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Abstract

In this paper, we studied the long-time properties of solutions of generalized
Kirchhoff-type equation with strongly damped terms. Firstly, appropriate as-
sumptions are made for the nonlinear source term g (u) and Kirchhoff stress
term M (s) in the equation, and the existence and uniqueness of the solution
are proved by using uniform prior estimates of time and Galerkin’s finite ele-
ment method. Then, abounded absorption set By, is obtained by prior esti-
mation, and the Rellich-kondrachov’s compact embedding theorem is used to
prove that the solution semigroup S(t) generated by the equation has a fam-

ily of the global attractor A, in the phase space E, = H*™* x H*. Finally, li-
nearize the equation and verify that the semigroups are Frechet diifferentiable
on E, . Then, the upper boundary estimation of the Hausdorff dimension and

Fractal dimension of a family of the global attractor A, was obtained.

Keywords
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1. Introduction

The objective of this paper is to study the following initial boundary value prob-

lem of the generalized Kirchhoff equation

U, +M (||vmu||z)(_A)2m U+ (=AY u +g(u) = f (x) (1.1)
du .
u(x,t):O,W:O,l:1,2,-~~,2m—1,XGaQ (1.2)
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u(x,0)=uy(x),u (x,0)=u,(x),xeQt>0 (1.3)

where m>1, p>2, QcR"(n>1) is a bounded domain with a smooth
boundary 0Q, M (S) eC’ ([O,+oo); R+) is a real function,
p (—A)zm U, ( B> 0) denotes strong damping term, g(u) is nonlinear source
term, f(x) denotes the external force term. The assumption of M (s) and
g(u) will be given later.

In 1883, German physicist G. Kirchhoff [1] first introduced the following

model to study the free vibration of elastic strings
,oh62—2u+5ut =P, nLE_h(_[L|uX|2 dx)+ f(x),0<x<Lt>0.
o't 2L \0
where the time variable is £, the elastic modulus is £ /4 is the cross-sectional area,
L is the length of the string, p is the mass density, P, is the initial axial ten-
sion, O is the resistance coefficient, fis the external force term, u=u (x,t) is
the lateral displacement at the space coordinate xand the time &

Since the 1980s, with the progress of science and technology and the conti-
nuous development of mathematical physics equations and Kirchhoff equation
has been widely used, especially in measuring bridge vibration of engineering
physics, so more and more scholars begin to pay close attention to and carries
on the thorough study of Kirchhoff equation and a series of theories and re-
search results in recent years, including the existence and uniqueness of the
global solutions, global attractor and Hausdorff dimension and fractal dimen-
sion, the existence of random attractor, energy decay and blow-up of the solu-
tion, exponential attractor and inertial manifolds, etc. Among them, scholars
have done a lot of research on the existence of global attractors for Kirchhoff-type
equations with strong dissipation terms, the theoretical basis and research results
can be found in the references ([2]-[9]).

In reference [10], Guoguang Lin, Yunlong Gao studied the existence and uni-
queness of global solutions of a class of generalized Kirchhoff-type equations

with nonlinear strong damping and their global attractors
u, +(-A)"u, +(a+ﬁ("Dmu 2))(—A)m u+g(u)=f(x),(xt)eQx[0,+x)

u(x,t)zo,%zo,i =1,2,---,m-1xedQ,t e[0,+x)

u(x,0)=u,(x),u (x,0)=u,(x),xeQ

By assuming the nonlinear source terms g(u), the author verifies the appro-
priateness of the solution and proves the existence of the global attractor.

Recently, Lin Guoguang and Guan Liping [11] studied the global attractor of a
high-order Kirchhoff-type equation with a strong nonlinear damping term and

finite dimensional estimation of its Hausdorff dimension and Fractal dimension

J-a)"ue p(-4)" 0+ Ag (u) = 1 (x)

U, +M ("Dmu

where m>1, Q is a bounded domain with smooth homogeneous Dirichlet
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boundary 6QeR", f(x) denotes the external force, Ag(u) denotes second
order nonlinear source term, M is a general function, >0, B(-A)"u, is
strong damping term. For more significant research results about the global at-
tractor and its dimension estimation of Kirchhoff equation, please refer to the
literature ([12] [13] [14] [15]).

