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(ORORN o s

Abstract
Given general quasi-differential expressions 7,,7,, :-,7,, each of order n with

complex coefficients and their formal adjoint are 7;,7,,*,7, on the interval

[a, b) respectively, we give a characterization of all regularly solvable operators
and their adjoints generated by a general ordinary quasi-differential expres-
sion 7;, in the direct sum Hilbert spaces Liv(ap,bp), p=1---,N. The do-
mains of these operators are described in terms of boundary conditions involv-

ing L (ap , bp) -solutions of the equations 7j, [y] = AWY and their adjoint

T;p [Z] = Awz ()t € @) on the intervals [ap b, ) This characterization is an ex-
tension of those obtained in the case of one interval with one and two singu-
lar end-points of the interval (a, b) , and is a generalization of those proved in

the case of self-adjoint and J-self-adjoint differential operators as a special case,
where /denotes complex conjugation.

Keywords

Quasi-Differential Expressions, Regular and Singular Equations, Minimal and
Maximal Operators, Regularly Solvable Operators, /-Self-Adjoint Extension,
Boundary Conditions

1. Introduction

Jiangang, Zheng and Jiong Sun [1] considered the problem of Sturm-Liouville dif-

ferential equation:
—(py’)'+qy:/1wy on(a,b), —w<a<b<+on, (1.1)

where p,q are complex functions, p(X)¢0 and W(X)>0 a.e.on (a,b),
p_l, g,W are all locally integrable functions on (a,b) , A 1is the so-called spec-
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tral parameter. They studied the classification of Equation (1.1) according to the
number of square-integrable solutions of Equation (1.1) in suitable weighted inte-
grable spaces. This type of classification of differential equations plays an important
role in the spectral theory of differential operators as it can tell us how to obtain
the operator realizations associated with the differential equations.

Amos [2] considered the problem that all solutions of the second-order ordinary
differential equation r[y] = Awy (/1 € C) arein L2 (a,OO) when 7is a second-
order symmetric ordinary differential expression of the form
r[y]=—( py’)' +qy on [2,%) under sufficient conditions on the coefficients
pand g. The case that not all solutions are in L, (a,oo) was considered by At-
kinson and Evans in ([3], Theorem 1). Sobhy El-Sayed and others [4] extend their
results for a second-order non-symmetric ordinary differential expression
r[y]= —( p(y'- ry))’ +Tp(y'—ry)+qy with complex coefficients.

Everitt and Zettl [5] considered the problem of characterizing all self-adjoint
differential operators which can be generated by a formally symmetric Sturm-
, defined on two intervals l, ,( p=1 2) with
boundary conditions at the endpoints. Their work was motivated by Sturm-

Liouville differential expression r

Liouville problems which occur in the literature in which the coefficients have a
singularity in the interior of the underlying interval. An interesting feature of their
work is the possibility of generating self-adjoint operators in this way which are
not expressible as the direct sum of self-adjoint operators defined in the separate
intervals.

Jiong Sun [6] gives a characterization of the self-adjoint extensions of the mini-
mal operator T, generated in L (0,b) by a formally-symmetric differential
expression 7 of arbitrary order N . If the minimal operator T, has deficiency in-
dices (£,0), the domain of any self-adjoint extension of T, is described in terms
of ¢ boundary conditions involving the square-integrable solutions of the dif-
ferential equation 7 [U] =AU for 2eC\R. Thus Sun Jiong has completely
solved a problem of central importance which has evaded the efforts of mathe-
maticians for the last two decades.

J. Knowles [7] and Zai-Jiu-Shang (1988) (see [8]) gave a characterization of the
boundary conditions which determine the domain of any /J-self-adjoint extension
of the minimal operator T, with maximal deficiency index in the case when the
field of regularity, Il (To ) ,of T, was non-empty. This is achieved by using Sun
Jiong’s results (1986) (see [6]) with only one singular endpoint.

Evans and Sobhy El-Sayed [9] gave a characterization of all regularly solvable
operators and their adjoints generated by a general differential expression in Hil-
bert space L, (a, b) in the case of one interval with one singular endpoint. Also,
in [4] [10]-[20], Sobhy El-Sayed gives a characterization of all regularly solvable
operators in the case of one interval with two singular endpoints a and b, and a
characterization of Sturm-Liouville differential operators in direct sum spaces. The
domains of these operators are described in terms of boundary conditions featur-
ing L2 (a,b)-solutions of 7[u]=AWU and 7*[v]=Awv at both singular end

points a and b. Their results include those of Sun Jiong [6] concerning self-adjoint
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realizations of symmetric expression 7 when the minimal operator has equal de-
ficiency indices, and Zai-Jiu Shang in [8] concerning the J-self-adjoint operators as a
special case.

Our objective in this research is to generalize the results of Evans and Sobhy
El-Sayed, Jiong Sun, Naimark, Zettl and Zai-Jiu-Shang’s results in [5]-[12] [21] [22]

[23] for the general ordinary quasi-differential expressions z,,7,,--,7, each of or-

der n with complex coefficients generated by general Shin-Zettl matrices (see [9]
[24] [25]) in the direct sum spaces such that the operators defined on each of the
separate intervals Ip = (ap , bp), p=12,---,N . The left-hand endpoint of Ip is

assumed to be regular but the right-hand end-point may be regular or singular.

2. Notation and Preliminaries

We begin with a brief survey of adjoint pairs of operators and their associated reg-
ularly solvable operators; a full treatment may be found in [4] [9] [10]-[20] [23]
[24] [25] ([26], Chapter IIT) and [27].

