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Abstract

In this study, a distributed optimal control problem for n x n cooperative
hyperbolic systems with infinite order operators and Dirichlet conditions are
considered. The existence and uniqueness of the state of these systems are
proved. The necessary and sufficient conditions for optimality of distributed
control with constraints are found, and the set of equations and inequalities
that defining the optimal control of these systems is also obtained. Finally,
some examples for the control problem without constraints are given.
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1. Introduction

The earliest theory of optimal control was introduced by Lions [1].

Majority of the research in this field has focused on discussing the optimal
control problem by using several operator types (such as elliptic, parabolic, or
hyperbolic operators) [2] [3] [4].

The discussion was extended to systems involving different types of operators
(such as infinite order [5]-[11] or infinite number of variables [12] [13] [14]).

In [3] [15] [16] [17], the studies continued to develop using different types of
systems (cooperative or non-cooperative).

Based on the theories proposed by Lions [1] and Dubinskii [18] [19] [20], the
distributed control problem with Dirichlet conditions for 2 x 2 non-cooperative
hyperbolic systems involving infinite order operators was discussed in a previous

study [17]; in this study, we extend this problem to n X 1 cooperative hyperbolic

DOI: 10.4236/apm.2020.1012045 Dec.

23,2020 728 Advances in Pure Mathematics


https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2020.1012045
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0000-0002-5127-7822
https://doi.org/10.4236/apm.2020.1012045
http://creativecommons.org/licenses/by/4.0/

A. H. Qamlo

systems.

The system can be defined as

62 0 a a n -
P +z‘a‘:0(—1)‘ 'a, DYy, =2 %Y+ inQ
y; >0, [x| >

1
D”y; =0 on £ for|w|=012,, |0/ <a-1i=12-,n @

yi(x’o):yi,o(x)’ 2l (ai('O):yi,l(X)’ xeQ
with y, € 2(Q). %GB(Q).

Where
a; >0 for all i# j. (This implies that the system (1) is cooperative), (2)

a; =a; for all 1<i,j<n, (3)

and Q=Qx ]O,T[ with boundary X = FX]O,T[.

This paper is constituted of four sections. Section 1 presents the Sobolev spac-
es of infinite order, which we refer to later in the paper. In section 2, the state of
n x n cooperative system with Dirichlet conditions is studied. In Section 3, the
formulation of the distributed control with constraints is introduced. Finally,

Section 4 presents some examples for the control problem without constraints.

2. Necessary Spaces: [18] [19] [20]

The Sobolev spaces of infinite order operators, which are used in this study, have
already been presented in Reference [17].
We will list them briefly below:

< HY(Q)=H"{a,.2(0) = v () =C" (2): X 2,

o 2
D V/"z SOO} ’
* The conjugate space of H”(Q) is defined as,
< HT(Q)=H ™ (a,,2}(Q) = {9(x):8(x) = X 8,04, (x)]

where 9, e L*(Q) and Z;‘:Oaa D*9,

Then we have the following chains:

2
<o,
2

* H(Q)cP(Q)cH™(Q),
“Hy (Q) < P (Q) = Hy" (),

Hy' (Q)=H {a,.2}(Q)

-y (e (@)l = X2,

* 2 (Q) =1’ (O,T, L’ (Q)) is a Hilbert space of measurable functions
t—>w(t), te]0,T[, that map an interval (0, 7) in to the space L*(Q), such

where 2
|2 <», D%

D%y

:0,|co|£a}.
T

L
thats ],z q, = ([ (O] ot <0, and
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(£,9) =[5 (F(1),9()2 0

* In a similar manner as that of L*(Q), we obtain the constructed space
L (O,T, Hy (Q)) =2 (H{f (Q)) , and the following chains:

* U(H7 (Q)) =P (Q) =’ (H,"(Q),
(@) (U @) < (L (H @)

Finally,
Cw(01)={ 1< (5 (@) e (57 (@)
with the norm:
df [ "
2
”f (t)”Wo(O,T) = [I(o,T)"f (t)||H8°(Q) dt+~[(0vT) E He™ () dt]

which is also a Hilbert space.

