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Abstract 
We prove that every homomorphism of the algebra n  into the algebra 
of operators on a Hilbert space is completely bounded. We show that the 
contractive homomorphism introduced by Parrott, which is not completely 
contractive, is completely bounded (similar to a completely contractive ho-
momorphism). We also show that homomorphisms of the algebra n  gen-

erate completely positive maps over the algebras ( )nC   and ( )( )2
nM C  . 
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1. Introduction 

In 1950, Dixmier established the following similarity problem: Whether or not 
bounded representations of groups are necessarily similar to unitary representa-
tions. The same year, Dixmier proved that every uniformly bounded representa-
tion of an amenable group G on a Hilbert space H is similar to a unitary repre-
sentation of G on H [1]. However, in 1955, L. Ehrenpreis and F. Mautner [2] 
gave examples showing that this result fails when the amenability assumption 
is removed. Therefore, there exist bounded homomorphisms of groups into 
the group of invertible operators on a Hilbert space, which are not similar to un-
itary representations of the group. In 1955, motivated by Dixmier’s similarity 
problem, the analogous problem for representations of C*-algebras was intro-
duced by Kadison. Kadison’s similarity problem asks whether every bounded 
unital representation of a unital C*-algebra   on a Hilbert space H is similar 
to a *-representation of   on H [3]. In 1960, Kunze-Stein proved that Dix-
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mier’s question has a negative answer, that is, there exist bounded representations 
of groups ( )( )2SL   that are not similar to unitary representations [4]. In the 
early 1980’s, motivated by the work of Wittstock and Haagerup, the theory of 
completely positive maps was extended to the family of completely bounded 
maps by many researchers [5]. The theory of completely bounded maps has 
many deep connections to similarity questions. In 1981, Christensen solves the 
original problem for irreducible representations (so, each vector is cyclic for the 
image) [6]. In 1983, Haagerup gave a positive answer to Kadison’s similarity 
problem for cyclic representations and proved that a bounded representation π 
of a C*-algebra   on H is similar to a *-representation if and only if π is com-
pletely bounded. The result of Haagerup shows that Kadison’s similarity prob-
lem is equivalent to determining whether or not bounded homomorphisms are 
necessarily completely bounded. There are several important cases where 
bounded homomorphisms of a C*-algebra are completely bounded. Haagerup 
proves a number of other results. For example, he settles the problem completely 
for C*-algebras that admit no trace. He observes that the problem reduces to 
studying representations of von Neumann algebras. Thus the problem is settled 
positively for von Neumann algebras with no central summand of finite type [7]. 
In 1984, Vern Paulsen generalized Haagerup’s result to the non-self-adjoint case. 
He proved that every unital homomorphism of an operator algebra is a com-
pletely bounded homomorphism if and only if it is similar to a completely con-
tractive homomorphism [8]. However, contractive homomorphisms need not be 
completely contractive. Parrott introduced in [9] an example of a contractive 
homomorphism which is not a completely contractive homomorphism. In 1986, 
Christensen settles the problem for factors of type 1II  with property Γ  [10]. 
We say that the C*-algebra   has the similarity property if the similarity 
problem has a positive answer for  . In 1996, Kirchberg showed that Kadi-
son’s similarity problem is equivalent to another important open question, the 
derivation problem, itself a crucial problem in the cohomology theory of opera-
tor algebras [11]. In 1999, motivated by the similarity problem, Pisier introduced 
the notion of the length ( )   of an operator algebra   in [12] and examined 
its properties in [13] [14]. This integer arises from the ability to write matrices 
over   as products of bounded length, where the constituent factors alternate 
between scalar matrices and diagonal matrices over  . If such decompositions 
do not exist then ( ) = ∞  . An easy consequence of finite length is that all 
bounded homomorphism of ( )   into any B(H) are completely bounded, 
which solves the similarity problem for such algebras, and is indeed equivalent 
to it. In 2010, Christensen, Sinclair, Smith and White examine connections be-
tween the theory of perturbations and Kadison’s similarity problem [15]. At the 
present time, the similarity problem is still open. The Factorization of matrices 
of complex polynomials of several variables, in terms of products of Matrices of 
polynomials of two variables with positive matrices as Fourier coefficients, gives 
us some light on von Neumann’s inequality for matrices of complex polynomials 
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of several variables. 
Kadison’s similarity problem has many engineering applications. 
In this paper, we prove that homomorphisms of the algebra n  are complete-

ly bounded. We show that Parrott’s contractive homomorphism, which is not 
completely contractive, is completely bounded (similar to a completely contractive 
homomorphism). We also prove that every homomorphism of the algebra n  
generates completely positive maps over the algebras ( )nC   and ( )( )2

nM C  . 