The domain and range of a linear operator 7 acting in a Hilbert space A will
be denoted by D (T ) and R (T ) respectively and N (T ) will denote its null spa-
ce. The nullity of 7; written nul (T), is the dimension of N (T) and the defi-
ciency of 7; written def (T), is the co-dimension of R(T) in £ thus if Tis den-
sely defined and R(T) is closed, then def (T )=nul (T*). The Fredholm domain
of Tis (in the notation of [9] [24] [26]) the open subset A, (T) of C consisting
of those values of 1 €€ which are such that (T -l ) is a Fredholm operator,
where 7is the identity operator in /. Thus 4 €A, (T) if and only if (T - Al ) has
closed range and finite nullity and deficiency. The index of (T -l ) is the num-
ber ind (T —A1)=nul(T —Al)—def (T —Al), this being defined for
e (T).

Two closed densely defined operators 4 and B acting in / are said to form an
adjoint pair if Ac B" and consequently, B c A"; equivalently,

(AX, Y) =(X, By) for all Xe D(A) and Y€ D(B) , where (,) denotes the in-
ner-product on H.

The field of regularity H(A) of Aisthesetofall 1e€ for which there ex-

ists a positive constant K (/1) such that:

|(A=21)x| = K (2)]x| for all xeD(A) (2.1)

or, equivalently, on using the Closed Graph Theorem, and nul ( A-11 ) =0
and R(A— Al ) is closed.

The joint field of regularity IT(A,B) of A and Bis the set of 4e€ which
are such that A€ H(A), Ae H(B) and both def (A—M ) and def (B—}TI )
may be finite. An adjoint pair of A and Bis said to be compatible if
[1(AB)=J.

Now, we define a second order quasi-differential equations and quasi-derivatives.

Definition 2.1: Let the set Z, ( |) denotes the collection of all square matri-
ces A= {ars} of order 2 x 2 and satisfy the conditions:

1) a,:1>C(rs=12),
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2) a,ely, (rs=12), (2.2)
3) a, (X) #0 (almostall xel),
where a{zl denote, in view of condition 3) in (2.2), the reciprocal function
1 -1
a; (x)=(a,(x))  (almostall xel).
Given AeZ, ( | ) , we define the quasi-derivatives { f/Er] :r=0,1, 2} on /ofa
function f:1 - C by:

(Pt 1P el (a1

, (2.3)
ygz] ::(ai’zl(f’_aﬂf)) _azza{zl(f'_ailf)_aﬂf

where the prime 'denotes classical differentiation on Z Also, we define the linear
manifold D,  ACy,, (1)< Ly (1) by:

D, :={f 1 clfi e ACm(I)(r:l,Z)}, (2.4)

where the notations AC,, ( I ) and L, (l ) , denote the linear space of functions
with values in the complex field €, which are absolutely continuous and Lebesgue
integrable, respectively over all compact sub-intervals of the interval | = (a, b) of
the real line R.
The general linear ordinary quasi-differential equation of second-order given
by:
yf] =0 on L (2.5)

The quasi-differential Equation (2.5) is said to be Lagrange symmetric when
the matrix A€ Z,(l) satisfies the additional conditions:

1) a,anday,: 1 >R,

2) a,=-a, on I (2.6)

As examples of the homogeneous quasi-differential Equation (2.5), ‘e, yEf] =0
on I, we have:

1) Let:

A—Ol L (2.7)
—Ooon. .

Then AeZ,(1),y} =y, yi! =y and (2.5) takes the form:
y(z) =0 onk

here y(l), y(z) denote the classical derivatives y',y".
2)If aj,a :1 - C and are continuous on £ and if:

0 1
A :( j on I (2.8)
3 —&

Then AeZ, (l) with yEf] =Yy, yﬁ] = y(l) and the Equation (2.5) takes the
form:
Y =y®yayY+ay=0 on J (2.9)

which is the classical equation of the second-order with continuous coefficients.
3) The most general Lagrange symmetric equation of the second-order, see (2.3)
and (2.6) is given by:
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-1
A:[r p_ J on 1, (2.10)
q r

where p,q:1 >R, p=0 almosteverywhereon/ r:1 —C and
pha.re Lloc(l ) This yields the symmetric quasi-differential equation in the
standard form:

(P(y'=1y)) =TP(y'~1y)=qy =0 on % (2.11)
with:
W=y =p(y'-1y)e AC, (1).
If r=0 on 7 then this equation reduces to the generalized Sturm-Liouville
equation:
p(y’)' —-qgy=0 on f (2.12)

for which yi =y, yi! = py"e AC,,. (1).
4)If p:1 >R, p=0 almosteverywhereon/ q,r:1 > C and

p717 a, rp71 € LlDC ( | ) . Let,

0 -1

A=[" P loni (2.13)
q rp

then the quasi-derivatives and the quasi-differential equation associated with A

are defined as follows:
Yi! =Y.yl = py' € AC (1),
~(py') +ry'+ay=0 on I (2.14)
(Evans’s differential expression, see [9] and [26]). If r=0 on / Equation
(2.14) reduces to (2.12).
We now turn to the quasi-differential expressions defined in terms of a Shin-
Zettl matrix A on an interval
Definition 2.2: The set Z, ( |) of Shin-Zettl matrices on 7 consists of NxN

-matrices A= {ars} ,1<r,5<n, whose entries are complex-valued functions on
I'which satisty the following conditions:

a, €L (1)

loc

a,,#0aeonl (l1<r<n-1) (2.15)

r,r+l

a,=0 aeonl (2<r+l<s<n)

For AeZ, (| ) , the quasi-derivatives associated with A are defined by:
r -1 r Y r -
W= (a,) {(V[ 1) -3 A ”}(K r<n-1)t (1)

yl = ( gl ) -3 ay

The quasi-differential expression rassociated with the matrix A is given by:
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r[y]:zi”y[”],(nZZ) (2.17)
this being defined on the set:
V(r)= {y Yy e AC, (1),r :1,2,---,n}. (2.18)
The formal adjoint ¢* of 7 defined by the matrix A" eZ, (1) is given by:
o [2]=i"2", for all ZeV(f); (2.19)
this being defined on the set:
V(rt)= {z 2 e AC

