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Abstract

We prove that every homomorphism of the algebra P into the algebra

of operators on a Hilbert space is completely bounded. We show that the
contractive homomorphism introduced by Parrott, which is not completely
contractive, is completely bounded (similar to a completely contractive ho-
momorphism). We also show that homomorphisms of the algebra P, gen-

erate completely positive maps over the algebras C (’IF”) and M, (C (T" )) .
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1. Introduction

In 1950, Dixmier established the following similarity problem: Whether or not
bounded representations of groups are necessarily similar to unitary representa-
tions. The same year, Dixmier proved that every uniformly bounded representa-
tion of an amenable group G on a Hilbert space H is similar to a unitary repre-
sentation of G on H [1]. However, in 1955, L. Ehrenpreis and F. Mautner [2]
gave examples showing that this result fails when the amenability assumption
is removed. Therefore, there exist bounded homomorphisms of groups into
the group of invertible operators on a Hilbert space, which are not similar to un-
itary representations of the group. In 1955, motivated by Dixmier’s similarity
problem, the analogous problem for representations of C-algebras was intro-
duced by Kadison. Kadison’s similarity problem asks whether every bounded
unital representation of a unital C'-algebra A on a Hilbert space H is similar

to a *-representation of A on H [3]. In 1960, Kunze-Stein proved that Dix-
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mier’s question has a negative answer, that is, there exist bounded representations
of groups (SL,(R)) that are not similar to unitary representations [4]. In the
early 1980’s, motivated by the work of Wittstock and Haagerup, the theory of
completely positive maps was extended to the family of completely bounded
maps by many researchers [5]. The theory of completely bounded maps has
many deep connections to similarity questions. In 1981, Christensen solves the
original problem for irreducible representations (so, each vector is cyclic for the
image) [6]. In 1983, Haagerup gave a positive answer to Kadison’s similarity
problem for cyclic representations and proved that a bounded representation 7
of a C'-algebra A on H is similar to a *-representation if and only if 77 is com-
pletely bounded. The result of Haagerup shows that Kadison’s similarity prob-
lem is equivalent to determining whether or not bounded homomorphisms are
necessarily completely bounded. There are several important cases where
bounded homomorphisms of a C'-algebra are completely bounded. Haagerup
proves a number of other results. For example, he settles the problem completely
for C'-algebras that admit no trace. He observes that the problem reduces to
studying representations of von Neumann algebras. Thus the problem is settled
positively for von Neumann algebras with no central summand of finite type [7].
In 1984, Vern Paulsen generalized Haagerup’s result to the non-self-adjoint case.
He proved that every unital homomorphism of an operator algebra is a com-
pletely bounded homomorphism if and only if it is similar to a completely con-
tractive homomorphism [8]. However, contractive homomorphisms need not be
completely contractive. Parrott introduced in [9] an example of a contractive
homomorphism which is not a completely contractive homomorphism. In 1986,
Christensen settles the problem for factors of type [/, with property T" [10].
We say that the C-algebra A has the similarity property if the similarity
problem has a positive answer for A. In 1996, Kirchberg showed that Kadi-
son’s similarity problem is equivalent to another important open question, the
derivation problem, itself a crucial problem in the cohomology theory of opera-
tor algebras [11]. In 1999, motivated by the similarity problem, Pisier introduced
the notion of the length /(B) of an operator algebra 5 in [12] and examined
its properties in [13] [14]. This integer arises from the ability to write matrices
over B as products of bounded length, where the constituent factors alternate
between scalar matrices and diagonal matrices over B. If such decompositions
do not exist then ¢(B)=co. An easy consequence of finite length is that all
bounded homomorphism of ¢(B) into any B(H) are completely bounded,
which solves the similarity problem for such algebras, and is indeed equivalent
to it. In 2010, Christensen, Sinclair, Smith and White examine connections be-
tween the theory of perturbations and Kadison’s similarity problem [15]. At the
present time, the similarity problem is still open. The Factorization of matrices
of complex polynomials of several variables, in terms of products of Matrices of
polynomials of two variables with positive matrices as Fourier coefficients, gives

us some light on von Neumann’s inequality for matrices of complex polynomials
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of several variables.