2. Main Result 

In this section, we prove our main result and we show that Parrott’s contractive 
homomorphism is similar to a completely contractive homomorphism over the 
algebra of complex polynomials over n . We construct completely positive 
maps over the algebras ( )nC   and ( )( )2

nM C  . Given 

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , ,n

n f

kk
n n n

k k S
f z z f k k z z

∈

= ∑


  

 
a complex polynomial over n . Then 

( ){ }1 1sup , , : 1 .n nf f z z z z
∞
= = = = 

 
Let n  denote the algebra of complex polynomials over n . Given 

( )
( )

( ) 1

1 ,

, 1 , 1 1
, ,

ˆ, , , , , , 1, , ;n

n fi j

kk
i j n i j n n

k k S
f z z f k k z z i j k

∈

= =∑


   

 
complex polynomials over n . Then 

( ) ( ), , 1, 1 , 1
sup ( , , ) : 1 .

k

k k
i j i j n ii j i j M

f f z z z
= =∞

 
= ≤ 

 


 
Denote by 

,
1 1

.
i j

k k

F f
i j

S S
= =

=


 

Then the k k× -matrix ( ) ( )( )1 , 1 , 1
, , , ,

k
n i j n i j

F z z f z z
=

= 
 can be written as 

( )
( )

( )( ) 1

1

1 , 1 1, 1, ,

ˆ, , , , .n

n F

k kk
n i j n ni jk k S

F z z f k k z z
=∈

= ∑


  

 
The k k× -matrix ( )1, , nF z z  can be regarded as a polynomial over n  

with matrix coefficients. In this case, the set 

( )( ) ( ){ }, 1 1, 1
ˆ , , : , ,

k

i j n n Fi j
f k k k k S

=
∈ 

 
is the set of Fourier coefficients of ( )1, , nF z z . Let us set 

( )( ), 1, , 1
sup , ,

k
i j nu k i j

F f T T
=

= 

 
where the supremum is taken over the family of all n-tuples of commuting con-
tractions on all Hilbert spaces. It is easy to see that 

,u kF  is finite, since it is 
bounded by the sum of the norm operators of the Fourier coefficients of f, and that 
this quantity defines a norm on the algebra ( )k nM   of matrices of polynomials 

https://doi.org/10.4236/apm.2021.119050


J. M. Mouanda 
 

 

DOI: 10.4236/apm.2021.119050 758 Advances in Pure Mathematics 
 

over n . For each polynomial P in ( )k nM  , there is always an n-tuple of con-
tractions where this supremum is achieved. Therefore, ( )( ),, .k n u kM   and 

( )( ), .k nM
∞

  are normed algebras. Let 

( )
( )

( )( ) 1

1

1 , 1 1, 1, ,

ˆ, , , , n

n F

k kk
n i j n ni jk k S

F z z f k k z z
=∈

= ∑


    

be a matrix of complex polynomials over n . Define a function 

( ):k k nM +Π →   
by setting 

( )
( )

( )( ) ( )
1

, 1 , 1, ,

ˆ , , , .
kn F

k

k i j n k ni j Mk k S
F f k k F M

=∈

Π = ∀ ∈∑


   

We can check that kΠ  defines a norm on ( )k nM  . Therefore, ( )( ),k n kM Π  
is also a normed algebra. 

The Hahn-Banach extension property states that a vector subspace Y of X has 
the extension property if any continuous linear functional on Y can be extended 
to a continuous linear functional on X. The Hahn-Banach theorem is a useful 
tool in Functional Analysis. It allows the extension of bounded linear functional 
defined on a subspace of some vector space to the whole space. The proof of the 
Hahn-Banach type extension theorem for completely bounded maps introduced 
by Wittstock can be found in [5]. 

Theorem 2.1. (Wittstock’s Extension Theorem). Let   be a C*-algebra, 
  a subspace of  , and let 

( ): B Hφ →  
be completely bounded. Then there exists a completely bounded map 

( ): ,B Hϕ →  
which extends φ , with 

cb cbφ ϕ= . 
Kadison’s similarity problem is that every bounded homomorphism of a C*- 

algebra into B(H) is similar to a *-homomorphism. Haagerup proved that every 
unital bounded homomorphism of a C*-algebra is similar to a *-homomorphism 
if and only if it is a completely bounded homomorphism [7]. 

Theorem 2.2. [7]. Let   be a C*-algebra with unit and let ( ): B Hρ →  be 
a bounded, unital homomorphism. Then ρ  is similar to a *-homomorphism if 
and only if ρ  is completely bounded. Moreover, if ρ  is completely bounded, 
then there exists a similarity S with ( )1 .S Sρ−  is a *-homomorphism and 

1 .cbS S ρ− ⋅ =
 

Haagerup’s result shows that Kadison’s similarity problem is equivalent to de-
termining whether or not bounded homomorphisms are necessarily completely 
bounded. Paulsen generalized Haaerup’s result to the non-self-adjoint case and he 
proved several results on completely bounded maps over unital C*-algebras [8]. 

