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1. Introduction

The assumption that the medium is an ideal gas is no more valid when the flow

takes place in extreme conditions. Anisinov and Spiner [1] have studied a prob-
lem of point explosion in low density non ideal gas by taking the equation of
state in a simplified form which describes the behaviour of medium satisfacto-
rily. Robert and Wu [2] have studied the gas that obeys a simplified Vander
Waal’s equation of state. Assuming that the piston is moving with time accord-
ing to law given by Steiner and Hirschler [3], Vishwakarma et a/. [4] have inves-
tigated the one dimensional unsteady self-similar flow behind a strong shock,
driven out by a cylindrical or spherical piston in a medium which is assumed to
be non-ideal and which obey the simplified Vander-Waal’s equation of state as
considered by Robert and Wu [5]. Madhumita and Sharma [6] have considered
the model equation for a low density gas, which describes the behaviour of the
medium satisfactorily for implosion problems where the temperature attained by

the gas motion in the strong shock limit is very high. Vishwakarma et al [7]
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have considered the propagation of magneto-gas dynamic cylindrical and
spherical shock waves in gas with decreasing density.

At higher temperature the gas is in ionised state, ie. the gas is electrically
conducting. The study of flow problems of such gases has been receiving con-
siderable interest for the last several decades [8]-[20]. Such studies are important
in connection with astrophysical [21] [22] and geophysical [23] problems also.
Re-entry problem of intercontinental ballistic missiles and supersonic projectiles
are two engineering applications of such flows. Because of such engineering ap-
plications many engineers and aerodynamicists joining the astrophysicists and
geophysicists have extensively studied the dynamics of electrically conducting
gases moving in a magnetic field. When an electrically conducting gas moves in
magnetic field, electric field is induced in it and electric currents start flowing in
the gas. The magnetic field exerts forces on these currents which may considera-
bly modify the flow. Conversely, the currents themselves modify the magnetic
field. Thus we have a very complex interaction between the magnetic and gas
dynamic phenomena and hence the gas flow must be explained by combining
the field equations with those of gas dynamic equations.

In present paper, certain aspect of shock wave in non-ideal gas, when mag-
netic field is orthogonal to the trajectories of the gas particles and electrical
conductivity is taken to be infinite, is investigated. Considering one-dimensional
unsteady non-planer motion, basic equations, its general solution and formation
of shock-wave, conservation laws and jumps conditions, variation of area of
non-uniform cross section and analytical solution of strong non planer shock is
obtained. It is concluded that the manner of formation of a shock wave in mag-
netogasdynamics is the same as that in ordinary gasdynamics. But since a, is
larger than a speed of sound for ideal gas case, the shock wave formation will be

faster in magneto-gas-dynamics for non-ideal gas.

2. Basic Equations and Formation of Shock Wave

If we consider the case when electrical conductivity is very high and transverse
magnetic field is to be orthogonal to the trajectories of fluid particles, then equa-
tions governing the one dimensional motion of unsteady non-ideal gas in pres-

ence of magnetic field when dissipative effects are neglected are given by [11]

pytup, +pu, =0 (2.1)
U +uu, s b, LHH =0 (2.2)
P P
H,+uH, +Hu, =0, (2.3)
and
E,+{u(E+ pt)}’x =0, (2.4)

where p,u,H,p, are density, fluid velocity, magnetic field, total pressure de-
fined by
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uH?
= + s
pi=p >

2

p being non-ideal gas pressure and is magnetic pressure, x being

magnetic permeability and a comma followed by an index implies partial deriva-

tive with respect to that index. E'is the total energy density given by
E:pe+%pu2, (2.5)

where e is the internal energy given by

T+,uH2 _V-b uH?

e=C + ,
2 y-1 2
Tbeing temperature and V :l .
P
Following Robert and Wu [5], we consider the equation of state for non-ideal
gas as
_PRT _ ﬂy (2.6)
l1-bp V-b

R being universal gas constant, b being the internal volume of the gas mole-
cules, which is known in term of the molecular interaction potential in high
temperature gases and p being ratio of specific heats.

