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Abstract

When a differential field KX having n commuting derivations is given together
with two finitely generated differential extensions Z and M of K, an important
problem in differential algebra is to exhibit a common differential extension
Nin order to define the new differential extensions LM and the smallest
differential field (L,M)c N containing both Z and M. Such a result allows

to generalize the use of complex numbers in classical algebra. Having now two
finitely generated differential modules Z and M over the non-commutative ring
D=K|[d,,,d,|=K|[d] of differential operators with coefficients in K, we

may similarly look for a differential module N containing both L and A/ in
order to define LNM and L+M . This is exactly the situation met in li-
near or non-linear OD or PD control theory by selecting the inputs and the
outputs among the control variables. However, in many recent books and
papers, we have shown that controllability was a built-in property of a control
system, not depending on the choice of inputs and outputs. The purpose of
this paper is thus to revisit control theory by showing the specific importance
of the two previous problems and the part plaid by N in both cases for the
parametrization of the control system. An important tool will be the study of
differential correspondences, a modern name for what was called Bicklund
problem during the last century, namely the elimination theory for groups of
variables among systems of linear or nonlinear OD or PD equations. The
main difficulty is to revisit differential homological algebra by using non-
commutative localization as a way to generalize the symbolic calculus in the
style of Heaviside and Mikusinski. Finally, when M is a D-module, this paper
is using for the first time the fact that the system R =hom, (M,K) is a

D-module for the Spencer operator acting on sections, avoiding thus beha-
viours, trajectories and signal spaces in a purely formal way, contrary to a few
recent works on this difficult subject.
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1. Introduction

The story started in 1970 at Princeton University when the author of this paper
was a visiting student of D.C. Spencer and his colleague J. Wheeler from the
nearby physics department set up a 1000 $ challenge for proving that Einstein
equations could be parametrized by potential-like functions like Maxwell equa-
tions. It is only in 1995 that he found the negative solution of this challenge, only
paid back one dollar (!) by Wheeler because the relativistic community was (and
still is !) convinced about the existence of such a parametrization. Accordingly,
such a result can only be found today in books of control theory ([1] [2] [3]).
Presenting this result at the algebra seminar of M.-P. Malliavin in the Institut
Henri Poincaré of Paris the same year, he found by chance on display in the li-
brary the translation from Japanese of the 1970 Master thesis of M. Kashiwara
([4]) and discovered the usefulness of differential homological algebra that
Spencer never told him about during his stay in Princeton.

In 1990, U. Oberst (Innsbruck University) succeeded applying these new tools
to control theory, only studying linear systems of ordinary differential (OD) or
partial differential (PD) equations with constant coefficients ([5]). However, the
reader may discover by looking at “Oberst, Pommaret, RICAM” on the net how
difficult it is to communicate with people familiar with analysis but not with
formal methods (jet theory, differential sequences, diagram chasing) when stud-
ying these systems. Meanwhile, the author had become aware of the new me-
thods (tensor products of rings with derivations) used by A. Bialynicki-Birula in
order to study “Differential Galois Theory” ([6]), largely superseding the ap-
proach of E. Kolchin in classical differential algebra ([7] [8]).

A possibility to escape from such a situation was to publish as fast as possible
a book presenting for the first time in a self-contained way the non-commutative
aspect of double duality for the study of systems having coefficients in a diffe-
rential field K ([9], Zbl 1079.93001). Of course, the difficulty was to use com-
mutative algebra for the graded modules in order to study the corresponding £i/-
tred modules, a hard task indeed. A more specific application of these new tools
to mathematical physics (general relativity, gauge theory) allowed the author to
justify the many doubts he already had for a long time about the origin and exis-
tence of gravitational waves and black holes, but this is out of the scope of this
paper (Comparing [10] to [11] needs no comment as we shall see below in Re-
mark 2.1.4).

In the second section, we shall study the linear framework and in the third

section, we shall study the nonlinear framework, separating in each situation the
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differential geometric approach from the differential algebraic approach and
providing various motivating examples. Many of the results are given without
proofs that can be found in the many books ([12]-[17]) and recent papers ([18]
[19] [20]) that we have published. It does not seem that the link existing between
the Spencer operator and the non-commutative localization of Ore domains is
known. In any case, this result has never been used for applications to control
theory or even mathematical physics.

The author thanks the anonymous referee who pointed him out the necessity
to recall the link existing between this modern formal approach and the classical
computational approach of O. Heaviside (1889) or J. Mikusinski (1949) based on
purely algebraic localization techniques in place of the Laplace transform. A few
tricky examples will be presented in the subsection 2.2 in order to illustrate these

difficult questions.

2. Linear Correspondences

2.1. Linear Systems

If X is a manifold of dimension n with local coordinates (x) = (xl,---,x"), we
denote as usual by 7 =T(X) the tangent bundle of X, by T =T (X) the
cotangent bundle, by A'T" the bundle of r-forms and by S T " the bundle of
q-symmetric tensors. More generally, let E,F,--- be vector bundles over X with
local coordinates (xi,yk),(xi,zl),--- for i=1,---,n, k=1,---,m, [=1---,p

simply denoted by (x,y), (x,z), projection z:E— X :(x,y)—>(x) and
changes of coordinates X = go(x),)_/ = A(x)y. We shall denote by E" the vec-
tor bundle obtained by inverting the matrix A of the changes of coordinates, exactly
like 7" is obtained from 7. We denote by f:X—)E:(x)—)(x,y=cf(x)) a
(local) section of £ Under a change of coordinates, a section transforms like
.g?((p(x)) = A(x)f(x) and the changes of the derivatives can also be obtained
with more work. We shall denote by J, (E) the g-jet bundle of E with local
coordinates (xi O, yik , yi’; S ) = (x, yq) called jet coordinates and sections

g, :(x) - (x, gk (x),é.k (x),fij.‘ (x),) = (x, g, (x)) transforming like the sec-
tions j, (&):(x)—> (x, & (x),0," (x),a,.jgk (x),) = (x, J, (5)(x)) where both
& and j (&) are over the section & of E For any ¢>0, J, (E) isa vec-
tor bundle over X with projection 7z, while J ,, (E) is a vector bundle over
J,(E) with projection 7! ,Vr>0.

DEFINITION 2.1.1: A /inear system of order g on E is a vector sub-bundle
R, cJ,(E) and a solution of R, is a section & of Esuch that j (&) isa
sectionof R .

Let p=(p, -, p,) bea multi-index with length |u|= g +---+p,, class i if
p== gy =0, g #0 and g+l = (s o L ) - We set
Y, = {yﬁ [1<k< m,OS|y| Sq} with J’;k, =" when |,u| =0. There is a natural
way to distinguish the section & from the section j, (&) by introducing the
4 (E)>T ®J, (E) with components
(x)= aif/]j (x)- ‘fﬁﬂf (x). The kernel of d consists of sections such that

Spencer operator d:J,

(dqu )

k
i
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& =i (§ ):---:jq+1(f) Finally, if R < J, ( ) is a system of order gon E

loca]ly defined by linear equations ®° (x yq) 7 (x ) Y, =0, the r-prolongation
R, p,( ) J, (R )quH (E)cJ, (J (E)) is locally defined when r =1

by the linear equations ®° (x yq)—O d®* (x yqﬂ) al (x )J/,m

+0,a}" (x )yﬂ =0 and has symbol g, ., =R, quH,T ®EcJ,,(E) if one

looks at the top order terms. If &, eR ,, isover & eR, differentiating the

q+1

identity " (x)&, (x)=0 withrespectto x' and substracting the identity
a,:" (x)g.‘:;l (x)+90, a,:” (x )éﬁ (x)=0, we obtain the identity
al (x )(6 & (x)-En (x)) =0 and thus the restriction d:R,, —>T ®R, .

More generally, we have the restriction:

d:NT @R > N"T O, (&), ()a)
(02 ()= () ne!)

using standard multi-index notation for exterior forms, namely 7 ={i, <i, <---<i },

(1

dx' =dx" n---Andx" e N'T" for a finite basis, and one can easily check that
deod =0.Therestriction of —d to the symbol is called the Spencer map
§:ANT ®g,,, > AT ®g, and §05=0 similarly, leading to the purely
algebraic & -cohomology H;,,(g,) ([1]112] [13] [14] [15] [17] [21]).

DEFINITION 2.1.2: A system R, is said to be formally integrable when all
the equations of order g+r are obtained by r prolongations only; Vr>0 or,
equivalently, when the projections 77" :R —>R‘§+), C R, are epimor-
phisms Vr,s>0.

Finding an intrinsic test has been achieved by D.C. Spencer in 1965 ([21])
along coordinate dependent lines sketched by M. Janet in 1920 ([22]) and pro-
viding a Pommaret basis by using the Janet tabular in a particular coordinate
system called & -regularlike in ([12] [13] [14] [15]).

THEOREM 2.1.3: R, is formally integrable (involutive) if 7Z'q+1 ‘R, R,
is an epimorphism and g, is 2-acyclic with H’ air ( gq) 0,vr=0 (involutive
with H;H ( q): 0, Vr>20, Vs=1,---,n). When R, is involutive, there exist

nintegers a; 2..2a; =a 20 called charactersand we have

i) 5,

/ = 1 e n
dzm(gqﬂ) =a,++na,.

i s . . _ 1 n
@, » in particular dzm(gq)—aq ot

REMARK 2.1.4: As long as the Prolongation/ Projection (PP) procedure has

not been achieved in order to get an involutive system R‘Ei),

for r,s large
enough, nothing can be said about the CC. Fine examples can be found in [16]
and [17] but we provide more details on the situation existing in general relativ-
ity. Indeed, let us define a bracket on sections (care) of J, (T ) which is genera-
lizing the ordinary bracket of vector fields existing for any &,77 € T . For this, we
notice that j, ([£,7]) = {jq+1 (£)sdyn (77)} as a bilinear combination that can be
extended by linearity to sections of J ,, (T). Introducing the Spencer operator
d already defined, we may define on sections (care again!) of J (T ) the desired

differential bracket already introduced in ([12]):
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(&1, | ={&omyn | +i()dE, . —i(n)dn,, € J,(T),VE,n, € J,(T)

where z() is the interior product, which is easily seen not to depend on the
respective lifts at order g +1. A linear system R cJ, (T ) is then called a Lie
algebroid it [Rq,Rq] C R, and it can be proved that Rgi)r is again a Lie alge-
broid, independently of any formal integrability condition as can be seen on the
Lie algebroid preserving the 1-form x’dx' —x'dx’> e T" (See [12]-[17] for de-
tails). In particular, if we S,T" is the Kerr metric when n=4, the corres-
ponding Killing system R, < J, (T ) is far (the word is weak !) from being for-
mally integrable but R, is a Lie algebroid and we have proved in ([11]) that the
CC for the Killing operator contains 14 second order and 4 third order genera-

tors, such a result only depending on the fact that:
RY < R? < R" = R,  J,(T) with dimensions 2 <4 <10 =10 < 20

according to ([11], Theorem 4.2, Corollary 4.3). Similar results have also be ob-
tained (with less work!) for the Schwarzschild metric. These facts prove that only
the group of invariance of the metric is important contrary to what is believed

today (See [23] and [24] for more details).
When R, isinvolutive, the linear differential operator

Jq [}
D:E—J, (E)—>J,(E)/R, =F, of order gis said to be involutive. Introducing
the set of solutions ® < E and the Janet bundles:

F=nNT ®J,(E)/(NT ®R, +5(5,.T" ®F)) )

gq+1

we obtain the canonical linear Janet sequence (Introduced in [12], p 185 + p
391):
D Dy D, Dy
050 >E>F >F——F -0 (3)
where each other operator, induced by the Spencer operator, is first order invo-
lutive and generates the compatibility conditions (CC) of the preceding one. Si-

milarly, introducing the Spencer bundies:.

C,=nT ®R [6(n'T"®g,.,) (4)
we obtain the canonical linear Spencer sequence also induced by the Spencer
operator:

Jq Dy D, Dy
0->0->C—>C—>-—>C, >0 (5)

In the case of analytic systems, the following theorem providing the Cartan-
Kihler (CK) data is well known though its link with involution is rarely quoted
because it is usually presented within the framework of exterior calculus ([12]):

THEOREM 2.1.5 (Cartan-Kihler): If R <J, (E) is a linear involutive and
analytic system of order ¢ on E, there exists one analytic solution y* = f* (x)
and only one such that:

1) (xo,aﬂfk (xo)) with 0< |,u| <g-1 isapoint of
R =l (R)=J, (E).

q
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2) For i=1,,n the a parametric derivatives 0, f *(x) of class i are
equal for x™*' = x(")”,---,x" =x, to % given analytic functions of x',---,x'.

The monomorphism 0—J , (E)—J, (Jq (E)) allows to identify R |
with its image R, in J, (Rq) and we just need to set R = E in order to ob-
tain the first order system (Spencer form) R, cJ, (E ) which is also involutive
and analytic while 7, :R — E is an epimorphism. Studying the respective
symbols, we may identify g ., and g, while g isinvolutive. Looking at the
Janet board of multiplicative variables we have @' + 8/ =i = dim (E ) and:

—i i

i no_ i =i =i+l _ pitl  7i
a =a,++ra,=a,,>a,=a—-a =" -4

We obtain therefore:

COROLLARY 2.1.6: If R < J,(E) is a first order linear involutive and
analytic system such that 7z,:R — E isan epimorphism, then there exists one
analytic solution »* = f*(x) and only one, such that:

) 7 (x),---,fﬁ11 (x) are equal to ﬂll given constants when x =x,.

2) A (x),---,fﬂ{+l (x) are equal to B - given analytic functions of
x',oo,x' when X=X X =X

3) A (x),-+,f"(x) are m—p given analytic functions of x',---,x".