Theorem 2.3. [5]. Let   be an operator algebra and let 

( ): B Hρ →  
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be unital completely bounded homomorphism. Then there exists an invertible 
operator S with 1

cbS S ρ− ⋅ =  such that ( )1 .S Sρ−  is a completely contrac-
tive homomorphism. Moreover, 

( ){ }1 1inf : . is completely contractive .cb R R R Rρ ρ− −= ⋅
 

Theorem 2.4. Let   be a C*-algebra with unit and let ( ): B Hφ →  be 
completely bounded. Then there exist completely positive maps 

( ): ,i B Hθ →  
with , 1, 2i cbcb iθ φ= =  such that the map ( ) ( )2: M B H Hψ → ⊕  given by 

( ) ( )
( ) ( )

1
*

2

a ba b
c dc d

θ φ
ψ

φ θ
   

=    
      

is completely positive. Moreover, if 1cbφ ≤ , then we may take 

( ) ( )1 21 1 .HIθ θ= =  
The structure of the Fourier coefficients of a complex polynomial ( )1, , nf z z  

over n  is linked to the properties of ( )1, , nf z z . For example, if 

( )
( )

( ) 1

1

1 1 1
, ,

, , , , n

n F

kk
n n n

k k S
f z z a k k z z

∈

= ∑


  

 
is a complex polynomial with a positive real number as Fourier coefficients, then 

( )
( )

1

1
, ,

, , .
n F

n
k k S

f a k k
∞

∈

= ∑




 
In this case, 

( )
( )

( )
1

1 1
, ,

, , , ,
n F

n n
k k S

f T T a k k f
∞

∈

≤ =∑


 

 
for any n-tuple { }1, , nT T  of commuting contractions on a Hilbert space. 
Complex polynomials over n  with positive real numbers as Fourier coeffi-
cients allow the construction of complex polynomials over n . 

Remark 2.5. Let 

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n

k k S
f z z f k k z z

∈

= ∑


  

 
be a complex polynomial over n . Then ( )1, , n Fk k S∀ ∈  there exists a con-
stant ( )1, , nk kα ∈  , ( )1, , 0nk kα ≠ , such that 

( ) ( )
2

1 1
ˆ2 , , , , 0.n nf k k k kα+ ≠ 

 
Let 

( )( )
( )

( ) ( ) 1

1

2

1 1 1 1
, ,

ˆ, , 2 , , , , ,j j j

n F

k k k
j n n n j j j

k k S
g f z z f k k k k z z zα +

+
∈

 = + + ∑


  

 
1, , 1j n= − , be complex polynomials over n . Then there exists a complex 

polynomial ( )1, ,f
np z z  over n  such that 

( )( ) ( ) ( )
1

1 1 1
1

, , 2 , , , , .
n

f
j n n n

j
g f z z f z z p z z

−

=

= +∏   

 
It is possible to factorize matrices of complex polynomials. Let 
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( )
( )

( ) 31 2

1 2 3

1 2 3 1 2 3 1 2 3
, ,

ˆ, , , ,
F

kk k

k k k S
Q z z z Q k k k z z z

∈

= ∑  

be a matrix of complex polynomials of three variables of ( )3kM  . Then 
( )1 2 3, , Fk k k S∀ ∈  there exists a constant ( )1 2 3, ,k k kα ∈ , ( )1 2 3, , 0k k kα ≠ , 

such that 

( ) ( )
2

1 2 3 1 2 3
ˆ2 , , , , 0.kQ k k k k k k Iα+ ≠

 
Let us notice that ( ) ( )

2

1 2 3 1 2 3
ˆ2 , , , , kQ k k k k k k Iα+  is a positive matrix of 

complex polynomials and ( )1 2 3, ,k k kα  is not unique. Denote by 

( )
( )

( ) ( ) ( )1 2 1

1 2 3

2

1 1 2 3 1 2 3 1 2 3 1 2 1
, ,

ˆ, , , , , ,
F

k k k
k

k k k S
B z z z Q k k k k k k I z z zα

∈

= + +∑
 

and 

( )
( )

( ) ( ) ( )32 2

1 2 3

2

2 1 2 3 1 2 3 1 2 3 2 3 2
, ,

ˆ, , , , , , .
F

kk k
k

k k k S
B z z z Q k k k k k k I z z zα

∈

= + +∑
 

It is straightforward to see that 

( )
( )

( ) ( )

( )

31 2

1 2 3

2 4

1 2 3 1 2 3 1 2 3 1 2 3
, ,1

1 2 3

ˆ, , , , , ,

, , .
F

kk k
j k

k k k Sj
B z z z Q k k k k k k I z z z

H z z z

α
∈=

= +

+

∑∏

 
This implies that there exists a matrix ( ) ( )1 2 3 3, ,Q

kP z z z M∈   of complex 
polynomials over 3  such that 

( )( ) ( ) ( )
2

1 2 3 1 2 3 1 2 3
1

, , 2 , , , , .Q
j

j
B Q z z z Q z z z P z z z

=

= +∏
 

In general, matrices of polynomials over n  with positive matrices as Fourier 
coefficients allow the construction of matrices of complex polynomials over n . 

