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Abstract 
The problems of determining the spectrality or non-spectrality of a measure 
have been received much attention in recent years. One of the non-spectral 
problems on ,M Dµ  is to estimate the number of orthogonal exponentials in 

( )2
,M DL µ . In the present paper, we establish some relations inside the zero 

set ( ),ˆM DZ µ  by the Fourier transform of the self-affine measure ,M Dµ . Based 

on these facts, we show that ,M Dµ  is a non-spectral measure and there exist 

at most 4 mutually orthogonal exponential functions in ( )2
,M DL µ , where the 

number 4 is the best possible. This extends several known conclusions. 
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1. Introduction 

Let ( )nM M∈   be an expanding integer matrix, that is to let one with all ei-
genvalues ( ) 1i Mλ >  and nD ⊂   be a finite subset of cardinality D . The 
probability measure ,M Dµ  associated with an iterated function system  

( ) ( ){ }1
d d D

x M x dφ −

∈
= +  

is uniquely determined. It only depends upon an expanding matrix M and a fi-
nite digit set D. The attractor ( ): ,T T M D=  is unique non-empty compact set 
satisfying  

( ) ,
d D

MT T d
∈

= +∪  

and the measure ,: R Dµ µ=  is a unique probability measure satisfying the self-affine 
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identity  

11 .d
d DD

µ µ φ−

∈

= ∑ �                        (1.1) 

Such ,M Dµ  is supported on ( ),T M D  and is called self-affine measure (see 
[1]). 

Recall that for a probability measure ,M Dµ  of compact support on n , we 
call ,M Dµ  a spectral measure if there exists a discrete set nΛ ⊂   such that 

{ }2 ,: e :i xE λ λπ
Λ = ∈Λ  forms an orthogonal basis for ( )2

,M DL µ . The set Λ  is 
then called a spectrum for ,M Dµ . 

Spectral measure is a natural generalization of spectral set introduced by Fug-
lede [2] whose famous conjecture and its related problems have received much 
attention in recent years (see [3] [4] [5] [6]). The spectral self-affine measure prob-
lem at the present day consists in determining conditions under which ,M Dµ  is 
a spectral measure, and has been studied in the papers [5] [7] [8] [9] [10] (see 
also [11] [12] for the main goal). Probably the most interesting question is the 
spectrality or non-spectrality of self-affine measure ,M Dµ . We will focus our at-
tention on the following question on the generalized three-dimensional Sierpinski 
gasket: Under what conditions on M and D is ,M Dµ  a non-spectral measure? It 
is known that the non-spectral problem on self-affine measures consists of the 
following two classes:  

1) There are at most a finite number of orthogonal exponentials in ( )2
,M DL µ , 

that is, ,M Dµ -orthogonal exponentials contains at most finite elements. The main 
questions here are to estimate the number of orthogonal exponentials in ( )2

,M DL µ  
and to find them (see [7] [8] [13] [14] [15] [16] [17]).  

2) There are natural infinite families of orthogonal exponentials, but none of 
them forms an orthogonal basis in ( )2

,M DL µ . The main question is whether 
some of these families can be combined to form larger collections of orthogonal 
exponentials. The other questions concerning this class can be found in [18].  

In the present paper, we will consider the questions of the class (I) for the ge-
neralized three-dimensional Sierpinski gasket. A fractal F is a set that admits a 
system of scale transformations; intuitively they have the property that F looks 
the same as the scaling is varied. Typically a fractal comes equipped with an in-
variant measure. However as is illustrated by such familiar cases as the Cantor 
set and its invariant measure, or one of the Sierpinski examples, one must pass 
to a limit, and the limit typically allows intricate non-linearities. A popular re-
presentation of a class of fractals is realized with a finite set of affine transforma-
tions in Euclidean space, and this is the setting for the present paper. Now clas-
sical Fourier series relies on linearity, and so asking for Fourier series in the 
context of fractals is a new framework. The result below indicates the limits one 
encounters in such an endeavor. The main theorem improves what was pre-
viously known, i.e., papers by Dutkay and Jorgensen and by Li. 

Recall that the self-affine measure ,M Dµ  corresponding to  
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0 and 0 , 0 , 1 , 0

0 0 0 0 1

p
M p p D

p p

          
         = =          
                    

         (1.2) 

is supported on the three-dimensional Sierpinski gasket ( ),T M D . In the recent 
paper, Dutkay and Jorgensen [[9]: Theorem 5.1 (iii)] proved that if 2 3 0p p= = , 

1 4 5p p p p= = =  is odd, then ,M Dµ -orthogonal exponentials contain at most 
256 elements. The general case for the non-spectrality of the self-affine measure 

,M Dµ  is not known. This leaves the following open problem.  
Question. How about the non-spectrality of ,M Dµ  if 1 4 5, , 2 1p p p ∈ +  and 

one or two of the two numbers 2 3,p p  can take any integer value?  
Motivated by the previous research, in the present paper we answer the above 

question mostly. The main result of the paper is the following.  
Theorem 1.1. For self-affine measure ,M Dµ  corresponding to (1.2), if 

4 5p p p= =  and { }1, 2 1\ 0, 1p p∈ + − , then ,M Dµ  is a non-spectral measure 
and there exist at most 4 mutually orthogonal exponential functions in ( )2

,M DL µ , 
where the number 4 is the best possible.  

In Section 2, we establish some relations inside the zero set of the Fourier trans-
form of the self-affine measure ,M Dµ . Based on these established facts, we prove 
Theorem 1.1 in Section 3. 