(1), r=1,2,---,n}, (2.20)

loc

where 7", the quasi-derivatives associated with the matrix A" € Z, (1),

A" { } (-1)"*"&, ;10 for each 1,5, 1<r,s<n (2.21)

are therefore:

—_
9)

n—r,n— r+1) ((Zgrl] ), _Z::l(_l)r+s+1 gn—s+l,n—r+12£51]] (2-22)

Z-[*-n] - (Z-[anl] )' _22:1(_1)n+s+l aﬂ S+1l £s 1] (1< r<n— 1)

Note that: (A*)+ — A and so (r*)* — 7. We refer to [1] [4] [5] [7] [9]-[13]

[20]-[27] for a full account of the above and subsequent results on quasi-diffe-

rential expressions.
Definition 2.3: For ueV (T),V eV (f) and a,f e, we have the Green’s

formula:
j:{Vr[u]—UT*_[\/]}dx:[u,v](ﬂ)—[u,v](a), (2.23)
where,

[uv)(x) =" (S (=) ul (vl ()

<l

(2.24)

see [4] [9]-[20] ([23], Corollary 1) and [24] [26].

Let the interval / have end-points a,b (—coc<a<b<w) and let w:1 - R
be a non-negative weight function with W e L, (1) and W(X) >0 (for almost
all xel). Then H = L‘zN(l) denotes the Hilbert function space of equivalence
classes of Lebesgue measurable functions such that IW" f|* <o the in-

ner-product is defined by:
_[W x)g (f,geLfv(I)). (2.25)

The equation,
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r[y]-Awy=0(2€C) on 1 (2.26)

is said to be regular at the left end-point a e R, if for all Xe (a, b) R
aeR;wa, el (aX),(r,s=12-,n). (2.27)

s

Otherwise (2.26) is said to be singular at a. If (2.26) is regular at both end-points,

then it is said to be regular; in this case we have,
abeR;wa, el (ab) (r,s=12:n). (2.28)
We shall be concerned with the case when a is a regular end-point of (2.26),
the end-point b being allowed to be either regular or singular. Note that, in view

of (2.22) an end-point of 7is regular (see [4] [9]-[20] [22] [23]) for the Equation
(2.26), if and only if it is regular for the equation,

t*[z]-Awz=0(1€C) on L (2.29)

Note that, at a regular end-point a, say, yI™™ (a)(zy’l] (a)), r=1---,n isde-
fined for all yeV (r)(z eV (z’+ )) . Set,

D(r)::{y yeV(r),yandw'r[y]e Lfv(a,b)}
D(r*):={z 1zeV(r'),zand wit'[z]e Lfv(a,b)}

The subspaces D(T) and D(f) of If,v(a,b) are the domains of the so-
called maximal operators T (T ) and T (r*) respectively, defined by:

T(r)y=w'z[y] (ye D(z’)) and T(T+)Z:=W_lT[Z] (ZeD(r*)).

(2.30)

For the regular problem the minimal operators T (T ) and T, (T+), are the
restrictions of W’lr[y] and W’lr[z] to subspaces:

Dy (r)={y:yeD(r).,y" ¥ (a) =y ¥ (b) = 0,r =1,---,nf

(2.31)
Do(r*)::{z ze D(r*),z[j’l](a): 2" (b)=0,r :1,---,n}

respectively. The subspaces D, (T ) and D, (1*) are dense in L, (a, b) , T (Z’ )
and T, (r*) are closed operators (see [1] [4] [9]-[20] [22] ([23], Section 3) and
[24] [26] [27] [28]).

In the singular problem we first introduce the operators TO'(T ) and To’(r+ );
TO'(T) being the restriction of Wflr[.] to the subspace:

Dy (r)={y:yeD(z),suppyc(ab)} (2.32)

and with T0'<T+) defined similarly. These operators are densely-defined and closa-
blein L% (a, b); and we defined the minimal operators To'( T ) and TO'(f) to be
their respective closures (see [1] [5] [9] [23] [24] [26] [28] [29]). We denote the do-
mains of T (T) and T, (z’+) by D, (T) and D, (Z'+) respectively. It can be

shown that:

yeD,(r)= y[r’ll(a)zo,(rzl,-'-,n)

2.33
zeDy(r")=2"Y(a)=0,(r=1en) 239

because we are assuming that a is a regular end-point. Moreover, in both regular

DOI: 10.4236/apm.2022.123017

212 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2022.123017

S. El-Sayed Ibrahim

and singular problems, we have
T, (Z')=T(Z'+) and T*(TJ'):T0 (7), (2.34)

see ([14] Section 5) in the case when 7=7" and compare with treatment in [4]
[9]-[20] [22] and ([26], Section II1.10.3) in general case. Note that T (T) and
T (T) are closed and densely-defined operators on H.

3. The Operators in Direct Sum Spaces

The operators here are no longer symmetric but direct sums:

T, (2)=®,,T, (rp) and T, (T+):@’;:1TO (T;), (3.1)

on any finite number of intervals | = (ap , bp), p=12,--,N, where T, (z'p) is

the minimal operator generated by 7, in 1, and 7, denotes the formal adjoint

p
of 7,,which form an adjoint pair of closed operators in @}, L], (I ) ) . Let Hbe

the direct sum,

H=@) H, =o)L (1,) (3.2)

The elements of A will be denoted by f={fl,~-,fN} with f eH,, -,
fy € Hy . When |, ﬁlj =,i# j;i,j=1---,N, the direct sum space

N

I Lﬁvp (Ip) can be naturally identified with the space I_‘ZNp (U I ) where

p=1"P
.. . .. N
w=w, on Ip, p=1---,N . This is of particular significance when Up:1 | , may
be taken as a single interval; see [13] [19] [20] [22] [28].