In this paper, on the basis of literature [11], the rigid term "Dmu"2 is ex-
tended to "Dmu

lized nonlinear Kirchhoff-type equations are proved, and the existence of global

p . . .
, the existence and uniqueness of global solutions of genera-
P

attractors and their finite Hausdorff dimension and Fractal dimension of prob-
lems (1)-(3) are discussed.
For convenience, define the following spaces and notations
H =1°(Q),Hg' (@) = H™ (Q)NH; (Q), Hg™ () = H (Q)NH; (Q),
H"™* (Q) = H*™™ (Q)NH; (@), By = H*" (Q)x L*(Q), f (x) e L (),
E, = H™ (Q)xHg (Q),(k=1,2,---,2m).

(+-) and |||| represent the inner product and norms of Hrespectively, i.e.
(uv) = [Lu v O e () =l =l ol =Ml I =100y

Let'scall A (k=1,2,---,2m) is the weak global attractor of E; to E,, B,
is a bounded absorption setin E,, C,>0(i=0,1,2,---) is constant.

Assume that the nonlinear source term g(u) in Equation (1.1) satisfies the fol-
lowing conditions

(A1) g(u)eC”(R);

(A2) J(u)=[G(u)dx, where G'(u)=g(u)u,;

(A3) J(u)= —%”Vzm*"u"2 -C.

The Kirchhoff-type stress term satisfies the following conditions
(A4) M(s)eC? ([0,+00), R+);

V"‘uzzo

d
ﬂ0'a|
(A5) &+1= 1y <M ()< 4, where u=

v™u 2<O

3l
At
where u, 44,44 are constant, and
VL 2B =1 g+ =" L+ BT -1 2,

2 ] /ll_zm ] 2 ,ﬂ+j1_2m >

the first eigenvalue of —A with homogeneous Dirichlet boundary conditions
on Q.

0<e<min

A s

2. A Priori Estimate of Smooth Solution

Lemma 1. Assume that the nonlinear terms g(u), M(s) satisfies assumptions
(A1)-(A5), and f el? (Q) , (uo,vo)e E,=H™ (Q)x L2 (Q) , then the initial
boundary value problem (1.1)-(1.3) has a smooth solution (u,v)eE, and
ve ’(0,T;H™™(Q))
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\%al|

(), =]

2 2 ot , C —ogt
+ <|v (0)]e +;i(1—e ). (2.1)

where V=U,+&U, o = min{al,i,l} L Y (0)= v +y||V2’“u0||2 +2J3(Uy)» so
Y7

a [ (0) HJ
there’s a non-negative real number R, = 2 and g:iln{ “ ), and
o 21
Jj ||V2mv||2 dt <C, such that
[, =[[veml v <R (e >). 22)

Proof. Set v=u, +¢&U, take the inner product of both sides of Equation (1.1)

with vin H, we obtain

(Un +M ( v™u z)(_A)z”‘ u +,3(_A)2”1 u, + g(u),v) =(f (x),v), (2.3)
(ug,v) = (V —ev+glu V)>%%"V"2

S)(—A)Zmu,v)z(M( E)Vzmu,vzm (ut+gu))

i)

- 2 dt

2£+5 V2

-5 2 - e

v™u v™u

M

2

VZm V2mu

u2+gM(Vm

: )
u |
p

(2.5)

d |V2m
2 dt

+ &Ly ”Vzmu”

By using the Poincare’s inequality, we obtain
(ﬁ(—A)zm u, ,v) = ﬂ"VZ"‘v"2 —(ﬂg(—A)zm u,v)

e R e e

2
v +

The following estimation can be obtained from hypothesis (A2)

(9(u).v)=(g(u).u)+e(g( =—jG u)dx+e(g(u),u)
d q (2.7)
2aj6(u)dx+g jG u dxzaJ(u)+J(u).