Remark 2.6. Let 

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


   
 

be a matrix of complex polynomials over n . Then ( )1, , n Fk k S∀ ∈  there 
exists a constant ( )1, , nk kα ∈  , ( )1, , 0nk kα ≠ , such that 

( ) ( )
2

1 1
ˆ4 , , , , 0.n n kF k k k k Iα+ ≠ 

 
Let 

( )( )

( )
( ) ( ) 1

1

1

2

1 1 1
, ,

, ,

ˆ4 , , , , ,j j j

n F

j n

k k k
n n k j j j

k k S

G F z z

F k k k k I z z zα +
+

∈

 = + + ∑




 

 

1, , 1j n= − , be matrices of complex polynomials over n . Then there ex-
ists a matrix of complex polynomials ( )1, ,F

nP z z  over n  such that 

( )( ) ( ) ( )
1

1 1 1
1

, , 2 , , , , .
n

F
j n n n

j
G F z z F z z P z z

−

=

= +∏   

 
What we need to notice is that the sets 

( ) ( ){ } ( ){ }1, , : , :
k

n k n k nM
F T T F M F F M

∞
∈ ∈  
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are not bounded. However, the factorization of matrices of complex polyno-
mials, in terms of the product of matrices of complex polynomials of two va-
riables, did allows us to prove that the set 

( )
( )

1, ,
: , 0k

n M
k n

F T T
F M F

F
∞

  ∈ ≠ 
  



  

is bounded by 2n . 
Theorem 2.7. Let n  be the algebra of complex polynomials over n  and let 

{ } ( )1 2, , , nT T T B H⊂  be a set of commuting contractions on the Hilbert space H. 
Then 

( ) ( ) ( )1 1, , 2 , , , , .n
n n k nF T T F F z z M k

∞
≤ ∀ ∈ ∈  

 
Proof. Let 

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


   
 

be a matrix of complex polynomials over n . Then ( )1, , n Fk k S∀ ∈  there 
exists a constant ( )1, , nk kα ∈  , ( )1, , 0nk kα ≠ , such that 

( ) ( )
2

1 1
ˆ4 , , , , 0.n n kK F k k k k Iα= + ≠ 

 

Recall that 

( ) ( ) ( ) ( )*
1 1 1 1

ˆ ˆ4 , , , , 4 , , , , .n n k n n kK F k k k k I F k k k k Iα α   = + +     

 

Denote by 

( ) ( )( )
( )

( ) ( ) 1

1

24
1 1 1 1

, ,

ˆ, , 4 , , , , n

n F

kk
n n n k n

k k S
F z z F k k k k I z zα

∈

∆ = +∑


   

 

the matrix of complex polynomials with positive matrices as Fourier coefficients. 
The matrix of complex polynomials ( ) ( )( )4

1, , nF z z∆   satisfies the von Neu-
mann’s inequality. Denote by 

( )( )
( )

( ) ( ) 1

1

2

1 1 1 1
, ,

ˆ, , 4 , , , , j j

n F

k k
j n n n k j j

k k S
F z z F k k k k I z zβ α +

+
∈

= +∑


  

 
and 

( )( )
( )

( ) ( )
1

2

1 1 1
, ,

ˆ, , 4 , , , , ,j

n F

k
j n n n k j

k k S
F z z F k k k k I zδ α

∈

= +∑


  

 
1, , 1j n= − . As we can see ( )( )1, , , 1, , 1j nF z z j nβ = − 

, are matrices of 
complex polynomials of two variables with positive matrices as Fourier coeffi-
cients and ( )( )1, , , 1, , 1j nF z z j nδ = − 

, are matrices of complex polynomials 
of one variable with positive matrices as Fourier coefficients. These polynomials 
have exactly the same number of Fourier coefficients than ( )1, , nF z z  and 
they all satisfy the von Neumann inequality. It is straightforward to see that 

( )
( )

( ) ( )
1

2

1 1
, ,

ˆ4 , , , , ,
n F

k

j n n k
k k S M

F F k k k k Iβ α
∞

∈

= +∑


 
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( ) ( )j jF Fδ β
∞ ∞
=

 
and 

( ) ( ) ( ) ( )2 2 .j j j jF F F Fβ δ δ β
∞ ∞ ∞

+ = =
 

Denote by 

( )( ) ( )( ) ( )( )1 1 1, , , , , , , 1, , .j n j n j nG F z z F z z F z z j nβ δ= + =   

 
That is, 

( )( )

( )
( ) ( ) ( )1

1

1

2

1 1 1
, ,

, ,

ˆ4 , , , , ,j j j

n F

j n

k k k
n n k j j j

k k S

G F z z

F k k k k I z z zα +
+

∈

= + +∑




 

 
1, ,j n=  . Namelly, 

( )( )
( )

( ) ( ) ( )1 2 1

1

2

1 1 1 1 1 2 1
, ,

ˆ, , 4 , , , , ,
n F

k k k
n n n k

k k S
G F z z F k k k k I z z zα

∈

= + +∑


  

 

( )( )
( )

