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1. Introduction

The concept of topology is an important tool that has received considerable at-
tention from many scholars in many fields of applied sciences and other branches
of pure mathematics. Continuity and multifunctions on the other hand, which
are basic notions in the theory of classical point set topology also play a vital role
not only in the field of pure mathematics but also in applied mathematics. In this
regard, several scholars have generalizations the notion of continuity in topolog-
ical spaces using the weaker forms of open and closed sets the semiopen and se-
miclosed sets [1] [2] [3].

The concept of semiopen sets and semi-continuity of function first appeared
in a paper by Levine [1] in the realm of topological spaces and this idea was then
generalized and extended to the frameworks of bitopological spaces by Mahesh-
wari and Prasad [2], and also by Bose [4]. In 1963, Berge [5] introduced the
concepts of upper and lower continuous multifunctions and lately, Whyburn [6]
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also studied the general continuity of multifunctions in the realm of topological
spaces. Smithson [7] and Popa [8] respectively then generalized these notions of
multifunction continuity to the setting of bitopological spaces. In 2000, Popa and
Noiri [9], introduced and studied the concepts of m-structures and M-continuous
function as a function defined between topologies satisfying certain minimal
conditions. They showed that the A-continuous functions have properties similar
to those of continuous functions between topological spaces. With these ideas of
multifunction continuity and AM-continuous functions, Noiri and Popa [10] then
introduced and studied upper and lower M-continuous multifunctions and showed
how these functions have properties similar to those of upper and lower conti-
nuous functions and continuous multifunctions between topological spaces.

In this present paper, we introduce and investigate some basic characteriza-
tions and properties of m-asymmetric semiopen sets, m-asymmetric semiclosed
sets and, upper and lower M-asymmetric semicontinuous multifunctions in the
realm of bitopological spaces satisfying a minimal structure, which is a generali-
zation of results of Noiri and Popa [10] and also Berge [5].

This paper is organized as follows. Section 2 presents some necessary prelim-
inaries concerning semiopen sets, continuity and multifunctions on sets satisfy-
ing certain minimal structures. In Section 3, we investigate and study the con-
cept of m-asymmetric semiopen and semiclosed sets in the realm of bitopological
spaces, a generalition of semiopen and semiclose closed sets in [1] [2] and [4]. Sec-
tion 4 presents and discusses some results of upper and lower A-asymmetric se-
micontinuous multifunctions as a generalized idea of upper and lower upper
M-continuous multifunctions first introduced in [8] and then [10]. Section 5

gives some concluding remarks.

2. Preliminaries and Basic Properties

Throughout the section, we recall some basic notations and properties, which we
refer the reader to ([1] [2] [3] [4] [7] [8] [9] [10] [11]).

By a bitopological space (X - /1‘,‘/;) we mean a nonempty set X on which
are defined two topologies .7/, and ./, , this idea was first introduced by
Kelly ([12]). In the sequel, (X,. s /;) or in short hand X will mean a bitopo-
logical space unless stated. Given a bitopological space (X ,./;./;), iL,j=12;
i # j, the interior and closure of A< X with respect to the topology ./;/=./;
is denoted by Int - (B) and CI /T(A) respectively.

Definition 2.1. Let (X,-/,-‘,- /7), i,j=12; i#j beabitopological space,

Ac X.

(i) A is said to be /-7 -open if 4e./7U. 7 The complement of an S -
opensetisa .,/ -closed set [12].

(i) The ./ /; -interior of A denoted by Int _ (Int - (A)) (or /577 - Int(A))
is the union of all .~/ -open subsets of X contained in A. Clearly, Ais ./ /] -
open provided A= Int (Int - (A)) .

(iii) The ./ /; -closure of A denoted by CI /;(Cl‘ ~ (B)) defined to be the
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intersection of all ..,/ -closed subsets of X containing A. And
cz/,,(cz/; (B))gCl/;(B) and cz/,,(cz/; (B))gCl/; (B).

(iv) A is said to be pairwise open if it is both ../, -openand .,/ -open.

Definition 2.2. Let (X,A Jis /7), i,j=1,2; i# j be abitopological space and
A,Bc X.

(i) Ais called ./ -semiopen in X provided there isa ./ -open subset O
of X such that Oc AcC Clb/; (O), equivalently 4 c CI 7 (Int - (A)) It’s com-
plement is said to be . = -semiclosed [2].

(ii) The .~/ -semiinterior of A denoted by .,/ - sint (A4) is defined as the
union of .~/ -semiopen subsets of X contained in A. The ./ -semiclosure
of A denoted by ../, -sCl (A) , is the intersection of all .~/ -semiclosed sets
of X containing A.

(iii) A is said to be pairwise semiopen if it is both ./, -semiopen and
/5.7, -semiopen [11].

(iv) Bis said tobea ../, -semi-neighbourhood of xe X provided there is
a ../, -semiopen subset Oof Xsuch that xeOc B.

The family of all .7/ -semiopen and ./ -semiclosed subsets of X are
denote by -/7/7SO(X ) and /. /;sC (X ) respectively.

Definition 2.3. [10] A point-to-set correspondence F:X — Y such that for
each xeX, F (x) is a nonempty subset of Yis said to be a multifunction .

Following Berge [5], the upper and lower inverse of G Y with respect to a

multifunction F, are denoted and defined respectively by:
F*(G)={xeX:F(x)cG} and F (G)={xeX:F(x)NG=2}.