2. Relations Inside the Zero Set ( )ˆM DZ ,µ   

For any 1 2,λ λ ∈Λ , 1 2λ λ≠ , the orthogonality condition  

( )
( ) ( )1 2 1 2

2
,

2 , 2 , 2 ,
, , 1 2ˆe ,e e d 0,

M D

i x i x i x
M D M DL

xλ λ λ λ

µ
µ µ λ λ−π π π= = − =∫  

where ,ˆM Dµ  denotes the Fourier transform of ,M Dµ . From (1.1), we have  

( ) ( ) ( ) ( )1 1
, ,ˆ ˆ ,n

M D D M Dm M Mµ ξ ξ µ ξ ξ∗− ∗−= ∈  

which yields  

( ) ( ),
1

ˆ ,j
M D D

j
m Mµ ξ ξ

∞
∗−

=

=∏                    (2.1) 

by iteration, where  

( ) 2 ,1:= e i d t
D

d D
m t

D
π

∈
∑                      (2.2) 

and *M  denotes the conjugate transpose of M, in fact * TM M= . 
From (2.1), we have  

( ) ( ){ }*
,ˆ : such that 0 .n j

M D DZ j m Mµ ξ ξ−= ∈ ∃ ∈ =          (2.3) 

Furthermore, we have the following.  
Proposition 2.1. Let ( ){ }0 : : 0n

Dmξ ξΘ = ∈ =� . Then  
1) ( ) ( ), 01

ˆ j
M D j

Z Mµ ∞ ∗
=

= Θ∪ ;  
2) ( )0 ,ˆM DZξ µ∈  if and only if ( )0 ,ˆM DZξ µ− ∈ .  
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In the following, we will restrict our discussion on the special M and D given 
by (1.2). Then  

0 1 2 3 ,B B BΘ = ∪ ∪  

where  

1

3
1 2 1 2 3

3

1
2

: , , , ,
1
2

k

B a k k k k a

a k

  +  
   = + ∈ ∈ ⊂  
  
  + +
   

    

2

3
2 1 1 2 3

3

1 : , , ,
2

1
2

a k

B k k k k a

a k

  
  +
  
  = + ∈ ∈ ⊂      + +    

� � �  

and  

2

3
3 3 1 2 3

1

1 : , , , .
2

1
2

a k

B a k k k k a

k

  
  +
  
  = + + ∈ ∈ ⊂      +    

� � �           (2.4) 

From Proposition 2.1, the zero set ( ),ˆM DZ µ  can be represented as  

( ) ( ) ( ) ( ) ( )( ), 0 1 2 3
1 1

ˆ .j j j j
M D

j j
Z M M B M B M Bµ

∞ ∞
∗ ∗ ∗ ∗

= =

= Θ = ∪ ∪∪ ∪    (2.5) 

Let ( )1 1: jZ M B∗= , ( )2 2: jZ M B∗=  and ( )3 3: jZ M B∗=  ( 1,2,j = � ). From 
(2.4) and (2.5), we further have the following.  

Proposition 2.2. The sets , 1, 2,3iZ i =  satisfy the following properties:  
i) it Z∈  if and only if , 1, 2,3it Z i− ∈ = ;  
ii) ( ) 3

,ˆM DZ µ = ∅∩ ;  
iii) if ( )T

1 2 3 1 1, ,t t t t Z Z= ∈ ± , then 3 2t t− ∈ ;  
iv) if ( )T

1 2 3 2 2, ,t t t t Z Z= ∈ ± , then 2t ∈ ;  
v) if ( )T

1 2 3 3 3, ,t t t t Z Z= ∈ ± , then 3t ∈ .  
Proposition 2.3. Let ( )T

1 2 3 1 2 3, ,t t t t Z Z Z= ∈ ∪ ∪ . Then the following state-
ments hold:  

a) if 1t Z∈ , then 3 2
1
2

t t− = + ;  

b) if 2t Z∈ , then 2
1
2

t = + ;  

c) if 3t Z∈ , then 3
1
2

t = + ;  

d) if 2t ∈ , then 3t ∉  and 1 3t Z Z∈ ∪ ;  
e) if 3t ∈ , then 2t ∉  and 1 2t Z Z∈ ∪ .  
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Proposition 2.4. If 1, Zξ η ∈  and ( ) ( )T
1 2 3 ,ˆ, , M DZξ η τ τ τ µ± = ∈ , then  

2 3 3 2, .Z Zξ η τ τ± ∈ − ∈∪   

3. Proof of Theorem 1.1  

If ( ) 31, 2,3, 4,5j jλ = ∈  are such that the exponential functions  

3 51 2 42 , 2 ,2 , 2 , 2 ,e , e , e , e , ei x i xi x i x i xλ λλ λ λπ ππ π π  

are mutually orthogonal in ( )2
,M DL µ , then the differences ( )1 5j i i jλ λ− ≤ ≠ ≤  

are in the zero set ( ),ˆM DZ µ . That is, we have  

( ), 1 2 3ˆ , 1 5.j i M DZ Z Z Z i jλ λ µ− ∈ = ≤ ≠ ≤∪ ∪           (3.1) 

Define j kλ λ−  by  

( )T 3
, , ,, , , 1 5.j i j i j i j ix y z i jλ λ− = ∈ ≤ ≠ ≤�  

We shall apply the above three propositions to deduce a contradiction below. 
Observe that the following 10 differences:  

2 1 3 1 4 1 5 1, , , ,λ λ λ λ λ λ λ λ− − − −   

3 2 4 2 5 2, , ,λ λ λ λ λ λ− − −  

4 3 5 3, ,λ λ λ λ− −   

5 4 ,λ λ−   

belong to the union of the three sets 1 2 3, ,Z Z Z . The well-known pigeon hole 
principle, there is at least one set which contain at least four elements. When 1Z  
contain at least four elements, we can deduce a contradiction in the following. 
The other cases which 2Z  or 3Z  contain at least four elements can be discussed 
in the similar manner. We divided the proof into the following five typical cases:  

Typical case 1. 2 1 3 1 4 1 5 1 1, , , Zλ λ λ λ λ λ λ λ− − − − ∈ ;  
Typical case 2. 2 1 3 1 4 1 1, , Zλ λ λ λ λ λ− − − ∈ ;  
Typical case 3. 2 1 3 1 1, Zλ λ λ λ− − ∈ ;  
Typical case 4. 2 1 1Zλ λ− ∈ ;  
Typical case 5. 1 1, 2,3, 4,5j Z jλ λ− ∉ = .  
We shall give a method to deal with each typical case by considering the above 

remainder differences. The other cases (by applying Proposition 2.2 and Propo-
sition 2.3) can be discussed in the same manner. Note that each typical case is 
concluded with a contradiction.  