To find the exact solution of energy Equation (2.4) such that flow is isentropic

and density is a function of u alone ‘e
p=f(u),

we can write Equations (2.1) and (2.2) in following form

f
U, +UU, =——u

r X

(2.7)
and

X

u +uu, = —aTe fu,, (2.8)

respectively, where

2
2 ={y_p+ﬁ}
p(l-bp) p

is effective speed of sound and is a function of p alone in the present case.

2
_rP is speed of sound for non-ideal gas and ¢° = #H is Alfven ve-
p(1-bp) P

locity.

From Equations (2.7) and (2.8) and taking into consideration that
f’: f,U = p’u

we have
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1o 1 09)
f poau a,
Integrating above equation we have
2 a
u=t| :(p) dp. (2.10)
P

Substuting Equation (2.9) into Equation (2.7) and after certain manipulation

we have

u,+(uta,)u, =0 and p, +(uta,)p, =0. (2.11)

The general solution of above equations is
u=F[x—(uxa,)t], p=F,[x-(uxta,)t],

where F, and F, are arbitrary constants.

Let us consider the solution

u=F[x-(u+ra)t]. (2.12)

This solution means that the variation of u with respect to a point moving
with velocity (u+a,) is zero, Ze. the disturbance is propagated with an instan-
taneous velocity (U+a,). If the velocity u much smaller than a,, we have
u=F[x-at]. Thus a, is the velocity of propagation of an infinitesimal dis-
turbance in the present case. Hence we call a, the effective speed of sound. For
wave of finite amplitude, the velocity of propagation is different at different
points in the flow field, and the shape of the wave will be distorted as the wave
propagates. For wave of the type of Equation (2.12), the velocity of propagation
at the crest is larger than that at the trough. Hence the crest will overtake the
trough. As a result, a shock will form and the assumption of isentropic flow
breaks down. Qualitatively, the manner of formation of a shock wave in mag-
netogasdynamics is the same as that in ordinary gasdynamics. But since a, is
larger than a speed of sound for ideal gas case, the shock wave formation will be
faster in magneto-gasdynamics for non-ideal gas. The solution u=F [X —(u-a, )t]
represents an expansion wave while Fl[x—(u+ae)tJ represents a compres-
sion wave. The expansion wave will smooth itself out as the wave propagates
while the compression wave will form a shock as the wave propagates.

As systems of fundamental Equations (2.1) to (2.3) are of hyperbolic type, we
may use the well known method of characteristics to solve such problems. There
are four sets of characteristic curves for this case given as:

Double roots of X, =U as flow lines

and X, =uza,, characteristic lines (2.13)
Along the flow lines X, =u, we have

H = constant (2.14)
P

and
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S = constant. (2.15)

Along the characteristic line X, =U+a,, we have respectively

pH[H +(uza)H, |+ pa,[u +(utu,)u, |+[p, +(uza,)p, |=0 (2.16)

3. Conservation Laws and Jump Conditions

Conservation equation in this case can be written as

Plzpoﬁ (3.1)
H.=H,g (32)
P (U =Uy) = Pyl (3)
P, +%;UH12 +,01(Uo _ul)Z =P +%ﬂH§ +p0U§ (3:4)
1.0 Py P ,u_le
2(”0 ul) +(}/_1)p1(1+bpl)+,01 ' P (3.5)
=1 2 pO & /uHOZ |
2" G atroe) a p
where
2 a;
ol 145(+1)
{2+(1+bﬁ)( 1(1- ﬂ){ (1+b )( L, 39
+(1+5)(;/—1)(1+5ﬁ)) b—o(ﬂ+1+(1+bﬁ)( )(1_'3))}}
Pr=pP + 2_,01 (ﬁ l) { aoz (1+ E(ﬂ"’_l)
+(1+D ) (7 ~1)(1+ ) | 7(1+D) ()
+(1B)(r -1 (1)) + 2{(2- Y (1+5/3)<7_1))}
oty (3.8)

=5 1%
p, is the constant ambient pressure, subscript ‘I’ and ‘0’ refer to state just

behind and just ahead of the shock and g is given by following equation

MZ{ (7/_1)5_7} 2

(- 7)b|v|_ﬂ +ﬂ{MA y(1+b)

{yb} (y—l)EM 2]

(3.9)
2
+/{(y—1)|\/|2 +;/%+2—(7—1)5M2}—(7+1)M2 =0

A

2
where M? & M2=-2 and b=bp, whose square and higher power are

neglected.