We now establish by [5] [10] [12] some further notation.
Dy () =®)_Dy(7,), D(r)=@®),D(z,)
D,(+*) =00 ;). D(r*):@sﬂow)}
To (o) F ={To(z) i Ty (z) fu}o fi€Dy(z),e, fyy € Dy (7y)
To(7")9={To (5 )9 To (0 ) O} 01 € Do (e )+, 0y € Dy (i )} G

(3.3)

I
——
—
—~
B
'\~
—h
iy

- T(rN)fN}, f,eD(z),-- fy €D(7y)
(3.5)
7)Ou} 6€D(e), 9y €D(x)

)
[fp,gp](ap)}, feD(r),geD(f) (3.6)
(f’g):z::l(fp’gp)p’ (3.7)

where f = {f fy},G={0,,-, 0y} and (.,.)p the inner-product defined
in (2.13). Note that T, (T) is a closed densely-defined operator in A.
We summarize a few additional properties of T (Z’ ) in the form of a Lemma.

Lemma 3.1: We have:

1) |:T0 (T)]* = ®’::1 |:T0 (Tp ):|* = (_B’!\)‘:lT (T; ) >
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[To(e)] =@ [T ()] =@} (=)
In particular,

D[T, (r)*]* = D[T (f )= @E‘;lD[T (z)]:

def [T, (r)-A1]= Y. def | Ty(z,)- A1 | forall AeM[T,(z)],
def [TO (z”)—/fl } = zzzldef [TO (r;)—ZI } forall 1e H[T0 (r+ )]

Proof: Part 1) follows immediately from the definition of T, (Z’ ) and from
the general definition of an adjoint operator. The other parts are either direct
consequences of part 1) or follows immediately from the definitions.

Lemma 3.3: If S, p=1--,N are regularly solvable with respect to T, (Tp)
and T, (r; ) ,then S = @LSp is regularly solvable with respect to:

To(r)=@®),Ty(r,) and Ty (") =@}, Ty(z;).
Proof: The proof follows from Lemmas 3.1 and 3.2.
Lemma 3.4: For Aell [TO (7). T, (z’* )J ,

def [T, ()~ 21 J+def | Ty (") =71 | is constant and:
0 < def [T, (r)— A1 ]+def [Ty(¢")-Z1 ] <2nN.
In the case with one singular end-point:
NN < def [T, (r)— 21 ]+ def [T (<" )~ 21 | < 20N .
In the regular problem:
def [T, (¢)— A1 ]+ def [T, ()= 21 | =20N , forall A€ T1[ Ty (7). Ty (") .

Proof: The proof is similar to that in ([3], lemma 3.1), [10] [11] [12] and there-
fore omitted.
For Ae H[ )} we define r,S and m as follows:

[To(z)? A1]= Zpldef[T )-Al]
—zplnul[T(r)/Tl] b

ealife) A Thealif) Ao
—zplnul[ () =21 =255,
RN TS S TP

Then 0<r,s<nN and by Lemma 3.4, m is constant on H[T0 (7). T (f )},

r_r = def

and:
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NN <m<2nN. (3.9)

For H[TO (7). T (r* )J # &, the operators which are regularly solvable with
respect to T (T ) and T, (z’+) are characterized by the following theorem:

Theorem 3.5: For e H[T0 (7).T, (T+ )J , let rand m be defined by (3.8), and
let ¥ (j=12-r),® (k=r+1--,m) be arbitrary functions satisfying:

1) {‘i—’j (J =1, 2,---,r)} < D(7) islinearly independent modulo D, (2‘) and
{Cfbk (k=r+1---, m)} c D(f) is linearly independent modulo D, (f );

2) [\PJ’ D, J - Z,::l([lpip’q)kp}(bp)_[‘Pip'q)kp](ap)) =0,
(i=1-rk=r+l--m).

Then the set:

{U e [U(D:| Zpl([u q>kp]( ) [u d)kp]( )) K=r+1 )} (3.10)

is the domain of an operator S = @';lep which is regularly solvable with respect

to To(r) and T,(¢) and:
{v:ve D(c ) [0 =20 ([ W5V, J(0)-[¥5ov, ](2,)) =0.( =1,2,---,r)} (3.11)
is the domain of an operator " =[@",5 ], moreover 4€4,(S).
Conversely, if Sis regularly solvable with respect to Ty(7) and T,(z") and
de H[T0 (r).To(z" )er (S), then with rand m defined by (3.8) there exist

functions ‘i’j (j =12 I’) and (i)k (k = r+l,---,m) which satisfied 1) and 2)

and are such that (3.10) and (3.11) are the domains of the operators S and s
respectively.

Sis self-adjoint (J-self-adjoint) if, and only if, 7" =7, I'=S and
(i)k = ‘i’kfr (k =r+1,---, m); Sis Jself-adjoint if 7" =7, (J complex conjugate),
r=s and &, =%, , (k=r+l-,m).

Proof: The proof is similar to that in [6] [8] [9] [10] [11] ([26], Theorem III.3.6)
and [30].
For A eH[ (7).T ( )J define r,s, and m  be defined by (3.8). Let

(W, (i=12:5)}, {@g(k=s,+1m,)} be bases for N[T,(r,)-21]

and N[T( ) /T] respectively; thus ‘Pjp,(kaest(ap,bp)

(i=12s,5k=s,+L--m;p=12-N) and
rp[‘l’jp}z/lw‘l’jp,r;[cbkp]=ZWd)kp on [ap,bp),(le,Z,---,N). (3.12)

Since [TO (r;)—/ﬂ] has closed range, so does its adjoint [T (z’)—/ﬂ} and

moreover:

R[T(z,)-A1] =N[Ty(5;)-21]={0}, p=1.2,N

Hence:
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R[To(r,)-21]=Ls(a,.b,) and R[Ty(z;)-21]=L5(a,.b,).
We can therefore define the following:
Xip ::\Pip(j :1’2""'Sp)

(3.13)
[T(rp)—ﬂl]xjp =D (j=s,+L-m,)

(3.14)

Next, we state the following results, the proofs are similar to those in [4] [10]
[11][12] [13] [19]-[23] and ([26], Section 4).
Lemma 3.6: ([23], Lemma 3.3). The sets {ij 1j=1 2,---,mp} and

{yjp:jzl,z,.--,mp} are bases of N([T(rE)—ZI][T(TP)—MJ) and

N([T(rp)—/il][T(r;)—Il]) respectively, p=12,---,N.