2.2. Differential Modules

If A is an associative ring with unit 1€ 4, asubset S < A4 is called a multiplic-
ative subsetif 1€ S5,0¢S,st € S,Vs,t €S .. In the commutative case, these con-
ditions are sufficient to localize A at $by constructing the new ring of fractions
S™'4 over A. For simplicity, we shall suppose that A is an integral domain (no
divisor of zero) and we shall choose S'=A4—{0} in order to introduce the field
of fractions Q(A) =S"'4=A4S". The idea is to exhibit new quantities

a
written — with the standard rules:
s

b(ﬁj:@,ﬁ.q.é: at+bs,£é:a_b, Ya,be A,Vs,t €S

K s s t st st st

The same definition can be used for any module A over A in order to intro-
duce the module of fractions S™'M over S™'A with the rules:

arxr_ o X Y _BrY o yyem
st st s t st
DEFINITION 2.2.1: ¢(M)=t;(M)={xeM |3seS,sx=0} is called the

torsion submodule of M over Sand we have the exact sequence

0 —)t(M) —>M—0>S’1M of modules over A where the morphism 6 on the
rightis x —>%= % andwehave S7'M =S"4®, M .

In the non-commutative case considered through all this paper, we shall meet
four problems:
e How to compare s 'a with as™?

e How to decide when we shall say that s'a=¢"b?
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e How to multiply s™'a by ¢'b?
e How to find a common denominator for s 'a+¢'b?

LEMMA 2.2.2: If there exists a (left) localization of a noetherian A with re-
spect to S, then we must have the (left) “Ore condition” Sa As =< . It follows
that AsnAtnS#J and two fractions can be multiplied or brought to the
same denominator. Finally, 7(M) isa submodule of M.

Proof Roughly, any right fraction as™ can be written as a left fraction ¢'b,
that is we must have ta = bs . Now, if we have two fractions s'a and ¢ 'b, we
can find u,ve A such that us=vreS. Hence, we obtain s 'a= (us)_1 (ua)
and ¢'b= (vt)fl vb=(us)" vb. As for the multiplication of fractions, we have
(s’la)(t’lb) =5 (af1 )b =5 (u’lc)b = (us) ' (cb).

Finally, given x,yef(M), we can find s,t€S such that sx=0,/p=0. We
may thus find u,ve 4 suchthat 4=V €S andwe get
us(x+y)=usx+vty=0=x+yet(M). Also, we can use fa=bs in order to
obtain t(ax) = (ta)x = (bs)x = b(sx) =0=>axe t(M)

O

Let K be a differential field with n commuting derivations (9,,-+,0,) and
consider the ring D =K[d,,---,d,|=K[d] of differential operators with coef-
ficients in K'with n commuting formal derivatives satisfying d,a =ad, +0,a in
the operator sense. If P=a"d, e D=K[d], the highest value of |u| with
a” #0 is called the order of the operator P and the ring D with multiplication
(P,Q) — PoQ=PQ is filtred by the order g of the operators. We have the fi/-
tration 0c K=D,c D, c---cD,c---c D, =D. As an algebra, D is gener-
ated by K=D, and T =D,/D, with D, =K®T if we identify an element
E=E'd eT with the vector field £=¢'(x)0, of differential geometry, but
with & e K now. It follows that D=, D, is a bimodule over itself, being at
the same time a left D-module by the composition P — QP and a right
D-module by the composition P — PQ . We define the adjoint functor
ad:D—D”:P=a"d, —ad(P)=(-1)""d,a" and we have ad(ad(P))=P
both with ad (PQ)=ad(Q)ad(P), VP,0eD. Such a definition can be ex-
tended to any matrix of operators by using the transposed matrix of adjoint op-
erators (See [1] [4] [9] [25] [26] for more details and applications to control
theory, elasticity or mathematical physics, in particular general relativity).

PROPOSITION 2.2.3: Dis an Ore domain with S™'D=DS™" when
S=D-{0}.

Proof Let UeS and PeD be given. In order to prove the Ore property
for D, we must find V' eS and Qe D such that VP = QU . Considering the
system Py=u, Uy=v, it defines a differential module A over D with the fi-
nite presentation D> — D — M — 0. Now, as we have only one unknown and
D =Dy in this sequence, then A is a torsion module and rk, (M )=0. From
the additivity property of the differential ranks, if there should be no compati-
bilty condition (CC), see the example below), then the first morphism on the left

should be a monomorphism, a result leading to the contradiction 2—-1+0=0.
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Accordingly we can find the operators V and Q such that PU™' =V "'Q. Con-
versely, if now V and Q are given, using the adjoint functor and the fact that
ad(ad(P))=P, VPeD,wemayobtain ad(V) and ad(Q) such that
ad(P) ad(V) =ad (U)ad(Q) as before and thus V = ad(ad(V)) and
O=ad (ad (Q)) such that VP = QU , a result showing that V'Q=PU™".
O

REMARK 2.2.4: As pointed out at the end of the Introduction, we now ex-
plain the link existing between localization and the operational calculus of Hea-
viside and Makuzinski (HM) along the fine reference ([27], in particular sections
1 and 2). Meanwhile, we illustrate it with tricky examples opening a domain of
research for the future study of mechanical systems or RLC electrical circuits.

Having in mind the sudden switch on of an electrical circuit, the key object of
the HM theory is surely the Heaviside step function h which is equal to 0 for
t<0 andto 1l for >0 with ajump by 1at ¢=0. The idea is to use it in or-
der to endow the commutative ring A of real or complex valued continuous
functions defined on the interval [0,0) with the structure of an integral do-
main (no divisor of zero). Denoting by {f(f)} or simply fa function, and by
f(t) the value of fat £ we may define an addition {(f+g)(t)} = {f(t)+g(t)}
and a specific multiplication through the convolution:

fe=reg={[f(t-u)g(u)du} = g=f

Now, having in mind the following symbolic computation:

Y=dy=hoy=d'h=[ h(u)du=th(t)=d"h="n(1).

n!

we may even consider for any constant parameter a the formula:

d 1 2 = a't
B Y A e
a 1_7 r=0 =0 T

d

a result recalling what is well known for the Laplace transform.
In a more mathematical way, f — hf may be considered as the integration

operator and we have successively:
W o=hwf=[ f(u)du="F(r)
W f = n f =hn (o )= () F (s)ds )t = [, F () (u=0)

= hzf=j;d((u_t)F(u))+j;(t_u)dF(u) = [[(t—u) f (u)du=1xf

(n-1)
a result leading to introduce the formula A" * f = {ﬁ* f } for n=1,2,--
n—1)!

by induction.

Introducing as in algebra the multiplicatively closed subset § = {l,h,hz,h3,-‘-} ,

we may introduce the ring of convolution quotients S™'A= A4, with standard
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notations from algebra. The element s =%=h£2 is the differential operator

because, if f hasa continuous derivative ', we have:
' =k =1 (w)du={f(t)= £ (0)} = £ =[£(0) ] = f' =5/ ~[£(0)]
{a}

where we have set [4] == A, for any pure real or complex number, as a
way to introduce the boundary conditions. More generally, we have:
£ = gn gD [f(O)} _2) [f’(O)] _..._[f(nfl) (O)J
Also, as we have (s—[a]){e”}=se" —ae” =(ae” +1)-ae" =1, we get:
" n-1
el L e ey
m

that can be obtained from the inversion of (s—a){e } =1 by induction on 1,

starting from the case

> = {te’”} wen n=2 that the reader may check

(s—a)
directly with some effort as for n=1.

We can finally integrate any linear OD equation:

any(n)+a(m)y(”71)+...+a0y=f€A,an iO

with a unique solution whenever y(O),y'(O),---,y("—])(0) are n given num-
bers.

It must be noticed that such an elegant approach found by K. Yosida and S.
Okamoto in 1980 allows to prove that A4 is an integral domain for the convolu-
tion directly, without any reference to Titchmarsh’s theorem used by J. Miku-
sinski in 1950. As we shall prove below, we do believe that such an explicit pro-
cedure of integration, though of course useful for electrical circuit, does not al-
low at all to study the fine structure of the underlying differential modules de-
fined by the corresponding systems (torsion submodules, extension modules,
resolutions, ...).

Let us consider as in ([9], p 576) a RLC electrical circuit made up by a battery
with voltage u delivering a current y to a parallel subsystem with a branch con-
taining a capacity Cwith voltage x' between its two plates and a resistance R,
while the other branch, crossed by a current x°, is containing a coil Z and a re-
sistance R, . The three corresponding OD equations are easily seen to be:

Li’ +Rx* =u, RCxX' +x' =u, Cx' +x* = y = —Lx1 +x° +Lu.
1 1

Such a system can be set up at once in the standard matrix form x= Ax+ Bu,
y=Cx+ Du but we shall avoid the corresponding Kalman criterion that could
not be used if R,,R,,L or C should depend on time. The two first OD equa-
tions are defining a differential module N (See section 2.3) over the differential
field K =Q(R,R,,L,C) while the elimination of (xl,xz) is providing the
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input submodule Du=L c N and the output submodule Dy=M < N with

(L,M ) c N . However, taking into account Remark 2.1.4 that has never been

used in control theory, in particular for electrical circuit, we have to distinguish

carefully between two cases (See [11] for other explicit examples):

e If RR,C#L,we have a single second order CC for (u,y) and the the sys-
tem is observable, that is we have indeed the strict equality (L,M)=N
(Exercise: We let the reader check this fact with R, =C=L=1LR, =2 and
get $+3y+2y—ii—3u—u=0 which is controllable).

e If RR,C=L,wehave only asingle first order equation
Ly+R,y—R,Cii—u =0 which is controllable if and only if R, # R, and we
have the strict inclusion (L,M)c N (Exercise: Choose R =R, =L=C=1
and get y+y—u—u=0 which is not controllable because z=y—u is a
torsion element with zZ2+z=0).

Though it is already quite difficult to find such examples, there is an even
more striking fact. Indeed, if we consider only the two first equations for
(x] ,xz,u) , we have a formally surjective first order operator D defined over K.
Taking into account the intrinsic definition of controllability which is supersed-
ing Kalman’s one (again because it allows to treat time depending coefficients as
well), we let the reader check that the corresponding system is controllable if and
only if the first order operator ad (D) is injective by applying again Remark
1.A.4 (See [1] [2] and [9] for more details).

The following example of coupled pendula will prove that this result, still not
acknowledged today by engineers, is not evident at all ([1] [9]). For this, let us
consider two pendula of respective length / and /, attached at the ends of a
rigid bar sliding horizontally with a reference position x(¢). If the pendula
move with a respective (small) angle 6,(7) and 6, () with respect to the ver-
tical, it is easy to prove from the Newton principle that the equations of the
movements does not depend on the respective masses m, and m, of the pen-
dula but only depend on the respective lengths and gravity g along the two for-

mulas:
d’x+1d*6,+g6, =0, d’x+1,d°6,+g6, =0

where d =d, is the standard time derivative. Any reader can check experi-
mentally that the system is controllable, that is the angles can reach any pre-
scribed (small) values in a finite time when starting from equilibrium, if and on-
Iyif I, #1, and, in this case, we have the following 4™ order injective parame-

trization:

“lLd*p-g(l+5)d -’ ¢p=x, Ld'¢p+gd’¢p=0, Ld'p+gd’$p=0,

=(L-1)g*¢=(1 _lz)x+(11)2 6 (L)

Of course, if /, =/, =/, the system cannot be controllable because, setting
0 = 6, — 0, , we obtain by substraction /d’0+g6@=0 andthus 6(0)=0,
d6(0)=0= 6(t)=0.

2

0,
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Using the differential double duality test ([1] [2] [9] [20]), we invite the reader
to parametrize similarly the torsion-free differential modules just constructed in
the study of the RLC circuit as we do not know any specific reference. In fact,
as controllability does not depend on the choice of the input/output variables
among all the control variables, we could choose the parametrizing potential ¢
in place of each (x,6,,6,) or each (xl,xz,u) depending on any experimental
requirement.

For justifying our comment, we finally provide the following elementary ex-
ample of a noncommutative localization with n=1,m=1K = Q(x) where we
set d =d_ for simplicity. Let us consider the two linear operators P =d +x
and Q=d*+xd+x+1 in D= K[d] and look, as in the previous proposition,
to a least common left multiple 4P = BQ of Pand Qin D. Repeating the same
procedure, let us consider the linear inhomogeneous system
y. +xy=u,y_+xy_+xy+y=v. Prolonging once the first OD equation, we
obtain y_+xy +y=u_ andthus xy=v—u_ bysubstraction, a fact showing

1 1
that the given system is not formally integrable. Dividing by x, we get y =—v——u,
X X

and substituting in the first OD equation, we obtain the second order CC

u,_ + (x —lj u, +xu=v, + [x - lj v leading to the common 3"-order multiple:
x x

xd® +(2x2 —l)d2 -1-()63 +x° +x)al+<x3 +x° —1)
a result leading thus to 4 =d" +(x—ljd +x, B=d +(x—lj .As n=1, Dis
x x
a principal ideal domain and we don’t even need to substitute the value of y in
the second OD equation as a way to find a new 4®-order CC that could easily be
seen to be differentially dependent on the above 3™-order one already obtained.

Denoting by M the D-module defined by the given system, we have thus ob-
tained the following formally exact free resolution:

P
05>D—>D>*>D>M—>0

where p is the canonical residual projection. Accordingly, this resolution is quite

»

far from being “strictly” exact because the first operator on the right is not for-
mally integrable (See [19] for more details). For a common right multiple, we
may therefore just repeat the search for CC with the formal adjoint operators
ad(P)=-d+x and ad(Q)= d* —xd +x . Tt is rather striking that, up to our
knowledge, we could not even quote a single reference dealing in a systematic
way with the formal adjoint, despite its fundamental use in mathematical physics
([16] [17]), in particular general relativity ([20] [23] [24]), elasticity ([25]) and
electromagnetism ([26]). As we shall see in the following example, the situation
becomes quite more tricky when n>2.