3.1. Typical Case 1  

In the case, we have  

2 1 3 1 4 1 5 1 1, , , .Zλ λ λ λ λ λ λ λ− − − − ∈                (3.2) 

Since  

( ) ( ) ( )1 1 2 5 ,j i j i i jλ λ λ λ λ λ− = − − − ≤ < ≤             (3.3) 
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hence, by applying Proposition 2.4, this shows that  

5 2 5 3 5 4 4 2 4 3 3 2 2 3, , , , , .Z Zλ λ λ λ λ λ λ λ λ λ λ λ− − − − − − ∈ ∪       (3.4) 

The well-known pigeon hole principle, there are three differences in (3.4) that 
belong to the same set 2Z  or 3Z . Without loss of generality, we assume that  

5 2 5 3 5 4 2, , .Zλ λ λ λ λ λ− − − ∈                   (3.5) 

The other cases (by applying Proposition 2.2 and Proposition 2.3) can be dis-
cussed in the same manner. 

Since  

( ) ( )3 2 5 2 5 3 2 2Z Zλ λ λ λ λ λ− = − − − ∈ −  

and  

( ) ( )4 3 5 3 5 4 2 2 ,Z Zλ λ λ λ λ λ− = − − − ∈ −  

then, by applying Proposition 2.2(iv) and Proposition 2.3(d), we have  

3 2 4 3 3, Zλ λ λ λ− − ∈                      (3.6) 

and  

3,2 4,3, .y y ∈                         (3.7) 

From  

( ) ( )4 2 4 3 3 2 3 3 ,Z Zλ λ λ λ λ λ− = − − − ∈ +  

(3.7) and Proposition 2.2(v), we have  

4,2 4,2, ,y z ∈                         (3.8) 

which contradicts Proposition 2.3(d) (e). This completes the proof of Typical 
case 1.  

3.2. Typical Case 2  

In the case, we have  

2 1 3 1 4 1 1, , .Zλ λ λ λ λ λ− − − ∈                    (3.9) 

Since  

( ) ( ) ( )1 1 2 4 ,j i j i i jλ λ λ λ λ λ− = − − − ≤ < ≤  

hence, by applying Proposition 2.4, this shows that  

4 2 4 3 3 2 2 3, , Z Zλ λ λ λ λ λ− − − ∈ ∪                (3.10) 

and  

4,2 4,2 4,3 4,3 3,2 3,2, , .z y z y z y− ∈ − ∈ − ∈               (3.11) 

From (3.10), we know that at least one of the two sets 2Z  and 3Z , say 3Z , 
contains two differences, say 4 2λ λ−  and 4 3λ λ− . The other cases can be dis-
cussed in the same manner. 

Since  

( ) ( )3 2 4 2 4 3 3 3 ,Z Zλ λ λ λ λ λ− = − − − ∈ −  
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then, by applying Proposition 2.2(v), we have  

3,2 .z ∈                           (3.12) 

From (3.11), (3.12) and Proposition 2.3(d) (e), we immediately deduce a con-
tradiction. This completes the proof of Typical case 2.  

3.3. Typical Case 3  

In the case, we have 2 1 3 1 1, Zλ λ λ λ− − ∈ . Since ( ) ( )3 2 3 1 2 1λ λ λ λ λ λ− = − − − , 
then, by applying Proposition 2.4, this shows that  

3 2 2 3Z Zλ λ− ∈ ∪  

and  

3,2 3,2 .z y− ∈                        (3.13) 

We only discuss the case 3 2 2Zλ λ− ∈ , the other case that 3 2 3Zλ λ− ∈  can 
be discussed in the similar manner. 

Now, consider the following differences  

5 2 5 3 5 4 4 2 4 3, , , , ,λ λ λ λ λ λ λ λ λ λ− − − − −              (3.14) 

then there are at least two differences in (3.14) that belong to the set 1Z . In fact, 
any two differences of (3.14) cannot belong to the same set 1Z . We only discuss 
the following two cases.  

Case 3.1. 4 2 5 4 1, Zλ λ λ λ− − ∈ ;  
Case 3.2. 5 2 5 3 1, Zλ λ λ λ− − ∈ .  
The other cases can be discussed in the similar manner.  
1) In Case 3.1, Since  

( ) ( )
( ) ( )

4 1 2 1 4 2 1 1

5 4 5 2 4 2 1 1

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − − − ∈ −
 

and  

( ) ( )5 1 5 2 2 1 1 1,Z Zλ λ λ λ λ λ− = − + − ∈ +  

then, by applying Proposition 2.4, we have  

4 1 5 4 5 1 2 3, , Z Zλ λ λ λ λ λ− − − ∈ ∪                (3.15) 

and  

4,1 4,1 5,4 5,4 5,1 5,1, , .z y z y z y− − − ∈                (3.16) 

Further, at least two differences of (3.14) belong to the same set 2Z  or 3Z . 
Without loss of generality, we assume that  

4 1 5 4 3, .Zλ λ λ λ− − ∈                     (3.17) 

The other cases can be discussed in the following same manner. 
Since ( ) ( )5 1 5 4 4 1 3 3Z Zλ λ λ λ λ λ− = − + − ∈ + , hence, from (3.16) and Propo-

sition 2.2(v), we have 5,1 5,1,y z ∈ , which contradicts Proposition 2.3(d) (e). 
This completes the proof of Case 3.1.  