On applying ([26], Theorem II1.3.1), [10] [11] [12] [13] [19] [20] we obtain:
Corollary 3.7: Any z, € D(rp) and 7, e D(r;) have the unique repre-

sentations
2, =295+ 285X, (2o, €Dy (7),2, €€, p=12,N), (3.15)
Zy =205+ 2 DY, (zgp €Dy (75).bj, €€, p=12,, N). (3.16)

A central role in the argument is played by the matrices.

Lemma 3.8: Let,

Enpemy = ([ij,ykp](bp))lgj‘kgmp , (3.17)
and:
22, = (D)) 619
Then,
RankE;”, =rankE, . =m,-n, p=12--,N. (3.19)

In view of Lemma 3.6 and since My,S,2mM,—n, p =1,2,---,N , we may sup-

pose, without loss of generality, that the matrices,

12 .
E iy —n)x(mp ) = ([%: i J(b, ))K,-gmpfn,nﬂgkgmp , (3.20)
satisfy:
Rank E(lry‘nzp—n)x(mp—n) :mp _nl p:]‘l 2!“'1N- (3.21)

If we partition Empxmp as:

El,l . El,Z
(mp-n)xn (mp—n)x(mp-n)
Enpm, =| 5 - : (3.22)
g2l 2,2
nxn nx(mp—n)
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and let:
El — El,l ('B E1,2
(Zmp—n)xn B (mp—nlxzn (mp=n)x(mp-n) (3.23)
Enxmp = En>y<n ® En;(mp—n)
L -ES | 6TED
(3.24)
2 _pl2 @7 g22
mpx(mp-n) (mp=n)x(mp-n) nx(mp-n)
Then (3.21) yields the result:
Rank E* = rankF? =m,-n,p=212,--,N. (3.25)
(mp—n)xmp mpx(mp—n) p

Lemma 3.9: Let D, (z'p
z, € D(rp) satisfy the following conditions for k=1,2,---,n and some
c, e(a b ) p=L12,---,N;

p'=p

) be the linear span {Zip =12, n} , where

' Sip

2k (a,) =6, 2 (c,) =02, (t)=0 fort>c,, (3.26)

and let D, (rp) be the linear span of {Xip =12, m, —n} with (3.21) satis-
fied. Then,

D(TP)Z DO(Tp)'LDl(Tp)'i'Dz(Tp)v p=12,---,N. (3.27)

If D (T;) and D, (r;) be the linear spans of {Z;) =1 2,~~~,n} and
{Vip si=n+L-,m}
respectively, then:

D(f): Do(TE)JfDl(TE)Jr Dz(T;)v p=12,---,N (3.28)

p

4. The Boundary Conditions Featuring L2 -Solutions

We shall now characterize all the operators which are regularly solvable with re-
spect to T,(7) =@}, T, (rp) and T, (r*) =@, T, (r;
conditions featuring L, (1)=@} L], (I p) -solutions of the equations
[T—M ] y=0 and [f -1 J 2=0,(A€C) on any finite number of the inter-
vals with one regular end-point and the other may be regular or singular. The
results in this section are extension of those in [1] [4] [5] [7] [9]-[22] [27] [28]
[29].

Theorem 4.1: Let Ae H[TO (z’),TO (‘H )J, let r,s and m be defined by (3.8),
and let X (i=12,m,),y;(j=12-,m,) be defined in (3.13) and (3.14)
respectively, and arranged to satisfy (3.21). Let Kr‘;xn, prx(mp_n ,MS’;X” and

, p=12,---,N be numerical matrices which satisfy the following

) in terms of boundary

Sp x(mp —n)
conditions:

N N
1) Rank(zp:l{Kr’:m ® prx(mp—n)}) = szlrp =r and
N P P _\N _
Rank(Zp:l{Mspxn @ Nspx(mrn)}j = szlsp =s.
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ZEI(LEPX(%n)E;,;fpn)x(mpn)(NJ;x(mp_n) )Tj

rpXSp
2) ]
-\N N N
) B (KEada(M2,) ] =200, -0,
l'pXSp
Jn = (_1)r O nuss 1<r,s<n, & beingthe Kronecker delta.

The setofall ueD [T (r)] such that,
u(ap) [u’y(nﬂ)yp}(bp)
N . .
ZM Ms"pxn [M]: - Ns‘:,x(mp—n> : =0,,, (4.1)
. (ap) [u’y(mp),p}(bp)

is the domain of an operator S = @ﬁ;lsp which is regularly solvable with respect
to T, (T) and T, (z’*) and D(S*) isthesetofall ve D[T (f )} which are su-
ch that:

Proof: Let,

P gl _in(,P _ p —(p° _
Mepadntn = 1" (@5 o em - N (o, )= (BhJgem, (43
and set,
m . .
95 = k:pnuﬂjiykp'(J =fptlmip=12, N)' (4.4)

Then g, € D[T(z; )], by [5] (10] and [12] we may choose
d>jp(j=rp+1,---,mp)e D[T(r;)} such that for k=1,2,---,n and some
c, €(a,.b,)

(), (3) = (@) () =(05). " ()

(4.5)
®, =g, on[c,b,) (j=r,+L-m;p=12-N)

This gives:

N
p
szl Mspxn

N u(a,)
:_inZP:1 |:(q)ip )+ (ap ):|rp+1£ismp J“X" :

[t u[n—ﬂ(ap)
- ZZ—M“"D<rp+l>p}(a)'[”'q’(wz)p}(a)"“'[”'q’vﬂn)p}(a" ) J
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by (2.11). Also, since ®;, =g, on [Cp, p) (j=|’p +1,-~-,mp).Then,

[ y(ng)J(b)
Y0
:2’:1([[ k= n+1ﬁrp+1kyka(b ) "’[ k= n+1ﬁmp kyka(b )Tj
:Z’:_l[[u,db(rpﬂ)p}(bp),[u,d)(rp+2)p}(bp),n-,[u,db(mp)p}(bp)TJ.