By using the weighted Young’s inequality, we obtain
1 2
)<l (O b= 525l o+ - 29
Substitute inequality (2.4)-(2.8) into Equation (2.3), therefore
%[”V"Z +,u| ulf +23 (u)}+(,[)’ﬂfm —2e-2¢2 )||v||2 +(ﬁ—,b’252 )||V2"‘v||2
It Ol

(92

VZm

(2.9)

(26, - 227" 1) [VAu 423 (u) < +C,.

Let a, = BA2" —26-26220, a, =26u, -2 472" 120, f—p%? >0, and
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let a mln{ 2 1} = "f (X)"2 ~
= a,—,1;, C = 5——+C,, then Equation (2.9) can be reduced
7 £
to
d
FYOraY (O)+(p-p )|V <c. (2.10)

According to hypothesis (A3)

(||v||2+||V2m )mln( j<||v|| y"Vzm

(%”Vzm””z +2] (u)j <C. (2.11)

Then

t)=[v[" + #||V2"‘u “v2d (u)>o0. (2.12)

By using the Gronwall’s inequality, we get

_ 2 2 -yt & _aat
o, =Ivof b <l e +Sae). e
And
I|m|| u,v || s&. (2.14)
too a,
{alHY H]
So, there are constants R, = 2 and t, =—In “ )50, we obtain
o o
fw e, =[val < RS 2>1) @15

The Lemma 1 is proved.

Lemma 2. Assume that the nonlinear terms g(u), M(s) satisfies assumptions
(AD)-(A5),and feH"(Q),
(uo,vo) cE =H™* (Q)x H* (Q),(k =1, 2,---,2m) , then the initial boundary
value problem (1.1)-(1.3) has a smooth solution u (x,t) s
u (x,t)+eu(xt)=v(xt) satisfy

+&(1—e"’2t). (2.16)

2 2m+k
’ = V
v, == -

2 2
| +||Vkv|| <C,e

2

where v=u, +eu, a2=min{b1,b;2}, Z(o):”vkv(o)HZ+y||v2m+ku(0) s

5C 1 [azHZ H]
there are non-negative real number R, = f—z and t,=—In 2 Jso,
@,

a,

such that

|2 +||Vkv||2 <RZ,(t>t,). (2.17)

(v, =[ve

Proof. Set (—A)k V= (—A)k u, + g(—A)k U, take the inner product of both sides
of equation(1.1) with (—A)k V in H, we obtain

(u“ M (|7 )-a)" s A(-AY"u g (u).(-a) v):(f (x).(-a)"v). @2.18)
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(un,(—A)k v)=(v —ev+s7u,(-A) v )

a7l -2 -

"o 242”“ |

According to hypothesis (A5), and use a proof method similar to lemma 1, we

[

can get

v™u

’)(-a)" v, (- v)

ST R (A (2.20)
> B2 Jomf o 7o

By using Poincare’s inequality and Young’s inequality, we have

(B-AF" . (-A)Y)

= A((-a)"v=2(-)"u(-a) V) (2.21)
> Bt + Ao -Lvereaff -LE fymnenf
(s).A))-la)l. o] =-Efvf e ea
where C, = 2531 L
(£(X)(-A)"v) = (V" (x).V"v) = %+%"Vkv”2 e
Substitute inequality (2.19)-(2.23) to (2.18), therefore
Sl IP < aemf Jo (2im 20267
e Sl oL BARIL Y -

Obviously, there is a non-negative &, such that b = B1*" —~2s-2¢° >0,

2 3 . b
b, =21, - :fm -1>0, T’B—ﬂzgz 20,let a,= m'n{bvzz}’
el
="————+C,;, then (2.24) can reduce to
g’
%Z(t)+a22(t)+(% Be 2j|v2m+k <C,. (2.25)
where
z(t) =4[ + vl >o. (2.26)

By using Gronwall’s inequality, we can get
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||(u,v)||2Ek = ||V"v||2 + y||v2"‘+ku||2 <z(0)e +&(1—e"’2‘ ) (2.27)

a,
and
!L_T"(u’v)"; < z—z (2.28)
{azHZ(WH]
So, there are constants R, = 2C, and t, = 1 In" “ />0, we obtain
\ a,
[z, = vzl v <R (> ). (2.29)

The Lemma 2 is proved.