2) In Case 3.2, Since ( ) ( )5 1 5 2 2 1 1 1Z Zλ λ λ λ λ λ− = − + − ∈ + , therefore, by ap-
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plying Proposition 2.4, we have  

5 1 2 3 5,1 5,1and .Z Z z yλ λ− ∈ − ∈∪                  (3.18) 

We divide the discussion of case 3.2 into the following two cases according to 
(3.18).  

Case 3.2.1. 5 1 2Zλ λ− ∈ ;  
Case 3.2.2. 5 1 3Zλ λ− ∈ .  
i) In Case 3.2.1, we consider the above remainder differences  

4 1 5 4 4 2 4 3, , ,λ λ λ λ λ λ λ λ− − − − . Firstly,  

5 4λ λ−  cannot belong to the set (or small box) 1Z .                  (3.19) 

The reason is as follows. 
If 5 4 1Zλ λ− ∈ , then, it follows that  

( ) ( )
( ) ( )

4 2 5 2 5 4 1 1

4 3 5 3 5 4 1 1

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − − − ∈ −
 

and Proposition 2.4, we have  

4 2 4 3 2 3, Z Zλ λ λ λ− − ∈ ∪                    (3.20) 

and  

4,2 4,2 4,3 4,3, .z y z y− − ∈                    (3.21) 

This is impossible. Otherwise, If 4 2 2Zλ λ− ∈ , then, from  
( ) ( )4 3 4 2 3 2 2 2Z Zλ λ λ λ λ λ− = − − − ∈ − , (3.21) and Proposition 2.2(iv), we have 

4,3 4,3,y z ∈ , which contradicts Proposition 2.3(d) (e). 
Similarly, we have 4 3 2 4 2 4 3 3, ,Z Zλ λ λ λ λ λ− ∉ − − ∉ . 
Secondly, for the similar discussion, we have the following facts that:  

4 3λ λ−  cannot belong to the set (or small box) 1Z ;                (3.22) 

4 2λ λ−  cannot belong to the set (or small box) 1Z .                (3.23) 

Hence  

4 1 5 4 4 2 4 3 2 3, , , .Z Zλ λ λ λ λ λ λ λ− − − − ∈ ∪             (3.24) 

The well-known pigeon hole principle, there are at least two differences in 
(3.24) that belong to the same set 2Z  or 3Z . This is impossible.  

Claim 3.1 Any three differences of (3.24) can not belong to the same set 3Z .  
Claim 3.1 can be checked directly. For example, if 4 1 5 4 4 2 3, , Zλ λ λ λ λ λ− − − ∈ , 

then, from  

( ) ( )
( ) ( )

2 1 4 1 4 2 3 3

5 2 5 4 4 2 3 3

,

,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − + − ∈ +
 

( ) ( )5 1 5 4 4 1 3 3Z Zλ λ λ λ λ λ− = − + − ∈ +  and Proposition 2.2(v), we have  

2,1 5,2 5,1, , .z z z ∈                       (3.25) 

Since ( ) ( )5 1 5 2 2 1 1 1Z Zλ λ λ λ λ λ− = − + − ∈ + , hence, by applying Proposition 
2.4, this shows that  

5,1 5,1 .z y− ∈                        (3.26) 
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From (3.25) and (3.26), we have 5,1 5,1,y z ∈ , which contradicts Proposition 
2.3(d) (e).  

Claim 3.2 Any two differences of (3.24) can not belong to the same set 2Z .  
Claim 3.2 can be checked directly. For example, if 4 3 4 2 2, Zλ λ λ λ− − ∈ , then, 

from  

( ) ( )
( ) ( )

3 2 4 2 4 3 2 2

4 2 4 3 3 2 2 2

,

,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − + − ∈ +
 

( ) ( )4 3 4 2 3 2 2 2Z Zλ λ λ λ λ λ− = − − − ∈ −  and Proposition 2.2(iv), we have  

3,2 4,2 4,3, , .y y y ∈                      (3.27) 

Since ( ) ( )3 2 4 2 4 3 3 3Z Zλ λ λ λ λ λ− = − − − ∈ + , hence, by applying Proposition 
2.2(v), this shows that  

3,2 .z ∈                          (3.28) 

From (3.27) and (3.28), we have 3,2 3,2,y z ∈ , which contradicts Proposition 
2.3(d) (e). 

According to the above discussion, 5 1 2Zλ λ− ∉ , this completes the proof of 
Case 3.2.1.  

ii) In Case 3.2.2, we consider the above remainder differences  

4 1 5 4 4 2 4 3, , ,λ λ λ λ λ λ λ λ− − − − . Firstly,  

5 4λ λ−  cannot belong to the set (or small box) 1Z .                (3.29) 

The reason is as follows. 
If 5 4 1Zλ λ− ∈ , then, it follows that  

( ) ( )
( ) ( )

4 2 5 2 5 4 1 1

4 3 5 3 5 4 1 1

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − − − ∈ −
 

and Proposition 2.4, we have  

4 2 4 3 2 3, Z Zλ λ λ λ− − ∈ ∪                    (3.30) 

and  

4,2 4,2 4,3 4,3, .z y z y− − ∈                     (3.31) 

This is impossible. Otherwise, If 4 2 2Zλ λ− ∈ , then, from  
( ) ( )4 3 4 2 3 2 2 2Z Zλ λ λ λ λ λ− = − − − ∈ − , (3.31) and Proposition 2.2(iv), we have 

4,3 4,3,y z ∈ , which contradicts Proposition 2.3(d) (e). 
If 4 3 2Zλ λ− ∈ , then, from ( ) ( )4 2 4 3 3 2 2 2Z Zλ λ λ λ λ λ− = − + − ∈ + , (3.31) 

and Proposition 2.2(iv), we have 4,2 4,2,y z ∈ , which contradicts Proposition 
2.3(d) (e). 