The strong shock condition in present case is given as:
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(l-a) o 2p(l-a) y+1
= y+1 P = y+1 ’pl_p0(7—1)+2a’
3 = ﬁ{b (1-bp)}* {(r 1)+ 20p}" (3.10)

4. Characteristics Rules

In this section we consider the method of characteristic as described by
Whitham [24] to find change in area of a non uniform tube in case of pure
magneto-gasdynamic non-ideal conducting gas. If we consider one dimensional
formulation for flow in a tube of a given cross-sectional area, where

A(x) = A, =constant, in x < 0, and the shock is initially moving in this section
with constant Mach number M,. We consider that the shock is to be produced
by a piston moving with appropriate constant speed far back in the uniform sec-
tion. The piston is still providing the thrust to keep the shock moving, but there
are no changes due to this and the changes are entirely due to the cross-sectional
area. Though the flow is not strictly one dimensional but if the cross-section
A(x) does not vary too rapidly, the equations obtained by averaging across the
tube will provide a good approximation of one dimensional flow. Thus for this

case the equations governing the motion reduces into following form

Ac(X) _
p,+Up, +pU, +pU =0 (4.1)
TP
u,t+uuvx+lpvx+ﬂ x=0 (4.2)
P P
A, (X
H,+uH, +Hu, +Hu 'X'i )=0 (4.3)
and
2
pT(SVt+uSYX)=J— (4.4)
o

where S,J,o0, are entropy, current density vector and electrical conductivity
respectively. In case of infinite electrical conductivity o — oo, hence above

equation reduces to

pT (S, +us,)=0 (4.5)

case corresponding to isentropic flow. Above system of equation may be com-

bined to give following differential equation along positive characteristics:

dx
—=u+a 4.6
at e (4.6)

2
dp + xHdH +,oaedu+pae udTA:O
u

e

(4.7)

Since in this case we are dealing with pure magneto-gasdynamics shock wave

in non-ideal gas, using the values of flow variable just behind the shock, given by
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Equations (3.1), (3.2),(3.6),(3.7) and (3.8), into the characteristic Equation (4.7),
after certain simplifications, we have following differential equation which will

provide change of cross-sectional area of the tube

dA_

- £ (5)4p (4.8)
where
R(ﬂ)+ﬂH0dHo+poﬁN (ﬂ)dl_d(ﬂﬂ)
E(g)—
O AN BT N (4]
. 2(8-1) pop b

R(ﬁ):2+(l+5ﬂ)(7—1)(1+ﬂ){ 1+b el
D 1) 0-58)-B (8- 1)

+< Po_ {1+ b(B+1)+(1+b)(y-1)(1+ 5,8)} +%{(1_ﬂ)2 (7-1)(1- bﬂ)}>

1+b

) 2+2(1+b B)(r~1)(1+ B)-2(B-1){(1+ B) (7 -1)b +(1+D 8)(r -1)}
2+(1+bB)(y-1)(1+ B)

y(fi ) {145 (L+ B)+(1+b) (1) 1+bp)}

_ 2p
H(A) _{2+(1+5ﬂ)(y—1)(1+/3)

) v2
+b—°{(1+ B)+(1+ Bﬁ)(y—l)(l—ﬂ)}}}

2

1
dg L(ﬁ){2+(1+5ﬁ)(y—1)(1—,8)}

2

*K;(zlofg) {1+(2+D)(r-1)} +C§_ﬁ{1—(1+ 5ﬂ)(y—1)+(y—1)(1_ﬂ)5}>

% {1+B(B+1)+(1+D)(r-1)(21+DB)}

+_§{(1+ﬂ)+(l+ Bﬂ)(V—l)(l_ﬂ)}>

H2+(1+08)(r-1)(1- )} - BB (r-2)(1- B)-(1+DB) (1)}
2+(1+bB)(r-1)(1- B)
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po h
2+(1+ 5/3)(7—1)(1+/3)L+5{1+b (B+1)

{8y (y—l)(l—E,B)}}

Pp=p,+

(4.9)
uH?