The boundary condition (4.1) therefore coincides with that in (3.10). Similarly

N
N p
Zp:l spx(mp—n)

(4.2) coincides with (3.11) on making the following choices:

Ko = (I (T gz o gy = (SR Dty (4.6)
hyp =20 "eh X, (J =11 p=1,2,-,N) (4.7)

and by [5] [10] and [12] we may choose ¥, (j :1,~--,rp)e D[T(TP)J such

thatfor k=1,2,---,n and some ¢ e[ap,bp),

‘PETI”(a) oo (cp) = (e ).

W, =h,on[c,b,).(j=r,+Lm,, p=12-N) “8

pp
It remains to show that the above functions
{(ka k= r +1,---,mp} c D[T (T;):| and {‘Pjp(j =1, r )} c D[T (rp)J are
linearly independent modulo D, [T (r; )] and D, [T (z'p )J respectively and sati-
sfy conditions 1) and 2) in Theorem 3.5. First, suppose that
{‘Pj} = {‘I’jp | =1,---,rp} is not linearly modulo D, (rp) that is, there exist
constants C;,*++,C, ot all zero, such that U= Z .6V €Dy (rp ) Then, from
(2.24), (4.6) and (4.8),
u (ap) G 1@
Onxl = (Tﬁ( )l<k<n = in‘]nxn(Krzxn) :

l<J<rp

u[n71] (ap) Cl'p Cl'p
On noting that:
‘]nxln = (_1)"*1 ‘]nxn = (‘]nxn )T .

But J has rank n and so we infer that:

nxn

(cuveeesC, VK = O (4.9)

Since u:{up}eDo(rp),wehavethat [u,v](bp):O for all

V={vp}e DO(T;).

Hence,
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N
0y =20 ([0 J0) 09, (5
N r my—n r my,-n
= Zp:l([ijzlchk:pl &% ylp](bp)v“'[ZjLCj e €k y(mp)p}(bp )j
el N DY p 1
- Z p:l((cl’ ’Cl'p ) Lrpx(mp—n) E(mp—n)xmp )
on using the notation in (3.23). In view of (3.25), we conclude that:
N N
3 p:l((cl- SR [ ) =30 Osmy ) = Oy (4.10)
We obtain from (4.9) and (4.10) that:
N N
Zp:l((cl"“'crp )(Krzxn ® prx(mp‘”))j - Zp:l(olxmp ) = Oy,

which contradicts the assumption that sz (K P ®LP ) has rank r.
p=1| " “rpxn Tpx(mp-n)
It follows similarly that, {(Dk} = {Cka k=r,+1-, mp} c D[T (T; )J is line-
arly independent modulo D, (T; ) .

Finally, we prove 2) in Theorem 3.5,

([\Pi D, J(a))lsjgr,

r+l<k<m

- (_i)n Zz—l([\y[ﬁ_q (ap )]1fifrp Inen [(&)kp )[j_l] (ap )]gm }
= (_i)n Z’;_l((rﬁ( )1sjgrp J (051-7( )rp+l£j£mp J

1<k<n n+l<k<m,
By (4.5) and (4.8),
.
:—(—i)nzzl[{Kr‘;xn nxn(Ms';Xn) } ] (4.11)
rpxsp

Next, we see that:

(I:\Pi ’ cDj J(b)) = ZE_{([ZE_n gilpxlp ! Zim;uﬁ_j’;yki J(bp ))1sisrp }

[y +1£j£mp
Hence,
([Tj’q)k](b))léisr = Z’:d (55 )Kiﬁfp (|:le1 yip:|(bp ))lglgmp—n (ﬂk? )er+1§ksmp
r+l<k<m 1<lsmp-n n+1<i<mp n+i<ismy (4 12)

= ZS{ Lt «(mp-n) E(lrfpfn)x(mpfn) ( N.g () )T ]

From 2), (4.11) and (4.12) it follows that condition 2) in Theorem 3.5 is satis-
fied. The proof is therefore complete.
The converse of Theorem 4.1 is

Theorem 4.2: Let S= @g‘:lsp be regularly solvable with respect to T (T)
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and T, (z’*), let Ae H[T0 (7)., T, (f )]ﬂA4(S), let r,s and m be defined by
(3.8), and suppose that (3.21) is satisfied. Then there exist numerical matrices
KP MP  and NS"Xm . such that conditions 1) and 2) in

p
rpxn > Lrpx mp—n) 4 Spxn

Theorem 4.1 are satisfied and D(§) i; the setof ue D[T (r)] satisfying (4.1)
while D(S)* isthesetof ve D|T (f )} satisfying (4.2).