If 4 2 4 3 3, Zλ λ λ λ− − ∈ , then, from ( ) ( )3 2 4 2 4 3 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , 
(3.31) and Proposition 2.2(v), we have 3,2 3,2,y z ∈ , which contradicts Proposi-
tion 2.3(d) (e). 

Secondly, for the similar discussion, we have the following facts that:  

4 3λ λ−  cannot belong to the set (or small box) 1Z ;                (3.32) 

https://doi.org/10.4236/apm.2021.118047


Y. B. Yuan 
 

 

DOI: 10.4236/apm.2021.118047 726 Advances in Pure Mathematics 
 

4 2λ λ−  cannot belong to the set (or small box) 1Z .                (3.33) 

Hence  

4 1 5 4 4 2 4 3 2 3, , , .Z Zλ λ λ λ λ λ λ λ− − − − ∈ ∪             (3.34) 

The well-known pigeon hole principle, there are at least two differences in 
(3.34) that belong to the same set 2Z  or 3Z .  

Claim 3.3 Any three differences of (3.34) can not belong to the same set 3Z .  
Claim 3.3 can be checked directly. For example, if  

4 1 5 4 4 2 3, , Zλ λ λ λ λ λ− − − ∈ , then, from  

( ) ( )
( ) ( )

5 2 5 4 4 2 3 3

2 1 4 1 4 2 3 3

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − − − ∈ −
 

and Proposition 2.2(v), we have  

2,1 5,2, .z z ∈                          (3.35) 

Since ( ) ( )5 1 5 2 2 1 1 1Z Zλ λ λ λ λ λ− = − + − ∈ + , hence, by applying Proposition 
2.4, this shows that  

5,1 5,1 .z y− ∈                         (3.36) 

From (3.35) and (3.36), we have 5,1 5,1,y z ∈ , which contradicts Proposition 
2.3(d) (e).  

Claim 3.4 Any two differences of (3.34) can not belong to the same set 2Z .  
Claim 3.4 can be checked directly. For example, if 5 4 4 2 2, Zλ λ λ λ− − ∈ , then, 

from  

( ) ( )
( ) ( )

5 2 5 4 4 2 2 2

4 3 4 2 3 2 2 2

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − − − ∈ −
 

and Proposition 2.2(iv), we have  

5,2 4,3, .y y ∈                        (3.37) 

Obviously, 4 3 3Zλ λ− ∈ . Let  

( ) ( ) ( ) ( ) ( ) ( )T T
5 1 4 3 1 2 3 3 1 5 4 1 2 3, , , , , .λ λ λ λ ξ ξ ξ λ λ λ λ η η η− − − = − + − =  

By applying Proposition 2.2(v) and Proposition 2.3(e), we have  

2 .ξ ∉  

By applying Proposition 2.2, Proposition 2.3 and Proposition 2.4, we have  

2 .η ∈  

Namely ( ) ( ) ( ) ( )5 1 4 3 3 1 5 4λ λ λ λ λ λ λ λ− − − ≠ − + − , we immediately deduce a 
contradiction. This completes the proof of Case 3.2.2. 

According to the above discussion, this completes the proof of Typical case 3.  

3.4. Typical Case 4  

In Typical case 4, we have 2 1 1Zλ λ− ∈ . We see that in this case, each set con-
tains elements (or differences) in the following Box 2:  
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1Z  2Z  3Z  

2 1λ λ−    

Box 1 

Since 5 1 4 1 3 1 2 3, , Z Zλ λ λ λ λ λ− − − ∈ ∪ , then, there are at least two differences 
that belong to the same set 2Z  or 3Z . We only discuss the following two cases:  

Case 4.1. 5 1 3 1 3, Zλ λ λ λ− − ∈ ;  
Case 4.2. 5 1 4 1 3 1 2, , Zλ λ λ λ λ λ− − − ∈ .  
The other cases can be discussed in the similar manner.  
1) In Case 4.1, since ( ) ( )5 3 5 1 3 1 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , so, by applying 

Proposition 2.2(v) and Proposition 2.3(e), we have 5 3 1 2Z Zλ λ− ∈ ∪ . There are 
the following two cases.  

Case 4.1.1. 5 3 1Zλ λ− ∈ ;  
Case 4.1.2. 5 3 2Zλ λ− ∈ .  
i) In Case 4.1.1, we consider the above remainder differences  

5 4 5 2 4 2 4 3 3 2, , , , ,λ λ λ λ λ λ λ λ λ λ− − − − −  

then, there are at least two differences that belong to the same set 1Z . This is 
impossible.  

Claim 4.1 Any two differences of the above remainder differences can not be-
long to the same set 1Z .  

