( sin[a —%) ).

These above equations may be written in the following form:

i-T lﬂ"r . .
cosh l+i-r :l- e te? :l-<e"’+e‘”):0 defining cos[a—lj (7.3)
2 2 2 2

! iT l71'-r . .
sinh l+i-r __L e —e? :l-(e”—e’”)zo defining sin 0'—l
2 2-j 2 2

With (5.11) the roots of the exponential function in the central form being on

the imaginary axes, shifted to the critical line results the following form:

u s 2 I-s
lim l-——— |=1lim 44— 7.4
nﬁwg l+i~a2 (k,n) ’ng —+i-a,(k,n) .
2 2
(1
This equation defines the complex roots for (sm[5+i-rj) on the critical

line.

Shifting the (cos(o)) respectively the (sin(o)) functions from the symme-
tric respectively central symmetric positions with respect to the imaginary axes
to the critical line, they will become symmetric respectively central symmetric

with respect to the critical line:

cos(o)+i-sin(c)=0; cos[a—%}ﬂ'-sin(o—%) =0 (7.5)

1 . 1
cos(O')—i~sin(0) =0; COS(G—Ej—i-Sln(G—Ej =0

1 1
——iT —+i-T
The imaginary components of the complex roots (e? ) and for (e? ) are

indifferent to the shifting on the real axes: (¢ ) and (&'" ):

1 (1
cos(i-7)+i-sin(i-z)=0 and cos(5+i-rj+i-sm(5+i-rj:0 (7.6)

cos(i-z)—i-sin(i-z)=0 and cos(%+i-rj—i-sin(%+i-rj:0

1
Thus, the real roots for (e”) and (e ) are shifted on the real axes: (e ?2)

1
and (e [ ZJ ).
Addition and subtraction of these equations result in the hyperbolic func-

tions:

cos(o* —%) =0 defines roots for cosh (%+ i- rj R
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the imaginary part equal to the roots of cosh(i-7)

Sin(O’ —%) =0 defines roots for sinh (%+ i Tj R

the imaginary part equal to the roots of sinh(i-7)

1 1
cos (E+ i Tj =0 defines the shifted roots of COSh(G —Ej (7.7)

sin (%+ i TJ =0 defines the shifted roots of sinh(a —%j

with (6.14) similar relations are valid for the split cosine functions:

Qp,p,e (i ’ Z',n)+ QPJ,J (i-r,n) =0 and
1. 1.
prpie (E+Z'Tanj+QPne (E'Fl 'T,}’lj =0
define roots for the imaginary components

1
00, , .(c) and QQW[G—EJ 08)

Qp_p_e(i'z—’n)_Qp_n_e(i'T,n)=0 and
1 . 1
QPp"(5+l.r’nj_Qpne(a"‘l“[,n}:o
1

define roots on the real axes RQ, , .(o) and RO, , (O’—Ej.

e

The symmetric positions with respect to the imaginary axes of the coordinate

(0 =0) define the same imaginary values for the roots, then the symmetric
1
positions with respect to the critical line of the coordinate (o = 5 )-

The invariance of the imaginary roots of the trigonometric functions with re-
spect to the shifting of the hyperbolic functions on the real axes is demonstrated

in Annex 5.

8. Conclusions

The functional equation of the Riemann zeta-function Ref. [3] may be written as

follows:
)=t 2w co)=r(152)m = e 9) = 600-9)

The second term of this equation may be written as:

W )

s
n2=mw %2; ¢ =e

—(1—s)»ln(ﬁ)

with (7.1) this equation defines roots on the critical line for the adjoint function.
It is known that the gamma function may be written as composed of an expo-
nential and a trigonometric component, which is the split cosine function. For

the trigonometric component similar relations are valid as (7.8).
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Annex 1. The Normal Distribution and the Exponential
Function

The normal distribution and the exponential functions are shown in the figure
below for the ranges (7 =400), for (j=1,2,---,n) and for
(o0=-4,-39,-338,---,3.9,4).

The complex variables are defined in (5.4):

¢ (J'an)=[j—§j % g“z(j,n){j—gj-\/% (AL1)

The infinite polynomial products for the normal distribution and for the ex-

ponential functions are defined in (5.9) and (5.10) as well as their roots:

az(k,n)z(z-];——‘_n); }ii?oaz(k,n):w (A1.2)
F(j n)=ﬁ AN F,(0)= s (T
: ' k=0 az(k,n) ’ ? k=0 az(k,n)

, ”(G)zg(naz (Z,n)} Pw(a){g[l—az {Z,n)]

The first-degree split polynomial product of the exponential functions is equal

to unity: (Figure A1.1)

P[’_e (O-) = })p_p_e (O-)‘Pp_n_e (U) =e’-e’ =1 (A13)
1 1
RS Fy(0)
: 2
Fi(j,n) 03 oo 05
T+ 4+
0 0
-2 02 -2 0 2 —4-20 2 4
Ql(j$n) o o

Figure Al.1. Normal distribution and exponential function, all compared with their infinite product
representation.