Generally, for the lower inverse F~ between Y and the power set .7 (X )
of X, Ff(y)z{xeX:yeF(x)} provided yeY.Clearlyfor GV,
F'(G)zU{F"(y):yeG} and also,

F*(G)=X\F~(Y\G) and F~(G)=X\F"(Y\G)

Forany Ac X, F(4)=JF(x).

xeAd
Definition 2.4. [10] A multifunction F:(X,./;,C) —>(Y,/;,.,/(j), iL,j=12;
i# j issaid tobe

(i) Upper ./~ -semi continuous at a point x, € X provided for any <, -
open subset ¥ Y suchthat F (xo ) c V', thereexistsan ./, -semiopen set
Uin Xwith x, eU suchthat F(U)cV (or UcF*(V)).

(ii) Lower ../, -semi continuous at a point x, € X provided for any <<, -
open set Vin Ysuch that F (xn ) NV #J, there exists a -/ /; -semiopen set U
in Xwith x, eU such that F(z)ﬂV;t@ forall zeU or UgFf(V).

(iii) Upper (resp Lower) .~/ -semi continuous if it is Upper (resp Lower)
-/;-/; -semi continuous at all points of X.

Clearly, F' (V) and F~ (V) are ../, -open in X for any </, -open set
Vin Y. Fis ./ /; -semicontinuous at x, € X provided it is both upper and
lower— ./ "/ -continuous (resp., ./ /; -semicontinuous) at x,. Generally,
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is upper (resp lower)—.//; -semi continuous if the multifunctions induced
F (X, 4)—>(Y,4) and F,:(X,.;)—>(Y,4,) are both upper (resp lower)
semi continuous on X.

Definition 2.5. [10] [13] A subfamily my of a power set .»*(X) of a non-
empty set Xis said to be a minimal structure (briefly m-structure) on X provided
both & and X belongs to my. The pair (X,m, ) is called an m-space and
member of (X,mX) is said to be mx-open.

Definition 2.6. [3] [13] A subset A of Xin an m-space (X,m,) issaid to be

(i) m-semiopen if 4c mCl(mInt(A)) .

(ii) m-semiclosed if mInt(mCl (A)) cA.

Definition 2.7. [10] For a minimal space (X,mx), my is said to have prop-
erty (.~ ) of Maki [3] if the union of any collection of mx-open subsets of X is
also my-open.

Lemma 2.8. [13] For an m-space (.X,m, ), an arbitrary union of
m-semiopen subsets of X'is also m-semiopen.

Lemma 2.9. (c£ [3] [10] [13]) For an m-space (X,m, ) and subsets 4, Band
Fof Xthe properties below holds:

(i) mysCl(X\A)=X\(mysInt(4)) and mysint(X\4)=X\(msCl(4))

(ii) Fis mx-semiclosed if and only if meCl(F) =r.

(iii) A is my-semiopen if and only if mXSInt(A) =4.

(iv) mysCl(D)=D, mysCl(X)=X and msint(D)=0,
mysint(X)=X .

(v)If A< B, then meCl(A) c meCl(B) and meInt(A) c meInt(B)

(vi) meCl(meCl(A)):meCl(A) and
melnt(melnt(A)) =mysint(A).

(vii) AcmysCl(A) and mysint(A)c A.

Lemma 2.10. (c£ [3] [10] [13]) Let (X,mX) be an m-space and Ac X .
Then xem,sCI(A) if and only if for every my-semiopen set U containing x,
ANU 2.

Lemma 2.11. [10] For an m-space (X,mX) and subsets A and F of X, the
following properties are equivalent:

(i) mxhas property .7,

(i) Aem, provided m,Int(A)=4,

(iii) X\F em, provided mXCl(F =F.

Lemma 2.12. ([10]) Let (X,mX) be am m-space with my satisfying property
# and A c X .The properties below holds:

(1) mXInt(A) =A ifandonlyif dem,.

(i) myCl(A)=4 ifandonlyif X\Aem,

(iii) myInt(A)em, and m,CI(A) is myclosed.

3. On m-Asymmetric Semi Open and Closed Sets

This section introduces the notions of m-asymmetric semiopen and semiclosed

sets in the framework of bitopological spaces satisfying certain minimal condi-
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tions.

Definition 3.1, Let (X,A/T,A/j), i,j=1,2; i#j be a botopological space
and mya minimal structure on X determined with respect to m; and m,. Then an
ordered pair ((X ,/T,./?),mx) shall be called a minimal bitopological space
(or my-spaces).

Since in our sense the minimal structure my on X is determined by the left
and right minimal structures m; and m; which are as a generalization of the two
topologies ./ and .., , i,j=12; i#j, we shall denote it by m; and call
the pair ((X ,./;,/;),m,.j) (or (X ,ml.].)) a minimal bitopological space unless
explicitly stated.

Definition 3.2. Let (X N ) , ,j=1,2; i# j be a minimal bitopological
space and A a subset of X. Then A is said to be m;-semiopen in Xif there exists
an my-open set Usuch that U c 4 < Clmj (U ) . It is said to be m;-semiclosed in
Xif there exists a m-open set U such that Clm/ (A) cU whenever AcU.

We shall denote the collection of all m;-semiopen and m;-semiclosed sets in
(X, mij) by mijSO(X) and ml.jsC(X) respectively.

Example 3.3. Let X ={-2,-1,0,1,2}, and the minimal structures zm and m,
be define by m1 —{ { 1},{0},{0,1},{-2,0,1}, } and
m, ={@,{0},{2 },X} respectively. The sets & and {0} are mj-open
sets but {-1} and { .1} are not my-open. Also, {1} is neither m;-open nor
my-closed.

Remark 3.4. Let (X, mij) , 1,j=1,2; i#j be a minimal bitopological
space.

(@) if m,=./7 and m,=./,the any m;semiopen setis ../, -semiopen.