( ) ( ) ( )32 2

1

2

2 1 1 1 2 3 2
, ,

ˆ, , 4 , , , , ,
n F

kk k
n n n k

k k S
G F z z F k k k k I z z zα

∈

= + +∑


  

 
  

( )( )
( )

( ) ( ) ( )1

1

2

1 1 1 1
, ,

ˆ, , 4 , , , , ,r r r

n F

k k k
r n n n k r r r

k k S
G F z z F k k k k I z z zα +

+
∈

= + +∑


    

  

( )( )
( )

( ) ( ) ( )2 1 2

1

2

2 1 1 1 2 1 2
, ,

ˆ, , 4 , , , , ,n n n

n F

k k k
n n n n k n n n

k k S
G F z z F k k k k I z z zα − − −

− − − −
∈

= + +∑


    

( )( )
( )

( ) ( ) ( )1 1

1

2

1 1 1 1 1 1
, ,

ˆ, , 4 , , , , ,n n n

n F

k k k
n n n n k n n n

k k S
G F z z F k k k k I z z zα − −

− − −
∈

= + +∑


    

It is not difficult to see that 

( )( )

( )
( ) ( )

( )
( )1

1

1

1
1

2 1

1 1 1 1
, ,

, ,

ˆ , , , , , , .n

n F

n

j n
j

n kk F
n n k n n

k k S

G F z z

F k k k k I z z Q z zα

−

=

−

∈

= + +

∏

∑




   

 
This implies that there exists a matrix ( ) ( )1, ,F

n k nP z z M∈   of complex 
polynomials over n  such that 

( )( ) ( ) ( )
1

1 1 1
1

, , 2 , , , , .
n

F
j n n n

j
G F z z F z z P z z

−

=

= +∏   

 
In other words, 

( ) ( ) ( )( ) ( )( )
1

1 1 1 1
1

2 , , , , , , , , .
n

F
n n j n j n

j
F z z P z z F z z F z zβ δ

−

=

 + = + ∏   

 
It is straightforward to see that 

( ) ( ) ( )
1 1

1 1
2 .

n n
F

j j j
j j

G F F P F Fβ δ
− −

∞∞
= =∞

= + = +∏ ∏
 

In general, the matrix ( )1, ,F
nP z z  is not unique. The structure of the ma-
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trix ( )1, ,F
nP z z  depends on the structure of ( ) ( )( )4

1, , nF z z∆  . Let 
( )1 2, , , nV T T T=   be an n-tuple of commuting contractions on a Hilbert space 

H. The von Neumann inequality for complex polynomials of two (or one) varia-
ble(s) allows us to say that 

( )( )
( )

( )( )
( )

1 1, , , ,
1, 1.j n j n

j j

F T T F T T

F F

β δ

β δ
∞ ∞

≤ ≤
 

 
This implies that 

( )( )
( )

( )( )
( )

1 1, , , ,
2.j n j n

j j

F T T F T T

F F

β δ

β δ
∞ ∞

+ ≤
 

 
Suppose that 

( ) ( )( ) ( ) ( )
1

1 1 1 1
1

, , , , 2 , , , , .
n

F F
n j n n n

j
G z z G F z z F z z P z z

−

=

= = +∏   

 
It follows that 

( ) ( )( ) ( )( )
1

1 1 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 = + ∏  

 
This implies that, 

( ) ( )( ) ( )( )
1

1 1 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 = + ∏  

 
Thus, 

( ) ( )( ) ( )( )
1

1 1 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 ≤ + ∏  

 
Also, we have 

( ) ( )( ) ( )( )
1

1 1 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 ≤ + ∏  

 
It is easy to say that 

( ) ( )( ) ( )( )
( ) ( )

1 1 11

1

, , , ,, ,
.

F n j n j nn

F
j j j

F T T F T TG T T

F FG

β δ

β δ

−

=
∞∞

 +
 ≤
 + 

∏
 

 
Therefore, 

( ) ( )( )
( ) ( )

( )( )
( ) ( )

1 1 11

1

, , , ,, ,
.

F n j n j nn

F
j j j j j

F T T F T TG T T

F F F FG

β δ

β δ β δ

−

=
∞ ∞∞

 
 ≤ +
 + + 

∏
 

 
We can claim that 

( ) ( )( )
( )

( )( )
( )

1 1 11

1

, , , ,, ,
,

F n j n j nn

F
j j j

F T T F T TG T T

F FG

β δ

β δ

−

=
∞ ∞∞

 
 ≤ +
  

∏
 

 
since, in general, 

( ) ( ) ( ) ( ) ( ) ( ), .j j j j j jF F F F F Fδ β δ β β δ
∞ ∞ ∞ ∞
≤ + ≤ +

 
It is clear that 
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( )
[ ]

11 1

1

, ,
1 1 2 .