Annex 2. The Infinite Products of Sine and Cosine Functions

The infinite product polynomials of the (cos(o)) and of the (sin (o)) from (6.2)
are compared with the functions themself.

0Odd multiples of (g ) give the zeros of the cosine function at

(c,(k)=(2-k- 1)2 (gj ), even multiples of (g ) give the zeros of the sine function

at (d, (k) =k* %) defining the vectors ( C,) and ( D,). For the comparison it is
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sufficient to take the first (7 =100 ) terms of the infinite product (Figure A2.1).
The range of the comparison is (o = —4,-3.9,-3.8,---,3.9,4).

2

Qpe(a’”)ﬂi[[l— o J; Rpe(asn)=ag(l—dfy(k)} (A2.1)

k=1 ¢ (k)

2 2|
1 1
Qp (o,1) R, (0,0)
0| Ok
cos(o) sin(o)
+++ +++
-1 -1
-2 -2
0 5 0 5
o o

Figure A2.1. The cosine and the sine functions compared with their infinite polynomial
products.

Annex 3. The Split Trigonometric Components of the
Gamma Function

The second-degree split polynomials (Qp,p,e(gz,ccz) ), (QPJLE(QaCDz)) and their
product, the cosine function are with (6.13):

0, , (o) :f[(nﬁ} 0, , .(o.n)= ﬁ[l_ 2.7—_1j

J=1 J=1

0, (o) =0,. (0n)0, , (own)=cos[ Toa] (a3

The split components of the cosines function are shown in Figure A3.1 below
with the parameter (n = 50000 ), for the range (o =-10,-9.8,-9.7,---,9.8,10 ), as

well as their product. The split component ( QO (o)) of the cosine function

p_p_e
has only positive real roots at odd multiples of (7/2) and its absolute value is de-
creases, the other split component with only negative real roots. The split com-

ponents are the transpose to each other. Both components are equal to unity at
zero: (Q, , .(0,n)=1, Q, , .(0,n)=1).

0, ,. (5 gnj =2.037280934236391x107"

T T T
1x10°" L
2 Q, o,n
\’ Qp p e(o,1) 1x10” pe(.1)
_ 0]
3 X107 cos| -
Qp n e(a,n) 91 2
— 1x10 XXX -1
1x10™ % ~ ! ! !
-0 -5 0 5 10 10 -5 0 510
o o

Figure A3.1. The split cosine functions and their product, the cosine function.
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QQpJ:Le( o,n)

cosh(6-0)
++

+

Annex 4. The Split Trigonometric Components of the
Gamma Function

With (6.14) and (6.15) the sum and the difference of these functions define the
first-degree split functions, which formally correspond to the cosine hyperbolic

and sine hyperbolic functions:

00, , . (G’n) = '(Qﬂ,p,e (G’n)+ Q) n e (O-’n))

= N~

(0, , .(e.n)-0, , .(oun))

with the parameter (7 =50000) and for the range (o =-1,-0.9,-0.8,---,0.9,1)
they are shown for real arguments in the figure below. In fact, they are propor-

RQp,p,e (O-’n) =

tional to the cosine hyperbolic and sine hyperbolic functions, with the factor of

proportionality of the arguments equal to (6) (Figure A4.1):

1x10° 300
200
100 RQp p e(o,n) 100
0
—sinh(6:0) _ 190
10 XXX

— 200
1 - 300

-1 =05 0 05 1 -1 -05 0 0.5 1

(on

[ep

Figure A4.1. The sum and difference of the split cosine function for real arguments.

Annex 5. Shifting to the Critical line the Hyperbolic and
Trigonometric Functions

In the range (o =-3,-2.8,-2.6,---,2.8,3) the sine hyperbolic and the cosine
hyperbolic functions are shown in central and in shifted positions (Figure A5.1
and Figure A5.2):
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Figure A5.1. The cosine and the sine hyperbolic functions and the roots of their adjoint func-

tions in central position on the imaginary axes.
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Figure A5.2. The cosine and the sine hyperbolic functions shifted to the critical line and the imaginary

components of the complex roots of their adjoint functions on the critical line.
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