(ii) every my-open (resp. my-closed) set is m;-semiopen (resp. m;-semiclosed),
but the converse is not generally true as our next example illustrates.

Example 3.5. Let us define m; and m, on Xz{—2,—1,0,1,2,3} on X by
m = {@,{—1},{0},{2},)(} and m, = {@,{—2},{—1},{—1,0},)(} respectively.
Then the subset 4={-1,3} of X is mj-semiopen but not mj-open since
{-l}cdc cl,, ({—1}) ,whence A¢m,.

Proposition 3.6. Let (X,ml./.), i,j=1,2; i#j beam m;spaceand Ac X .
Then:

(i) 4emsO(X) ifandonlyif AcCl, (Int, (4)).

(ii) AemysC(X) ifandonlyif Int, (Cl, (4))c 4.

Proof. (i) Suppose A is a m;-semiopen subset of X. By Definition 3.2 we can
always find an m;-open subset Uof Xsuch that U c Ac Clm ( ) Since
Ucnt, (A) and U =Int, (U),wehave

Accl, (V)edl, (i, (4)).

On the other hand, let U = Clm/_ (Intml (A)) , then, referring to Lemma 2.9, we

have

X\U=x\Cl, (i, (4))=Int, (X\Int,, (4))=Int, (CL, (X\4)).

Thus,
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cl, (x\v)=cI, (Intmj (c1,, (x\ A))) = Int,, (Cl, (X\4))=X\U.

Consequently, X \(X\U)e m,.jsO(X) and hence, U e mU.SO(X) . There-
fore, Uc AC Clm_, (U ) . This implies that A is a m;-semiopen set.

(ii) Suppose A is a m;-semiclosed set. By definition 3.2, there is some m,-open
set U such that Clmj (A) cU. Since Clmj (A) c Clmj (U) and U =Int, (U) ,

we have

int, (Cl, (4)) < Int, (4)< A

and also from (i), Clmj (A) c U . This implies that A4 is an m,-semiclosed set. O
Generally, the my-open sets and the m;-semiopen sets are not stable for the
union. Nevertheless, for certain mj-structure, the class of mj;-semiopen sets are
stable under union of sets, like it is demonstrated in the following proposition.
Proposition 3.7. Let (X,mij), i,j=12; i#j be an myspace. Then, for a
collection {Ay iy e F} of subsets of X, the following properties hold:
(i) |J4, em,sO(X) providedforall yel', 4, emsO(X).

yell

(i) ()4, emysC(X) providedforall yel', 4, € m,.jsC(X).

yell

Proof. (i) Suppose that 4, emijSO(X ) for all y eI'. Then, by definition

3.2 and Proposition 3.6, we have

4, <Cl, Int,, (4,)=Cl, Int,, (U ij,

yell

which implies | J 4, ¢ Cl, Int,, [U AJ ,sothat, (J4, emsO(X).

yel yel yel

(ii) It follows from Proposition 3.7 (i) and De-Morgan’s laws. [1

Remark 3.8. It should generally be noted that, the intersection of any two
my-semiopen sets may not be mj-semiopen in a minimal bitopological spaces
(X My ) , as illustrated in the next example.

Example 3.9. Define the minimal structures m; and m; on given set
X ={-3,-2,-1,0,1,2,3} by m ={@,{0},{2},{0,2},X} and
my ={@,{-2}.{0}.{2}.{0,2}, X}. We observer that, {-1,0} and {-1,2} are
my-semiopen sets, i,j=1,2; i# j. But then, {—l,O}ﬂ{—l,2} = {—1} which is
not mj-semiopen, indeed, {-1} £ CI, (Intm, ({—1})) =J.

Definition 3.10. Let X,m[j), i,j=1,2; i#j be an myspace. A subset O
of Xis an my-semineighborhood of a point x € X if there exists an /m;-semiopen
subset Uof Xsuch that xeU cO.

Definition 3.11. Let (X,my.), i,j=12; i#j bean myspaceand Ac X.
Then, the m;-semiinterior and mj;-semiclosure of A are respectively denoted and
defined by:

(@) mysint(4)=\J{U:U c 4 and U e m;s0(X)},
(ii) mUSCl(A):ﬂ{F:AgF and F em,sC X)},

/‘) 5

Remark 3.12. For any bitopological spaces (X -
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i) ./7/750()( ) is a minimal structures of X.

(ii) In the following, we denote by m, (X ) a minimal structure on X a gene-
ralization of ./ and ./, . For Ac X, if my (X) = J?/?SO(X) , then by
Definition 3.11;

(@) mylnt(A)=././.sInt(4),

(b) mij,Cl(A):[/;sCl(A).

Proposition 3.13. For any mj-space (X,mi/.), i,j=12; i#j and subsets
A and B of X, the following mj-semiclosure and m;-semiinterior properties
holds:

(i) mysint(A)c A and mysCl(A)A2 A.

(ii) mysint(A) < mysint(B) and mysCl(A)< m;sC(B) provided A B.

(iii) mi/slnt(g) =4, my.slnt(X) =X, my.sCl(Q) = and
msCl(X)=X .

(iv) A= m”slnt(A) provided Ae m”.sO(X) .

(v) A=mysCI(A4) provided X\AemisO(X).

(vi) my.slnt(my.s]nt(A)) = ml.jslnt(A) and mijsCl(m[jsCl(A)) = ml.jsCl(A)

Proof. (i) and (ii) are obvious by the interior and closure property and using
Proposition 3.6.

(iii) Follows from the interior and closure properties and also part (i) and (ii).

(iv) If 4e m!./.sO(X ) , Definition 3.2 implies that, there exists an m-open
subset Uof Xsuch that Uc AcCl, (U). since, Uc Int, (4) and
U=Int, (U), we obtain following Proposition 3.6 that

Accal, (U)ed, (i, (4)).