Kadison’s similarity problem has many engineering applications.

In this paper, we prove that homomorphisms of the algebra P, are complete-
ly bounded. We show that Parrott’s contractive homomorphism, which is not
completely contractive, is completely bounded (similar to a completely contractive
homomorphism). We also prove that every homomorphism of the algebra P,

generates completely positive maps over the algebras C (']1"’ ) and M, (C (T” )) .

2. Main Result

In this section, we prove our main result and we show that Parrott’s contractive
homomorphism is similar to a completely contractive homomorphism over the
algebra of complex polynomials over D". We construct completely positive
maps over the algebras C(T") and M, (C (T” )) . Given

f(Zl,"',Z”):( z f’\‘(kla""kn)zlkl'nzfns

Kyl )ES
a complex polynomial over D" . Then
||f||w=5up{|f(zl,---,z”) :1}.
Let P denote the algebra of complex polynomials over D" . Given

f;’j(zl,...’zn)z Z fAi’j(kl’...’kn)Zlkl...Z:n, i,jzl,"',k;

:|Zl|:...: Zn

complex polynomials over I)". Then

8, -l ), 1)

Denote by

k

Then the kxk-matrix F(z,--,z,)= (f” (z1,»2, ))Lj:1 can be written as
A k
F(zpz)= Y ( . (kp"',kn)), B PARRTLS
(kl"“’kn)esl" b=
The kxk-matrix F(z,-,z,) can be regarded as a polynomial over D"

with matrix coefficients. In this case, the set

{7 (k) sl e
is the set of Fourier coefficients of F(z,---,z,). Let us set
(/) (7oee1))

where the supremum is taken over the family of all n-tuples of commuting con-

k

ij=1

I k

= Su
u,k p i,j=1

tractions on all Hilbert spaces. It is easy to see that ||F ||u . lis finite, since it is
bounded by the sum of the norm operators of the Fourier coefficients of £ and that

n

this quantity defines a norm on the algebra M, (P,) of matrices of polynomials
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over I". For each polynomial Pin M, (P,), there is always an n-tuple of con-
., k) and

tractions where this supremum is achieved. Therefore, (M P ('Pn),|
(M, (R,).|]I,) are normed algebras. Let
. k
F(znz)= 2 (fy(kenk,)) 2z

(ky o Fn)eSy il
be a matrix of complex polynomials over D" . Define a function
I, : M, ('p" ) SR
by setting

k

Hk(F)z Z

(kl B "le )ESF

(]?U (kls“‘,kn))

,VF eM, (P,).

.. n
i,j=1 M,

We can check that T1, definesanormon M, (7,). Therefore, (M, (7,).I1,)
is also a normed algebra.

The Hahn-Banach extension property states that a vector subspace Y of X has
the extension property if any continuous linear functional on Y can be extended
to a continuous linear functional on X. The Hahn-Banach theorem is a useful
tool in Functional Analysis. It allows the extension of bounded linear functional
defined on a subspace of some vector space to the whole space. The proof of the
Hahn-Banach type extension theorem for completely bounded maps introduced
by Wittstock can be found in [5].

Theorem 2.1. (WittstocK' s Extension Theorem). Let A be a C'-algebra,
M a subspace of A, and let

¢: M- B(H)

be completely bounded. Then there exists a completely bounded map
¢p:A— B(H),

which extends ¢, with ||¢ b= ||g0 -

Kadison’s similarity problem is that every bounded homomorphism of a C~-
algebra into B(H) is similar to a *-homomorphism. Haagerup proved that every
unital bounded homomorphism of a C-algebra is similar to a *-homomorphism
if and only if it is a completely bounded homomorphism [7].

Theorem 2.2. [7]. Let A bea C-algebra with unitandlet p: A —> B(H) be
a bounded, unital homomorphism. Then p is similar to a *-homomorphism if
and only if p is completely bounded. Moreover, if p is completely bounded,

then there exists a similarity S with S™'p () S isa*-homomorphism and
Is~[-Ist=1o

Haagerup’s result shows that Kadison’s similarity problem is equivalent to de-

ch

termining whether or not bounded homomorphisms are necessarily completely
bounded. Paulsen generalized Haaerup’s result to the non-self-adjoint case and he
proved several results on completely bounded maps over unital C-algebras [8].

