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1. Introduction and Main Results
Consider the Navier boundary value problem involving the polyharmonic:

—(A)pu:/lf(x,u), XxeQ,

) (1.1)
u=Au=---=(A)""u=0, xeoQ.

where peZ' = {1, 2,3,---} , Q is an open bounded domain in R" (N >2p+1)
with smooth boundary 6Q, f (X,t) is continuous on QxR . We look for the

weak solutions of (1.1) which are the same as the critical points of the functional
I,:H) (Q) >R defined by

(W)=l - 2], F (xu)ax (1.2)
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where F(x,t)= L; f(x,s)ds, and

H;’(Q)::{UEHP(Q):A‘U:Oif XGGQ,fori<g}

is denoted by E, and its dual spaces by E;.The Hilbert space E, is equipped
with the standard scalar product and norm, respectively, given by:

(uv)= Jo(au)(atvjox, if p=21,
| (vatu)(vatv)ax, if p=2i+l

and

Jul= (u,u)

I, isof C' with derivatives given by

(I’. (u),v>:(u,v)—/1_[Q f(x,u)vdx, uveE,.

A

Motivated by the fact that such kinds of problems (1.1) are often used to de-
scribe an important class of physical problems, many authors have widely de-
veloped various methods and techniques, such as variational method, critical
point theory, lower and upper solutions, and Brower degree for looking for mul-
tiple solutions of elliptic equations involving biharmonic, p-biharmonic and po-
lyharmonic type operators (see, for example [1]-[8] and the references therein).
In [1], the author considered the existence of positive solutions in semilinear
critical problems for polyharmonic operators and proved the existence result in
some general domain under the appropriate assumptions by topological me-
thods. In [2], by variational methods, they obtain the existence of multiple weak
solutions for a class of elliptic Navier boundary problems involving the
p-biharmonic operator. By using Nehari manifold, Y.Y. Shang and L. Wang [3]
considered (1.1) with critical growth and sublinear perturbation and obtained
the existence of multiple nontrivial solutions. Moreover in [3], a concrete exam-
ple of application of such mathematical model to describe a physical phenome-
non is also pointed out. By three critical points theorem obtained by B. Ricceri,
Li and Tang [4] have obtained the existence of at least three weak solutions for a
class of Navier boundary value problem involving the p-biharmonic. In [5],
combining the mountain pass theorem together with fountain theorem and with
local linking theorem and symmetric mountain pass theorem, Li and Tang es-
tablish the existence of at least one solution and infinitely many solutions for a
class of p(x)-biharmonic equations with Navier boundary condition, respectively.
By using critical point theory, the authors [6] establish the existence of infinitely
many weak solutions for a class of elliptic Navier boundary value problems de-
pending on two parameters and involving the p-biharmonic operator. In [7], a
Navier boundary value problem is treated where the left-hand side of the equa-
tion involves an operator that is more general than the p-biharmonic. Further,
by using the abstract and technical approach developed in [8] [9] [10] the au-

thors are interested in looking for the existence of infinitely many weak solutions
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of perturbed p-biharmonic equations. For more results about (1.1) and its va-
riants, we refer the interested readers to [11]-[16] and the references therein.

The aim of the manuscript is to consider the problem in a different case: based
on the mountain pass theorem; we show that the Navier boundary value prob-
lem has at least a weak nontrivial solution for all 2 >0. We now assume the
nonlinearity f(X,t) satisfies the following conditions.

(F)) There exist constants « >0, >0 such that

2N
tf (x,t)-2F (x,t) 2 | f (x,t)[V+2e forall xeQ, V[t|> 4.

(F,)
_f(xt) )
lim — =0 uniformly a.e. xeQ.
t|>o0 |t|p -1
where p’ = is the Sobolev critical exponent.
N-2p
(Fs)
_f(xt) )
lim—; =0 uniformly ae. xeQ.
t-0 2Pt
(F,)
F(xt) )
m = = +oo uniformly a.e. xe Q.

The main theorem of this paper reads as follows.

Theorem 1. Suppose that (F,)-(F,) hold. Then Equation (1.1) has a weak non-
trivial solution, forall 1>0.

This paper is organized as follows. In Section 2, we give the proof of the
Theorem 1. In the sequel, the letter Cor C;(i=0,1,2,3,--) will be used to de-

note various positive constants whose exact value is irrelevant.

2. Proof of Theorem 1

Proof of Theorem 1. We will divide the proof of the theorem in three steps.

First step: the (P.S.) condition. We only prove Theorem 1 by taking A =1.
The case of a general A>0 will follow immediately. In fact, if 21>0 and
A#1,weonlylet g(xt)=Af(xt).Then (1.1) becomes

{—(A)pu:g(x,u), xeQ,

u=Au=--=(A)"u=0, xedQ,

The nonlinear term g also satisfies condition (F,)-(F,), then the same conclu-
sion as in the case 4 =1 holds. We denote 7, as /for convenience.
Let {u,} beanysequencein E, suchthat I(u,) isbounded and "I "(u,)

converges to zero, that is,

1(u,)>C, |V'(u,)|—>0.