EXAMPLE 2.2.5: With m=1n=2,q=1K = Q(x] ,xz) let us consider the
two first order operators U =d, € S, P=d, +x’. Considering the formal sys-

tem d,y+x’y=u, d,y=v, we obtain y=d,u—d,y—x’v and thus the invo-
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lutive system with jet notations:

Y, =V 1 2
y,+x2y=u 1 o

2
y=u,—v,—xv |® ®

Among the three CC that should exist, only two are non-trivial and provide

the new second order (care!) involutive sytem:

A=uy, —v, —xv,—2v=0 1 2

—
[ ]

B=u, +xu, —u—v, —2x* —(x*) v=0
su, +x U, —u—v, =2x v, —(x") v=

with the unexpected single first order CC C=d,B—d,A—x*4=0. We obtain

therefore the two operator identities:

dy, (d,+x*) = (dy, +x°d, +2)d,,
(dyy +x°d, ~1)(d, +37) = (d“ +22°%d, +(x) )d2
leading again to the two unexpected localizations:
(d+3°) ()" = ()" (s + 4 +2)

=(d, +x*d, 1) (d“ +22%d, + (2 )2)

Taking the adjoint operators, we get in particular
(d,-x*)dy, =d, (d), ~x°d, +1).

In order to achieve this example and explain why such methods, up to our
knowledge, have never been used for applications, it just remains to explain the
equality of these two fractions in this framework. Indeed, we obtain easily the
unique operator identity (d, +x,)d,, =d, (d12 +x°d, —1) provided by the last
CC d,B= (d1 +x2)A for u. Reducing to the same denominator can be done if
we use the operator identity:

(d+2°)(dy +2°dy +2) = d, (d” +26%d, +(x" )2)

produced by the same last CC d,B = (afl +x7 ) A for v. We conclude this exam-
ple exhibiting the corresponding long exact sequence of differential modules:

05>D—>D>*>D>*>D>M—0

where we have successively from left to rightt D=DC, D’ =DA+ DB,
D*=Du+Dv, D= Dy with Euler-Poincaré characteristic
1-2+42-1=rk,(M)=0 because m=1.

Accordingly, if y =( P, y'") are differential indeterminates, then D acts
on y* by setting d,y* =y >d, " =y, with dy, =y, and y;=)".
We may therefore use the jet coordinates in a formal way as in the previous sec-
tion. Therefore, if a system of OD/PD equations is written in the form
O =qa yi =0 with coefficients a € K, we may introduce the free /eff diffe-
rential module Dy =Dy' +---+ Dy” ~ D" and consider the differential mod-

ule of equations I = D® < Dy, both with the residual /left differential module

DOI: 10.4236/apm.2021.1111056

846 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.1111056

J.-F. Pommaret

M =Dy/D® or D-module and we may set M =, M € mod (D) if we want to
specify the action of the ring of differential operators. We may introduce the
formal prolongation with respect to d, by setting d,®° =a" yfmi +(8,a,§” ) J’f,
in order to induce maps d,: M — M : )75 - )7£+1,- by residue with respect to 7if
we use to denote the residue Dy — M :y* — 3" by a bar like in algebraic
geometry. However, for simplicity, we shall not write down the bar when the
background will indicate clearly if we are in Dy or in M. As a byproduct, the diffe-
rential modules we shall consider will always be finitely generated (k =1,---,m < o)
and finitely presented (7 =1,---, p < oo ). Equivalently, introducing the matrix of
operators D :(g,f"d ﬂ) with m columns and p rows, we may introduce the
morphism D” —»D":(P.) > (PTCDT) over D by acting with D on the left of
these row vectors while acting with D on the right of these row vectors by com-

position of operators with im(D) =] . The presentation of M is defined by the

exact cokernel sequence D’ E>D"’ —p>M — 0. We notice that the presentation
only dependson K,D and ® or D, thatis to say never refers to the concept
of (explicit local or formal) solutions. It follows from its definition that M can be
endowed with a quotient filtration obtained from that of D™ which is defined
by the order of the jet coordinates y, in D,y . We have therefore the induc-
tivelimit 0c M, c M, c eM,ccM, =M with dM,c M, and
M =DM, for g>0 withprolongations DM, c M, ,Vq,r>0.

An exact sequence of morphisms finishing at A/ is said to be a resolution of M.

q+r?2

If the differential modules involved apart from A are free, that is isomorphic to
a certain power of D, we shall say tl}at we have a free resolution of M. In the
general situation of a sequence M'—>M —M" of modules which may not be
exact, we may define the coboundary, cocycle and cohomology at M by setting
respectively B = lm(f) cZ-= ker(g) = H =Z/B and apply the above result to
the various short exact sequences like 0—Z — M —im(g)—>0 or
0—>B—>Z—>H—0. The deleted complex is obtained by replacing M by 0.
Applying hom,, (e,D), we obtain a sequence that may not be exact. The corres-
ponding cohomology modules, called extension modules ext, (M,D) = ext' (M),
are torsion modules for i>1, do not depend on the resolution of A and only
depend on K,D and M ([9] [28]-[31]).

Having in mind that K'is a left D-module with the action
(D,K) —>K: (P,a) - P(a) defined by (b,a) —>ba=ab,
(d;,a)—>d,;(a)=0,a and that D is a bimodule over itself for the composition
law of operators, we have only two possible constructions only depending on
K,D and M:

DEFINITION 2.2.6: We may define the right (care !) differential module
hom,, (M, D), using the bimodule structure of ,D,, and setting
(jP)(m) = f(m)P while checking that:

((/P)(Q))(m) =((fP)(m)) 2 = (1 (m) P)Q = 1 (m) PO = (/PQ)(m)

D p
REMARK 2.2.7: When M admits the finite presentation D? ->D" —>M —0,
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applying hom,, (e,D) we obtain the following long exact sequence of right

(care!) differential modules:
04« N, < D} « D}y < hom, (M,D) <« 0

and the so-called Malgrange isomorphism just amounts to the fact that

ext’ (M) =hom, (M,D). We are immediately facing one of the most delicate
problems of this section when dealing with applications and/or effective compu-
tations, a problem not solved in the corresponding literature which has been al-
most entirely using fields of constants ([5] [32] [33]) though the solution is
known since a long time ([4] [27] [31]). Indeed, apart for purely mathematical
reasons, the only differential modules to be met are left differential modules. By
chance, one has the following theorem describing the functorial side changing
procedure amounting to replace D by is formal adjoint ad (D). In the diffe-
rential geometric framework, such a procedure amounts to replace an operator
D:E—F by its formal adjoint ad(D): AT ®F -5 A"T"®E" and one
may set ad (E)=A" T"®E" for any vector bundle Eover X with

dim(E) = dim(ad (E )) while reversing the arrows. However, as the formal ad-
joint of an involutive operator may not even be formally integrable, the formal
adjoint of an exact (Janet, Spencer) sequence may not be an exact (Janet, Spenc-
er) sequence at all and this is the motivation for introducing the extension mod-
ules. The simplest example when n=1 can be found in the study of the double
pendulum ([25]). In the time-varying case with x=¢ and d =d,, the Kal-
man-type system dy=A(x)y+B(x)u is controllable if and only if the opera-
tor 1 —(dA+A4,AB) is injective, that is to say if and only if the matrix
(B,(d—A)B,(aV—A)2 B,---) has maximum rank (Compare to [34] where the
adjoint is missing).

THEOREM 2.2.8: There exists an isomorphism
N, > N =, N =hom, (A"T*,ND) with inverse
M=, M >M,=""T ® M.

Proof First of all, we prove that A"T" has a natural right module structure
over D by introducing the basic volume n-form « =dx' A---Adx" =dx and
defining «-P= ad(P)(l)dx , VP e D.Wehave
a-E==0,8"dx=—div(E)dx=—L(E)a, VE=E'd eT where L is the clas-
sical Lie derivative on forms and obtain therefore:

a-(a&)=(adx)-&=-0,(ag' )dx = -ad,&'dx—&(a)dx = —ad &'dv—a-(£(a))
a-(éa)=(a-&)a=-ad,l'dx = a-(fa)=a-(al+&(a))

From well known properties of the Lie derivative, we have also:
a-(&n-n&)=—(L(£)L(n)-L(n)L(¢))e =—L([&1])a

Now, using the adjoint map ad : D — D: P — ad(P), we may introduce the
adjoint functor ad :mod (D) —> mod (D"” ) ‘M —ad(M) with
m-P=ad(P)m, VmeM , YPeD andwe have
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m(PQ) :ad(PQ)m :ad(Q)ad(P)m :(m~P)-Q, VP,QeD.
It remains to introduce the K-linear isomorphism ad (M )~M,:m —>m®@«a
with:
(m®a)a=am®a=m®aa,

(m®a)§=—§m®a+m®a-§,VmeM,erT

and check that (m ® a)(.fa) = (m ®a)(a§ + f(a)) . These definitions are cohe-
rent because, when dis any d,,wehave div(d)=0 and thus

(m®a)d =-dm® a , a result leading to the formula:
(m®a)P:(m®a)(a"dﬂ):(a"m@a)d”
= (—1)‘”‘ d,a'm®a=ad(P)m®@a

The isomorphism ad (D)=~ D,,: P — ad(P) is also right D-linear because

we have successively:

P.Q—>ad(P~Q):ad(ad(Q)P)
- ad (P)ad (ad (0)) = ad (P)Q

These unexpected results explain why the formal adjoint cannot be avoided in
non-commutative localization and is so important for applications ranging from
control theory ([1] [9] [19]) to continuum mechanics ([23] [35]) or electromag-
netism ([24]) and even general relativity ([20] [26]).

O

DEFINITION 2.2.9: We define the system R =hom, (M,K) and set
R, = hom, (M K ) as the system of order q. We have the projective limit
R=R, >R —-—>R >R, . It follows that f, eR :y, > fi ek
with a !f‘ =
section of R. For an arbitrary differential field K, such a definition has nothing to

0 defines a section at order g and we may set f = fe€R fora

do with the concept of a formal power series solution (care).

Similarly to the preceding definition, we may define the /ef? (care !) differen-
tial module hom, (D,K), using again the bimodule strucure of D and setting
(Of)(P)=f(PQ), VP,QeD, in particular with (¢f)(P)f(PE), VEeT,
VPe D . However, we should have (af)(P) = f(Pa) # f(aP) = a(f(P)) ,
Va €, unless Kis a field of constants like in most of the literature ([3] [5] [32]
(33]).

PROPOSITION 2.2.10: When M is a left D-module, then R is also a left
D-module.

Proof As Dis generated by K'and T'as we already said, let us define:

(af)(m): af(m):f(am), Vae K,VmeM

(Ef)m)=&f (m)-f(ém), VE=d'd eT,VmeM

In the operator sense, it is easy to check that d,a=ad,+0,a and that
En—né =[&,n] is the standard bracket of vector fields. Using simply o in

place of any 0, and din place of any d,, we have:
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( a( (m))-af (dm)
= (a(dr))(m) +(2a) £ (m)
— ((ad +2a) £)(m)

We finally get (d,f )]; =(d.f )( yfl)z 0./, = fu, and thus recover exactly
the Spencer operator of the previous section though this is not evident at all. We
also get (d,d,f) =0,/; =0,/ =0, fp, + [hnn, =dd, =dd,,

k

U
Vi,j=1,--,n andthus d,R ,, c R = d,Rc R induces a well defined opera-
tor R—>T ®R:f—dx' ®d, f . This operator has been first introduced, up to

sign, by F.S. Macaulay as early as in 1916 but this is still not acknowledged

+
IN)

([35]). For more details on the Spencer operator and its applications, the reader

may look at ([14] [16] [17] [18]).
[l

PROPOSITION 2.2.11: When M and N are left D-modules, then M ®, N
is also a left D-module.
Proof As before, we may define:
a(m®n):am®n =m®an, VaeK,VmeM,Nne N

§(m®n)=§m®n+m®§n, vVéelT,YmeM,VYne N

and let the reader finish as an exercise.

O
COROLLARY 2.2.12: The two structures of left D-modules obtained in these

two propositions are coherent with the following adjoint isomorphism existing
for any triple L,M,N e mod (D):

hom,, (M ® N,L)—q;homD (M,homK (N,L))

Proof Whenever f € hom,, (M ®y N,L) , we may define (o(f) =g by
(g(m))(n)=f(m®n)e L and we have successively forany &e7':

(£(g(m)))(n)=£((g(m))(n))~ (g (m))(&n)

=§(f(m®n))—f(m®§n)
=f(§(m®n )—f(m@fn)
n)

)
that is (cf(g(m)))(n)=f(§m®n):(g(§m))( and thus
f(g(m)) = g(fm), VmeM .

The inverse morphism can be studied similarly.

O

COROLLARY 2.2.13: R = hom, (M,K) = hom, (M,hom, (D,K)).