Theorem 2.3. [5]. Let A be an operator algebra and let
p:A—B(H)
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be unital completely bounded homomorphism. Then there exists an invertible
operator S with ||S’1||||S|| =lal.,

tive homomorphism. Moreover,

such that S7'p(.)S is a completely contrac-

lel., = inf{"R’l” |R|: R () R is completely contractive}.

Theorem 2.4. Let A be a C'-algebra with unit and let ¢: A — B(H) be
completely bounded. Then there exist completely positive maps

6,:A— B(H),

with ||Q

" =||¢||Ch,i:1,2 such that themap v :M,(A)— B(H®H) given by

{: S 2
c d ¢ (c) 6,(d)
is completely positive. Moreover, if ||¢||Cb <1, then we may take
6 (1)=6,(1)=1,.
The structure of the Fourier coefficients of a complex polynomial f (zl TN z,,)

over D" islinked to the properties of f(z,--,z,). For example, if

f(zhz)= Y |a(k1,---,kn)

(kyyroiky )ESE

Ky Fn
Zl Zn

is a complex polynomial with a positive real number as Fourier coefficients, then

= X alkk,).
( )eSk

1k )

In this case,

I/ (z.-.1))

G ET)

Lok )ESE

for any n-tuple {7;,---,T,} of commuting contractions on a Hilbert space.
Complex polynomials over )" with positive real numbers as Fourier coeffi-
cients allow the construction of complex polynomials over D".

Remark 2.5. Let
f(Zn"‘aZ,,): Z jf(kl’...’kn)zlkl Zf

(ky sk )ESE

be a complex polynomial over D". Then V(k,,---,k,)e S, there exists a con-
stant a(k,---,k,)eN, a(k,,k,)#0,such that

(27 (kyoeoesk, )+ (hyoeensk, )| 20,

Let

gj(f(zla"'azn)): Z

(ky+iky )eSE

A

2f(k1,~~-,k,,)+a(kl,---,kn)2[zkfzkf” +Zf/:|,

j <j+l

j=L--,n—1, be complex polynomials over D". Then there exists a complex

polynomial p’(z,---,z,) over D" such that

n—

g/ (f(z.2,))=2f (2.2, )+ P/ (20.2,).

~.
Il

It is possible to factorize matrices of complex polynomials. Let
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Q(zl,zz,z3)= z QA(knkzaks)ZlklZ;zZ;%

(ki ,ky k3 )eSp

be a matrix of complex polynomials of three variables of M, (7). Then
V(ki,ky,k;) €S, there exists a constant a(k.k,.k)eN, a(k,k,,ky)=0,
such that

A 2
‘2Q(kl,k2,k3)+a(k1,k2,k3)1k‘ #0.

~ 2
Let us notice that ‘2Q(kI oy kg )+ a (ks )Ik‘ is a positive matrix of
complex polynomials and «(k,,,,k;) is not unique. Denote by

. 2
31(21,22,23): Z ‘Q(klakza]%)"'a(klakzaka)]k‘ (Zlklzgz"'zlkl)

(k1 Ky k3 )eSp

and

n 2
BZ(Z1522>Z3): Z ‘Q(klakz,ks)+a(k1,k2,k3)]k‘ (Z§ZZ§3+Z§2)'

(kr:kp k3 )eS

It is straightforward to see that

2
HBj (21’22’23):
=1

[0k b )+ by R 1, [ 202228

(ki ky k3 )eSE

+H(z,,zz,z3).