3. Existence and Uniqueness of Solutions

Theorem 1 Assume that the nonlinear terms g(u), M(s) satisfies (A1)-(A5),
feH, (uo,vo) € E,, then the initial boundary (1)-(3) exists a unique smooth
solution (u,v)eL” ([0,+oo); EO) . Proof. To prove the existence, the application
of Calerkin’s method is divided into the following three steps.

1) Approximate solution.

Suppose the eigenvector @; of ((—A)2m )a)j = ;"o generates an ortho-
normal basis for H?", where A; is the eigenvalue of —A with homogeneous
Dirichlet boundary on 3, the k-order approximation u, (t) is defined as fol-

lows: U, (t) e Span[ey, @,, -, & ] uk(t):jzk_;gjk(t)a)j.
(ur (t),;)+M (||v"‘uk (t)||2)(v2”‘uk (1).V"o))

+ﬂ(V2mu'(t),V2me—)+(g(uk),wj)=(f(X),wj)
where j=1,2,---,k.

(3.1)

U (0)=ug> Uy (0)=uy and ug,uy €Span[w,®,, -, o].

In H, uy — Uy, Uy —>V,, the system of ordinary differential equations with
respect to g, (t) can be determined on the interval [0,t, ], we need to prove
that t =T .

2) Prior estimate.

According to the conclusion and proof method of lemma 1, (Uk (t),u,; (t)) is
uniformly bounded on E,, that is

Juc (1) <R (3.2)
[v2mu (t)| <R (3.3)
Jue (1) <R (3.4)

where R is a constant independent of k& According to lemma2, we get
Uy (t) el? (O,T; L2 (Q)) , therefore t, =T, inequality (3.2)-(3.4) indicate u,(t)
is bounded in L (0,T;H*"(Q)), u/(t) is bounded in L*(0,T;L*(Q)), in
fact, we can get U, (t)eL” (0, +oo; H 2" (Q)) and Uy (t)el” (0, +oo; L2 (Q)) .
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3) Limit process.

According to Danford-Pttes throrem, space L* (O,T; Ho" (Q)) is conjugated
to space L’ (O,T; H=2" (Q)) , space L” (O,T; L2 (Q)) is conjugated to space
L'(O,T; L? (Q)) , select the subsequence U, (t) from the sequence u, (t), such
that

U, —>Uu is weak * convergence in L” (O,T; H2" (Q)) ;

U, —u’ is weak * convergence in L” (O,T; L2 (Q)) ;

u, — U’ isweak convergencein L° (O,T; Hm (Q)) .

By the Rellich-Kohdrachov compact embedding theorem, H?"(Q) is com-
pact embedded in L°(Q) and L*(Q), then (uk (t),u:) — (u,u’) converges
strongly almost everywhere in L?(0,T) and L*(0,T).

M ("Uk (t)”g) —->M ("u (t)"z) convergesin R™;

M (Ju O ) (7" (1).570, (6) > M (Ju O] ) (0. V"0;) is weak *
convergencein L”(0,T);

ﬁ(Vzmué (t),Vzma)j (t)) - ﬁ(Vzmu'(t),Vzma)]— ) is weak * convergence in
L* (0,T).

Because of g(u,)eL” (Hg ), s0

(g (uk ),a)j ) — (g (u),a)j ) is weak * convergence in L~ (O,T) .

(ul:'(t),a)j)=%(u; (t),a)j)—>(u",a)j) is convergesin D'(0,T).