Proof As K is a field, thus a commutative ring, we have the isomorphism of
left D-modules M® N~N® M :m®n—>n®m, VmeM, Yne N and
we may exchange M and N. As K is a left differential module for the rule
(P,a)—> P(a), YVPeD, VaeK,we obtain:
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hom,, (M,homK (D,K)) =~ hom,, (M ®, D, K)
=~ homy, (D®; M,K)
=~ hom,, (D, homy (M ,K))
=~ homy, ( )
0
COROLLARY 2.2.14: The differential module hom, (D,K) is an injective
differential module.
Proof When 0> M'—>M — M" — 0 is a short exact sequence of modules
and Nis any module, we have onl/ythe exact sequence
0 — hom(M",N)— hom(M,N)— hom(M',N) obtained by composition of
morphisms. In the present situation, using the previous corollaries, we have the

following commutative and exact diagram because K'is a field (See [36], p 18):

0 0
\2 \2
homy, (M,homK (D,K)) —  hom,, (M',homK (D,K))
\! \!
homy (M ,K) - hom (M',K) -0
\ \
0 0

Chasing in this diagram, we deduce that the upper morphism is an epimor-
phism and hom, (D,K) is an injective module because hom e, hom, (D,K))
transforms a short exact sequence into a short exact sequence. The reader may
compare such an approach with the one used in ([32] or [33]) in order to under-
stand why these applications are not dealing with variable coefficients as the dif-
ferential structure on R must be defined by the Spencer operator but we do not
know any other reference (compare to [5]).

0

DEFINITION 2.2.15: With any differential module A we shall associate the
graded module G =gr(M) over the polynomial ring gr(D)=~ K[ x] by set-
ting G=@__,G, with G, =M, /M, and we get g, =G; where the sym-
bol g, is defined by the short exact sequences:

0—>Mq_] —>Mq—>Gq—>0 p=— 0—>gq—>Rq—>Rq_1—>0

We have the short exact sequences 0 - D, | » D, - S, T — 0 leading to
gr,(D)~S,T and we may set as usual 7 =hom, (T,K) in a coherent way
with differential geometry.

The two following definitions, which are well known in commutative algebra,
are also valid (with more work) in the case of differential modules (See [9] for
more details or the references ([1] [28] [30] [31]) for an introduction to homo-
logical algebra and diagram chasing).

DEFINITION 2.2.16: The set of elements
t(M) = {m eM|30#PeD,Pm= 0} c M is a differential module called the
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torsion submodule of M. More generally, a module M is called a forsion module
if /(M)=M and a torsion-free module if 1(M)=0. In the short exact se-
quence 0—/(M)—>M — M'— 0, the module M’ is torsion-free. Its defin-
ing module of equations [’ is obtained by adding to /a representative basis of
t(M) setup to zero and we have thus 7 < 1.

DEFINITION 2.2.17: A differential module F is said to be freeif F ~ D’
for some integer r>0 and we shall define rk, (F)=r.If Fis the biggest free
dfferential module contained in A4 then M/ Fis a torsion differential module and
hom, (M/F,D)=0.In that case, we shall define the differential rank of Mto be
rky (M) =rk, (F)=r. Accordingly, if M is defined by a linear involutive oper-
ator of order g, then rk,(M)=a;.

PROPOSITION 2.2.18: If 0 >M' > M - M"—>0 1is a short exact se-
quence of differential modules and maps or operators, we have
rky (M) =rky(M")+rk,(M").

REMARK 2.2.19: We emphasize once more that the left D-module
homy, (D,K) used in the literature ([5] [32] [33] [34] [35]) is coming from the left
action of D on any f €hom,(D,K) through the formula (Qf)(P)= f(PQ)

and we have thus:
(af )(P)=f(Pa), (Ef)(P)=f(PE), VaeK,NEeT,YPeD
As hom, (M ,K )= hom, (M,homK (D,K)) , they are not coherent at all with

the formulas of Proposition 2.2.1, namely:

(af)(m)=a(f(m))=f(am),
(&f)(m) =§(f(m))—f(§m), VaeK,NEéEeT,VmeM

unless K is a field of constants, in particular because, when M =D, then
Pa # aP in general ([17], p 66 for more details). Accordingly, most of the ap-
plications of differential duality to control theory must be therefore revisited
with these new methods of differential homological algebra (Compare to [34]).
We also claim that the use of the adjoint operator must become essential for all
the applications to mathematical physics.

In order to conclude this section, we may say that the main difficulty met
when passing from the differential framework to the algebraic framework is the

“inversion” of arrows. Indeed, with dim (E ) =m, dim (F ) = p, when an operator

D

D:E — F isinjective, that is when we have the exact sequence 0 — E— F', like
Jq

in the case of the operator 0 — E—J (E), on the contrary, using differential

D
modules, we have the epimorphism D” — D" — 0. The case of a formally sur-

jective operator, like the div operator, described by the exact sequence
D
E—F — 0 is now providing the exact sequence of differential modules

D
0—D”—>D" —->M —0 because D hasno CC.
We are now ready for using the results of the second section on the Car-

tan-Kéhler theorem. For such a purpose, separating the parametric jets that can
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be chosen arbitrarily from the principal jets that can be obtained by using the
fact that the given OD or PD equations have coefficients in a differential field K,

we may write the solved equations in the symbolic form y,, —c;7 v, =0 with

pri

ce K and an implicit (finite) summation in order to obtain for the sections

Sori =i [ =0 Using the language of Macaulay, it follows that the so-called

pri
par

. — pri
modular equations are E=f, a"" +f, a

number of terms in the implicit summations. Substituting, we get at once

=0 with eventually an infinite

E=f,, (a”“" +c”“"a””) =0. Ordering the y,, as we already did and using a

pri

basis {(1,0,+),(0,1,0,-+),(0,0,1,0,-),--+} for the f

par
parametric modular equations E™ =a"" +c/la™ =0.

, we may select the

When £k is a field of constants, a polynomial P=a"y, € k[x] of degree gis
multiplied by a monomial y, with |[v|=r, we get y,P=a"y,,,. Hence, if
0< | ,u| < q, the “shifted’ polynomial thus obtained is such that » < | H+ V| <g+r
and the difference between the maximum degree and the minimum degree of
the monomials involved is always equal to ¢ and thus fixed. When n=1, one
can exhibit a series only made with 0 or 1like £ =(1,0,1,0,0,1,0,0,0,1,0,0,--)
with “zero zones” of successive increasing lengths 1,2,3,4,--- and so on, sepa-
rated by 1 in such a way that the contraction with the shifted polynomial is the
leading term of the given polynomial and extend this procedure to n arbitrary.

Replacing y, by d, and degreeby order, we may use the results of section 2
in order to split the CK-data into m formal power series of 0 (constants),
1,---,n variables that we shall call series of type ifor i=0,1,---,n. However, as
the following elementary example will show, the shifting procedure cannot be ap-

plied to the variable coefficient case, namely when Kis used in place of 4 Indeed,

with n=1, d,=d, K=0Q(x) and P=d2—§,ifwec0ntract

d&rP=d’ —gaﬁ —d* with the series f= (1,0,1,0,0,1,0,---) already defined
when n=1,weget 1-1=0 though Pdoes not kill fbecause

dzf:(l,0,0,l,0,0,---):sz(l—g,mj and the contraction of P with fis

1—£¢0.
3

WE SHALL ESCAPE FROM THIS DIFFICULTY BY MEANS OF A TRICK
BASED ON A SYSTEMATIC USE OF THE SPENCER OPERATOR (Compre to
(5]).

The idea will be to shift the series to the Jeff (decreasing ordering), up to sign,
instead of shifting the operator to the right (increasing ordering). For this, we
notice that we want that the contraction of P =a"d, where |u|<gq=ord(P)
with fshould be zero, thatis a“f, =0= (aia”)fﬂ +a” <8if# ) =0,
Vi=1--,n.But dP=ad"d,,, +(8ia" )dﬂ must also contract to zero wih fthat
is a"f,., + (aia“ ) Jf, =0. Substracting, we obtain therefore the condition
a’ (6,.f” —fun, ) =0, that is P must also contract to zero with the shift d,f or
even d,f of fwhen fis made with 0 and 1 only. Applying this computation to
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the above example, we get

-df =(0,1,0,0,1,0,---)=d’ / =(1,0,0,1,0,---) = —d’ f =(0,0,1,0,--) and the
contraction with P provides the leading coefficient 1% 0 of Plike the contrac-
tion of d°P with d*f = (0,1,0,0,0,1,0,'--) , that is the same series can be used
but in a quite different framework. Also, in the finite dimensional case existing
when the symbol g, of R is finite type, thatis when g, =0 for a certain in-
teger >0, applying the & -sequence inductively to g .. for i=r—1,--,0
as in ([12], Proposition 4.7, p 123), it is known that g, is finite type and invo-
lutive if and only if g =0, that is to say dim(Rq): dim(R‘H). In a coherent
way, we have thus obtained:

THEOREM 2.2.20: If M s a differential module over D =K|[d] defined by
a first order involutive system in the m unknowns y',---,»" with no zero order
equation, the differential module R =hom, (M,K) may be generated over D
by a finite basis of sections containing m generators.

In the general situation, counting the number of CK data, we have
a; teta, = dim(gq) and dim(Rq ) = dim(gq)+ dim(R{r1 ) . We obtain there-
fore the following result which is coherent with the number of unknowns in the
Spencer form R ,, < J, (Rq) .

COROLLARY 2.2.21: If Mis a differential module over D =K|[d] defined by
an involutive system R c.J, (E), the differential module R =hom, (M,K)
may be generated over D by a finite basis of sections containing dim(Rq) ge-
nerators.

EXAMPLE 2.2.22: Among the most interesting examples with m=1, n=3,
K =Q we present the following second order system provided by Macaulay in
1916 ([37]):

Yi3=0, ¥y =y,;=0, »,=0

It is easy to check that g, with dim(g,)=3 is not involutive, that g,
with dim(g,)=1 is 2-acyclic because y,;—y,, =0 and that g, =0 is tri-
vially involutive. Accordingly, only the system R, is involutive with the §=2’
parametric jets (¥, ¥,,,, 5 ¥11> V12> V130 ¥1; ) and all the three characters vanish
both with all the jets of order > 4 because the system is homogeneous.

Let us consider the following 8 sections with all other components equal to

Zero:

section

h
f
5
fa
/s
e
e
T

=
N
=
=
S
=
5
=

iz
0

S O O O O O O =<

c oo o oo~ o
c oo oo~ o o
c oo o~ o o o
o oo~ o o o o
o o~ o o o o o
o —~— o o o o o o
©c oo~ o o o o
-~ o 0o o o o o o
-~ o o o o o o
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Taking into account the two PD equations y,,—y,, =0 and y,, -y, =0,

we obtain successively:
difs ==Js:dif; ==fids i ==Lormnd [y ==
Or, equivalently, working with the corresponding modular equations:
E,=a"+d®” =0=>-dE,=E,=d"+a” =0

and so on. It follows that all the sections can be generated by the single section
f; and all the modular equations can be generated by the single modular equa-
tion E; =0, a result absolutely not evident at first sight but coherent with the
fact that the radical of the annihilator of A/ is the maximal ideal
m=(d,.d,.d,).

Finally, with m=1Ln=3 but K :Q(xl,xz,x3> an even more striking ex-
ample has been provided by M. Janet in 1920 ([22]) with the following second
order system:

V33 _xzyn =0, y,=0

In this case, dim(R)=12<c but R can be generated by the single modular

equation:
EEa12333 +x2al333 +alll3 =0

because all the jets of order >5 vanish (See [1] and [15] for more details).
EXAMPLE 2.2.23: If K=Q(x) and n=1,m=1, let us consider the third
order OD equation @ =y __ —y =0 for which we may exhibit the basis of sec-

tions:
{1 =(1,0,0,0,0,-), £, =(0,1,0,1,0,1,-+-), /; =(0,0,1,0,1,0,---)}

With d=d_and 0=0_, we obtain df, =0, df,=—fi—f;, df;=—1,
and check that all the sections can be generated by a single one, namely f,
which describes the power series of the solution y = f (x) =ch (x)—l . We have
indeed 0f =sh(x) and 0°f(x)=ch(x).

With now m =2, let us consider the differential module defined by the sys-
tem y. —y'=0, y.=0.Setting y=y'—y’, we successively get:

yx :y)lr’yxx :lecx :yl’yxxx :yjlc
:>y1 :y)a\’ﬂyi- :yxﬂy.}cx :yxxﬂy)lcxx :yx’”.
=y =y =y =0,

and a differential isomorphism with the module defined by the new system
Yeee =¥e =0 We have seen that the sections of the second system are easily seen
to be generated by the single section f; =(0,0,1,0,--), a result leading to the
only generating section f' =1,f! =0, f. =1,---,f* =1, (7 =0,--- of the initial
system but these sections do not describe solutions because Of' —f! =0 and
of’—f2=0 but of — fL. =-120. We do not know any reference in com-
puter algebra dealing with sections.

EXAMPLE 2.2.24: With n=1m=1,4=2,K=Q(x), let us consider the
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second order OD equation ® =y _—xy=0. We successively obtain by prolon-

gation:
yxxx _'x.yx _y = O’yax\‘x _Zyx _xzy = 07
Vi ~ XV~ Ay =0,y — 63, —(¥' +4)y=0

and so on. We obtain the corresponding board describing the maps p, ((D) :

order y Vo | Ve | Ve | Veror | Vooror | Voo
2 —x o1 ool o 0
3 -1 —x |0 1|0 ] o0 0
4 —x° 210|0 | 1 0 0
5 “4x |=x*| 0ol o0o ] 0 | 1 0
6 |~(x+4)|-6x| 0| 0| 0 | 0 1

Let us define the sections f' and f” by the following board where
d=d:

section | ¥ | Vo | Ve | Yoo | Voo | Vewwer | Vorooor
! 1o x| 1 | x> | 4x | X’ +4
I 0 X 2 x’ 6x

df’ 0|-x| 0 |-x"|-2x| x| —6x°
ar" | -1 0 | x| -1 |-x>| 4x |-x -4

in order to obtain df'=-xf",df" =—f". Though this is not evident at first
sight, the two boards are orthogonal over K in the sense that each row of one
board contracts to zero with each row of the other though only the rows of the
first board do contain a finite number of nonzero elements. /¢ is absolutely es-
sential to notice that the sections f' and f" have nothing to do with solu-

tionsbecause df'#0, df"#0 on one side and also because
1

d*f'—xf'=—f"=~df'#0 even though d’f"—xf"=0 on the other side.
x

As a byproduct, f' or f" can be chosen separately as unique generating sec-

tion of the inverse system over K (care) and we may write for example:

2 xxxx

"> E=ad"+xa" +a™ +x*a™ +---=0,
f"oE"=a" +xa™ +2a"™ +---=0
EXAMPLE 2.2.25: With n=1,m=2,4=2,K =Q(x), let us consider again
the second order system y. —y' =0, y>=0.Setting z' =y', z° =y,

z* = 3%, we obtain the first order involutive system:

It follows that the CK data for z = g(x) are
{gl =g'(0),g, =27(0). g, :g3(0)} . Using the given equations and their
solved prolongations like ! —»'=0, y2 —3»* =0 and so on, we have the fi-

nite basis (carel):
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Z1 22 Z3 Z1 22 Z3 Z1 22 Z3
g|1 0 0|0 1 O|1 O O
& |0 1 01 0 0j]0 1 O
g0 0 10 0 0|0 0 O
As dg =-g,,dg, =—-g,,dg, =0, a basis with only two generators may be

{gz,g3} . However:
h=g —g,dh =_g2,d2h =8 <8 =d2h,g2 =—dh, g, =d’h—h

and we obtain the unique generator A.