This implies that there exists a matrix P?(z,,z,,z,)e M, (PB) of complex

polynomials over I)* such that
2
HB/. (Q(Zl,zz,z3)) = 2Q(21,22,23)+PQ (21,22,23).
=1

In general, matrices of polynomials over )" with positive matrices as Fourier
coefficients allow the construction of matrices of complex polynomials over D".
Remark 2.6. Let

F(zl,n-,zn): Z F(kl,u-,kn)zlkl---zf" eMk(P)

n
(ki sky JeS

be a matrix of complex polynomials over D". Then V(k;, --,k,)€S, there
exists a constant & (k,,-+,k,)eN, a(k, .k, )#0, such that

[4F (koo ) b (Koo, ) |20,
Let
G./(F(Zn“

(k

)

‘4F(kl,'--,kn)+0{(k1,---,kn)Ik‘z [zf/zk’*l +sz},

J+l

j=L---,n—1, be matrices of complex polynomials over D". Then there ex-

ists a matrix of complex polynomials P* (zl,-n z ) over D" such that

n—1
HGj (F(zl,u-,zn)) = 2F(z],-~-,zn)+PF (zl,-'-,zn).
j=l

What we need to notice is that the sets

P (@1, F e (R))LIFL - Fen, (R)]
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are not bounded. However, the factorization of matrices of complex polyno-
mials, in terms of the product of matrices of complex polynomials of two va-

riables, did allows us to prove that the set

M,

“:FeM,(PR),F+0

is bounded by 2".

Theorem 2.7. Let P, be the algebra of complex polynomials over D" and let
{T,,T,,---.T,} « B(H) be a set of commuting contractions on the Hilbert space H.
Then

|7(7.. 1) < 2"

F||, .VF(z,.z,)e M, (P,).keN.

Proof. Let
F(le""zn): Z ﬁ(kl""’k/1)2{(l _“Z’]l‘n eMk (7)n)

(ke )eSF
be a matrix of complex polynomials over D". Then V(k,,:--,k,)€S, there
exists a constant a(k],---,kn) eN, a(kl,-‘-,k") # 0, such that
K =[4F (koooik )+ a (koo k) [ =00
Recall that

K =[ 48 (kyeeok, ) (e k, VI, |45 (Koo, )+ @ (Kpeee ) .

Denote by

A 2
A(4)(F(Zl""szn))= Z ‘4F(k15"'akn)+a(kl9"'5kn)lk‘ Zlkl”'ZrI:”
(kyveiky )eSE
the matrix of complex polynomials with positive matrices as Fourier coefficients.
The matrix of complex polynomials A (F (21,2, )) satisfies the von Neu-

mann’s inequality. Denote by

- 2 e .
ﬂj(F(Zl""’Zn)): z ‘4F(k1’...,kn)+a(k1’...’kn)[k‘ ijjszll
(kl~""k11)€SF
and
A I
§I(F(Zl’”"zn))= Z ‘4F(k|,"',kn)+(Z(kl,---,kn)[k‘ Zﬁ’/,
(kyyeoiky )eSE

j=1,---,n—1. As we can see ﬂ/.(F(zl,---,zn)),j =1,---,n—1, are matrices of
complex polynomials of two variables with positive matrices as Fourier coeffi-
cientsand J, (F(Zp' .z, )),j =1,---,n—1, are matrices of complex polynomials
of one variable with positive matrices as Fourier coefficients. These polynomials
have exactly the same number of Fourier coefficients than F(z,--,z,) and

they all satisfy the von Neumann inequality. It is straightforward to see that

>

A 2
S B (k) ke k ) )

(ki sk )eSE

||:8j (F)"w =

M
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and
|8, (F)+3,(F), =2]s, (P, =2)8, (F,
Denote by
G, (F(z.2,))= B, (F(21-.2,))+6,(F (210+52,)) s j =L+oun.
That is,

G, (F(z.2,))

= Z ‘4F koo, )+ a (ke k, 1‘(2 242 )

( Wk, )eSE

j=1,---,n. Namelly,

G, (F(zl,---,zn))= ‘4F AR k")+a(kl,---,k")lk‘2 (zlklzéf2 +zlkl),
(kysoo k YeSk

G (F(zz))= X [4F (kb)) vk, L[ (225 +2),
( ky )eSg

G"(F(Zl"“’zn)): Z 4F(k1’ ’kn)+a(k1’” ’ n ]‘ Zr Zr;lI +Z )
(kl" '5kn)ESF
G'FZ(F(ZD""Zn)): Z ‘4ﬁ(k1,---,kn)+a(kl, I‘ »&2 :11 +Z§zz),
(ki )eSE
Gy (Flzonz,))= X [AF (koo ) a(bo ok, ) [ (2 2+ 2),
(ki )eSE

It is not difficult to see that
n—1
HGJ'(F(ZI"”’Z»«))
J=
- 3

(Fysresky )eSE

2(}171)

o 0 (5.