Andalso 42CI, (Intmi (A)) .Hence, 4=CI, (Intml (A))
(v) Suppose mg/.SCl(A) = A . Then by Definition 3.11 and Proposition 3.7 we
have

X\A= X\m,.jsCl(A) = ml.jslnt(X\A)

Hence by (i), X\4e m,.jSO(X) .

(vi) follows from (iii) and (iv). O

Proposition 3.14. Let (X,m,.j), i,j=L12; i# j bean mjspace and Ac X .
Then, for each U € mijSO(X) such that xeU , UNA=#J if and only if
x €mysCl (4).

Proof. Suppose that x & m,;sCl (A) . We need to show that for all m,;-semiopen
subset U of X containing x, U A# Q. On the contrary, suppose for some
my-semiopen set Ucontaining x, U1 4= .Then A< X\U and
X\(X\U)emysO(X) and Proposition 3.13 implies
mysCl(A) < mysCI(X\U)=X\U .Since xemsCl(4)c X\U , it follows that
x e U which contradicts our assertion. Consequently, UNA#J .

Conversely, suppose that for every m,;-semiopen subset U of X containing x,
U A+, then we need to show that x e m,.jsCl(A) . Suppose on the contrary,
xX¢ ml./SCl (A) , then there exists an mj-semiclosed subset F of X such that
Ac F . Proposition 3.13 then implies x ¢ ml.jsCl(A) c ml.jsCl(F) =F, so that
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X¢F Since F em,./sC(X), then X\F emy.sO(X) and xe X\F so that,
(X \F)ﬂA =. Setting U=X\F, we obtaining UN4=% which contra-
dicts our assertion that U 4= @ . Hence, xem,sCl(4).0
Proposition 3.15. For a minimal bitopological space (X, my ) , Lj=12;
i#j andany A4 c X, the properties below holds:
(i) mysCl(X\A)=X\(msnt(4)),
(ii) ml.jslnt(X \ A) = X\(ml.jsCl(A)) .
Proof.
(i) Foreach 4 < X we obtain by Definition 3.11 and Proposition 3.13 that,
mysCl(X\A)={X\V: X\V em;sC(X),X\Adc X -V}
={x\V:V em;s0(X).V < 4}
= X\U{V VcAVe mijsO(X)} by De-Morgans Law
=X\ (ml.jslnt(A))
(ii) Let x € mé.fslnt(X\A) . Then, is some neighborhood U, € mUSO(X) of
x for which Uc X\ 4.Because x¢ 4, U A= . Proposition 3.14 then im-
plies that, x ¢ m,.jSCl (A) and as a consequence, x € X\ ml.jsCl (A) . Therefore,

ml./.slnt(X\A) c X\(mijsCl(A))

Convesely, if X \m,;sCI (4) =4, the inclusion is obvious. Suppose
xXe X\mi/sCl(A), then by the complementation property x ¢ mil.sCl(A) im-

plying x & 4. By Proposition 3.14, there exists an m;-semiopen neighborhood
of x, V such that UNA=@ . Thus, V< X\ 4 giving xemsCI(X\A4).

Hence,
X\(m[jslm‘(A)) c mijsCl(X\A). O
Proposition 3.16. For an mj;-space (X, mlj), i,j=L2; i#j and any sub-
set A< X, the properties below are satisfied:
(i) mysCl(A)=Int, (CI, (4))UA.
(ii) m!.].sCl(A) =Int, (Clmi (A)) provided A4e ml./.O(X) . The converse to

this assertion is not necessary true.

Proof.
(i) Since by Proposition 3.6, m;sCl (A) is m;-semiclosed, we have

m,.jsCl(A) 2 Int,, (Clm/_ (ml.jsCl(A))).

Thus, Ini, (Cl,, (4))< mysCI(4).Since A< m,sCI(4),itholds that,
int, (Cl, (4))U A< mysCl(4)U 4 =mysCl(A).

Conversely, let B =1Int, (Clmi (A))UA. We aim to show that B is an m-

semiclosed set. By definition,
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Thus, B= Intml_ (Clm,. (A)) U4 isa my-semiclosed set. Hence,
Int,, (Cl,, (4))U42msCl(4).

Therefore, m,sCl(A4)= Int, (Clm,- (A)) u4.
(ii) Let A be m;-open in X, then by Definition 3.2 and Proposition 3.6,

A=nt,, (Int, (4))< Int,, (CL, (4))
Consequently, by (i),

mysCl(4) = Int, (Cl, (4)). -

Example 3.17. In this example we aim to show that, the converse to part (ii)
of Proposition 3.16 is not necessary true: Define the two minimal structures m;,
and myon X ={-3,-2,-1,0,1,2} by m ={@.{-2,1},X} and
m, 2{@,{—3},{2},)(}. One clearly see that, {—2,1} is only m-open but not
mj-open even thought m,sCl({-2,1}) = Int,, (Clm[ ({—2,1})) .

Remark 3.18. For a bitopological space X"/;'/j) , L,j=12; i#j the
families ././,0 (X) and ml.jSO(X ) are all my-structures of X satisfying prop-
erty 7.

Proposition 3.19. For an mj-space (X,m,-/.), i,j=L2; i#j with mj sa-
tisfying property (.# ) and subsets A and Fof X; the properties below holds:

(i) mysint(A)=A provided 4emsO(X).

(ii) If X\Fem,sO(X),then mysCI(F)=F.

Proof. Suppose that my satisfying property (7 ):

(i) Let A€ m!./.SO(X) , then by Definition 3.11, mi/,slnt(A) € mUSO(X). Hence,
mysint(A)=A.