3. State of the System

We study the following cooperative hyperbolic systems with Dirichlet condi-

tions:

2

0 1 .
_zyi+Ayi=Zaijyj+fi in Q
ot -1

Y, >0, [x| >

(4)
D”y; =0 onX for|w[=012,|0|<a-1i=12.,n
oy; (x,0
0 060)= 0 (), 2Oy (), xen
. 2 0 8yi
with y, L’ (Hg' (Q)), —ek(Q)
We have the operators Ae E(( L? (Hg’ (Q)))n ,(L2 (HO'“’ (Q)))nj
such that
AT = (Y0 Yo Y ) = (A1 AY, oo AY,)
i (Z (-1)"a,D* ) (1) 2,0 s 2 (1) aaDz“ynJ,
a|=0 o|=0 o|=0
it is easy to write A as a matrix take the form:
> (18,0 0
o]0 Y1
I 2|
0 i (_1)“"‘ aaDZa Yn
L Jerl=0 Jnxn
DOI: 10.4236/apm.2020.1012045 730 Advances in Pure Mathematics
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Le.
Ay, = Z;‘:O(_l)\a\aaDZa y,, i=12,---,n (5)

Let Mbe (nxn) square coefficients matrix such that
M(Vz(yl’y2"”lyn)):(Zlaijyj'Zlazjyjl”'!zlanjyj]
i- = [E

:(ailyl+'“+a1nyn’a21y1+“'+a2nyn'anly1+“'+annyn)

ie. My = Z';:laijyj, i=12---.n
Let S=A-M,so that Srepresents (Nxn) square matrix takes the form

‘; (_1)‘04 aaDza _all a12 a:l.n
a|=0
Ay Z (_1)‘0(‘ a, D* - Ay &n
S= |of=0
ay a,, HZ (_1)‘04 a, D2a — a5
L =0 dnxn

Therefore, Sy, = Z;‘:o(_l)‘a‘ a,D*y — z?:1aij yj,i=12,-n
Hence, we can rewrite the first equation in system (4) as follows:
2

0 .
ﬁyi +Sy, =1 inQ

Definition 1:
The bilinear form ﬂ(t, y, q?) is defined on (L2 (Hg° (Q

#(05.8)=(58) g T=0)0 # =)= (1 (H5 (@)

where S maps (L2 (Hg0 (Q)))n onto (Lz( H,” (Q)))n , so that

(45.8)=2(s Vit )0
¢
JLZ(Q)

i=1

n(t,w?) = Zn:[i (_1)‘(1‘ a,D*y, —éaﬁyi,

i=1 ‘a‘:O

)))n as follows:

(6)
= Zn:J'Q i a,D”y,D*gdxdt — ZI Zauy ¢,dxdt.
i1 o]0 )
Lemma 1:
There exists a constant C,C, € R, such that:
,Y,y)+ 2 e : .1 C,C >0, 7
”( y y) Cl||y"(|_z(Q)) ”y"(Lz(HSO(Q))) 1 7)

that is, (6) is coercive on (L2 (H[‘f (Q)))n )
Proof:
We have:

z(tY.4)= zn:jozoa D“y,D” g dxdt — Zf Za”y ¢,dxdt.

i=1 o i=1 j=1
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Thus,

T(LF.9) = 20 [ 3o [Dow [ axdt =37 [y |yi[” deat
=20 Jo @yt
then we deduce
(6. Y)+ X [ 2] dedt+ 30 T2,y dxdt

= Zinzl .[Q Z\Z\:o a,

D%y, ’ dxdt,

then,

— 2 2
(LY, y)+cllly||(L2(Q))n Zuy"(g(Hg(Q)))" , €,>0

which proves the coerciveness condition on (L2 (Hg’ (Q)))n .

Lemma 2:

If (2), (3) and (7) are hold, then 3! ¥ =(y;)’, € (Lz (Hy (Q)))” for system
(), for f, =f (xt)el’(Q).

Proof:

Let 7 =(y;) , = L(#) bea continuous linear form defined on
(C(Hs (@) by
v =(w)i, (2 (H(Q))
L(7)= X0, fwncht+ [y (x.0)x] ®)

where f, eLl*(Q),y,, €*(Q) and y,, e *(Q).
Then, by the Lax-Milgram lemma,
3 ye(L2(H7(Q)))" such that
_ 62 — _ n - n
L) =2z (ov) + 2t 7.9). v7 =) (U (H Q) ©
Now, let us multiply system (4) by v/, and then integrate it over Q

ZI [6’[2 y, + Ayijy/idxdt—;.[Q a, y,w;dxdt = ;_[Q f.y,dxdt.