F(kyyosk,) ) +a(k, k),

This implies that there exists a matrix P’ (z,--,z,)e M, (P,) of complex

polynomials over D" such that
ﬁc;_, (F(z2,)) = 2F (0002, )+ PF (5102, ).
In other words,
2F (z,0,2,)+ P (z10,2,) = [ 1| B (F (20+52,)) + 6, (F (z10-,2,)) |
It is straightforward to see that
HG (F) _||2F+PF|| _H"ﬁ (F)+8,(F)|. -

In general, the matrix P"(z,--,z,) is not unique. The structure of the ma-

DOI: 10.4236/apm.2021.119050 762 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2021.119050

J. M. Mouanda

trix P” (zl,---,zn) depends on the structure of AW (F(zl,w-,zn )) . Let
V =(T,,T,,~--,T,) be an n-tuple of commuting contractions on a Hilbert space
H. The von Neumann inequality for complex polynomials of two (or one) varia-

ble(s) allows us to say that

|8, (F(#.--.1,))|
ZAGD T A

This implies that

|, (r (@) lo,(F(5.-7))
[6,(F, o, (7,

Suppose that

GF(Z“...,Zn)

1l
Q
—_

RS
—_
N

Ny
S
e
SN—

Il

o

b
—
N
N
=
N—

+

~

=

~~
™

[N
N—

It follows that

This implies that,

0" (et = 0, (FOrc-.2) 8, (P |
Thus,

Jo (51| =11]
Also, we have j

lo" (5| < T[J8, (P, ()

It is easy to say that
||GF(71’...’TK)||Sﬁ ”ﬂj(F(Tl,...,Tn))HJr‘éj F(Tl,...,Tn))”].
[ |, (F)+, (7,
Therefore,
"GF(TI’W’T”)"sﬁ “ﬂj(F(Tl,...,T,,))”+H5j(F(T1,...,TH))W.
[, Alla(r)+s (AL s,

We can claim that

6" (71| ||ﬂ,-(F(T1,---,T,,))||+||5J(F(T],---,Tn>)lq
I 1O lo, (P,
since, in general,
o, (), <[5, (F)+ 3, (P LB, (P, <[, (F)+ 6, (F) -

It is clear that
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6" )| e
ng[m]_z !

This implies that

sup{||2F(T1,'--,T,,)+PF (TlT)"

7], :“M"m)’”o}ﬂ""’

since G"(z,,-+,2,)=2F(z,,+-,z,)+ P (z,+-,z,) . Due to the fact that
o (1T P (e T < o (o D) | (77, )
and

||2F + PF”OO <|2F], + "PF ||w ,

we can say that for every FeM,(P,),F #0, there exist two positive real

numbers «, and A, such that
o7 (£iyeees 1)+ P75 T e = [2F (T )|+ [P (7.7,
and
||2F+PF ||w +4, =[2F], +||PF ||w .
Thus,
|27 (7.1 )+ P (T )| = [2F (T T+ [PF (57, ) -
and

27+ P =lrl, <[P -2

Therefore,
(@) + P (B )| [RF (T TP (R 1) -
|27+, PFl, [P, - 2

It is not difficult to see that
pr @ TP (@ T e (T 1) P (T )]
21, +[P7]. o7+ P,

Now, we can claim that

{||2F(Tl,...,Tn)||+||pF (Bt
sup .
AL +|PL

:FeM,(P),F#0p<2"".