Applying the Riesz-Fréchet representation theorem, there is v, €E, such
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that
(1'(u,).4)=(v,.0), Vg E,, and |I'(u, )] =[v..
Thus, we obtain
(U, Vo, 8) = F(xu,)gdx, Vg eE,. (2.1)
In (2.1), taking ¢ =u, —V, , we obtain
Juy =il = £ (xu,)(u, =V, )dx.
From Holder’s inequality, we get:
lu, —vn||% £C1J'Q| f(x, un)%dx. (2.2)
On the other hand, since
jg(un f(x,u,)=2F (x,u,))dx =21 (u,) (1" (4, ). u, ). (2.3)
then (F,) together with 21 (u,)—(1"(u,),u,) < C, (|u, +1), we have
2N
Q|f(x,un)de
<Cyf (u, f(%u,)—2F (x,u,))dx
=21 (u,)—(1"(u,).u,) (2.4)
<C

N
< C (flu, ||+ 1)N-2e.

Since "I "(uy)

= ||Vn || is bounded and 2N >1, by (2.2) and (2.4), we con-
N+2p

clude that ||un|| is bounded.
By (F,), forany &>0 thereexists a(&)>0 such that

|f(x,t)

Since {un} is bounded in E, and f(X,t) is continuous on QxR, then

N
N+2p £8|t|rm+a(8) forteR,xeQ. (2.5)

there exists a subsequence of {un}, still denoted by {un} and ueE, such
that

_[Qf(x,un)dxaj‘gf(x,u)dx. (2.6)

Moreover thereisan M >0 such that
[t (xt)<M, forall (x,t)eQxR. (2.7)
Combining (2.6) and (2.7) with the Egorov theorem, there exists Q, cQ

such that |Q\Q£|<% and |f(xu,)-f(xu) converge to 0, and
a(e

()

further

2N
N+2p dx — 0. (2.8)

J‘Q£|f(x,un)—f(x,u)
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Also, since {un} isbounded in E, we derive that
2N 2N
_fﬂ(|un|N2p +|u|N2pjdx£C4. (2.9)

On one hand, we have

J.Q\Qg
2N

< 2 N+2p J‘

- Q\Q,

Combining (2.5) and (2.9) with the fact |Q\Q,

2N
N+2p x

f(xu,)-f(xu)

N
N+2p +|f(x,u)

f(xu,)

2N
N+2p dx |.

, one has

<

£
a(e)
N

'[Q\Qg|f(x,un)—f(x,u)N+29 dx <C.e. (2.10)

By (2.8), there exists an integer N (&) such thatfor n>N(&) we have

2N
IQ f(x,u,)—f(xu)N2pdx<e. (2.11)
Taking account of (2.10), for n> N (8) , we have

J'Q|f(x,un)— f(x,u)

This proves that u, >u in E,.

&

2N
N+2p dx < (Cy +1) e (2.12)

Second step: mountain-pass geometric structure.
I has a mountain pass geometry; Le., there exists u eE, and constants
r,p>0 suchthat | (Ul) < 0,||ul||p >r and

I (u)= p, when ||u||p =r. (2.13)

Indeed, using the assumption (F,), we have t, >0 and s,e(0,4) such that

f(xt)

21

< o, For [t| <t,, (2.14)

where g denotes the lowest eigenvalue of (—A)p with the Navier boundary

condition. As shown in [16], 4 >0 is the principal eigenvalue of

{(—A)pu:,uu, xeQ,

) (2.15)
u=Au=--=(A)""u=0, xeoQ,

and there is a corresponding eigenfunction ¢ >0 in Q.
Hence, by (2.14), we have
F(xt)< %t“, for |t| <t,.
This inequality together with the assumption (F,) implies that
F (x,t)g%t“’ +Clt|”  forteR

with some C>0. Since 4 >0 denotes the lowest eigenvalue of (~A)" with

the Navier boundary condition, it follows that ”u”i > ,ul"u"i for ueE,. Then
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the following estimates hold:

1 yZ
1 (u)> 2 Julf, = 2w, -,

-
"
=M 2 o 1P
> “lulf, =€ flually -

This implies that there exist constants rand p such that

I (u)= p, when ||u||p =r.

From (F,) follows that, for all M >0 there exists C,, >0, such that

F(x,t)>Mt** -C,,, Vxe Qvt>0. (2.16)

By (3.4), we have
1
(1) =5, ~ [ F (xtd) o
S%tzuqﬁl"i —thIQM gPdx+¢|Q > —o0 ast — oo,

where ¢ is the principal eigenfunction of (2.15) corresponding to the principal
eigenvalue 14. We fix t>0 so large that I(t¢)<0 and t||¢51||p >r. Let
u=t4 e E, and then constants r,p>0 such that I(u)< O,"ul"p >r and

satisfies (2.13), Z.e. Thas a mountain pass geometry.
Last step: critical value of 1.
For u, insecond step, we define

Fi={y:C[0]—>E,|7(0)=07(1)=u,},

Co = inf max1(y(t)).

yell 0<t<1

From Proposition 1, 7 satisfies the (P.S.) condition. By the Mountain Pass

Theorem implies that ¢, is a critical value of 1
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