2.3. Linear Control Theory

The most striking aspect of the application of module/system theory to linear
control theory is that it is coming from rather unexpected chases in commuta-
tive and exact diagrams looking like rather abstract at first sight. As more details
and examples can be found in book form ([1] [9]), we shall only provide below a
few new results that cannot be found elsewhere.

PROPOSITION 2.3.1: One has the short exact sequence of (differential)

modules:

0> (L+M)—>N—(N/L)/(M/(LAM))—0

Proof Using elementary classical homological algebra, one obtains the fol-

lowing commutative and exact diagram:

0 0 0
\ \ \

0> LnM > L > Li(LAM) -0
\ N \

0— M > N - N/M -0
\ VRN \

0> M[(LAM) — N/L — (N/L)/(M/(LaM)) -0
0 0 \
0 0 0

At first, the lower southeast arrow being the composition of two epimor-
phisms is an epimorphism. A circular chase finally proves that any element of N
killed by this southeast arrow is the sum of an element of Z and an element of A4,
achieving the proof. It is important to notice the symmetric part plaid by Z and

Min N.
O

In the general situation, we obtain from the left upper commutative square the

useful formulas:
rhy (N/(LAM))=rk, (L/(LAM))+rk, (N/L)
=rky, (MJ(LAM))+rk, (N/M)

in a coherent way with the following corollary:
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COROLLARY 2.3.2: If L+M =N, then one has L/(LNM)~N/M and
M/(LAnM)~N/L.

THEOREM 2.3.3: There is a bijective correspondence between the interme-
diate differential modules (LNM)c L'< L and the intermediate differential
modules M < N'c N defined by the rules:

L'>(L'+M)=N'cN, N >(LAN')=L'cL

Proof We have the following commutative diagram of injections:
M —> N —> N
T T T
LM > L' - L

Let us start with L', construct N'=L"+M and obtain L"=LNN'. First
ofall, weget L'c L and L'c N'= L'c L". Now, using the left commutative
square, we obtain from the previous proposition N'/L'~ M / (L NM ) . Similar-
ly, using the right commutative square, we obtain N'/N"~ N/L and thus an
isomorphism N'/L'~ N'/L". However, we have the following commutative

and exact diagram:

0 0 0
\ \ \

0—» L = L' - 0
A A \:

0> L" —»> N —> NJ/L" -0
¥ v I

0—> L'/L' » N'/L' - N/L" -0
A A \:
0 0 0

and thus L"/L'=0 thatis L'=L".

Finally, starting with N', we should obtain L'= N'NL, then define
N"=L'+M < N' and conclude as before that N'= N". Replacing specialza-
tions by injections while chasing in the following commutative and exact dia-
gram:

0> N —- N —> N' 50

0 0 )

0—- L' - L - L" -0
0 0 )
0 0 0

we have thus been able to deal only with submodules of N. In paricular, if Nis
torsion-free, that is t(N ) =0, the interest of this aproach is that all the submo-

dules are torsion-free.
O

EXAMPLE 2.3.4: (See [9], pp 736-738] for the details and diagrams) With
n=1,K =Q, let us consider the differential module defined by the OD equation

DOI: 10.4236/apm.2021.1111056

858 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.1111056

J.-F. Pommaret

d’v+3d*v—4d*v =d’u—du . We may define the input differential module A,
by using z and the output differential module by using y =d’v . The differen-
tial module (M, +M,,)c M with a strict inclusion, is defined by the OD eq-
uation d’y+3d°y—4y=d’u—du. Localizing at the covector y, we get the
equation (y—-1)(x+ 2)2 y=x(x-1)(x+1)u that we can also write
(d-1)(d+ 2)2 v=d(d-1)(d+1)u because Kis a field of constants. As we can
factor by (d—1) itfollows that 7(M, +M,,) is generated by
z=d’y+4dy+4y—d*u+du thatsatisfies dz+z=0.We have
ann(M/M,,)=d*(d -1)(d +2)" and its radical is
rad(M/M,)=d(d,)(d+2)=(d)n(d-1)n(d+2) is an intersection of
prime ideals. Similarly, we have y=0=d’v=0, (d3 - d)u =0 and thus
ann(M/M,,, )= (dz)ﬁ(d3 —d) leading to

rad (ann (M/M,, )) =(d)n(d-1)n(d +1) as an intersection of prime diffe-
rential ideals. We have proved in ([9]) how to use these differential submodules
of Mboth with the new differential modules M, =t(M)+M, and

M., =t(M)+M,, in order to study all the problems concerning poles and
zeros. In the present paper, as we are only interested by controllability, we have
just to study the differential submodules of the torsion-free differential module

M[t(M).

3. Nonlinear Correspondences
3.1. Nonlinear Systems

If X is a manifold with local coordinates (xi) for i=1,--,n= dim(X) , let us
consider the fibered manifold £ over Xwith dim, (€)= m , that is a manifold
with local coordinates (xi,yk) for i=1,---,n and k=1,---,m simply de-
noted by (x,y), projection 7:€ — X :(x,y)—(x) and changes of local coor-
dinates X =¢(x),y=w(x,y). If £ and F are two fibered manifolds over X
with respective local coordinates (x, y) and (x,z), we denote by £x, F the
fibered productof £ and F over X as the new fibered manifold over X with
local coordinates (x,y,z). We denote by f:X—)S:(x)—)(x,y:f(x)) a
global section of &, that is a map such that 7o f =id, but local sections over
an open set U — X may also be considered when needed. Under a change of
coordinates, a section transforms like j_”((o(x)) =y (x.f (x)) and, differentiat-
ing with respect to x', we may introduce new coordinates (xi, -, y,k ) trans-
forming like:

o oy’ oy’
70,0 (x) = (3, 9) + (. 3)
Oox oy

We shall denote by J (€) the g-jet bundle of £ with local coordinates
(xi,yk,yf‘ ,yl.f. ,) = (x, yq) called jet coordinates and sections
Jy :(x) - (x,fk (x),fik (x),fl.j(‘ (x),) = (x,fq (x)) transforming like the sec-
tions j, (/):(x)— (x,fk (x).0,/* (x),aijf" (x),) = (x,jq (f)(x)) where

both f, and j, ( f ) are over the section fof & . It will be useful to introduce
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a multi-index p=(p,,p,) with length |u|=yy++p, and to set
pAL = (s g it +1, g0+, 41, ) . Also, a jet coordinate J’;k, is said to be of
class i if py=---=p_ =0, pu #0. As the background will always be clear
enough, we shall use the same notation for a vector bundle or a fibered manifold
and their sets of sections. We finally notice that J, (5) is a fibered manifold
over X with projection 7, while J ,, (€) is a fibered manifold over J, P (&)
with projection 7/"",Vr>0.

DEFINITION 3.1.1: A (nonlinear) system of order ¢ on £ is a fibered
submanifold R < J,(£) and a global or local solution of R, isasection fof
& over Xor Uc X suchthat j, (f) isasectionof R over Xor Uc X.

DEFINITION 3.1.2: When the changes of coordinates have the linear form
X = go(x) , ¥y = A(x)y , we say that &£ is a vector bundle over X. Vector bun-
dles will be denoted by capital letters E,F,--- and will have sections denoted by
&, . In particular, we shall denote as usual by T =T7(X) the tangent bun-
dleof X,by T" =T (X) the cotangent bundle,by A'T" the bundle of r-forms
and by S,T " the bundle of g-symmetric covariant tensors. When the changes
of coordinates have the form X =¢(x), y=4(x)y+B(x) we say that & is
an affine bundle over X and we define the associated vector bundle E over X by
the local coordinates (x,v) changinglike X =¢(x),
v=A4 (x) V.

DEFINITION 3.1.3: If the tangent bundle 7(£) has local coordinates

1 1
(x,y,u,v) changing like u’ =0,¢’ (x)u', ¥' :%Li(x,y)ui + aa‘//k (x, )V,
x y

we may introduce the vertical bundle V (£)<T(&) asa vector bundle over &

with local coordinates (x,y,v) obtained by setting u =0 and changes

1 _0
o'

ciated vector bundle £ over X, we have V' (€)=£&x, E. We have the short exact

(x, y)v". Of course, when & is an affine bundle over X with asso-

sequence of vector bundles over &:
7(x)
05>V(E)>T(E) > Ex, T—0

Accordingly, in variational calculus, the couple (f,5/) made by a section £
of £ and its variation §f is nothing else but a section of V(E ) while 5f
has no reason at all to be “small’.

For a later use, if £ is a fibered manifold over X and fis a section of &, we
denote by E=f"'(V(£)) the reciprocal image of V(E) by fas the vector
bundle over X obtained when replacing (x, y,v) by (x, f (x),v) in each
chart, along with the following commutative diagram:

E > V()
SN \2
i
x 7 ¢
<
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A similar construction may also be done for any affine bundle over £ . When
the background is clear enough, with a slight abuse of language, we shall some-
times set E=V (&) as a vector bundle over £ and call “vertical machinery’
such a useful systematic notation.

Looking at the transition rules of J, (€), we deduce easily the following re-
sults:

PROPOSITION 3.1.4: Jq (5) is an affine bundle over Jq_1 (5) modeled
on ST "®, E but we shall not specify the tensor product in general.

PROPOSITION 3.1.5: There is a canonical isomorphism
V(Jq (5)) ~J,(V(€))=J,(E) of vector bundles over J,(£) given by setting

Kk
v, =V, atany order and a short exact sequence:

08T ®E—J, (E)—>J,_ (E)>0
of vector bundles over J, (€) allowing to establish a link with the formal

theory of linear systems.
PROPOSITION 3.1.6: There is an exact sequence:

Jg+ d
0— 5—>]Jq+1 ()T ®J,(E)

where df, ., = j, ( Jy )— Jyn isover f with components
(affq+I )k =0, f: - ffﬂ, is called the (nonlinear) Spencer operator.
i i

DEFINITION 3.1.7: If R, cJ (£) is a system of order g on &, then
R,0=p (Rq ) =J, (Rq)ﬁJqH (&)<, (Jq (8)) is called the first prolongation
of R, and we may define the subsets R, ,, . In actual practice, if the system is
defined by PDE ®° (x, Y, ) =0 the first prolongation is defined by adding the
PDE d,@" =0,0° +Yﬁ+1,- 6(1)’/6y£ =0. accordingly,
f,eR, <@ (x.f,(x))=0 and f,, eR,,, <o, +fL, (x)od"/ay; =0
as identities on X or at least over an open subset U c X . Differentiating the

first relation with respect to x' and substracting the second, we finally obtain:
(0,11 (x)= £y (x))0@" oy =0= df,,, eT" ®R,

and the Spencer operator restrictsto d: R, > T "® R, . We set
Ry, =7l (R ).

DEFINITION 3.1.8: The symbol of R, is the family g =R NS, T ®F
of vector spaces over R, . The symbol g . of R onlydependson g, by
a direct prolongation procedure. We may define the vector bundle £ over
R, by the short exact sequence 0 >R —J, (E)—> F, >0 and we have the
exact induced sequence 0—> g, — SqT* QL > F.

Setting a (x,yq ) = 8@’/8)/2 (x,yq) whenever |,u| =¢ and (x,yq) eR,,

we obtain:

g, ={V €8, T ®E|af(x,,)vi =0},

H=a.(xy,)eR,

= 8gsr = Pr (gq ) - {V/Iiw € Sq+rT* ®E| a/?l (x’yq )v//i“/ - 0} ’

i = .| =r.(x.7,)eR,

DOI: 10.4236/apm.2021.1111056

861 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.1111056

J.-F. Pommaret

In general, neither g, nor g, arevector bundles over R .
On A'T" we may introduce the usual bases {dx’ = dx" /\~--/\dx’3} where
we have set [ =(j, <---<i ). Ina purely algebraic setting, one has:
PROPOSITION 3.1.9: There exists a map
S AT ®S,,T"®E—> AT ®S,T"®E which restricts to
§: AT ®g,,, »>A"'T ®g, and 6°=505=0.
Proof Let us introduce the family of s-forms o= {a)z = vf,’ Jdx! } and set
(5(0)2 We obtain at once (520))1; =dx' ndx' A} =0 and

Y K
=dx' na i+l
k i J
w i W _
al' (dw), = dx /\(ak ), ) =0.

wtl;

O

The kernel of each & in the first case is equal to the image of the preceding
6 but this may no longer be true in the restricted case and we set:

DEFINITION 3.1.10: Let B, (g,)<Z,.,(g,) and
H., (gq) =Z,., (gq )/B;H (gq) with H' (gq ) = H; (gq) be the coboundary
space im(J), cocycle space ker(5) and cohomology space at AT ®g, ., of
the restricted & -sequence which only depends on g, and may not be vector
bundles. The symbol g, is said to be s-acyclic if H,,, =--=H,, =0,
Vr >0, involutive if it is n-acyclic and finite typeif g, , =0 becomes trivially
involutive for r large enough. In particular, if g, is involutive and finite type,
then g =0.Finally, S,T "®E isinvolutive for any ¢ >0 if we set
S,I"®E=E.