The Archimedean property of the total order on R allows us to say that

there exists a positive real number d (PF ) such that
[P (& )| 6y =a(P7) [P, 0y <R

where d(F)#1 is the smallest positive integer such that
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e 1 G, sl
ok )ES,,
This allows us to say that

2F (T, T, )| +d(P")|P"|| -6 —a)

{” : ﬁnz;n(AIﬂH - aF:FEMkm)»FiO}Szn_]'

It follows that

ofpri bt el o
|

: n-1
|2F||w+d(PF)"pF"w 'FeMk(’Pn)!F#O}SZ ’

since ([2F| +||P"| <|2F| +d4(P7)|P"| ).In other words,
(AL, +|P7]. <A, +a (PP )

L

2|, +a (P)|P7, (F e M, (P,,),F;to}gzn-l,

with @) =6, +a, >0. Let us notice that
A )va(Pr)P], o
2l +a(27)|P7],

JFeM,(P),F=0. (2.1)

This implies that
0< o) <2||F(T,,+.7,)|+d(P")|P"|. . F e M, (), F #o0.

This means that

a)V n—1
e ra (] FeM(R).F#0. (22)

Also, we can notice that

wF
2||F|| +d(P") ||PF|

| <2"',FeM,(P,),F #0. (2.3)

It is straightforward to observe that if we add the equations (2.1) and (2.3),
one has

2F@s ) +a ()P
2||F|| +d(P" ||PF||

= <2". FeM,(P),F+0. (2.4)

We can claim now that
|27 (7-oo. 1, )| +a (P [P
||2F||w +d(P") "PF |

B, =sup =:FeM,(P),F#0<2"

It follows that
|27 (7.1, )|+ (P7) [P,
||2F||w +d(P") "PF”w

<2".VFeM,(R). (2.5)
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We can say that the set

preeenealt WL L
||2F|| +d LA

(P)lP7].

is bounded. The set
2F(T,---.T
{—" (- ")":FeMk (R),F?&O}
2],

is also bounded. Indeed, assume that there exists F, € M, (P,),F, #0 such
that

|25, (7.1
12|,

= +00.

This implies that

£

|27 (5.7, ) <4 (P® )P

0

RERE
We have a contradiction because
PR @ T rd ()P,

£y

25| +d(PF0) P

Therefore, there exists a positive constant K, such that
|7 (.

P
K ,VF M P)F#0.
R M. (P)

0<
Suppose that
F(T, T)
A, =sup ” " :FeM,(P,),F=0;.

Itis clear that A <K, .Let usestimate A, . Assume that
|F(7;.--.17,)| <||F], - One has

or -t ()P, _for (- e ()P, el
|27, +a(P")|P"|. |2F||w +d(P")[P"], +lel,
VQeM,(F,). Now, assume that ||F|_ <|F (T, -.7,)|. We have

el )]l tlsa(r )P,
pA v a(P)F el B a(PFL

VQ e M, (P,). Therefore, for every Qe M, (P,), we have
PP a(r )]+,
2F]. +a(P")|P" ], +lol.

<2".VFeM,(B),F #0. (2.6)

The equation (2.6) allows us to say that for every Q € M, (P,), we have
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|27 (7;,--.7,)

+ HQ +d(P*)|P7] 1,
o+a (PP 1,

= <2"VFeM,(P),F+0. (2.7)
[27], +

0

In particular, if we choose the matrix Q =-d (PF )"PF "OO I, , one has

e
f2FL,

<2".VFeM,(R),F#0. (2.8)

In other words,

| (1,..1,)
A, =sup W:FeM,((R),FiO <2

Finally,
|7 (@1 <27

F|, .vFeM,(B).

Let us observe that if

s
171

then for every Qe M, (P, ), one has

o F @) +ol.
171, +ll.

In particular, for Q= d(PF )”PF "w I, , one has
< "F(Tl,---,T

0 <2".VFeM,(P,),F #0,

<2".VFeM,(R),F#0.

D=d(27)]P],
|71, +a(P)]F"],

<2"VFeM,(P,),F #0.

In fact, A, =B,. Theorem 2.7, Theorem 2.1 and Theorem 2.2 allow us to
prove our main result. Every homomorphism of the algebra P is completely
bounded.

Theorem 2.8. Let P, be the algebra of complex polynomials over D", let
V={T.T,,--,T,} « B(H) be a set of commuting contractions on the Hilbert

space Hand let ¢" : P, > B(H) be the map given by
¢"(f)=f(T.,.T,).

Then there exists a homomorphism T'V:C (']I"’)—) B(H) similar to a
*-homomorphism such that

T (f)=¢"(f).vf eP.