We only check Claim 4.1 in the following two cases:  
Case 4.1.1.1. 5 4 3 2 1, Zλ λ λ λ− − ∈ ;  
Case 4.1.1.2. 4 2 3 2 1, Zλ λ λ λ− − ∈ .  
The other cases can be discussed in the similar manner.  
i’) In Case 4.1.1.1, since  

( ) ( )
( ) ( )

4 3 5 3 5 4 1 1

3 1 3 2 2 1 1 1

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − + − ∈ +
 

and ( ) ( )5 2 5 3 3 2 1 1Z Zλ λ λ λ λ λ− = − + − ∈ + , therefore, from Proposition 2.4, we 
have  

4 3 2 3Z Zλ λ− ∈ ∪                       (3.38) 

and  

4,3 4,3 3,1 3,1, .z y z y− − ∈                    (3.39) 

If 4 3 2Zλ λ− ∈ , from ( ) ( )3 1 4 1 4 3 2 2Z Zλ λ λ λ λ λ− = − − − ∈ − , (3.39) and 
Proposition 2.2(iv), we have 3,1 3,1,z y ∈ , which contradicts Proposition 2.3(d) 
(e). If 4 3 3Zλ λ− ∈ , from ( ) ( )4 1 4 3 3 1 3 3Z Zλ λ λ λ λ λ− = − + − ∈ + , (3.39) and 
Proposition 2.2(v), we have 4,1 4,1,z y ∈ , which contradicts Proposition 2.3(d) 
(e). Therefore, 5 4 3 2 1, Zλ λ λ λ− − ∉ .  

ii’) In Case 4.1.1.2, since  

( ) ( )
( ) ( )

4 3 4 2 3 2 1 1

5 2 5 3 3 2 1 1

,

,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − + − ∈ +
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( ) ( )
( ) ( )

3 1 3 2 2 1 1 1

4 1 4 2 2 1 1 1and ,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − + − ∈ +
 

hence, from Proposition 2.4, we have  

4 3 2 3 4,3 4,3 3,1 3,1 4,1 4,1and , , .Z Z z y z y z yλ λ− ∈ − − − ∈∪        (3.40) 

If 4 3 2Zλ λ− ∈ , from ( ) ( )3 1 4 1 4 3 2 2Z Zλ λ λ λ λ λ− = − − − ∈ − , (3.40) and Prop-
osition 2.2(iv), we have 3,1 3,1,z y ∈ , which contradicts Proposition 2.3(d) (e). 

If 4 3 3Zλ λ− ∈ , from ( ) ( )4 3 4 1 3 1 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , (3.40) and Prop-
osition 2.2(v), we have 4,3 4,3,z y ∈ , which contradicts Proposition 2.3(d) (e). 
Therefore, 4 2 3 2 1, Zλ λ λ λ− − ∉ .  

ii) In Case 4.1.2, we consider the above remainder differences  

5 4 5 2 4 2 4 3 3 2, , , , ,λ λ λ λ λ λ λ λ λ λ− − − − −  

then, there are at least three differences that belong to the same set 1Z . This is 
impossible.  

Claim 4.2 Any three differences of the above remainder differences can not 
belong to the same set 1Z .  

We only check Claim 4.2 in the following.  
Case 4.1.2.1. 5 4 3 2 4 2 1, , Zλ λ λ λ λ λ− − − ∈ .  
The other cases can be discussed in the similar manner.  
iii’) In Case 4.1.2.1, since  

( ) ( )
( ) ( )

4 3 4 2 3 2 1 1

3 1 3 2 2 1 1 1

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − + − ∈ +
 

and ( ) ( )4 1 4 2 2 1 1 1Z Zλ λ λ λ λ λ− = − + − ∈ + , therefore, from Proposition 2.4, we 
have  

4 3 2 3 4,3 4,3 3,1 3,1 4,1 4,1and , , .Z Z z y z y z yλ λ− ∈ − − − ∈∪   

This is impossible. Otherwise, if 4 3 2Zλ λ− ∈  or 3Z , then, from Proposition 
2.2 and Proposition 2.3, we can deduce a contradiction. 

Therefore, 5 3 2Zλ λ− ∉ . This completes the proof of Case 4.1.  
2) In Case 4.2, since  

( ) ( )
( ) ( )

5 3 5 1 3 1 2 2

5 4 5 1 4 1 2 2

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − − − ∈ −
 

and ( ) ( )4 3 4 1 3 1 2 2Z Zλ λ λ λ λ λ− = − − − ∈ − , then, from Proposition 2.2(iv), we 
have  

5 4 4 3 5 3 1 3 5,3 5,4 4,3, , and , , .Z Z y y yλ λ λ λ λ λ− − − ∈ ∈∪        (3.41) 

Then there are at least two differences that belong to the same set 1Z  or 3Z . 
In fact, any two differences in (3.41) can not belong to the same set 1Z  or 

3Z . The reason is as follows.  
Claim 4.3 Any two differences of the above remainder differences can not 

belong to the same set 1Z .  
Claim 4.3 can be checked directly. For example, if 5 3 4 3 1, Zλ λ λ λ− − ∈ , then, 
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from ( ) ( )5 4 5 3 4 3 1 1Z Zλ λ λ λ λ λ− = − − − ∈ −  Proposition 2.4 and (3.41), we have  

5,4 5,4, ,y z ∈  

which contradicts Proposition 2.3(d) (e).  
Claim 4.4 Any two differences of the above remainder differences can not 

belong to the same set 3Z .  
Claim 4.4 can be checked directly. For example, if 5 3 4 3 3, Zλ λ λ λ− − ∈ , then, 

from ( ) ( )5 4 5 3 4 3 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , Proposition 2.2(v) and (3.41), we 
have 5,4 5,4,y z ∈ , which contradicts Proposition 2.3(d) (e). 

According to the above discussion, this completes the proof of Typical case 4.  

3.5. Typical Case 5  

In the case, we have  

( )1 1 = 2,3,4,5 .j Z jλ λ− ∉  

Namely  

5 1 4 1 3 1 2 1 2 3, , , .Z Zλ λ λ λ λ λ λ λ− − − − ∈ ∪  

then, from the well-known pigeon hole principle, there are at least two differ-
ences which belong to the same set 2Z  or 3Z . This is impossible.  

Claim 5.1 Any three differences of the above four differences can not belong 
to the same set 2Z  or 3Z .  