We have (See [12] for the diagram allowing to prove this delicate result first
found by Spencer):

PROPOSITION 3.1.11: If g is 2-acyclicand g, ,, is a vector bundle over
R,,then g . isavector bundle over R , Vr2l.

LEMMA 3.1.12: If g, is involutive and g_,, is a vector bundle over R, ,
then g, isalso avector bundle over R, .In this case, changing linearly the local
coordinates if necessary, we may look at the maximum number S of equations

that can be solved with respect to v' ~ and the intrinsic number o =m— £ in-

dicates the number of ythat can be given arbitrarily.
We notice that R ., =p, (Rq“) and R, =p, (’Rq) in the following

commutative diagram:

i
Rq+r+1 - 7?’qul
‘L”Z::H \Lﬂ_;ﬁl
7[3“
R - RV
M
g
R,.. - R,

but we only have in general ’R;L), cp, (R;l)). We finally obtain the following
crucial Theorem and its Corollary (Compare to [12], pp 70-75):
THEOREM 3.1.13: Let R, < J, () be asystem of order gon & such that

R, is a fibered submanifold of J ,(&). If g, is 2-acyclic and g,,, is a

q+1
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vector bundle over R_, then we have R =p, (R{gl)) forall »2>0.

q+r
DEFINITION 3.1.14: A system R, < J, (€) is said to be formally integra-
ble at the order g+r if 77" R — R .. is an epimorphism of fibered

q+r q+r+s q+r

manifolds for all s>1, formally integrable if =/

4+ is an epimorphism of fi-

bered manifolds Vr >0 and involutive if it is formally integrable with an in-

volutive symbol g .- We have the following useful test ([12] [21]):
COROLLARY 3.1.15: Let R, ./, (€) be a system of order gon & such

that R ,, is a fibered submanifold of J

q+1
and if the map 7/": R,

(5 ) If g, Is 2-acyclic (involutive)
— R, is an epimorphism of fibered manifolds, then
R, is formally integrable (involutive).

This is all what is needed in order to study nonlinear systems of ordinary dif-
ferential (OD) or partial differential (PD) equations, using calligrphic letters like
& for the nonlinear framework and capital letters like E = V(E ) for the linear

or vertical linearized framework.

3.2. Differential Algebra

Let A4,B,--- be commutative unitary rings or even integral domain with fields

of quotients Q(A4)=K,Q(B)=L, - containing a field k as a subring or sub-

field, for example a polynomial ring k[x] in many indeterminates with coeffi-
cients in & and the corresponding field k(x) of rational functions. The ideas
that led Erich Kéhler to the next definitions in 1930 are of two kinds ([38]):

e The derivative of a polynomial with respect to any one of the indeterminates
is a polynomial while the derivative of a rational function is a rational func-
tion, a reason sufficient for believing that the concept of derivation could be
useful in algebra.

e The variational and linearization procedures presented in the last section and
used for many applications to physics should be extended to differential al-
gebra in order to obtain the algebraic counterpart of definition 3.1.3 and
proposition 3.1.5, replacing Xby a ring A4 or a field K.

DEFINITION 3.2.1: A derivation from A to an A-module M over kis a map
5:A—>M such that &(a+b)=5a+6b, &(ab)=adb+bda with 5| =0
and the set of such maps is denoted by der, (4,M) with 1x1=1=451=0.
When M = A, we simply set der; (A4, A4) = der, (A).

PROPOSITION 3.2.2: Given any A-module A/ and any derivation
5 eder,(A,M), there exists a unique A-module denoted by Q,,, called mod-
ule of Kihler differentials of A over k, a derivation d eder, (4,Q,,) and a
unique morphism f € hom,(Q,,,M) such that 6= fod in the following

commutative diagram:

d
4 - Q,,

SN\, Vv f
M

The element daeQ,, is called the differential of aand
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der, (A,M )= hom,(Q,,,,M).

Proof: Let Fbe the free A-module made by the symbols da,a e 4 and let N
be the submodule of F generated by da,d(a+b)—da—db,d(ab)—adb—bda
for aek, a,be A.Weset Q,, =F/N and the derivation
d=d,,:A—>Q,, :a—>da is the universal derivation allowing to define

f:Q,, >M by (fod)(a):f(da)=5a.

Another way is to take into account the limit procedure that is classically used
in analysis, namely (x+h)-x=h= ()c+h)2 —x* =2xh+h* = dx* = 2xdx
when />0 in order to avoid the square quatity 4> and so on. For this, let us
denote by /the kernel of the map A®, A —> A4:a®b — ab and define
Q,, =I/I* while setting da=1®a—-a®1, VYaeA. Using the bimodule
structure of , 4, while identifying ae 4 with a®1e A®, 4, it follows that
dis indeed a derivation from A to the A-module €,, aswe have successively:

adb+bda=a(1®b-b®1)+b(1®a-a®]1)
=(a®1)(1®b-b®1)+(b®1)(1®a—-a®1)
=(1®a)(1®b-b®1)+(b®1)(1®a—-a®1)
-(1®a-a®1)(1®b-b®1)
=(1®ab—ab®1)mod (I*)
=d(ab)mod(12)
and thus:
da* =1®a’ —a’ ®1

=(1®a+a®1)(1®a—a®l)

=(a®1)(l®a—a®1)+(l®a)(l®a—a®l)

=2(a®l)(l®a—a®1)+(l®a—a®l)(l®a—a®l)

=2(a®1)(1®a-a®1)mod (1)

=2ada mod([z)

O

Among the elementary properties of the Kahler differentials, we notice that, if
f:A— B is a k-algebra homomorphism and M is a B-module, then A be-
comes a A-module under the rule f(a)=b=>am= f(a)m,

Vae A,be B,me M and we have the exact sequence of B-modules:

0 — der,(B,M ) — der, (B,M ) — der, (A,M)

because & eder, (B,M)= 5o f eder,(4,M) and thus
der, (4,M )~ homy (B®,Q,,,M).

The proof of the following two propositions is classical and can be found in
([9], pp 387-389):

PROPOSITION 3.2.3: (First fundamental exact sequence) We have the exact

sequence of B-modules:

B®,Q,, > Qp > Qp, >0
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where the first map is a monomorphism when fis a monomorpism. In particu-
lar, if k< K < L is a chain of field extensions, then one has the short exact
sequence of vector spaces over L:

0> L®, Q) =Q,,, >Q, x>0

PROPOSITION 3.2.4: (Secondffundamental exact sequence) If we have the
short exact sequence 0 ->a —> 4—>B — 0, then we have the exact sequence of

B-modules:
a/a’ 5B®,Q,, >Q,, >0

EXAMPLE 3.2.5: Let x,y be two indeterminates over the field £k =Q and
consider the case 4= k[x,y] , B= A/(xz,yz) . Then the ideal a = (xz,yz) c A
is not prime because rad(a)=p=(x,y)espec(A4). The image of x' is
1®3x’dx in B®,Q,,, that is 3x° ®dr =0 pecause x* ca. A similar com-
ment applies to )’ and it is easy to see that the kernel of the map
a/a’ > B®,Q,, isoftheform ax’+by’, Va,bed.

Finally, if Sis a multiplicatively closed subset of A, we may use the morphism
0;:A—> S A inProposition 2.2.3, we shall study the behaviour of derivations and
differentials under localization. As & € der, (4,M) induces a unique derivation
o eder, (SilA,SflM through the known formula &(a/s): s5a—a5s)/s2 , it
follows that the morphism der, (S’IA,S’lM) — der;, (A,S’IM) given by

0 —> Jo6 isan epimorphism. We obtain the short exact sequence:

0 der, (S 4,57 M ) > der, (S 4,5 M) — der, (4,5"'M ) -0

and thus the short exact sequence:

0>5'4®,Q,, > Q -Q., =0

S~ 4k “la/4

Taking into account the previous standard formula, it follows that
=0 and we obtain:
STA/A

PROPOSITION 3.2.6: There is an isomorphism S"'4®,Q,, ~ Qe
EXAMPLE 3.2.7: We now present in an independent manner a few OD or
PD cases showing the difficulties met when studying differential ideals and ask
the reader to revisit them later on while reading the main Theorems. As only a
few results will be proved, the interested reader may look at [13] or [15] for

more details and compare to [7] or [8].

o ODI:If k=Q, yis a differential indeterminate and d_ is a formal deriva-
tion, we may set d y=y ,d y, =y, and so on in order to introduce the
differential ring A=k[y,y,,y,.--]=k{y}. We consider the differential
ideal a— A generated by the differential polynomial P =y’ -4y. We
have d P=2y (y,-2) and a cannot be a prime differential ideal, ---
and so on. After no less than 4 differentiations, we let the reader discover that
Vi €a=y, €rad(a) and thus a is neither prime nor perfect, that is
equal to its radical, but rad(u) is perfect as it is the intersection of the
prime differential ideal generated by y with the prime differential ideal gen-
erated by y’ -4y and y_-2,both containing y__ .
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e OD2: With the same notations, let us consider the differential ideal a < 4
generated by the differential polynomial P =y’ —4)’. We have
dP=2y, ( Y.—6 yz) and a cannot be prime differential ideal. Hence, we
must have either y =0=>y=0 or y_-6)y" =0 and so on. After 3 diffe-
rentiations we obtain (yn -6y’ )4 ea=y, -6y’ erad(a) and thus a is
neither prime nor perfect as before but rad(a) is the prime differential
ideal generated by y> -4y’ and y_-6)".

e PDL:If k=Q as before, yis a differential indeterminate and (d,,d,) are
two formal derivations, let us consider the differential ideal generated by

1
P=y, —E(y”)2 and P, =y,-y, in k{y}. Using crossed derivatives

and differentiating twice, we get (),,,)’ €a= y,,, €rad(a) and thus a is
again neither prime nor perfect but rad (a) is a perfect differential ideal
and even a prime differential ideal p because we obtain easily from the last
subsection that the resisual differential ring k{ y} / P k[ Vs VisVas y“] is a
differential integral domain. Its quotient field is thus the differential field
K= Q(k{y}/p) ~ k(y,yl,yz,y”) with the rules:

diy=y,diy, =, diyy =0,dy,y = y,,dy 3 =y, dyyy, =0

as a way to avoid “Jooking for solutions”. The formal linearization is the linear
system R, < J,(E) obtained in the last section where it was defined over R,,

but notover K, by the two linear second order PDE:
Ty =y =0, n,-n,=0= (J’n _1)77111 =0

changing slightly the notations with 7 =6y and keeping the letter vonly when
looking at the symbols. It is at this point that the problem startsbecause R, is
indeed a fibered manifold with arbitrary parametric jets ( Vs Vs Vs J’n) but
Ry =p,(R,) is no longer a fibered manifold because the dimension of its
symbol changes when y,, =1. We understand therefore that there should be a
close link existing between formal integrability and the search for prime diffe-
rential ideals or differential fields. The solution of this problem has been pro-
vided as early as in 1983 for studying the “Differential Galois Theory” in ([13]).
The idea is to add the third order PDE y,,, =0 and thus consider the linea-
rized PDE 7,,, =0 obtaining therefore a third order involutive system well de-

fined over K'with symbol g, =0.
e PD2: With the same notations, let us consider the differential ideal generated

by the differential polynomials F =y,, —%( y11)3 and P, =y, —%( i )2
in k{y}. We get:
B,Pea=d,P,—d R +y,dP,=0=TR, involutive
with dim( g, ) =1,Vg >1. As the symbol &2 is involutive, there is an infinite

number of parametric jets (y,;,¥,, ¥, %,,---) and thus

k{y}/a ~k[y,¥,¥2, V11> Y111>-+] is a differential integral domain with
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1 3 . .
d,y, = yy, =§(y11) > Ay = Vi = Yoo - 1t follows that a=p is a prime

differential ideal with rad (p) = p. The second order linearized system is:

2
M _(J’n) =0, n,—ym =0

is now well defined over the differential field K = Q(k { y} / p) and is involutive.

DEFINITION 3.2.8: A differential ring is a ring A with a finite number of
commuting derivations (d,,---,0,) that can be extended to derivations of the
ring of quotients Q(A) as we already saw. We shall suppose from now on that
Ajis even an integral domain and introduce the differential field K = Q(4). For
example, if x',---,x" are indeterminates over Q, then Q[x] = Q[xl,-u,xq
is a differential ring with quotient differential field Q(x).

If K is a differential field as above and ( P, y"’) are indeterminates over
K, we transform the polynomial ring K { y} =lim,_, K [ yq:| into a differential
ring by introducing as usual the formal derivations d, =0, + yZHI 6/ 6‘yfl and
we shall set K (y)= Q(K{y}) :

DEFINITION 3.2.9: We say that a — K{y} is a differential ideal if it is sta-
ble by the d,, thatisif daeca, Vaea, Vi=1,---,n. We shall also introduce
the radical rad(a)={aeA|EIr,a’ ea} Da and say that a is a perfect (or
radical) differential ideal if rad(a)=a.If Sis any subset of A, we shall denote
by {S} the differential ideal generated by S and introduce the (non-differential)
ideal p,(S)= {dva lae§,0< |V| < r} in A.

LEMMA 3.2.10: If ac 4 is differential ideal, then rad(a) is a differential

ideal containing a.