Proof: Let {‘I—’jp(j :1,---,rp)} c D[T(rp)] and
{@
From (3.27) and (3.28), we have:

q)jp = ij +Z::lnﬁ<zl‘:p +Z:I:pn+1ﬂj’l)(ykpl(j = r-p +11“'1mp; p :1!2!"'1 N)l (413)

for some y;, € D[T0 (T; )J and complex constants 77j, and S}, . Let:

k=r, +1,--~,mp} c D[T (T+):| satisfy the second part of Theorem 3.5.

kp * p

. — \[k-1]
p _ n
Mspxn = |:((Djp )+ (ap >j|rp+1£j£mp J”X” > (414)
1<k<n
P =(pt —1,2,---
Nspx(mp—n) - (ﬂjk )errlgjgmp ,p=12--N (4.15)
n+l<k<m,

rp+lsk<my

= [(—i)” [u (ap ) T (ap )} J [(CT)kp )EH] (ap )ngn }

Moreover, for all u:{up}eD T rp) )
[u,yjo}(bp)z[u,z;](bp)zo , (j=rp+1,---,mp;k=1,2,--~,n;p=1,2,---,N) ,
and hence, from (4.13),

2@ )] ([0E 008,03 )(0)

[u,q}(mp)ﬁ}(bp) |:U, Lﬂjn+lﬂmp,kykp:|(bp)

[u, y(n+l‘)p J(bp)
90| (20)

Therefore, we have shown that the boundary conditions (4.1) coincide with

those in (3.10). Similarly (4.2) and the conditions in (3.11) can be shown to co-
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incide if we choose,

K= (1) [\P[j':;ll (a”)]ﬁifﬁ’ Jons (4.16)
and:
prx(mp*”) = (gﬁ‘ )ﬁdir’ﬁ 2 (4.17)
]

where the ¢ ﬁ( are the constants uniquely determined by the decomposition:
- nogp Mp=N .p i
W =X+ 2 ERz + 2 X (=1 p=12,,N), (4.18)

derived from Lemma 3.9. Next, we prove that 1) and 2) in Theorem 4.7 are con-
sequences of the fact that {‘I’jp (j =1--, o )} c D[T( . )J and
{<ka k= r, +1,...,mp[} C D[T (r; )} are linearly independent modulo

T

D, [T (rp )J and D, (r; )J respectively. Suppose that:

N p
Rank(Zp: ( rpxn ® L ( p_n))) <r.
Then there exist constants C;,C,,*+, ¢, not all zero, such that:
N
szl((cl,cz,...,crp )( @ )j =0y (4.19)

This implies that,

0 =5 (e, 62 )
= (_i)n 22_1[((:1’02"“’0% )[l{l[il;;l[ (aP )J{Sskjgs;p ‘]nxn]

andas J,, non-singular, it follows that U= {up} = Zr.” ¢, » satisfies

(u(ap),---,u["'](ap)) =0,,- (4.20)

We also, infer from (4.19) that:

Oy = 2 ((Cl Corres rp)(prx(mpfn)))
DI PRI RSP B
Consequently, on substituting (4.18), we obtain:
u =Z:"10,X,o ZLZL& £ 2. (4.21)
For arbitrary ve D(r*) it follows that [U,V](b) =0. This fact and (4.20)

together imply that Ue D, (Z‘ ) and hence that {‘I’ o=k } is linearly

'p

independent modulo D, (z'p) contrary to assumption. We have therefore proved

that Z':zl({Kr’;xn ® prx(mpfn)}j has Rank 7. The proof of

Rank(z:ﬂ{Ms‘;m ® N;;X(mpfn)}j =s issimilar. From (4.14) and (4.16),
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([‘:Pj'd)k](a))lsjgr,

r+lsk<m

=(—i)“22{[‘I’Ek‘”(apﬂmJnxn[@OT‘](av)]m J

<k< rp+i<k<my

.
ez )

On using (4.13), (4.18) and the fact that z;, = ijp =0 on Cp,bp) s

(j:l,"',n;p=1,2,---,N) and [U,V](b)=0 if either UED(T) and
Ve Do(f) or UEDO(f) and ve D(r*),weobtain:

(RG] =22{([ X S BRYs ] (0 ]

<j< i
r+l<j<m rp+1§15mp

= 22—1( prx(mp*”) Ezﬁp’”)x(mp’”) ( NSZX("‘P’”) )T ]

The proof is therefore complete.

Remark 4.3: Assume that 7= @g‘zlrp is formally J-symmetric, that is
t* =J7J, where Jis the complex conjugation. Then the operator T (2') is the
J-symmetric and T (Z’ ) and T, (r+ ) =] [TO (z’)} J form an adjoint pair with:

[T (2), T (=) | = 11T (7) ] (4.22)
Since T[U] =AWU if and only if 7* [U] = Awd (Ae€), it follows from
Lemma 3.1 that for all A€ H[TO (r)], def [TO (r)-4l ] = def |:T0 (z’*)—ZIJ is

n
constant /, say, so in (3.8) and (3.9), r=s=/ with > </<n.

5. Discussion

In [5] Everitt and Zettl discussed the possibility of generating self-adjoint oper-
ators which are not expressible as the direct sums of self-adjoint operators de-
fined in the separate intervals. In this section we extend this case to the case of
general ordinary differential operators, ie., we discuss the possibility of the reg-
ularly solvable operators which are not expressible as the direct sums of regularly
solvable operators defined in the separate intervals Ip = (ap , bp ), p=1234.
We will refer to these operators as “New regularly solvable operators” if a, is
a regular end point and b, is singular, then by ([26], Theorem III.10.13) the

def [T, (z)—- 21 ]+ def [Ty (")~ 21| =4n foral 2e0[Ty(z),Ty(7")],

If and only if the term in (3.11) at the end point b, iszero, p=1234.By
Lemma 3.4, for:
Ae H[To (T) Ty (f )} , we get in all cases:
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0 < def [T, (r)— 1]+ def [ Ty(<*)- 71 |<8n. (5.1)
When each interval has at most one singular end-point,

an < def [T, (z)— 21 ]+ def [T()(r*)—/TIJsSn. (5.2)

In the case when all end-points are regular,
def [TO (z’)—M}+def [To (r*)—/TI } =8n, for all 1e H[T0 (7).T (z’+ )} .(5.3)
Let,
def [T, (r)— A1 ]+ def [ T, (") - 21 | =
And:
def [Ty (7, )~ 41 |+ def [Ty (5 )~ 21 |=d,, p=12,3,4.