(ii) If m!.].sCl(F) = I, then Definition 3.11 and Proposition 3.15 gives

X\F =X\mi/.sCl(F) =m!./.slnt(X\F)

Thus, by part (i), we obtain X\ F € ml.jsO(X) .0

Proposition 3.20. For any my-space X,m,.j), i,j=12; i#j with mj sa-
tisfying property .~ andany 4 c X, the properties outlined below holds:

(i) 4= mijslnt(A) if and only if A is m;-semiopen in X.

(i) 4= m[/.sCl(A) ifand onlyif X\ A4 is m;-semiopen in X.

(iti) mysint(A) is mj;semiopen.

(iv) mysCl (A4) is m;-semiclosed.

Proof. (i) and (ii) follows my-closed, my-Interior, the property of .~ and
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also Proposition 3.13 and Proposition 3.19.

(iii) and (iv) follows from (i) and (ii) with the aid of Proposition 3.7, Proposi-
tion 3.13 and Proposition 3.19. O

Proposition 3.21. Let (X, my ) , ,j=L2; i#j bean myspace with my sa-
tisfying the property .~ and let {Ay e F} be an arbitrary collection of sub-
sets of X Then, [ J 4, e ml.jSO(X) provided 4, mijsO(X) forevery y el .

yel
Proof. Suppose that mj satisfies property ./ and 4, € mijSO(X ) for all
7 €. By Definition 3.2, we can find some m-openset U, such that

U cd c Clmj U, forsome yeI'.Consequently,

U (Uy)g U(Ay)g U (Clm,- (U;,)).

yel yel yell

Since Clmj is a monotone operator, | J (Clmj (U/V )) c Clmj (U (Uy )J and

yel yel

U (U y) is m-open as my; satisfies property .7 . As a consequence,
yel

U (Uy) <l (Ay) cd, (U (Uy )J Therefore, | J4, e m;sO(X).0O
yell yel yel yel '

Proposition 3.22. Let ((X,,/i‘,./j) m ), i,j=1,2; i#j be an mjspace

o1y
and A c X .Provided mjsatisfy property .7 , then:
(@) m,sCl(A)=AUnt, (Cl, (4)),and

(ii) mysint(4)=ANCL, (Int, (4)) holds.

Proof. (i) Since my; satisty property .~ , then m,sCl (A) is an my-semiclosed
set. By Definition 3.2 and Proposition 3.6, we obtain that

nt,, (CL, (mysCI(4))) < mysCl(4).
Therefore, Int, (CI, (4))c msCl(4) and it follows that,
AUnt,, (Cl,, (4))cmysCI(4).
On the other hand, we observe that
nt,, (czm,_ (4Um, (1, (A))))
= Int,, (Cl, (4))Ulns,, (czmi (s, (ct,, (A))))
c(ct, (4))Utn, (czmi (r,, (1, (A))))
=Cl,, (4)Unt,, (CL, (4))
=Cl, (4).
Hence, Definition 3.2 and Proposition 3.6 implies,

Int,, (Clm[ (4Umm, (ci, (A)))) c I, (€1, (4)) < AUnt, (Cl, (4)).

and so,
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ni,) (czmi (4Um, (c1, (A)))) < AU, (cl, (4)).
Consequently, 4 Ulntmj (Clmj (A)) is an m;-semiclosed set and so

mysCl(4) < AU Int, (Clmj (A)) . This completes the proof.

(ii) The proof follows from Theorems 3.13 and 3.20. O
If the property .~ of Make is removed in the previous theorem, the equality
does not necessarily hold as show in the example below:

Example 3.23. Defined two minimal structures m, and m;on N as:
m ={@,P({2n-1:neN}),{2},N} and m, ={@,P({2n-1:neN}),{2},N}.
Then the collection of all m;-closed and m;-open subsets of N are:
m,C(N)={@,P({2n-1:n e N}) ,N-{2}.N|
and m,O(N)={@,P({2n-1:neN}),{2},V,N},

where V({2n-1:neN}# Q. Take A={4}.Then msCI(A4)={4},
mi/Cl(A):{Zn:neN} and mijlnt(A)z{Zn:neN}={2}.Further,

AUint,, (CL, (4))={2.4}.
Consequently, m,sO(A4)c AUint,, (Clm‘_ (A))

4. 0n M-Asymmetric Semi Continuous Multifunctions

In this part of our paper, we introduce and investigate some properties of the
notion of upper and lower M asymmetric semi-continuous multifunctions.

Definition 4.1. Let ((X, ey ) (X)) and ((Y,,/l‘,,/;),mij (Y)),

i,j=1,2; i#j be minimal bitopological spaces. We shall call a multifunction

F: ((X 7)o, (X)) ((Y,//,/l), m, (Y)) to be:

(i) Upper m (X) -semi-continuous at some point x, € X provided for any
m; (Y) -open subset V' Y satisfying F(xo ) cV,thereisan m, (X)
-semiopen set Uin Xwith x, eU forwhich F(U)cV (or Uc F*(V)).

(i) Lower m, (X ) -semi-continuous at some point x, € X provided for
each m; (Y ) -open subset V Y satisfying F (xo)ﬂV #, we can find an
m; (Y) -semiopen set U in X with x,eU such that for all zeU ,
F (Z) NV+d.

(iii) Upper (resp Lower) m; (X ) -semi continuous if it is Upper (resp Lower)
m; (X ) -semi continuous at each and every point of X.