Proof If dis one of the derivations, we have o' 'da = lda' IS {ar} and thus:
r

(r-1)a" (da)2 +a 'd*a e {ar} =a? (a'a)3 c {a’},--- = (da)z"’l c {a’}
O
LEMMA 3.2.11: If acK{y}, weset a,=anK[y, ] with a,=anK[y]

and a, =a. We have in general p, (aq)g a,., and the problem will be to

know when we may have equality.

We shall say that a differential extension L = Q(k{ v} / p) is a finitely gener-
ated differential extension of K and we may define the evaluation epimorphism
K{y} - K{r]} c L with kernel p by calling 7 or 7 the residue of y mod-
ulo p. If we study such a differential extension Z/K, by analogy with Section 2,
we shall say that R or g, isa vector bundle over R if one can find a cer-
tain number of maximum rank determinant D, that cannot be all zero at a
generic solution of p,_ defined by differential polynomials F,, that is to say,
according to the Hilbert Theorem of Zeros, we may find polynomials
A4,,B, €K { yq} such that » A4,D,+ B.P. =1. The following Lemma will
be used in the next important Theorem:

LEMMA 3.2.12: If p is a prime differential ideal of K { y} , then, for g suf-

ficiently large, there is a polynomial D e K [ yJ suchthat Dep, and:
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Dyp,., < rad(pr (pq )) P, Vrz0

THEOREM 3.2.13: (Primality test) Let p, K[yq] and p ., K[quJ
be prime ideals such that p ., = p, (pq) and p, mK[yq] =p, . If the symbol
g, of the algebraic variety R~ defined by p,_ is 2-acyclic and if its first pro-
longation g, ,, isa vector bundle over R ,then p=p, (p q) is a prime diffe-
rential ideal with pﬁK[quJ =p, (pq ) , Vrz0.

COROLLARY 3.2.14: Every perfect differential ideal of {y} can be ex-
pressed in a unique way as the non-redundant intersection of a finite number of
prime differential ideals.

COROLLARY 3.2.15: (Difterential basis) If t is a perfect differential ideal
of K { y} , then we have t=rad ( 2. (tq )) for g sufficiently large.

EXAMPLE 3.2.16: As K{y} isa polynomial ring with an infinite number of
variables it is not noetherian and an ideal may not have a finite basis. With
K=Q,n=1 and d=d_,then
0= {0y e Vedeo -t = (1) + . ca=rad(a)={y,} is a prime diffe-
rential ideal.

PROPOSITION 3.2.17: If ¢ is differentially algebraic over K (1) and 7
is differentially algebraic over K, then ¢ is differentially algebraic over K. Set-
ting £=¢ —n, it follows that, if Z/K is a differential extension and &,peL
are both differentially algebraic over K, then &+7, &n and d,& are differen-
tially algebraic over K.

If L= Q(K{y}/p) , M= Q(K{z}/q) and N = Q(K{y,z}/t) are such that
p=tnK{y} and q=tnK{z}, we have the two towers KL< N and
KcM c N of differential extensions and we may therefore define the new
tower Kc LM g(L,M)g N . However, if only /K and M/K are known
and we look for such an N containing both Z and A4, we may use the universal
property of tensor products an deduce the existence of a differential morphism
L® M —>N Dby setting d(a®b)=(d,a)®b+a®(d,b) whenever
d, |K=d, |K=0. Looking for an abstract composite differential field
amounts therefore to look for a prime differential ideal in L ®, M which is a
direct sum of integral domains (See [13] for more details).

DEFINITION 3.2.18: A differential extension Z of a differential field Kis said
to be differentially algebraic over K if every element of L is differentially alge-
braic over K. The set of such elements is an intermediate differential field
K, < L, called the differential algebraic closure of Kin L. If /K is a differential
extension, one can always find a maximal subset S of elements of Z that are dif-
ferentially transcendental over K and such that Z is differentially algebraic over
K (S > Such a set is called a differential transcedence basis and the number of
elements of Sis called the differential transcendence degree of L/ K.

THEOREM 3.2.19: If I/K is a finitely generated differential extension, then
any intermediate differential field K’ between Kand L is also finitely generated
over K.

THEOREM 3.2.20: The number of elements in a differential basis of Z/ K does
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not depent on the generators of Z/K and his value is diffird (L/ K ) = . Moreo-
ver, if K L c M are differential fields, then
diffird (M /K) = diffird (M /L) + diffrd (L/K) .

Comparing the differential geometric approach to nonlinear algebraic systems
with the differential algebraic approach just presented while setting oy, =7,,
we obtain:

COROLLARY 3.2.21: When /K is a finitely generated differential extension,
then Q,,, isa differential module over the differential ring L®, K[d]=L[d]
of differential operators with coefficients in Z. The linearized “systen”

R=hom, (Q,,L) is thus a (left) differential module for the Spencer operator
like in the linear framework.

It is not evident to grasp these results in order to apply them to control theory
or mathematical physics for two reasons. The first is that the formal theory of
nonlinear systems has not been accepted by differential geometers because of the
homological background based on the so-called “vertical machinery” and the
systematic use of the Spencer ¢ -cohomology. The recent study of the Schwarz-
schild and Kerr metrics (Compare [10] to [11]) is providing a good example of
such a poor situation. The second is the fact that, when K'is a true differential
field and M is differential module defined over the noncommutative ring
K[d,,--,d,|=K[d] of differential operators with coefficients in K; then the
“system” R=hom, (M,K) is still not used today because its differential
structure highly depends on the Spencer operator which has never been intro-
duced in physics. As a good example, we may quote the fact that the Cosserat
couple stress equations are just described by the formal adjoint of the linear

Spencer operator ([13] [14]).

3.3. Nonlinear Control Theory

As we have already explained in ([13]), the generalized “Bédcklund problem” is
nothing else than the study of nonlinear differential correspondences in the
theory of differential elimination. We shall provide, below and successively, a
differential geometric definition followed by a differential algebraic definition
and all the problem will be to establish a link between them.

When X is a manifold of dimension z, let us consider two fibered manifolds
over X, namely & with local coordinates (x,y) and F with local coordi-
nates (x,z). The fibered product Ex, F is a fibered manifold over X with

local coordinates (x, y,z) and we have the canonical identification:
Jq (EXX ]:) = Jq (5)XX Jq (‘7:)

with local coordinates (x, yq,zq) .
For most applications, we shall suppose that £€=XxY and F=XxZ.
DEFINITION 3.3.1: Let R, < J,(£x, F) be anonlinear system of order ¢
on Ex, F called a differential correspondence between ( ¥, z) . When
(&) for yand
(F) for z induced by the canonical projections of £x, F onto

r — o0, we may consider the resolvent systems F,,, < J .,
Q cJ

q+r q+r
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& and F respectively.

Roughly, finding P amounts to eliminate z while finding Q amounts to
eliminate y and we shall only consider the first problem as the second will be
similar.

o [n the linear case, pushing yon the left and z on the right, we are left with the
search of the CC for y or the CC for z that may be quite difficult. One of the
best examples has been provided by M. Janet with the second order system
(See [1] or [15] for details):

2. 1 2
V=X Yn=2, VYp==2

where y = f(x) can be given arbitrarily for getting z=g(x) while z=g(x)
must satisfy one CC of order 3 and one CC of order 6.
e [n the nonlinear case, we have ([9] [13]):

THEOREM OF THE RESOLVENT SYSTEMS 3.3.2: In general, one may

find two integers r,s>0 such that R;i)r is formally integrable (involutive)

with formally integrable (involutive) projections P < gir (€) and

q+r

Q(gl), cJ,., (F). Moreover, rand s can be (tentatively) found by a finite algo-
rithm preserving the symmetry existing between £ and F .
Proof: First of all, we know that, in general, one can find the two integers

r,s 20 in such a way that R;i)r is formally integrable (involutive). Hence, us-

ing the commutative and exact diagram:

R, - P -0

q+r+s q+r+s
\ \
(s) (s)
Rq+r - 7Dq+r -0
M M
Rq+r - 7)41+r -0

we may suppose, without any loss of generality, that R, is formally integrable
(involutive).

Now, chasing in the commutative diagram:

J(R,.) - I (7, (Exy F))
/ | / |
Ryorrs - Tyires (€34 F) |
| ! | ¥
| 7. (7.) - J,(7,..(£))
Lo \ /
Pors - giris (€)

we obtain therefore 7., < p, (PLW) =J, (73‘1”)0%““ (&)=, (JW (5)) ,
Vr,s20.

Then, chasing in the commutative diagram:
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q+r+s q+r+s
\ \
Rq+r - 7Dq+r - 0
2
0

. q+r+s . . .
we notice that 7z, : P, . —F,, isanepimorphism Vr,s>0.

Finally, chasing in the commutative and exact diagram:

0—> P - pS(P ) -0

q+r+s q+r

! !
0> P, = B, -0
!
0

we deduce that each 7,,, is formaly integrable at each g+r, Vr=0, though
not always formally integrable as we shall see on examples.

Looking at the symbol A of P, we have %, . c p (hw_) over B . . Ac
cording to standard Noetherian arguments, such a situation is stabilizing for r
and slarge enough but such an approach is not constructive in general.

For this reason, we shall prefer to use a different approach which is closer to
the one met in the case of linear differential correspondences. For this, if
z=g(x) is an arbitrary section of F , we shall consider the new system for y
defined by A =, (f )7l (Rq) over K < g) . Such a system, which is in general
neither involutive nor even formally integrable as we shall see on examples, may
also be not even compatible as it may not provide a fibered manifold but this
way may give informations on the order of the OD or PD equations that should
be satisfied by z A similar procedure could be used by setting y = f (x) and
introducing B, = j, (f)fl (Rq) in order to obtain a system for z over K(f) .

U

Let us now turn to the differential algebraic counterpart.

DEFINITION 3.3.3: If K'is a differential field and we have a differential alge-
braic correspondence defined by a prime differential ideal vc K { v, z} , We may
define the resolvent system for y by the resolvent differential ideal p=rt K {y}
and the resolvent system for zby the resolvent differential ideal q=t K {z}.

LEMMA 3.3.4: The resolvent ideal for y is the prime differential resolvent
ideal p=tNK{y} for which one can find a differential basis. Similarly, the
prime differential resolvent ideal for zis g=tNK {z} .

Proof We have the commutative and exact diagram:

0 0 0

J J J
0> p > K{y} —> 4 -0

2 \2 2
0> v > K{yz} > B -0

First of all, Bis an integral domain because t is a prime differential ideal. It
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follows from a chase that the induced morphism 4 — B is a monomorphism
and A~im(A4)c B is thus also an integral domain, a result showing that p
is a prime differential ideal. It is essential to notice that projections of ideals
cannot be used in the nonlinear framework. Hence, the idea is to reduce the
study of differential algebraic correspondences to the study of purely algebraic
correspondences.

U

We end this last section with a few basic motivating examples showing the
importance of the non-commutative localization of integral domains for explicit
computations and applications. We hope therefore that these examples could be
used as test examples for future applications of computer algebra (Compare to
[39]).

EXAMPLE 3.3.5: With m=1,n=2,¢=2,K =Q(x',x’) while using local
coordinates (xl,x2, y) for the fibered manifold £ let us consider anew the
nice example presented by J. Johnson in ([40]), namely the nonlinear system
R, eJ, (513

defined by the two algebraic PD equations:
2
R =y, _xzyz(), P =y, _(Y) =0

We let the reader prove successively as an exercise that:
7?7(1) isadding 2yy, —x’y, =0.

R isadding 2(y,)" —y +x*(»)' =0.
7?7(3) isadding 6x’yy, =0 andthus y, =0.
7?2(4) is adding (y)2 =0.

Accordingly, the prime ideal p, € K[y,,,¥,, 1,1, V5| generated by the
two given differential polynomias (F,P,) issuch that
yerad (p4 (p2 )) = rad (,00o (pz )) = (y) , a result not evident at first sight and
leading to the trivial differential extension L =K . The linearization procedure

is even less evident. Indeed, starting with the linearized second order system:
8P =1, —x"=0,6P, =1, ~2yn =0

we let the reader prove that we successively get:
722(1) isadding 2yn, —x’n, +2y,n =0.

R isadding 4y,n, -5, +2x’yn =0.

Rl(s

7?2(4

Such an example is proving that, in general, one must start from a formally

)
) s adding 7, =0.
) s adding yn =0 but one cannot conclude.

integrable or even involutive system in order to be able to define the module of
Kahler differentials for the differential extension Z/ K.

EXAMPLE 3.3.6: (Burgers) With n=2,m =2, local coordinates (xl,xz, y,z)
and differential field K =Q, let us consider the algebraic first order involutive

system R, defined by two differential algebraic PD equations:

z,-y=0 {1 2}
J’2_Zl+(J’)2:O 12
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These two differential polynomials generate a prime differential ideal
tc K{y,z} and provide thus a differential extension N/K. Indeed,
K[y, y,52,2,2, ]/t1 ~K|[y,»:2,2] is an integral domain and v isa prime
ideal. Then, using one prolongation, we may introduce the following second or-

der system R, = p, (R,):

Zy =y, =0 1 2
Yo +2y, =y =0 11 2
z, =3 =0 1 e
Yo—zu 2 =0 |1 e

—y=0 e o
)’2_21"'()’)2:0 i

and use the Janet tabular to prove that it is a nonlinear involutive system. It fol-
lows that K[y,---,yzz;z,---,zzz]/t2 ~K[y,5,132.2,7,] is an integral do-
main and v, is a prime ideal. Thanks to Theorem 3.2.13, we obtain thus finally
K{y,z}/t & K[ysypynv"';
follows hat p=tnK { y} and q=tNnK {z} are prime differential ideals.