F nn n
F

j

G T T

G

−
−

=
∞

≤ + =∏


 

This implies that 

( ) ( )
( )1 1 1

2 , , , ,
sup : , 0 2 ,

2

F
n n n

k nF

F T T P T T
F M F

F P
−

∞

 + ∈ ≠ ≤ 
+  

 



 

since ( ) ( ) ( )1 1 1, , 2 , , , ,F F
n n nG z z F z z P z z= +   . Due to the fact that 

( ) ( ) ( ) ( )1 1 1 12 , , , , 2 , , , ,F F
n n n nF T T P T T F T T P T T+ ≤ +   

 

and 

2 2 ,F FF P F P
∞∞ ∞

+ ≤ +
 

we can say that for every ( ) , 0k nF M F∈ ≠ , there exist two positive real 
numbers V

Fα  and Fλ  such that 

( ) ( ) ( ) ( )1 1 1 12 , , , , 2 , , , ,F V F
n n F n nF T T P T T F T T P T Tα+ + = +   

 

and 

2 2 .F F
FF P F Pλ

∞∞ ∞
+ + = +

 

Thus, 

( ) ( ) ( ) ( )1 1 1 12 , , , , 2 , , , ,F F V
n n n n FF T T P T T F T T P T T α+ = + −   

 

and 

2 2 .F F
FF P F P λ

∞∞ ∞
+ = + −

 

Therefore, 

( ) ( ) ( ) ( )1 1 1 12 , , , , 2 , , , ,
.

2 2

F F V
n n n n F

F F
F

F T T P T T F T T P T T

F P F P

α

λ
∞∞ ∞

+ + −
=

+ + −

   

 

It is not difficult to see that 

( ) ( ) ( ) ( )1 1 1 12 , , , , 2 , , , ,
.

2 2

F V F
n n F n n

F F

F T T P T T F T T P T T

F P F P

α

∞ ∞ ∞

+ − +
≤

+ +

   

 

Now, we can claim that 

( ) ( )
( )1 1 1

2 , , , ,
sup : , 0 2 .

2

F V
n n F n

k nF

F T T P T T
F M F

F P

α
−

∞ ∞

 + − ∈ ≠ ≤ 
+  

 



 

The Archimedean property of the total order on   allows us to say that 
there exists a positive real number ( )Fd P  such that 

( ) ( )1, , , ,F F
F V F F V

n P P
P T T d P Pθ θ +

∞
+ = ∈ 

 
where ( ) 1d F ≠  is the smallest positive integer such that 
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( )
( )

( ) ( )
1

1 1
, ,

ˆ, , , , .
k

n FP

F F F
n n Mk k S

P T T P k k d F P
∞

∈

≤ ≤∑


   

This allows us to say that 

( ) ( )
( )1 1

2 , ,
sup : , 0 2 .

2

F
F F V V

n FP n
k nF

F T T d P P
F M F

F P

θ α
−∞

∞ ∞

 + − − ∈ ≠ ≤ 
+  



  

It follows that 

( ) ( )
( ) ( )1 1

2 , ,
sup : , 0 2 ,

2

F
F F V V

n FP n
k nF F

F T T d P P
F M F

F d P P

θ α
−∞

∞ ∞

 + − − ∈ ≠ ≤ 
+  





 

since ( )( )2 2F F FF P F d P P
∞ ∞∞ ∞
+ ≤ + . In other words, 

( ) ( )
( ) ( )1 1

2 , ,
sup : , 0 2 ,

2

F F V
n F n

k nF F

F T T d P P
F M F

F d P P

ω
−∞

∞ ∞

 + − ∈ ≠ ≤ 
+  





 

with 0F
V V V
F FP

ω θ α= + ≥ . Let us notice that 

( ) ( )
( ) ( )12 , ,

0 , , 0.
2

F F V
n F

k nF F

F T T d P P
F M F

F d P P

ω
∞

∞ ∞

+ −
≤ ∈ ≠

+



     (2.1) 

This implies that 

( ) ( ) ( )10 2 , , , , 0.V F F
F n k nF T T d P P F M Fω

∞
≤ ≤ + ∈ ≠ 

 
This means that 

( ) ( ) ( )1

1

0 1 2 , , 0.
2 , ,

V
nF

k nF F
n

F M F
F T T d P P

ω −

∞

≤ ≤ ≤ ∈ ≠
+

    (2.2) 

Also, we can notice that 

( ) ( )10 2 , , 0.
2

V
nF

k nF F
F M F

F d P P
ω −

∞ ∞

≤ ≤ ∈ ≠
+

       (2.3) 

It is straightforward to observe that if we add the equations (2.1) and (2.3), 
one has 

( ) ( )
( ) ( )12 , ,

0 2 , , 0.
2

F F
n n

k nF F

F T T d P P
F M F

F d P P
∞

∞ ∞

+
≤ ≤ ∈ ≠

+



   (2.4) 

We can claim now that 

( ) ( )
( ) ( )12 , ,

sup : , 0 2 .
2

F F
n n

n k nF F

F T T d P P
F M F

F d P P
∞

∞ ∞

 + = ∈ ≠ ≤ 
+  



 

 
It follows that 

( ) ( )
( ) ( )12 , ,

0 2 , .
2

F F
n n

k nF F

F T T d P P
F M

F d P P
∞

∞ ∞

+
≤ ≤ ∀ ∈

+



        (2.5) 
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We can say that the set 

( ) ( )
( ) ( )12 , ,

: , 0
2

F F
n

k nF F

F T T d P P
F M F

F d P P
∞

∞ ∞

 + ∈ ≠ 
+  





 
is bounded. The set 

( )
( )12 , ,

: , 0
2

n
k n

F T T
F M F

F
∞

  ∈ ≠ 
  





 
is also bounded. Indeed, assume that there exists ( )0 0, 0k nF M F∈ ≠  such 
that 

( )0 1

0

2 , ,
.