+(1+ 5)(7—1)(1+5,B)}+

5. Analytical Solution for Non-Planer Wave

In this section we shall deal with analytical solution for strong non-planer shock
in non-ideal magneto-gasdynamics. Assuming the electrical conductivity to be
infinite and the direction of the magnetic field orthogonal to the trajectories of
the gas particle, the governing equation for the one dimensional unsteady non

planer motion can be written as [17]
(m-1) pu

P,t+UP,x+PU,x+T:0 (5.1)
u +uu, +p*(p,+h,)=0 (5.2)
p,+up, —a’(p,+up,)=0 (5.3)
h, +uh, +2hu  + 2hum—_1 =0 (5.4)

X

where u is the gas velocity, p 1is the density, p is the pressure, y is the con-
stant specific heat ratio, #is the time, x is the single spatial coordinate being ei-
ther axial in flows with planer geometry, or radial in cylindrically symmetric
7P
p(L-bp)

pressure defined by h=,uH2/2 with g as magnetic permeability H is a

flows, a’= is the equilibrium speed of sound, 4 is the magnetic

transverse magnetic field, m = 1 and 2 correspond, respectively, to planer and
cylindrical symmetry. A comma followed by a subscript “x” or “#” denotes the
partial differentiation unless stated otherwise. The system of Equation (5.1) to
PRT
1-bp
stant and 7'is the temperature. It is well known that of shock wave may be initi-

(5.4) is supplemented with an equation of state p= , where Ris gas con-

ated in the flow region and once it is formed, it will propagate by separating the
portion of continuous region. At shock, the correct generalized solution satisfied
the Rankine-Hugoniot jump condition. Let X = y(t) be the strong shock with
the shock speed u, =dy/dt propagating into the medium characterized by,

P =p,(X),u=0,p=p,(x),h=hy(x) (5.5)

Therefore the boundary conditions at the shock front in present case can be

p:po(7+1){1_ 2. 2 [iﬂ, (5.6)

y-1

u :ﬁu0 {(1—(;5)—(3‘—;}2], (5.7)

written as
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) ) B 2 2 2
p:LUO (1_a)_7_l & _lcopoug VA P ) (5.8)
y+1 2y \ U, 2 y—1 y-1 y-1{u,

2 2
1 y+1 da 4 [ a,
h=>Copud| L5 | J1-2% 2 (& 1 L 5.9
2 0[7—1j { -1 7—1(%]} o2

where a, is the sound speed of the undisturbed medium, C,=2h, / Pl s
the shock Cowling number and the suffix “0” denote evaluation of the flow pa-
rameters just ahead of the shock respectively.

If we assume that an explosion takes place over a plane or along a line accom-
panied by release of a finite amount of energy E, a plane or cylindrical strong
shock is instantaneously formed which begins to propagate outward into the
medium at rest. Thus the total energy F'inside a blast wave is equal to the energy

supplied by the explosive and thus constant. Thus total energy is given by

1 p §
E=4n||=pu?+————+h [x"dx, 5.10
==y o

which represents the sum of the kinetic and internal energy. Since the initial en-
ergy input E, of explosion is very large, the shocks speed u,>a, so that
3,/U, >0 in the strong shock limit. Therefore the Rankine-Hugoniot jump

conditions in the strong shock waves can be written as

+1
p:pO(y ), 2a ]| t=—2u(1-a) (5.11)
y—1 y—1 y+1
2pu2 1 1Y [, 4a
p=22% 1) Lo o L2y A |
y+1 2 y-1 y-1
. (5.12)
hzlcopoug 7_+l 1_4_a
2 y-1 y-1
With the help of Equation (4.5.11), Equation (4.5.12) can be written as
2
p:y—_lpu2 142 —lcopu2 r+l [y+lj 1424 :
2 y—1] 8 y—=1) \1-2« y—1
(5.13)

2
h:ECOpuz y+1 (7+1j 14 200
8 y=1)\1-2« y—1

After using Equation (5.13), the governing Equations (5.1), (5.2) and (5.4) can

be transformed to

6—u+u6—u+i(y—1) 1+2_a {uza—p+2ua—u}:0 (5.14)
ot oX 2p y—1 oX X
m-1)ju
6—u+u6—u+l(;f—1)u 1+2_a 6_u+( ) =0 (5.15)
ot ox 2 y—1)|0x X
m-1)u
LERLCE N a—u+Q =0 (5.16)
ot oXx 2 |oX X
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Using Equations (5.14) and (5.15), and then integrating with respect to X’, we
get

pux ™Y = £(t) (5.17)

where &(t) is an arbitrary function of integration.