Then by part 3) in Lemma 3.1, we have that d = zzzld o

We now consider some of the possibilities:

Example 1. d =0. This is the minimal case in (5.1) and can only occur when
all four end-points are singular. In this case T (Z’ ) is itself regularly solvable and
has no proper regularly solvable extensions, see Edmunds and Evans ([26], Chap-
ter III) [10] [13] [19] [20].

Example 2. d =n with one of d,,d,,d; and d, is equal to n and all the oth-
ers are equal to zero. We assume that d, =n and d, =d; =d, =0. The other
possibilities are entirely similar. In this case we must have seven singular end-points
and one regular. There are no new regularly solvable extensions and we have that,
S=S @‘:):2 To (z'p ), where S, is regularly solvable extension of T (Tl) , Le, all
regularly solvable extensions of T (T ) can be obtained by forming sums of regu-
larly solvable extensions of T, (z'p ) , p=1L12,3,4. These are obtained as in the “one
interval” case.

Example 3. Six singular end-points and d = 2n. We consider two cases:

1) One interval has two regular end-points, say, |, and each one of the oth-
ers has two singular end-points. Then, S =35, (—B‘:):z To (rp), where S, is regu-
larly solvable extension of T, (Tl) , generates all regularly solvable extensions of
To (7).

2) There are two intervals, say, |, rand |, each one has one regular and
one singular end-point and each one of the others has two singular end-points.
In this case S=5 @S, @‘:,:3 To (z'p ) ,and S @S, generates all regularly solva-
ble extensions of T (T ) . The other possibilities in the cases 1) and 2) are entire-
ly similar.

Example 4: Five singular end-points and d =3n. We consider two cases:

1) There are two intervals, say, |, and |,, such that |, has two regular end-
points and |, has one regular and one singular end-points, and each one of the
others has two singular end-points. In this case d; =2n and d, =n, then,
S=5@§, @‘;:3 To (rp ) , which is similar to 2) in Example 3.

2) There are three intervals, say, I,,1, and I, each one has one regular and
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one singular end-point, and the fourth has two singular end-points. In this case
d,=d,=d,;=n and d, =0, then S=S®S,®S,®T,(,), and hence
@%:lsp generates all regularly solvable extensions of T, (Z’ ) The possibilities
are entirely similar.

Example 5: Four singular end-points and d = 4n. We consider three cases:

1) There are two intervals, say, |, and I,, such that each one has two regu-
lar end-points and each one of the others has two singular end-points. In this
case d,=d,=2n and d,=d,=0,then, S=S @S, @‘:,:3T0(rp).

2) There are two intervals, say, |, and |I,, such that each has one regular
and one singular end-point, and the others |, and 1, hastwo regular and two
singular end-points respectively. In this case d, =d, =n, d;=2n and d, =0,
then S=5,®S,®S,®T (7,) asin Example 4 2).

3) Each interval has one regular and one singular end-points. In this case
dp =n,p=12,3,4. Then “mixing” can occur and we get new regularly solvable
extensions of T, (T ) . For the sake of definiteness assume that the end-points

a,,b,,a, and b, are singular end-points and b, a,,b; and a, are regular
end-points. The other possibilities are entirely similar.

For ueD[T(r)]=@}.D[T(r,)] and @ eD[T(s")]|=&},D[T(r;)]

with U={U1,U2,U3,U4}, D, ={(Dkl,q)k2,q)k2,(bk4},condition (3.11)) reads:
0=[u,®j]=z‘;:l{[up,q>jp]p(bp)—[up,cbjp (8} it @)
Also, for ve D[ ( )} [ (+)} and

¥, eD[T(7) O[T (s, ] with V={V,,V,,V3,V,},
¥, {‘I—’Jl,‘l—’lz,‘{’Js,‘I—’]4}, condition (3.12)) reads:

0:[‘Pj,V]:21:1{[‘Pjp,vp]p(bp)—[‘l’jp,vp]p(ap)}, j=1-,n, (4.23)

and condition 2) in Theorem 3.5 reads:
OZ[Tj'CDkJ:z {[TID’CD J ( D)_[\Pip'q)kp p(ap)},j,k:l,---,n. (4.24)

By ([3], Theorem III.10.13), the terms involving the singular end-points
a;,b,,a, and b, are zero so that (4.22), (4.23) and (4.24) reduces to:

[us, @y ], (b)) [, @y ], (3,) +[Us, Dia ], (B) U, @], (a4) =0,
[\PJl’VJ (bl)—[‘sz,sz(a2)+[\Pj3,v3J ) [ jarVa ] =
and:
[lpjllcbkl l(bl)_[\PjZI(Dkz:L (a2)+|:qu3’q)k3:|3 (ba)_[q"w(bm 4 (a,)=0,
J,k=1---,n. Thus, the boundary conditions are not separated for the four in-
tervals and hence, the regularly solvable operators cannot be expressed as a di-
rect sum of regularly solvable operators defined in the separate intervals

Ip, p=12,3,4. We refer to Everitt and Zettl’s papers [5] [10] [12] [13] [19] [20]

for more examples and more details.
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Conclusion: We have characterized that all regularly solvable operators and
their adjoints are generated by a general ordinary quasi-differential expression 7,
in the direct sum Hilbert spaces sz (ap,bp), p=1---,N . The domains of these
operators are described in terms of boundary conditions involving L, (ap , bp)
-solutions of the equations 7, [y] =Awy and its adjoint
r;p [Z] = Awz (E IS @) on the intervals [ap,bp ) This characterization is an ex-
tension of those obtained in the case of one interval with one and two singular end-
points of the interval (a, b), and is a generalization of those proved in the case of
self-adjoint and J-self-adjoint differential operators as a special case, where J de-

notes complex conjugation.
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