2
nF T T

F
∞

= +∞


 
This implies that 

( ) ( )
( )

0 0

0 0

0 1

0

2 , ,
.

2

F F
n

F F

F T T d P P

F d P P
∞

∞ ∞

+
= +∞

+



 
We have a contradiction because 

( ) ( )
( )

0 0

0 0

0 1

0

2 , ,
0 2 .

2

F F
n n

F F

F T T d P P

F d P P
∞

∞ ∞

+
≤ ≤

+



 
Therefore, there exists a positive constant nK  such that 

( )
( )1, ,

0 , , 0.n
n k n

F T T
K F M F

F
∞

≤ ≤ ∀ ∈ ≠



 

Suppose that 

( ) ( )1, ,
sup : , 0 .n

n k n

F T T
F M F

F
∞

  = ∈ ≠ 
  



 
 

It is clear that n nK≤ . Let us estimate n . Assume that  
( )1, , nF T T F

∞
≤

. One has 

( ) ( )
( )

( ) ( )
( )

1 12 , , 2 , ,
1,

2 2

F F F F
n n

F F F F

F T T d P P F T T d P P Q

F d P P F d P P Q
∞∞ ∞

∞ ∞ ∞∞ ∞

+ + +
≤ ≤

+ + +

 

 

( )k nQ M∀ ∈  . Now, assume that ( )1, , nF F T T
∞
≤ 

. We have 

( ) ( )
( )

( ) ( )
( )

1 12 , , 2 , ,
1 ,

2 2

F F F F
n n

F F F F

F T T d P P Q F T T d P P

F d P P Q F d P P
∞∞ ∞

∞ ∞ ∞∞ ∞

+ + +
≤ ≤

+ + +

 

 

( )k nQ M∀ ∈  . Therefore, for every ( )k nQ M∈  , we have 

( ) ( )
( ) ( )12 , ,

0 2 , , 0.
2

F F
n n

k nF F

F T T d P P Q
F M F

F d P P Q
∞∞

∞ ∞∞

+ +
≤ ≤ ∀ ∈ ≠

+ +



  (2.6) 

The equation (2.6) allows us to say that for every ( )k nQ M∈  , we have 
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( ) ( )
( )

( )
12 , ,

0 2 , , 0.
2

F F
n k n

k nF F
k

F T T Q d P P I
F M F

F Q d P P I
∞ ∞

∞ ∞ ∞

+ +
≤ ≤ ∀ ∈ ≠

+ +



  (2.7) 

In particular, if we choose the matrix ( )F F
kQ d P P I

∞
= − , one has 

( )
( )12 , ,

0 2 , , 0.
2

n n
k n

F T T
F M F

F
∞

≤ ≤ ∀ ∈ ≠


           (2.8) 

In other words, 

( )
( )1, ,

sup : , 0 2 .n n
n k n

F T T
F M F

F
∞

  = ∈ ≠ ≤ 
  



 

 
Finally, 

( ) ( )1, , 2 , .n
n k nF T T F F M

∞
≤ ∀ ∈   

  

Let us observe that if 

( )
( )1, ,

0 2 , , 0,n n
k n

F T T
F M F

F
∞

≤ ≤ ∀ ∈ ≠



 

then for every ( )k nQ M∈  , one has 

( )
( )1, ,

0 2 , , 0.n n
k n

F T T Q
F M F

F Q
∞

∞ ∞

+
≤ ≤ ∀ ∈ ≠

+




 

In particular, for ( )F F
kQ d P P I

∞
= , one has 

( ) ( )
( ) ( )1, ,

0 2 , , 0.
F F

n n
k nF F

F T T d P P
F M F

F d P P
∞

∞ ∞

+
≤ ≤ ∀ ∈ ≠

+





 

In fact, n n=  . Theorem 2.7, Theorem 2.1 and Theorem 2.2 allow us to 
prove our main result. Every homomorphism of the algebra n  is completely 
bounded. 