From Equation (3.1), the following formula can be derived
(u”, o )+ M ( z)(vzmu,vzma)j )+ﬂ(V2"‘u’(t),V2ma)j )
+o(u)0;)=(1(x).0;)

By the density of the base @, ®@,,--,®,, -+, then for VpeH 2m (Q) , the fol-
lowing equation is established

()M (|7l (v vm) < 527 (1), 957) + (9 (u).0) = (1 (x).0)

Then u, (0) —>u, is weak convergence in L*(Q), and in H?*"(Q), we es-
tablish

v™u

this is true for Vj.

v™u

u, (0) > uy;

(u; (0), o, ) —>(u’,a)j )L_o = (u’(O),a)j );

(6 (0). ;) > (vor ;)

So (u'(O) NG ) = (V0 O ) is satisfied for all j, so that existence can be proved.
Then prove the uniqueness of the solution.
Assume U; and u, are solutions of Equation (1.1), let w=u, —u,, and

substitute U, and u, into this equation, we can obtain
p 2m m p 2m
|p)(—A) ul—M(V u2||p)(—A) U,

+B(-AY" w, +9(u)-g(u,)=0.

wn+M(

m
Vou,

(3.5)
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Take the inner product of both sides of Equation (3.5) with w, in A, then
m m p 2m m p 2m
Sl e (w ([v )y w7 ) v
+(9(u)-9(u,),w)=0.

According to Sobolev embedding theorem, H(™(Q)c L (), there exists

constant r >0, we have

(3.6)

(2m+n)p-2n (2m-n)p+2n

”Vmul":p(ﬂ) = r“(_A)m 1 R 1Y I (3.7)
where
2n 2n
<p< ,N>2m
n+2m n-2 (3.8)
2n
<p<Loo,Nn<2m
n+2m

By lemma 1, lemma 2, differential mean value theorem and Young’s inequali-

ty, we can obtain
(M ([ - 77 -
(W el wom o

+M( E)(—A)zm uz—M( z)(—A)Zm uz,wt)

m
Viu,

m
Vi,

m
Viu,

m
Vi,

(3.9)
2w (o7 sl (@), v p)wm )
2%%"A”‘WIIZ—IIM’ f)||~||V2”‘Uz||'|V2mwr [val, e vl ol

2
A e U I
where &=6u, +(1-60)u,,0<6<1.
According to the hypothesis (A1), we get
(9(uw)=9(u;).w) >—||<91’ ). ||W||||W||>—CC t||
>_ 6|| e (3.10)
e CC o'

Substitute inequality (3.9), (3.10) to (3.6), we get
2

2 C?
+ 2,3——“] A"w,
) ( B (3.11)

A"w A
W[ —C.C, |w | <0

S {wF + s
de\"

_(ﬁ +CsCedy " ) A"

By using Gronwall’s inequality, we get

%(”Wt [P+ y||Amw||2 ) <C, (||wt IF + u||Amw||2) (3.12)
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where C, = max{m,csce}.
U

So we can get
(I (O + faw(o) )< (o (O)F +

Then W, (t)=0,A"w(t)=0,s0 w(t)=0,u, =u,, then the uniqueness of so-
lutions is proved.

Amw(0)||2)ec7‘ -0.  (3.13)

The theorem 1 is proved completely.

4. The Existence of the Family of Global Attractor

Theorem 2 [16] Assume that E is a Banach space, {S(t)}[20
operator on E, and S(t):E —»>E, S(t+s)=S(t)S(s)(Vt,s>0), S(0)=1,
where 7is unit operator, suppose S(t) satisfies the following conditions:

is a semigroup

1) Semigroup S(7) is uniformly bounded in E, that is for all r >0, it exists a
constant (), such that [Jul. <r,

IS (t)u], <c(r)(vte[o,=));

2) It exists a bounded absorbing set B, — E, that is for all B c E, it exists a

constant f;,

S(t)Bc B, (t=ty);

3) S(t)(t=0) is completely continuous operator.

Thus there is a compact global attractor A, for the semigroup operator
S(t).

If the Banach space Eis changed to Hilbert space E, in theorem 2, the exis-
tence theorem of the family of the global attractors can be obtained.

Theorem 3 Under the assumption of lemma 1, lemma 2 and theorem 1,
problem (1.1)-(1.3) exist a family of the global attractors A,

A =o(By ) =S (t)By.