By using Green's formula:

Z I o VZ/' yIdth+J i a,D”y, Dal//idth_Zn:j Ch Yj‘//idth
Q 8’[ Qa:O =1 Q
y; (x,0) n

+IQT (X 0)dx— j l//|d2} ;IQ .I:il//idxdt

from (6), (8) and (9) we have

i{jﬁw% (x,o)dx—jzsvy—;y/idz} = Zn:J'Q Yia (X)w; (x,0)dx.

i=1 i=1

Then, we deduce that

DOI: 10.4236/apm.2020.1012045
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D”y, =0 on £ for |0|=0,1,2,3,,|0|<a-1i=123,n

oy; (x,0)

P Yir(X), xeQ,

Thus, the proof is complete.

4. Control Problem with Constraints

The space U = (L2 (Q))n is the space of controls U = ( i )In
The state of the system ¥ (TT) = ( ( ( “(Q) )n is determined by

the solution of
0° n .
a?yi (T)+ Ay, (T1) = j§:laij y;+ fi+u inQ,

y; >0, || >,

(10)
D”y; =0 on £ for [0|=0,1,2,3,|0|<a-1i=123n
(%, 0,T
Yi (X'O'U) =VYio (X)’ % = yi,l(x)’ XeQ,
. 2 © ayi
with y, e *(H7'(Q)), —el(Q).
The observation function is given by
2(0) = (z (@), = (% @), =¥(T)-
The cost function J(U) is given by
L _ 2 3 2
J(u)zéuyi (u)_zid ||L2(Q)+M§"ui"|_z(o) (11)

where 7, =(z, ) (L2 (Q))n and M > 0 is a constant.

Then, the control problem is to minimize Jover U, which is a closed con-
vex subset of U = (L2 (Q))n .

Le. to determine U such that

J(@)=inf J(V), V=(v) -

veUyy

Based on the above data and previous results, we have the following theorem:

Theorem 1:
Assuming that (7),(10) and (11) hold, 3! the optimal control T = (u, )::1 eU,,
such that: J(T)<J(V), ¥V =(v)", €U,,,and it is determined by:
o%p, (T :
2 (@) Sy, - (@)-2, 0
D”p,(T7)=0 on X for|a)| 012 |o|<a-1i=12n (12)
op; (x,0,
p; (x,0,T)=0, %:o, XeQ

with y,, p, € *(Hy(Q)), é;’ 8;' eL,(Q)
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and
.2:1:( p, (T)+Mu,,v; —u, )LZ(Q) 20, W=(v), €U, (13)
where p, (1) is the adjoint state.
Proof:
Asin [1], T=(y, )n:1 eU,, isdetermined by:
> 3@ )20, W =(w)], Uy,
Le.
;(Yi (U)-24.%: (V) (U)) +ZM( —U;)2 2(q) 20
which is equivalent to:
S (% (T)-24.% (V) -, G dt+> M (u,v, Vo) 20 (14)
i=1 i=1
Now, let us define a hyperbolic infinite order operator B as follows:
o _ 2%y () N _ ]
5y (0)= 8y, (1) = 2 ay, (0)- Ty, o= (u ), U
-1
. [ — T — Zyi (U) - n
Since, (P,BY)z(q = fo p, (T), Fea Ay (T) =203y, dt , from
(@)
(3), we obtain
o (6% p; (U) _
(p’By)LZ(Q) :.[0 o + Ap; (T) - Zaup; yi (T) dt
(@)
=(B'PY) o
N . _ o*p (T _ n :
then B'B(T)=B"(p, (u)):[ gtz( )+ g (0)-Y" 3, pjj,. =121
Now, let us set the following notation:
sp(u)=s; ( Pi (U)) = Ap, (U)_Z?:laij Py, 1=12,--n.
According to the form of the adjoint equation in [1]:
ap(a) . _
#+Si p(T)=y(T)-2z,
ot
and by Lemma 2,
3! Solution p; (1) e L*(Q) for (12).
Now, we transform (14) as follows:
we multiply (12) by (y;(V)-;(U)) and integrating between 0, 7; then we
obtain:
T _ _
_[0 (Yi (U)_ Zig» Yi (V)_ Yi (U ))Lz(g) dt
([ 8 R - _
=l || zz+ AP (@)= 2apy (v (V) -y ()| dt
ot = 2
(@)
DOI: 10.4236/apm.2020.1012045 734 Advances in Pure Mathematics
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hence (14) becomes

iﬂ(pi(ﬁ)'vi_ui) dt+ZM( Vi~ i)LZ(Q)ZO' VV:(Vi)LleUad,

n
i=1

ie le_[ P, (T)+Mu,.,v, —u;) (Q)dtzo,VV:(Vi)
Thus, the proof is complete.

eU, .