Theorem 2.8. Let n  be the algebra of complex polynomials over n , let 
{ } ( )1 2, , , nT T T B H= ⊂  be a set of commuting contractions on the Hilbert 

space H and let ( ): n B Hφ →  be the map given by 

( ) ( )1, , .nf f T Tφ = 



 
Then there exists a homomorphism ( ) ( ): nC B HΓ →   similar to a 

*-homomorphism such that 

( ) ( ) , .nf f fφΓ = ∀ ∈    
Proof. Let n  be the algebra of complex polynomials over n  and let 
{ } ( )1 2, , , nT T T B H= ⊂  be a set of commuting contractions on the Hilbert 

space H. We just need to show that the map ( ): n B Hφ →  given by 

( ) ( )1, , .nf f T Tφ = 

  

is a completely bounded homomorphism. It is well known that this map is a 
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homomorphism. Let us show that the map 

( ) ( )( ):k k n kM M B Hφ → 
 

given by 

( ) ( )1, ,k nF F T Tφ = 



 
is bounded for all k ∈  with 

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , = , , .n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

∈∑


   
 

Theorem 2.7 allows us to claim that 

( )
( )1, ,

sup : , 0 2 .n n
k n

F T T
F M F

F
∞

  ∈ ≠ ≤ 
  





 
It is well known that 

( )
( )sup : , 0 .k

k k n

F
F M F

F

φ
φ

∞

  = ∈ ≠ 
  


 

 
In other words, 

( )
( )1, ,

sup : , 0 .n
k k n

F T T
F M F

F
φ

∞

  = ∈ ≠ 
  

 

 
It follows that 

2 , .n
k kφ ≤ ∀ ∈ 

 
Therefore, 

{ }sup : 2 .n
k kφ ∈ ≤



 
Finally, the homomorphism φ  is completely bounded. Theorem 2.1 enables 

us to say that there exists a completely bounded homomorphism  

( ) ( ): nC B HΓ →   such that 

( ) ( ) , , .n cb cb
f f fφ φΓ = ∀ ∈ Γ =   

 
Theorem 2.2 allows us to claim that the homomorphism Γ  is similar to a 

*-homomorphism. In other words, there exists an invertible operator 
:S H H→  

such that 1S Sρ −= Γ  is a *-homomorphism. In particular, 

( ) ( ) ( ) 1, .nf f S f S fφ ρ −= Γ = ∀ ∈    
  

In general, the properties of every homomorphism of the algebra n  depend 
on the structure of the associated tuple { }1, , nT T=   which generates that 
homomorphism. For instance, if the tuple { }1, , nT T=   is a doubly commut-
ing set of commuting contractions (or circulant contractions, complex triangular 
Toeplitz contractions) the corresponding homomorphism ( ): n B Hφ →  given 
by ( ) ( )1, , nf f T Tφ = 

  is completely contractive [16], since von Neumann’s 
inequality hold for this type of tuples. 
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Theorem 2.8 and Theorem 2.3 allow us to show that the contractive ho-
momorphism introduced by Parrott in 1970, which is not completely con-
tractive, is similar to a completely contractive homomorphism (completely 
bounded). 

Proposition 2.9. Let U and V be contractions in B(H) such that U is unitary 
and U and V don’t commute. We define commuting contraction on ( )B H H⊕  
by setting 

1 2 3

0 0 0 0 0 0
, , .

0 0 0
T T T

I U V
     

= = =     
       

Let 3  be the algebra of complex polynomials over 3 , let { }1 2 3, ,T T T=  
be a set of commuting contractions on the Hilbert space H. Then the homo-
morphism 

( )3: B H Hφ → ⊕   
given by ( ) , 1, 2,3i iz T iφ = =  is a completely bounded homomorphism. 
Moreover, 8cbρ ≤ . 

Proof. Theorem 2.8 and Theorem 2.3 allow us to claim that the homomor-
phism φ  is a completely bounded homomorphism, similar to a completely 
contractive homomorphism and 

8.
cb

φ ≤

 
  

We can now introduce the existence of completely positive maps over the 
C*-algebras ( )nC   and ( )( )2

nM C  . Every homomorphism of the algebra 

n  generates completely positive maps over the algebras ( )nC   and 

( )( )2
nM C  . 

Theorem 2.10. Let { } ( )1 2, , , nT T T B H= ⊂  be a set of commuting con-
tractions on the Hilbert space H and let ( ): n B Hφ →  be the homomor-
phim given by ( ) ( )1, , ,n nf f T T fφ = ∀ ∈  . Then there exist completely pos-
itive maps 

( ) ( ): ,n
i C B Hθ →

 
with , 1, 2i cbcb iθ φ= =  such that the map ( )( ) ( )2: nM C B H Hψ → ⊕  
given by 

( ) ( )

( ) ( ) ( )
1

*

2

, , , , ,n

a ba b
a b c d

c d c d

θ φ
ψ

φ θ

     = ∈        






 
is completely positive. 

Proof. Theorem 2.8 and Theorem 2.2 allow us to claim that homomorphism 
φ  is completely bounded. Theorem 2.1 enables us to say that there exists a 
completely bounded homomorphism ( ) ( ): nC B HΓ →   such that 

( ) ( ) , , .n cb cb
f f fφ φΓ = ∀ ∈ Γ =   

 
Theorem 2.4 yields the desired result.   
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