$>0 t>s
2 .
where B = {(u,v) IS Ek,"(u,v)"Ek =||U||,24§m+k(g) +||V|||245<(Q) < C}, By, isa
bounded absorbing set in "k, that is exists a compact set A c E, c E, satis-
fies the following conditions:

1) S(t)A =A(vt>0)
2) tIim diSt(S (t) B, A ) =0, (VB c E (Q) isbounded set), where

limdist(S (t)B, A()zs;l;lg(jgk s (t)x-y],, ) —0,t >,

(9 is the solution semigroup generated by problem (1.1)-(1.3).

Proof. We need to prove the three conditions of theorem 2, according to
theorem 1, lemma 2, we know the problem (1.1)-(1.3) could generate the solu-
tion semigroup S(t), S(t):E, —E,.

1) According to lemma 1 and lemma 2, we know that for any bounded set
BcE,,and
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(. =10l oy + Mg o < R

I8 () (o Vo e, =Mz ) + Mg oy < €3 (R)+—2=Co.
2

where t>0, (u,,V,)e B, it indicates {S (t)}(t >0) is uniformly bounded in
E, .
2) According to lemma 2, V(Uy,V, )€ E,, for t>max(t,t,)

"S (t)(uo’vo )||2Ek = "u|||24§m+k(g) +"V"|24}§(Q) < Rg + Rl2 S Rk2'

Thus, semigroup S(#) exists bounded absorbing set B, .

3) E, c E, is compact embedded, it indicates the bounded set in E* is the
compact set in E;, so semigroup operator S(#) is completely continuous. Fur-
thermore we can get semigroup operator S(7) exists a compact family of the

global attractor A = (B, )=[JS(t)By.k=12,--,2m.

$>0 t>s

Theorem 3 is proved.

5. Estimation of the Dimension of the Family
of Global Attractors

Let’s consider the linearization problem of (1.1)-(1.3)

Uy +M (|vmu Z)(—A)ZmU
+pM ’(|Vmu z)(-[n voul” vy ~Vmde)(—A)2m u (5.1)
+B(-A)P"U, +g'(u)U =0.
U(t)=02Y k=12, 2m-Lt>0. (5.2)
U (x,0)=5,U,(x0)=4,. (5.3)

where (&,&,)eE,, (u,u)=S(t)(uy,u,) is the solution of the problem (1.1)-
(1.3) which take (u,,u;)e A as the initial value. (uy,u;)e A, S(t):E, > E,,
it can be proved that for any (&,&,)eE,, linearized initial boundary value
problem (5.1)-(5.3) have unique solution (U (t),U, (t)) el” ([0,+oo); Ek) .
Theorem 4. The Frechet derivative of mapping S(t):E, — E, is the linear
operator T, :(&,&,)—> (U (1)U, (t)) on ¢ =(U,,u,), thus forany t>0,R>0,
mapping S(t):E, — E, is Frechet differentiable on E,, and (U (t),Ut(t))
is the solution to Equations (5.1)-(5.3). Proof. Let ¢, =(u,,V,) € E;,
& = (U + &,V + &) € E,, and “¢_0H5k <R, define (u,v)=5(t)d>

(T,v)=S (t)%, cis a constant. We can get the Lipschitz property of S(t) on the
bounded set E, , thatis

s -sa], <efc.& - (5.4)

Let o=U-u-U isthe solution of problem (1.1)-(1.3), we have
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o+ M (V] )(-a)" o+ (-a)" 0 =-h, (5.5)
o(0)=0,(0)=0. (5.6)
Let s= "Vmu"z S = "VmLT"Z , we obtained

h=[M(5)-M(s)](-A)"T-M'(s)s'V"U (-A)"u
~(g(u)-g(T)+g'(u)V)
=M (&) (lele) v @-u)(-ay"a