Example 4.2. Let us define the two minimal structures m, (X ) and m, (X )
on X ={-2,-1,0,1,2,3} by m(X)={@.{-1},{2}.{-1.2},X} and
5 (X) { ,{ } {2} {—1 2} } Also, let the minimal structure m, (Y) and
my(Y) on Y ={-3,-2,-1,0,1,2,3} be defined by

(Y)={@.{-3}.{ 2 0,1,3} X} and
(Y)={@.{-2},{0},{-2,0},{-2,0,1,3}, X} . Defined a multifunction

3

3

1

3

2
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F ((X, 7, /;),ml.j)—>((Y,/l,/2),mij) by:
{—2,0} x=-1
f(x)=4{-3.13} x=1 (1)
(3,2} x=2

Clearly, Fis upper and lower M-asymmetric semi-continuous.

In this first part of these sections we discuss some characterizations of upper
my-semicontinuous multifunctions.

Theorem 4.3. Let F:((X, v ),mij (X)) ((Y,/J,/l),m,/. (Y)),
i,j=1,2; i#j be a multifunction where, ((Y,//, l),mlj (Y)) satisfies prop-
erty .~ . Fis upper my;semicontinuous at some point x of X if and only if for
every m; (Y) -open set Vin Ywith F(x) cV, xe m,.jslnt(F+ (V)) .

Proof. Let F be upper mj-semicontinuous at a point x of X and V be an
m; (Y) -open set such that F( ) C V. By Definition 4.1, there is some m, (X) -
semiopen set U containing x for which F (U ) c V . Therefore,
xeUcCF"’ (V) . The m, (X) -semiopeness of Uimplies, U =m; (X)slnt(U) .

Because ((Y one ),m (Y )) satisfies property .~ , we have from Definition

NONE
2.3 that, xem, (X)s]nt(F+ (V)) .

Conversely, if V is an m; (Y) -open set in Y with F(x) cV for which
xem (X )slnt(F * (V)), then by definition, there is some m, (X ) -semiopen
set Uin X with xeU satisfying U c F” (V) . This implies, F(U) cV and
so Fis upper my-semicontinuous at a point xof X. O

Theorem 4.4. Provided (( NN ,),mlj. (Y)), i,j=1,2; i#j satisfies prop-
erty .7 , the following properties are equivalent for a multifunction
F: ((X i )em, (X)) ((Y,/j,/l),m (Y)):

(i) Fis upper my-semicontinuous;

(ii) For every m; (Y) -open set V, the set F* (V) is m; (X) -semiopen;

(iii) For every m; (Y)-closed set K; theset F~ (K) is m, (X ) -semiclosed;

(iv) For every m; (X ) -open set, the set inclusion

F(m; (X)sCl(A)) < m, (Y)CI(F(A)) is true;

(v) For any subset Bof Y the set inclusion
m; (X)sCI(F~(B))< F~(m; (Y)CI(B)) holds true;

(vi) For any subset B of Y, the set inclusion
F* (m (Y)Int(B)) < my (X)sint(F*(B)) holds.

Proof. (i) = (ii): let V' be a m, (Y) -open set of Yand xe F" (V) for all
xe X then, F (x) C V' . From the hypothesis, we can find an m; (X ) -semi-open
set Uwith xeU for which F(U)cV . And so, one gets xeU c F* (V) for
every xbelongning to F (V) . Consequently by Proposition 3.6,
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xeUcdl, (m, (U))cct, (m, (F (7))

This implies that F* (V) < my (X)slnt(F+ (V)) By Proposition 3.13, we
have that, F° (V) ) ml.jslnt(F+ (V)) . This gives, F" (V) = mijslnt(F+ (V))
and so, F* (V) is m; (X) semi-open in X.

(i) = (ii): Let K Cm,.jSC(Y). Since Y\K em, (Y)O(Y) then, we have
from F*(Y\K)=X\F~(K), Proposition 3.13 and Proposition 3.19 that,

X\F(K)=F"(Y\K)=m,(X)slnt(F* (Y\K))
=m; (X )shnt(X\F(K))
(5))
X \my (X)sCI(F~(K))=my (X)sInt(X\F (K))
)

= X \m, (X)sCI(F
=m; (X sInt(F+ (Y\K))

—F(Y\K)

=X\F (K)

Hence,
F(K)=m;(X)sCI(F (K)),
implying F~(K) is my (X) -semiclosed.
(iii) = (iv): If A is some subset of X, Definition 3.11 implies,
F*(m; (Y)CI(F (4)))

( KCY:F(A)QKandKem;‘/C(Y)})

U

F
ﬂ{F CX:AgF’(K)andF’(K)emijsC(X)}
N

{L X:AcLand Lem, SC( )}
= m, (X)sC1(4).
Andso, my (Y)CI(F(4))2F(m,(X)sCl(4)).
(iv) = (v): Proposition 3.13 and Proposition 3.20 implies m, (Y ) Cl (B) is

a m (Y) -closed set for if Bis any subset of Y. Proposition 3.13 and (iv) of this
theorem gives:

F~(m; (Y)CI(B))

=F (N{ecr:BcQand QemC(Y)})

=N{F(Q)c X :F (B)c F (Q)and F (Q)emsC(X)}
Qﬂ{RgX:F’(B)gR andRem,.jsC(X)}

=m; (X)sCI(F(B)).

and the implication follows.
(v) = (vi): Using Definition 2.3, m, (Y)Int(B)=Y \m,(Y)CI(Y\B), Propo-
sition 3.13 and (v), it follows for a subset B of Ythat,
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X \my (X)Slnt(F+( ))

my; (X)sCl(X\F*(B))

m; (X)sCI(F~(Y\B))
F~(m;(Y)CI(Y\B))
—F~ (Y\m ) Int(B))

Iﬂ

= X\F*(m, (Y)Int(B)).