Claim 5.1 can be checked directly. For example, if 5 1 4 1 3 1 2, , Zλ λ λ λ λ λ− − − ∈ , 
then, from  

( ) ( )
( ) ( )

5 4 5 1 4 1 2 2

5 3 5 1 3 1 2 2

,

,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − − − ∈ −

− = − − − ∈ −
 

( ) ( )4 3 4 1 3 1 2 2Z Zλ λ λ λ λ λ− = − − − ∈ −  and Proposition 2.2(iv), we have  

5 4 4 3 5 3 1 3, , Z Zλ λ λ λ λ λ− − − ∈ ∪                (3.42) 

and  

5,3 5,4 4,3, , .y y y ∈                      (3.43) 

Then there are at least two differences which belong to the same set 1Z  or 

3Z . We only discuss the following two cases:  
Case 5.1. 5 3 4 3 1, Zλ λ λ λ− − ∈ ;  
Case 5.2. 5 3 4 3 3, Zλ λ λ λ− − ∈ .  
The other cases can be discussed in the similar manner.  
1) If 5 3 4 3 1, Zλ λ λ λ− − ∈ , then, from ( ) ( )5 4 5 3 4 3 1 1Z Zλ λ λ λ λ λ− = − − − ∈ − , 

Proposition 2.4 and (3.43), we have 5,4 5,4,y z ∈ , which contradicts Proposition 
2.3(d) (e).  

2) If 5 3 4 3 3, Zλ λ λ λ− − ∈ , then, from ( ) ( )5 4 5 3 4 3 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , 
Proposition 2.2(v) and (3.43), we have 5,4 5,4,y z ∈ , which contradicts Proposi-
tion 2.3(d) (e).  

Claim 5.2 Any two differences of the above four differences can not belong to 
the same set 2Z  or 3Z .  
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Claim 5.2 can be checked directly. For example, if  

5 1 3 1 2 4 1 2 1 3, , ,Z Zλ λ λ λ λ λ λ λ− − ∈ − − ∈ , then, we see each set contains elements 
(or differences) in the following Box 3:  
 

1Z  2Z  3Z  

 3 1 5 1,λ λ λ λ− −  2 1 4 1,λ λ λ λ− −  

Box 2 

Since ( ) ( )5 3 5 1 3 1 2 2Z Zλ λ λ λ λ λ− = − − − ∈ −  and  
( ) ( )4 2 4 1 2 1 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , therefore, by applying Proposition 2.2(iv) 

(v) and Proposition 2.3(d) (e), we have  

5 3 1 3 4 2 1 2 5,3 4,2, and , .Z Z Z Z y zλ λ λ λ− ∈ − ∈ ∈∪ ∪          (3.44) 

We only discuss the following three cases and deduce a contradiction. The 
other cases can be proved in the same manner.  

Case 5.3. 5 3 3 4 2 2,Z Zλ λ λ λ− ∈ − ∈ ;  
Case 5.4. 5 3 1 4 2 2,Z Zλ λ λ λ− ∈ − ∈ ;  
Case 5.5. 5 3 1 4 2 1,Z Zλ λ λ λ− ∈ − ∈ .  
3) In Case 5.3, From ( ) ( )5 3 5 2 3 2 1 1Z Zλ λ λ λ λ λ− = − − − ∈ − , Proposition 2.4 

and (3.44), we lead to a contradiction.  
4) In Case 5.4, we consider the remainder differences  

5 4 5 2 4 3 3 2, , , .λ λ λ λ λ λ λ λ− − − −  

Then, any three differences of the above four differences can not belong to the 
same set 1Z . In fact, for example, if 5 2 4 3 3 2 1, , Zλ λ λ λ λ λ− − − ∈ , then from 

( ) ( )4 2 4 3 3 2 1 1Z Zλ λ λ λ λ λ− = − + − ∈ − , Proposition 2.4 and (3.44), we lead to a 
contradiction.  

5) In Case 5.5, the following consider the remainder differences  

5 4 5 2 4 3 3 2, , , .λ λ λ λ λ λ λ λ− − − −  

Then, any two differences of the above four differences can not belong to the 
same set 1Z . In fact, for example, if 3 2 5 4 1, Zλ λ λ λ− − ∈ , then since  

( ) ( )
( ) ( )

5 2 5 3 3 2 1 1

4 3 4 2 3 2 1 1and ,

Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − − − ∈ −
 

therefore, by applying Proposition 2.4, we have  

5 2 4 3 2 3 5,2 5,2 4,3 4,3, and , .Z Z z y z yλ λ λ λ− − ∈ − − ∈∪        (3.45) 

i) 5 2 4 3,λ λ λ λ− −  can not belong to the same set 2Z  or 3Z . The reason is as 
follows.  

For example, if 5 2 4 3 2, Zλ λ λ λ− − ∈ , then from  

( ) ( )
( ) ( )

4 1 4 3 3 1 2 2

2 1 5 1 5 2 2 2

,Z Z

Z Z

λ λ λ λ λ λ

λ λ λ λ λ λ

− = − + − ∈ +

− = − − − ∈ −
 

and Proposition 2.2(iv), we have  

2,1 4,1, .y y ∈                          (3.46) 
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Further, from ( ) ( )4 2 4 1 2 1 3 3Z Zλ λ λ λ λ λ− = − − − ∈ − , Proposition 2.2(v) and 
(3.46), we have 4,2 4,2,y z ∈ , which contradicts Proposition 2.3(d) (e).  

ii) 5 2λ λ−  can not belong to the set 2Z  or 3Z , 4 3λ λ−  can not belong to the 
set 3Z  or 2Z . The reason is as follows. For example, if 5 2 2 4 3 3,Z Zλ λ λ λ− ∈ − ∈ , 
then there let  

( ) ( ) ( ) ( ) ( ) ( )T T
5 2 4 3 1 2 3 5 3 4 2 1 2 3, , and , , .λ λ λ λ ξ ξ ξ λ λ λ λ η η η− + − = − + − =  

By applying Proposition 2.2, Proposition 2.3 and Proposition 2.4, we have  

2 3 2 3, , , .ξ ξ η η∈ ∉   

Namely  

( ) ( ) ( ) ( )5 2 4 3 5 3 4 2 ,λ λ λ λ λ λ λ λ− + − ≠ − + −  

we immediately deduce a contradiction. This completes the proof of Typical case 
5. 