(5.7)
(el (el v
(vl (vl ) v (-ay" u-(a(w)-9(@)+ 0'(u)0)
=h+h, +h,.
where & =(1-a)S+as,0<s<1.
S (LT Rl o
-l )ekt) v @-u-aa 9
_M'( VU z)( v g) v (T-u)(-A)"u.
Let N'(£)=M(Jalp)(Jal;) » then
=[(N'(&) =N () (-4)" T+ N'(5)(-4)" (@-u) [v" (T-u) 510

=N"(&,)(1-a)(V" (T-u)) (-A)"T+N'(s)(-A) " (T-u) V" (T-u).
where &, =65 +(1-6)s,0< 6 <1, then
hy=—(g(u)-g(T)+g'(u)u). (5.11)

Take the inner product of (5.5) with (—A)k o, , we get

A RO e Y .
=(n(-8)"a,).
And we get
(h s e 57 )

(5.13)

S‘(hl,(—A)kat) (hz,(—A)ko-t)+‘(h3,(—A)ko-t)‘.

Let w=u-1U, according to lemma 1, lemma 2, differential mean value theo-

+

rem, interpolation inequality and Poincare’s inequality, we obtained
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‘(hl,(—A)k o )= ‘(M (5)5'(-A)" uV¥o,(-A)
(—A)Zm u

gﬂ|
2

<G, V™o

] [V¥ai| (5.14)
2

2 C
v2m+ko_| + 210 ||Vk0'1||

(hz,(—A)k O't)

(N"(&)@-a)(-a)"a(v" (@-u))
#N(s)(=8)" (@-u) V" (T-u),(-4) o)

SLKEY
N (s

<c, "vzk o ||||V2m+kw

(-ay"a| vl oy

0

(A" (T-0) 9" (T-u) o)
o

Vzm*kw"2 (5.15)

|2 W+ [V,

|2

||V2m+kw

<C, "Vzko_t ||||V2m+kw

+Cu [V

< C123 + C124
2

2 2
2 C.+C 4
L5 16| .
2

V2m+kW||

AtV
=((9'(@)w(-a) o) ~(9'(w)w.(-8) o) ~(9' (), (-4) )
<(a-1)(9" (MW (-8) o) ~(9'(u)o(-2) o (5.16)

<C [ +[vo [|77ra

<Cu[vm i e[ )+ 5

V2m+kW

2
V2m+kW V2m+ko_t || )

Sum up (5.14)-(5.16), we get
(h’(_A)k Oy ) <Cy (|

Then substitute inequality (5.14)-(5.17) to inequality (5.12), and by using

v2r“+kw||4 +| VI ||2 (5.17)

2 2
vrtol Va4l

Young’s inequality, Poincare’s inequality can obtained

Lol + vl < o ([P + ol +|v>uf'). 9
According to Gronwall’s inequality, we get
[Poff sulmrof e s el 6
According to (5.19), we can get [(&,,)" zEk 50, the following is established
||¢7(t)—¢(t);Lj (t)HZEk < C,e%! ||(§1,e“z)||ik —0. (5.20)
(&),

The theorem 4 is proved.
The following will show that the family of the global attractor A,k =1,2,---,2m
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have finite Hausdorff dimension and Fractal dimension.
Theorem 5 In theorem 3, the family of the global attractor A, of equation

(1.1)-(1.3) have finite Hausdorff dimension and Fractal dimension, and
1 7
du(A)<End, (A)<In.

Proof we can write Equation (1.1) as
U, +M ("Vmu"Z)V“mu + VU +g(u) = f(x). (5.21)

Suppose ¥ = Rg¢:(u,v)T, g=(u,u), Vv=u +eu,
R, :(u,ul )T - (u,ul +eu )T , is a isomorphic mapping, and Equation (5.21) can

write as

w,+Ap ="t (5.22)

where ¥ ={u,u, +5u}T f= {O, f (X)}T .

el -1
A= (M(|Vmu Z)—ﬂg)v‘““+gzl+g(u) LV —¢l
v, =F'(y)=f-Auyp. (5.23)
P=F (l//) (5.24)