5. Control Problem without Constraints

1) The case if U, (L2 (Q))n Le. (there are no constraints on the control
u ), then (13) takes the form p ( )+ N;u; =0,x e Q, hence

u =-N"p (T). (15)

Example 1:
Let us consider n=2 in (1), also (2) and (3) are satisfied, the space (L2 (Q))2
is the space of controls U =(U,,u,) and the state

y(u)=(y,(u),y,(u))e (L2 (H[,’0 (Q)))2 is determined by:

62215 )+Ay1( )+ N, (T) = &,y (T)+ay,Y, (T)+ f, inQ,
62>;2tz( )+Ayz( T)+ N, p, (T)=a,y, (T)+a,y,(T)+f, inQ,

Vi, ¥, >0, || >,

(16)
Y, (7)), =0, v, (), =0,
0,0
yl(x,O;LT)=y0,1(X),63/1(2t u)—yll(x), xeQ,
yz(x,O,U):yoz(x),ayz(géoﬂ)—ylz(x), XeQ
_ _. oy, () oy, (U
Y (T), Y, (7). ai ) ;E ) L*(Q)
o%p, (T
;SU)+AP1( )=y, P, (U)—a,p, (T) =, (U)-24 inQ,
o’p, (T _
gtz( )+ pz(u) a21p1( ) azzpz( ) yz( ) Z3, INQ
p.(T), =0, p,(T)], =0, (17)
(X, T,0)=0, apl(;t’Tu)_o, xeQ,
p, (X, T,U)=0 al02(;’“):0 xeQ
o, (T) oy, (W) op.(0) ap, (U) .,
Y1, Yo, a | ot EL(Q)) Prr Py, a | at EL(Q)’
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U ==N;'p (T),u, ==N;'p, (T), VT =(u,u,)eU,, (18)
together with (16), where p(T)=(p,(T), p,(T)) is the adjoint state.
2) The case if there are no constraints on u,,
ie Uy = {U:u1 arbitrary in L* (Q),u, 20 ae.in Q,i= 2,-~,n} , (19
hence, (13) takes the following form:
P, (T)+ Ny, =0,
P (T)+Nu, >0,u, >0 ae i=2;--,n, (20)
U (P () + Ny ) =0, i=2,--,n.
Example 2:
If we take n=2,
then U, = {U/u1 arbitrary in L*(Q),u, >0 ae.in Q} . (21)
So, (13) is equivalent to
p,(T)+Nu, =0,
P, (T)+N,u, >0,u, >0 a.e, (22)
u, (p, (T)+N,u, ) =0.
so, the optimal control is determined by:

o%y, ()

w2 T AN ()= any: (T) - apy, (W) +Npy (1) = f, InQ,
T py (0) -, (0) -3, () 1,20 inQ,
azgiz( ) Ap, (T)—ay, Py (T) -2, p, (T) = v, (T) - 24, INQ,
0P (T) | po, () By (1) 3Py (T) = v, () 245 INQ,

_ oy, (X, 0;u
Y, (%,0;0) = Yo, (), 1(& =Y. (X), xeQ,

_ oy, (X,0;U
Y, (% 0;0) =y, (x), Z(at =¥,(X), xeQ,

_ _ (23)
p(XT,0)=p,(x,T,T)=0, xeQ,
op, (x,TT)  ap, (x, U)_O, (O

ot ot
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Further

u, = Nl_lpl(lT)7

62y2 (U) (24)

U, = T"' Ay, (U)_aZIyl ("T)_ 82Y, (U)_ fo-

6. Conclusion

In this paper, we have some important results. First of all we proved the exis-
tence and uniqueness of the state for system (4), which is (2 x 2) cooperative
hyperbolic systems involving infinite order operators (Lemma 2). Then we
found the necessary and sufficient conditions of optimality for system (10), that
give the characterization of optimal control (Theorem 1).

Finally, we derived the necessary and sufficient conditions of optimality for
some cases without control constraints.

Also it is evident that by modifying:
e the nature of the control (distributed, boundary),
o the nature of the observation (distributed, boundary),
o the initial differential system,
o the type of equation (elliptic, parabolic and hyperbolic),
e the type of system (non-cooperative, cooperative),
o the order of equation, many of variations on the above problem are possible

to study with the help of Lions formalism.
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