According to the above discussion of Typical cases 1 - 5, we proved that any 
set of ,M Dµ -orthogonal exponentials contains at most 4 elements, and ,M Dµ  is 
a non-spectral measure. One can obtain many such orthogonal systems which 
contain four elements. For instance, the exponential function system EΛ  with 
Λ  given by  

{ }* * *
1 2 30, , , ,M s M s M sΛ =                   (3.47) 

where  
T T T

1 2 3
1 1 1 1 1 1, , 0 , , 0, , 0, ,
2 2 2 2 2 2

s s s     = = =     
     

        (3.48) 

is a four-elements orthogonal system in ( )2
,M DL µ . This shows that the number 

4 is the best. This completes the proof of Theorem 1.1.   
By the proof of Theorem 1.1, we have the following corollaries:  
Corollary 3.1. For self-affine measure ,M Dµ  corresponding to the expanding 

integer matrix  

1

2

3

0 0 0 0 0
0 and 0 , 0 , , 0 ,

0 0 0 0

p d
M p p D d

p p d

          
         = =          
                    

 

if 1, 2p p ∉   and 0d ≠ , then ,M Dµ  is a non-spectral measure and there exist 
at most 4 mutually orthogonal exponential functions in ( )2

,M DL µ , where the 
number 4 is the best possible.  

Corollary 3.2. For self-affine measure ,M Dµ  corresponding to the expanding 
integer matrix  

1

2

3

0 0 0 0
0 and 0 , 0 , , 0 ,
0 0 0 0 0

p p d
M p p D d

p d

          
         = =          
                    

 

if 3, 2p p ∉   and 0d ≠ , then ,M Dµ  is a non-spectral measure and there exist 
at most 4 mutually orthogonal exponential functions in ( )2

,M DL µ , where the 
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number 4 is the best possible.  

4. A Concluding Remark 

In this section, we would like to point out that the above proof is based on the 
relations inside the zero set ( ),ˆM DZ µ  of the Fourier transform ,M Dµ . Gener-
ally speaking, it is difficult to obtain certain properties on the zero set. If we 
choose the special four-elements digit set, for instance, the direct-sum-forms di-
git set  

1 2

0 1 0 0
0 , 0 0 , 1 ,
0 0 0 0

D D D
          
          = ⊕ = ⊕          
          
          

 

it is easy to estimate the number of orthogonal exponentials.  
Proposition 4.1. For an expanding integer matrix ( )3M M∈   and the di-

rect-sum-forms digit set D given by  

1 5

2 4

3

0 0 1 0 1
0 and 0 , 0 , 1 , 1 ,
0 0 0 0 0 0

p p
M p p D

p

          
         = =          
                    

 

if 1 2, 2p p ∉  , then ,M Dµ  is a non-spectral measure and there exist at most 4 
mutually orthogonal exponential functions in ( )2

,M DL µ .  
Proof. We consider the pair ( )1,M D  and ( )2,M D , let  

( ){ }1

3
0 : : 0Dmξ ξΘ = ∈ =�  and let ( ){ }2

3
0 : : 0Dmξ ξΘ = ∈ =� � . Then  

0

1
2

: , , ,

k

kα α β
β

  +  
   Θ = ∈ ∈  
  
  
   

� �  

0
1 : , , .
2

k k

α

α β

β

  
    Θ = + ∈ ∈       

�

� � �� �� �

�

 

In the case when 1 2, 2p p ∉  , we see that  
* *

0 0 0 0, ,M MΘ ∈Θ Θ ∈Θ� �  

which show that  

( ) ( )1 2, 0 , 0ˆ ˆ, .M D M DZ Zµ µ⊆ Θ ⊆ Θ�  

If ( ) 31, 2,3j jλ = ∈�  are such that the exponential functions  

31 2 2 ,2 , 2 ,e , e , e i xi x i x λλ λ ππ π  

are mutually orthogonal in ( )1

2
,M DL µ , then the differences ( )1 3j i i jλ λ− ≤ ≠ ≤  

are in the zero set ( )1,ˆM DZ µ . That is, there are 1 2 3, ,k k k ∈ , 1 2 3, ,α α α ∈  
and 1 2 3, ,β β β ∈  such that  
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1 2 3

3 1 1 2 1 2 3 2 3

1 2 3

1 1 1
2 2 2

, , .

k k k

λ λ α λ λ α λ λ α
β β β

     + + +     
     

− = − = − =     
     
     
       

This shows that  

( ) ( )3 1 2 1 3 2λ λ λ λ λ λ− − − ≠ −  

a contradiction. Hence, there are at most 2 mutually orthogonal exponential func-
tions in ( )1

2
,M DL µ . 

Similarly, there are at most 2 mutually orthogonal exponential functions in 

( )2

2
,M DL µ . 

From  

( ) ( ) ( )
1 2, , ,ˆ ˆ ˆ ,M D M D M Dµ ξ µ ξ µ ξ=  

we have  

( ) ( ) ( )1 2, , ,ˆ ˆ ˆ .M D M D M DZ Z Zµ µ µ= ∪  

Hence ,M Dµ  is a non-spectral measure, and there are at most 4 mutually or-
thogonal exponential functions in ( )2

,M DL µ . 
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