A (R)

z,2,,2,,---] which is also an integral domain. It

Taking now any section y = f(x), we obtain the system B =

for =

{2 (x) 0
z, -0,/ (x)- (f(x)) =0

and its first prolongation B, = j, (f) 1 (R,) for z

A
2/ (x)=0
()

lzf( )=2f(x)0,f (x)=
Z, —f(x) =0
=0,/ (x)=(/ (x)) =0
Op f (x)+2f(x)0,f(x)-0,f(x)=0

First of all, this is a fibered manifold if and only if fis solution of the second
order system P, defined by the single second order PD equation:
Y +2y,=-»=0
which is the resolvent system for y generating the prime differential ideal

pcK{y} allowing to define a differential extension L:Q(K y}/p) of K

and we have pztﬁK{y}:LcN.
We are thus left with the first order (nonlinear) system for z

{22 —f(x) =0
=0,/ (x)~(/ (x))" =0

which is easily seen to be involutive for any solution y = f(x) of 7.

—_—

2
2

—_—

Taking finally any section z = g(x), we obtain the system

A=ilg) (R):
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{yﬁ(y)z—a]g(x):O

y-0,8 (x ) =0
and the projecion .A1(1) of its first prolongation A, = j, (g)_1 (Ry):

Y +(Y)2 -0,g=0

1 —0,8=0

y—-0,8=0

822g(x)+(62g(x))2 -0,g(x)=0

is compatible if and only if g is solution of the second order system O, defined by

the single second order PD equation obtained after subsitution of y =0,g(x):
2
Zyy +(zz) -z, =0

which is the resolvent system for z generating the prime differential ideal
g=tNK {z} allowing to define a differential extension M = Q(K{z}/q) of K
and we have q:th{z}:McN.

We are thus left with the only zero order (linear) equation for y; namely:

y-0,8 (x ) =0

for any solution z = g(x) of Q,. The differential correspondence that must be
used is thus R, .

Both L,M and N are differential algebraic extensions of K of zero differen-
tial transcendence degree.

EXAMPLE 3.3.7: (Korteweg-de Vries) With the same notations, we let the
reader provide the details of the following similar example with the second order

nonliear differential correspondence R, :
2 2 2 1
zz+(z) +2y =0, y22+2y(z) +4(y) —2zy2—521=0

by exhibiting the nonlinear formally integrable involutive system 7?2(1) .

Zyy +222,+2y, =0

1 2

2 2 1
y22+2y(z) +4(y) -2z, _EZI =011 2
z, +2zz,+2y, =0 L e
[ ) [ ]

z, +(z)2 +2y=0
for (y,z) such that R\ = p, (RZ(')) according to Theorem 3.1.13, with cha-
racters a; = 3,0522 =0 (Compare to [13]).

Taking now any section y = f'(x), we obtain the system
B,=j,(f )71 (7?2(1)) for zwhich is the first prolongation of the first order (non-
linear) system B, defined by:

{Zz +(Z)2 +2f(x) =0
2 +40, 1 (x)z—47 (x)(z) =8(f(x)) —20,,/(x)=0

Using crossed derivatives and tedious but elementary substitutions, this sys-

—
[\

[y
]

tem is involutive if and only if y = f (x) is a solution of the third order involu-
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tive resolvent system 733(1) for y:
Voo 3 +12yy, =0

Similarly, taking now anysection z = g(x), we obtain the system

A =j,(g)"(R) defined by:

2y,, +4(g(x))2 +8(y)2 -4g(x)y,-0,g(x)=0
2y, +0,g(x)+2g(x)0,g(x)=0

2y, +612g(x)+2g(x)61g(x) =0
2y+62g(x)—i-(g(x))2 =0

Differentiating the second equation with respect to x° and substracting the
first while using the other equations, we discover that this system is compatible
if and only if z=g(x) is a solution of the third order involutive resolvent sys-

tem Q3(1) for z
Zysy + 2, —6(2)2 z,=0
It follows that we are left with a single zero order equation for y; namely:
2y+0,g(x)+(g(x)) =0

for any solution z=g(x) of Q,.The differential correspondence that must be
used is thus 7?,3(1) .

EXAMPLE 3.3.8: With n=1,m=2,K=Q, let us consider the single in-
put/single output (SISO) nonlinear control system P=y'y> -y —a=0 witha
constant parameter @ € K . The differential ideal pc K { ¥y, yz} =K{y} gen-
erated by P is prime because K{y}/p = K[y‘ ;yz,yf,...J is an integral domain
and we set as usual L = Q(K { y} /p) The corresponding linearized system is
y'n2 +y2n' —n! =0. Multiplying by a test function A and integrating by parts,
the adjoint operator is:

2

n' - di+ya=u
" o ydi-y A=

Multiplying the first OD equation by ', the second by 1 and adding them,
we get al=y'u' +u’. As L[a’] is a principal ideal domain, it follows that
M =Q, , isa torsion-free and thus free differential module over L[d] ifand
only if this operator is injective ([1] [9]), that is to say if and only if a#0.

If a=0, then 7(M) is generated by w=y'n’—n'=y'6y*-5y' satisfy-
ing:

do=y'5y] +3.6y* =5y, =5(1'] )+ yio-6y, = yio = do-ylo=0

As Sw=035y' ASy’, weobtain @AS®w=0 and one can thus use the analytic

Frobénius theorem with integrating factor y' in order to get

a)=y]5(y2—log(yl)).
If a#0,say a=1,wehave A=y'y'+4° and obtain the only CC:

Vo A2yl yi =0
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Multiplying by a test function & and integrating by parts, we obtain the pa-

rametrization:
YdE+yé=n', —di+yiE=n’
which is injective with potential & = y'n* —7'.
EXAMPLE 3.3.9: With n=1,m=3,K =Q, let us consider the first order

nonlinear system ([9]):
P=2y2+(32) ~(5) =0

The differential ideal p is prime because
K{y}/p= K[yl,yi,---;yz,yi,---;yq is an integral domain and we define as
usual the differential extension L = Q(L { y} / p) .

Setting 0y =7 and dividing by 2, the linearized system becomes:

7+ v =y, =0
Multiplying as usual by the Lagrange multiplier A and integrating by parts,

we get the adjoint operator with d =d :

1

n' > ydi+y A=y
"o —yidA-ylA=u’
3

" = —di=y

which is injective with the two CC:

1 1.3 2 2.3 1 1.3

+ - +

lu .lyx:u +/u ;v/u :O, d[lu iyxlu J+/—I3:0
yXX yL\/ yXX

It follows that M =Q, , is a torsion-free differential module over L[d]

which is thus also free because it is known that any module over a principal ideal

ring which is torsion-free is also free ([30]). Its adjoint operator provides there-

fore the first order parametrization:

1 1
doo —dE g =y

1
W &=

xx

1 1 2
) d§2+(yyf‘ —y—;j51+§2=7f

xx XX

This parametrization is injective because &' =y2n°, & =n"+yn’ -yin'.
Hence, we can replace any solution (77' ,772,773) of the linearized system by any
couple (51,52 ) , a result not evident at first sight.

Finally, considering the two parametrization vertical 1-forms:

1

2
xx

o' =—&=n*=56)y", @ =65y +yl6y’ -5y

we have:

00' =0= ' A’ A6 =0, @' A&’ AO& =5y ASY' NSV ASYL £0
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and cannot therefore use the Frobenius theorem in order to integrate this vertic-
al exterior system.

According to what has been said, the linear and the nonlinear systems are
both controllable. In particular, if the nonlinear system should not be controlla-
ble, it means that there should exist at least one autonomous element in Z that
should be constrained by at least one OD equation. The linearization of such an
element should produce a torsion element in L. The striking feature of this ex-
ample is that one can prove that L is a purely differentially transcendental exten-

sion of the ground field K. Indeed, we may rewrite the system like:
d<2y3 _(y] _y2)d(y1 +y2))+(y| _yz)dz (y] +y2)= 0

Setting:

2 =2y (' =) (3 +31), A=V = —Zzgl‘=y]—y2

xx

we obtain the second order nonlinear parametrization:

1 1 1.2
3 szx 1

2y =422 2y = +z°, 2y =- +z

2
Zyx Zyx Zyx

and thus L :K<zl,zz>. Hence, introducing ¢' =6z',{* =627, we can simi-
larly replace any solution (77',772,773) of the linearized system by any couple
(4’ N ), a result even less evident at first sight. The new parametrization is also
injective but, contrary to the previous situation, we have now
w=¢=0z=0w=0. As a (difficult) exercise of formal integrability, we let the
reader prove that the second order 2x2 operator matrix & — ¢ is an iso-
morphism (See [9], p 821 for more details on this substitution).

EXAMPLE 3.3.10: With n=2,m=3,¢g=1,K =Q, let us consider the diffe-

rential ideal p generated by the two differential polynomials:
R=y,=yy =0, B=y;=y) =0
The corresponding system is easily seen to be involutive and we have:
K{Y 070 o=k {7 [0yt
as an integral domain and p is thus a prime differential ideal allowing to define
the differential field L = Q(K { y} / p) with differential transcendence basis
K < y3> clL.
The linearized system D=0 is:
dy' =y'dn' =y’ =0, dy’ -y'dn’ -y =0
Multiplying the first by A', the second by A’ and integrating by parts, we
obtain the adjoint operator ad (D1 )l =u:
7' = —d, A +ydA +y A =4
" o =, A+ YA+ A =)

3

"o WA A =g

However, this operator is not involutive because it is not even formally in-
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tegrable. Nevertheless, adding the first order PD equation obtained by prolong-

ing the zero order equation with respect to x', we obtain:

7' > = +ydA +y A =4 1 2
" = YA+ A =0 1 2

_)ﬁldl/ll _ylzdl/lz _ylllj‘] _ylzl/lz = d1ﬂ3 1 e
"o A=y =g ° o

We obtain the unique generating first order CC ad (D) =0, namely:
dyi’ =y dypr =yt =it =2y =0
Multiplying this CC by the test function & and integrating by parts, we get
DE=n over L

uoo —yé=n
W —yié=n’
0o —dé+ydéE-yiE=n

Sustituting, we check the two CC described by D7 =0 plus an additional
zero order CC providing the torsion element @ =y,5y° -y 5y generating
ext' (M) as we have indeed d,w—y’d,w—);w=0. We let the reader check
that @ Adw #0. It follows that @ cannot have any integrating factor accord-
ing to the Frobenius Theorem.

Eliminating *, we are left with ( ', yz) and the nonlinear system
y1¥; —y3¥; =0 with the same conlusions as before. On the contrary, we let the
reader check that the module of Kéhler differentials is torsion-free for the non-

linear system y/y; —y,pf =1.

4. Conclusions

The author of this paper got his PhD thesis and has been collaborating with Prof.
A. Lichnerowicz who, till his death in 1998, became more and more convinced
that the variational origin of mathematical physics (elasticity, electromagnetism,
general relativity) through the corresponding Euler-Lagrange equations was a
kind of “screen” hiding a more important concept allowing to describe the
“duality” existing between “fields” and “inductions”. After the author discovered
in 1995 the impossibility to parametrize the Einstein operator, solving therefore
negatively the challenge proposed by J. Wheeler in 1970, he did also notice that,
in control theory, “a control system is controllable if and only if it is parame-
trizable’ and that the “screen” is just indeed the “differential double duality” in-
volved in differential homological algebra through the use of the “extension
modules” (See Zbl 1079.93001). Hence it remained to study the use of the formal
adjoint in the commutative or even noncommutative situation met when linea-
rizing nonlinear systems of OD or PD equations. Among the best useful exam-
ples, one has the following differential sequence that can be found in Rieman-
nian geometry, indicating below the fiber dimensions of the vector bundles in-

volved with F, =S,7" and the order of the differential operators involved:
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Killing Riemann Bianchi
050->T > F > F > F,—>--
1 2 1

050> n—>n(n+1)/25n* (0 1) 12> 0> (n* =1)(n-2)/24 > -

where O is the sheaf of Killing vector fields for the Euclidean metric when
n=3 in elasticity or the Minkowski metric when n=4 in general relativity.

Defining the adjoint operators:

Cauchy = ad (Killing),Beltrami =ad (Riemann), Lanczos = ad (Bianchi)

one discovers that Lanczos was in fact dreaming to construct the adjoint diffe-
rential sequence:

Cauchy Beltrami Lanczos

0« ad(T) < ad (Fy) < ad (F,) < ad(F,) < -+
where ad(E)=A" T"®E" for any vector bundle E where E" is obtained
from E by inverting the transition rules when changing local coordinates. Ac-
cordingly, the only true problem left was to prove that each operator is indeed
parametrized by the preceding one in both sequences, a highly non-evident fact

([24]). Similarly, we have the Poincaré sequence for the exterior derivative:
d d
T" > AT >AT
1 1
n— n(n—l)/Z - n(n —1))(n—2)/6

with d4=F = dF =0 for electromagnetism when n=4 where A is the EM
potential and Fthe EM field, describing the first Maxwell operator and its para-
metrization by the EM potential.
The adjoint sequence:

ad(d) ad(d)
ad(T*) «— ad(/\2T*) “— ad(/\3T*)
which is, because n=4, locally isomorphic through the Hodge duality to the
Poincaré sequence:

ST
is used for the EM induction and second Maxwell operator both with its para-
metrization by the so-called EM pseudopotential. In both situations, there is no
need to appeal to variational calculus which is only used for exhibiting the re-
spective constitutive laws. Meanwhile, we point out the usefulness of the formal
adjoint in the study of differential duality which is used as a substitute for the
operational/symbolic calculus in the classical sense of Heaviside and Makusinski.
We finally hope that the many tricky examples presented in this paper will open
new domains of research in mathematical linear or nonlinear control theory and

will be used later on as test-examples for computer algebra.
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