Proof. Let P, be the algebra of complex polynomials over D" and let
V= {TI,TZ,---,Tn} C B(H) be a set of commuting contractions on the Hilbert
space H. We just need to show that themap ¢’ :P, — B(H) given by

8 (f)=f(T,.T,).

is a completely bounded homomorphism. It is well known that this map is a
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homomorphism. Let us show that the map
¢ M (F)—> M, (B(H))
given by
¢ (F)=F(T,-.T,)
is bounded for all k€N with
Flannz)= 5 Flhok,)o ozl <My (R).

(ki +sky )ESE
Theorem 2.7 allows us to claim that

{IIF(TI,---,Tn)
sup

171

:FeMk(H),F;tO}SZ”.

It is well known that

||¢,Y||zsup{W:F eM,(P,).F # o}

In other words,

F(T,-,T,
|- p{”("F—") FeM,(P)F 0}
It follows that
|¢| <2" vk en.
Therefore,

sup {||¢,(V|| ke N} <2"

Finally, the homomorphism ¢ is completely bounded. Theorem 2.1 enables
us to say that there exists a completely bounded homomorphism
r’: C('H‘" ) — B(H) such that
T (f)=¢" (1) 9 eP|T7], =|¢"

Theorem 2.2 allows us to claim that the homomorphism TI'' is similar to a

b

*-homomorphism. In other words, there exists an invertible operator
S:H->H

suchthat p=S"T"S isa*-homomorphism. In particular,
¢"(f)=T"(f)=Sp(f)S".Vf P,
O

In general, the properties of every homomorphism of the algebra P depend
on the structure of the associated tuple V = {Tl,---,T } which generates that

homomorphism. For instance, if the tuple V ={7},---,T,} is a doubly commut-
ing set of commuting contractions (or circulant contractions, complex triangular
Toeplitz contractions) the corresponding homomorphism ¢ : P, — B(H ) given
by ¢ (f)=/(T;,--.T,) is completely contractive [16], since von Neumann’s

inequality hold for this type of tuples.
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Theorem 2.8 and Theorem 2.3 allow us to show that the contractive ho-
momorphism introduced by Parrott in 1970, which is not completely con-
tractive, is similar to a completely contractive homomorphism (completely
bounded).

Proposition 2.9. Let U and V be contractions in B(H) such that U is unitary
and U and V don' t commute. We define commuting contraction on B(H ® H )

0 0 0 0 0 o0
L= |T= T, = -
I 0 Uu o0 V0

Let P, be the algebra of complex polynomials over D’, let V ={T,,T,,T;}

by setting

be a set of commuting contractions on the Hilbert space H. Then the homo-

morphism
¢":P,>B(H®H)

given by ¢"(z)=T,i=123 is a completely bounded homomorphism.
Moreover, || p||cb <8.

Proof. Theorem 2.8 and Theorem 2.3 allow us to claim that the homomor-
phism ¢" is a completely bounded homomorphism, similar to a completely

contractive homomorphism and

¢

<8.
2]

O
We can now introduce the existence of completely positive maps over the
C'-algebras C(’]I‘") and M, (C (T" )) Every homomorphism of the algebra

P generates completely positive maps over the algebras C(T") and

M, (c(1)).

Theorem 2.10. Let V ={T,,T,,---,T,} = B(H) be a set of commuting con-
tractions on the Hilbert space H and let ¢’ : P, — B(H ) be the homomor-
phim given by ¢" (f)=f(T,,---.T,),Nf € P,. Then there exist completely pos-
itive maps

0,:C(T")—> B(H),
with |6,
given by

L_b=||¢d),i:1,2 such that the map l//ZMz(C(Tn))_’B(H@H)

a b 6.(a) ¢ (b)
7% =/ oy ,a,b,c,d € P,
¢l (¢7) (c) o.(a)
is completely positive.
Proof. Theorem 2.8 and Theorem 2.2 allow us to claim that homomorphism

¢" is completely bounded. Theorem 2.1 enables us to say that there exists a
completely bounded homomorphism TV :C (’]I‘" ) — B(H) such that

\4 \% \4 v
' (f)=¢" (197 <2, =l
Theorem 2.4 yields the desired result. [J
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