Assume F:E, — E, is Frechet differential, then linearize Equation (5.23),
we get
P+A,P=0. (5.25)
where
el -1

v™u z)—ﬂg)v‘”" +&1+D-+g'(u)-U  pvi"—cl

v

o0 = {[vf ),

is the solution of Equation (5.22).

vl V- v"UdxV*™u, and P =(U,U, +cU)", U

For a fixed (U,,V, )€ E,, assume &,&,,---,&, are elements of E,, and sup-
pose U, (t),U,(t),---,U, (t) are solutions of linear Equation (5.1), and corres-
ponding initial values are U, (0)=¢,U,(0)=¢&,,---,U,(0)=¢,, so we have

Ju,(t)AU, (AU, (t)"iEk

) (5.26)
= ||§1/\‘§2A---§n||iEk exp(.[otrF’(z//(r))-Qn (r)dz’).

where A denotes the exterior product, tr denotes the trace of the operator,
Q,(7) is the orthogonal projection from space E, to
span{U, (t),U, (t),--U, (t)} .
L
For a given time 7, assume wj(r):(é’j(r),nj(r)) (i=12,--,n) is or-
thonormal basis of span {Ul (t),U, (1), U, (t)} .
Define the inner product of E,
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((5’77):(5:77)) _ (V2m+ké”V2m+k5)+(vknlvk’7).

To sum up, we get

n

trF (v (7)) Qn (1) = 2 (R (v (1)) Qu () @, (7). (7)),

I
[N

n (5.27)
(R (v (2)a (1), (7)),
And
(Ft (v (7))o, (7). 0 (z’))Ek = —(Aga)j o) ) (5.28)

By using Holder inequality, Young’s inequality and Poincare inequality

(Agmj,a)j)z((g;j—nj,(m(
+9'(U)-§,-+/N4m77,-—877,-],(4“,-,77,-)]

verg | +(|v| ( z)— ﬁg—l)(vzf“*kgj V) (5.29)

+8% (VG Vi )+ (V4 Vg Vi )+ (VE (0 ()¢, ). Vi )

o e R |

2n v vl -calve [

v™u

s)—,ﬁg)v“mgj +82¢,+D-¢

v™u

:g|

where
R )
[2ﬁ+8 Be) 2 2m+c21/12m—C223—g—52—czzj.
Let & =min{y,7,},6 = mm{&lzm*k 52¢), then we get
(R(v(e)o,(s).o;(7)),
=(Ana)< 5(||V”“*k41|| R R L D
S5(||4j|| +IImII )+023||v o

Because of o; (T) = (é’j (T),nj (T))T ,(j =1, 2,---,n) is orthonormal basis,
thus

&, + sl =1 (5.31)

ZN:(Ft (v (7))o, (7). o (r))Ek < —N5+C23j2’:"vk§j "2 . (5.32)

j=1

There exists s = ,and 0<s<1, wehave

2m+k

N 2 N
Z"vkgj || <> (5.33)
=1 j=1
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So
N
trF, (l//(r))-Qn (r)<-N&+C Y A%
j=1

Then assume (U,,u,) € A, A is bounded absorbing set of E,,

w(t)=(u(t),u (t)+eu(t)) e D(A), D(A)={ueH", Auel’(Q)}, let

gy (t)=sup sup [%J.;t”:t(S(Z‘)l/lo)-Qn(z‘)dT)

woeA njeEy
[l

gy =limq, (t).

too

By the inequality (5.34)-(5.36), we can get

N
Gy <-NS+C Y 25,

-1

Thus, the Lyapunov exponent of B, is uniformly bounded, that is

N

s-1

O +0,++0, <-N&+Cp ) A
j=1

So, there existsa s €[0,1), such that
N ) N . _N&
(0,) <=NS+C, Y 47 <Cpuy 47t < ——.
* =1 j=1 7
where 4, is the eigenvalue of 4,and 4, <4, <---< 4, , then

N
Oy < —N5(1—%Z,1;1J < —gNé.

NS =
So
max(qj)+ sl.
1<j<n |qN| 6
. 1 7
Thus, we can get the conclusion d,, (A ) < En,dF (A)< s
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