Using the solution (5.17), Equation (5.1) reduced to

N o(mogts_uds_
= 2(m 1)X E (5.18)

On solving Equations (5.15) and (5.18), we have

e _ngdd_f (5.19)

where

2 {1+ 2am (m—l)()/+3)}l

77:;/+1 y+1 y+1

« _ »

Putting value of “u” from Equation (5.19) in Equation (5.18) and then inte-
grating, we obtained

_%

£=3 (5.20)

where

y+1 y+1 y+1 y+1

P ={1+ 2am (m—l)(y+3)HlJr 2am | (m_l)(}/_l)}l

and ¢, isarbitrary constant.
With the help of boundary condition (5.11), we can obtain the analytical ex-

pression of the distance y as

(5.21)

where

(7 +1)+(m-1)(y -1)+2am
> .
Consequently, with the help of Equation (5.19), the analytical solutions of the
flow variables and total energy in the presence of the magnetic field is given by
u=xw't?

p= éowxm—Ztl—ﬂ~

et ettt 2 e

3
h:{co s [“ Zalj}‘foxmwlt‘(m) (5.22)

8 (y-1)(1-22) y-

In view of the above solution (5.22), the analytical expression for the total
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energy is given by

E=2" 50[{2(7—1)+06(2—7)}+c (7 +1)

| |20 -0-a) |8 (1 (-2a)
x [1+ nytlHV ((1;_0!1 )) 21(—050:)2)}}

6. Result and Discussion

(5.23)

In this paper, an attempt is made to discuss certain aspect of shock wave in
non-ideal gas when magnetic field is orthogonal to the trajectories of the gas
particles and electrical conductivity is taken to be infinite. It is concluded that
due to presence of magnetic field shock wave being formed quickly. Variation of
pressure, velocity density, and area change is investigated for different values of
magnetic field and internal volume of gas molecules. The analytical solution for
non-planer strong shock wave is also obtained. For two different values of in-
ternal volume of gas molecules (a = 0,0.025,0.05) variation of velocity, den-
sity, gas pressure and magnetic pressure is analysed through graphs. Figure 1
shows the variation of velocity for (a =0,0.025, 0.05) and it is concluded that
as « is increasing velocity is increasing and always less than velocity of ideal
gas. Figure 2 shows the variation of density for (a :0,0.025,0.05) and it is
concluded that as « is increasing density is decreasing and always less than
density of ideal gas. Figure 3 shows the variation of magnetic pressure for
(a = 0,0.025,0.05) and it is concluded that as « is increasing magnetic
pressure has an increasing tendency but is always greater than the ideal gas case.
Figure 4(a) and Figure 4(b) show variation for pressure for different Cowling
number (C, =0.02,0.05) and different values of internal volume of gas mole-
cules (a =0,0.025, 0.05) . It is concluded that pressure has increasing tendency

and is always greater than ideal gas pressure.

M-

Figure 1. Variation of velocity “u/u,” for different values of the Mach number “M”.
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M—

Figure 2. Variation of density “p,/p,” for different values of Mach number “M”.

30r
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s a=0

50 55 60 65 70 715 80
M-

Figure 3. Variation of magnetic field “A,/A,” for different values of Mach number “M”.

25F

T 20¢ = '
a=0.05 P
Py qsf a=0.025

(®)

«

Figure 4. (a) Variation of pressure “p,/p,” for different values of the Mach number “M”
at cowling number G = 0.5; (b) Variation of pressure “p,/p,” for different values of Mach
number “M” at cowling number G, = 0.2.
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