Consequently, F* (mij (Y)Int(B)) cmy (X)s[m‘(F+ (B)) .
(vi) = (ii): Since Y\V isa my (Y) -closed set for any m; (Y) -open set V'
n ¥, (vi) and Proposition 3.13 implies;
X\F* (V)2 X\F*( (Y)Int(V))
Y\m Int )

i

X)sCI(F~(Y\V)) by (iv)

U

m;

F

F~(m, Y)Cl Y\V))
(
(

m;

X)sCl(X\F* (7))

X \my (X)sint(F*(V)).

Consequently, we obtain
F (V) F* (m; (Y)Int(V)) < my; (X)sint(F*(V)), implying F*(V) is an
m; (X) -semiopen set in X.

(i) = (i): For any point x€ X and m, (Y) -open set Vin Y such that
F*(x)<V, part (ii) of this theorem implies, F* (V) isa m,(X)-semiopen
setin Xwith xe F* (V). Setting xe F"(V), we have by the F(U)cV and
consequently, by Definition 4.1, Fis upper m;-semicontinuous. O

This second part of the sections gives some characterizations of lower m;-se-
micontinuous multifunctions.

Theorem 4.5. Provided (( , j,/,),mlj (Y)) i,j=1,2; i#j, satisfies prop-
erty .~ , a multifunction F.((X, s ) (X)) ((Y,//,/lg,ml/(Y)) is
lower mj-semicontinuous at x€ X if and only if xemsint|F (V)) for
every 7m; (Y) -open set Vof Ysuch that F(x)ﬂ V+d.

Proof. Suppose F is lower mj-semicontinuous at x, € X . Let V be an
m; (Y) -open set satisfying F(x)ﬂ V#@ for x, € X.By Definition 4.1, there
is an m; (X) -semiopen set U with x, eU such that F(x)ﬂV # for all
x €U . Thus, from Definition 2.3, xeU cC F~ (V) Because U is my (X)
-semiopen, U =m;(X)sint(U) . Since ((Y,(j,/,), m; (Y)) satisfies property

7, we get
xem; (X)slnt(U) cmy (X)slm(F+ (V))

Conversely, suppose Vis an m; (Y) -open set with F(x)ﬂ V # @& . From the
assumption, X €m; (X )slnt(F * (V)) By Definition 2.3 and 4.1, there exists a
m; (X) -semiopen set Oin X containing x such that forall z€ O, F(Z) nr+da.
Clearly, Oc F~ (V) so that, F (O) cV by Definition 2.3. Consequently, F is
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lower mj-semicontinuous at a point x of X. O
Theorem 4.6. If ((Y one ) m,.j(Y)), i,j=1,2; i#j, satisfies property

b _/ b
.7, then the following properties are equivalent for a multifunction

F: ((X o 77)m, (X)) ((Y,/j,/l),mlj (Y)):

(i) Fis lower m;-semicontinuous;

(ii) For any m, (Y)-open set Vin ¥, the set F~ (V) is m;(X)-semiopen
in X

(iii) For any m; (Y)-closed set K'in Y; the set F*(K) is mj;(X)-semiclosed
in X

(iv)Given any subset Bof ¥, m, (X)SCI(F+ (B)) cF* (my (Y) CI(B));

(v) Given any every A e m, (X), F(m(./.sCl(A)) c CI(F(A)) :

(vi) Given any subset B €Y , the inclusion
F~(my (Y)Int(B)) < m, (X)snt(F(B)) holds true.

Proof. (i) = (ii): let Vbea m, (Y) -open set of Ysuch that F~ (x)ﬂV %
for a point * € X _ By the hypothesis, we can find an m; (X) -semiopen set O
with x€ O such that forany z€O, F(z)ﬂ V =@ holds. Since Ois m; (X)
-semiopen, O =m, (X )sint(U). Because ((Y,(J,/ ) m; (Y)) satisfies property
7, we then obtain;

X Emy; (X)s[nt(U) cmy (X)s[nt(F’ (V)),
implies F~ (V)< m; (X)slnt(F"(V)). By Proposition 3.13,
F~(V)2mysint(F~(V)) andso, F~(V) is m;(X) semiopen.

(i) = (iii): If Kis any m, (Y)-closedset in ¥ then, Y -K em,(Y)O(Y).
Thus,

X\F*(K)=F (Y\K)=m, (X)shnt(F (Y\K))
=m; (X)shnt(X\F* (K))
=X \m, (X)sCI(F" (K)).

Which shows that, F*(K)=m, (X)sCI(F*(K)) implying F'(K) is
m; (X ) -semiclosed.

(iii) = (iv): By Proposition 3.13 and Proposition 3.20, m, (Y)CI(B) is
m; (Y ) -closed in Yfor any subset B of Y. From (iii), we obtain that

m, (X)sCI(F* (B))
=({F*(K)c X:F"(B)c F*(K)and F*(K)emsC(X)}
c F*(N{KcY:B<K and K em,C(Y)})
=F*(m,(v)Cl(B))

Thus, m, (X)sCI(F*(B))c F*(m,(Y)CI(B)).
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(iv) = (v):For A< X we have for (iv) that,
F (ml.j (Y)CZ(F(A)))
=F (K <Y:F(4)cK and K e m,C(Y)})
=ﬂ{F+(K)gX:AgF (K)and F* (K )em(,SC(X)}
Qﬂ{DgX:AgD and D e m,sC(X )}
=m, (X)sCI(A).
Consequently, F(m,.j. (X)SCI(A)) cm; (Y) CZ(F(A)).
(v) = (vi): Because ml./.(Y)Int(B)=Y\mij (Y)CI(Y\B) for aset BcY,
Proposition 3.13 and part (v), then implies:
F~(m, (Y)Int(B))=F (Y\m, (Y)CI(Y\B))
= X\F*(m; (Y)Cl(Y\B))
< X \my (X)sCI(F*(Y\B))
= X \m; (X)sCI(X\F~(B))
=m,; (X)sint(F~(B)).
Consequently, F* (mi]. (Y)Int(B)) cmy; (X)s[nt<F+ (B)) .
(vi) = (i): From (vi), we obtain for x€ X and m; (Y) -open set Vin YV
satisfying F*(x)\V =@ that,
xe F(V)=F (m,(Y)Int(V)) < m (X)shnt(F~ (V).
Thus, there isan m;; (X ) -semiopen set Owith x €O for which
F*(z2)(\V #@ forall zeO. This implies F~ (V) is m,(X)-semiopen and
so, Fis a lower my-semicontinuous multifunction. OJ

Lemma 4.7. For a minimal bitopological space ((X 7, /) U(X)) ,

IS TN

i,j=1,2; i+# j,and for a subset A of X, the properties below holds:

G C1, (I, (4)) i, (int,, (mysCI(4))) < mysCI(4).

(ii) mysint(A)c Int,, (Clm, (ml.js]nt(A))) c Int,, (Clmi (A)) .

Proof. (i) For Ac X, Proposition 3.13, m!./.SCl(A) is an my-semiclosed set.
Hence from Proposition 3.6, we have

ct, (I, (4))c ci, (i, (msCi(4))) < m,sCI(4).
(ii) Similarly, by Proposition 3.13, m,.jslnt(A) is an m;-semiopen set and by
Proposition 3.6, we have
mysint(A) < Int,, (Cl,n, (mijslnt(A))) c Int,, (Clm,. (A)) m|
The concepts of Theorem 4.4 and 4.6 and, Lemma 4.7, leads us the theorem

that follows:
Theorem 4.8. For a multifunction

F (X, 77)smy (X)) > (7,456 )my (), 60j =125 i# ) with

((Y , K j,(l.),m[/ (Y )) satisfying property .7, the statements below are equiva-
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lent:

(i) Fis lower m; semicontinuous;
(i) F~ (V) c Clmj (Intm_ (F_ (V))) for any m; (Y) -open set Vin ¥,
(iii) Int,, (Clm, (F (K ))) ( ) forany m; ( ) -closed set Kin Y,

(iv) For Ae X, F(Int L, )) s (Y)CI(F(4));
) Int, (Clmi ( (B ))) cF~ ( (Y)CI(B)) for any subset Bof ¥;

(vi) F~ (ml.j (Y)Int(B)) cdi, (Intm/_ (F’ (B))) for any subset Bof Y.
Proof. (i) = (ii): From Theorem 4.6 and Proposition 3.6, we obtain
xem; (X)s]nt(U) cmy; (X)s]nt(F’ (V))

Consequently, F~(V)c ct,, ([ntm[ (F' (V))) .
(i) = (ii): If Kisa m, (Y) -closed subset in Y, then by Theorem 4.4 and

Proposition 3.6,

X\F(K)=F"(Y\K) S my(X)sht(F* (Y\K))
=mi/.(X)sInt(X\F (K))
=X\m; (X )SCZ( (K))

Consequently, F~(K)2Cl, (Int ( ))
(iii) = (iv): By Theorem 4.4 and Lemma 4.7, we obtain for a subset A of X

that,

int, (Cl, (4))< m,; (X)sCl(4)c F~(Cl, (F(4))).

This shows that, F(Int, (Cl,, (4))) < Cl,, (F(4)).
(iv) = (v): From (iv) and Proposition 3.13, we obtain forany Bc Y that,

F~(m; (Y)CI(B))

F(N{k<Y:BcK and K em,C(Y)})

ﬂ{ ( )CX:F’(B)QF’( )andF’(K)emijsC(X)}
ﬂ{QcX F (B )gQandQeml.jsC(X)}

:m,./.( )SCI(F’(B)).

By Proposition 3.6, Int,, (Clm[/ (F_ (B))) cF ( ,(Y)Cl(B ))
(v) = (vi): From Proposition 3.13 and (v), one obtain

F~(m, (Y)Int(B))=F (Y\m, (Y)CI(Y\B))
= X\F* (m;(Y)CI(Y\B))
gX\mi/( )SCI(F+ (Y\B))

U

= X \m; (X)sCI(X\F(B))
=m; (X)s]nt(F' (B))

Thus, F~(m, (Y)int(B)) < Cl,, (Int, (F~(B)))-
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(vi) = (i): Foran m; (Y) -open set Vin Y'we obtain from (vi) and Proposi-
tion 3.13 that,

F-(V)=F (m (Y)me(v)) < Cl,, (1, (F~ (7))

As such, F~ (V) is m, (X) -semiopen in X and by (ii), Fis lower m,;-semi-

continuous. [

5. Conclusion

In the first part of this paper, we have investigated and then generalized Maki
[3], Prasad [2] and Bose [4] extensions of the weak forms of sets: the semiopen
sets, to asymmetric topologies with sets satisfying certain minimal conditions. In
the second part of our work, we have to use Noiri and Popa’s [10] ideas to suc-
cessfully introduce and investigate several fundamental properties of upper and
lower M-asymmetric semicontinuous multifunctions defined between sets satis-
fying some minimal conditions in the realm of bitopological spaces. We have
observed that the M-asymmetric semicontinuous multifunctions have properties
similar to those of upper and lower continuous functions and AM-continuous
multifunctions between topological spaces, with the only difference that, the se-

miopen sets use in our results belonging to two topologies.
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