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Abstract

In this paper, the Steiner area formula and the polar moments of inertia were
expressed during one-parameter closed planar motions in complex plane. The
Steiner points or Steiner normal concepts were described according to whe-
ther rotation number was different from zero or equal to zero. The moving
pole point was given with its components and its relation to the Steiner point
or Steiner normal which was specified. The Steiner formula and the polar
moments of inertia were expressed for the inverse motion. The fixed pole
point was calculated for the inverse motion. The sagittal motion of a tele-
scopic crane was considered as an example. This motion was described by a
double hinge consisting of the fixed control panel of the telescopic crane and
its moving arm. The results obtained in the first section of this study were
applied to this motion.
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1. Introduction

Steiner explained some properties of the area of the path of a point for a geome-
trical object rolling on a line and making a complete turn [1]. Tutar expressed
the Steiner formula and the Holditch theorem during one-parameter closed pla-
nar homothetic motions [2]. Miiller researched the relation between the Steiner
formula and the polar moment of inertia. Then he generalized the Steiner area
formula [3] [4]. We calculated the expression of the Steiner formula firstly rela-
tive to a moving coordinate system and then a fixed coordinate system during

one-parameter closed planar motions in complex plane. If the points of the mov-
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ing (or fixed) plane, which enclose the same area lie on a circle, then the center
of this circle is called the Steiner point (if these points lie on a line, we use Stein-
er normal instead of Steiner point). Then we obtained the moving pole point for
a closed planar motion. We dealt with the polar moment of inertia of a path
generated by closed planar motions. Furthermore, we expressed the relation be-
tween the area enclosed by a path and the polar moment of inertia. Moreover,
the Steiner formula and the polar moments of inertia were calculated for the in-
verse motion. The fixed pole point was calculated for the inverse motion. As an
example, the Sagittal motion of the telescopic crane which was described by a
double hinge being fixed and moving was considered. The Steiner area formula,
the moving pole point and the polar moment of inertia were obtained for the di-
rect and inverse motion. Moreover, the relation between the Steiner formula and
the polar moment of inertia was expressed. Then the Steiner area formula, the

fixed pole point and the polar moment of inertia were calculated for the example.

2. Closed Motions in Complex Plane

We consider one parameter planar motion in complex plane between two refer-
ence systems: the fixed E’ and the moving E, with their origins (O’,0) and
orientations. Then, we take into account the motion relative to the fixed system
(direct motion), and later the moving system (inverse motion). By taking the
displacement vector O'O =u’ and the total angle of rotation «(t), the motion

was defined by the transformation
x'(t)=xe"" +u'(t) (1)

where X'(t) is the trajectory of the point X belonging to the moving system

with the respect to the fixed system. If we replace U’ =-ue'* in Equation (1),

the motion can be written as

X'=(x-u)e"“. (2)

Lo el)eele)
XZ XZ u2

the components of X' is obtained as

X = (% —U)cosa—(x,—u,)sina
X, = (% —u;)sina +(x, —u,)cosa.

With the coordinates

(4)
Equation (4) can be written in matrix form
X\ (cosa —sina)( X —Uu 5)
x, ) {sina  cosa J{x,—u, )

The trajectory area formula F of the point X' is given by
1
F == xdx, — x,0x,. 6
5 P —x;d (6)

If Equation (4) is differentiated,
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dx; = —(x —Uu,)sinada —cosadu, — (X, —u, ) cosada +sin adu,

7
dx; =(x, —u, )cosada —sinadu, —(X, —u, )sinada —cos adu, @
is found. If Equations (4) and (7) are placed in Equation (6),
2F = (X} + %7 )da - 2x, puda —2x,pu,der —x, §du, +x, §du,
(8)

+c.f>(uf +u22)da+<j>uldu2 —u,du,

is obtained.
Since u; and u, are periodic functions, Cj)du1 =0 and (}Sduz =0. If
x=0(x =0,x, =0) is taken, then we have

2F, =<ﬁ(uf+u22)doz+c]5uldu2—u2dul )

for the trajectory area of the initial point. So we can rewrite Equation (8) as
2(F-Fy)=(x +x ) pda —2x pu,da —2x,u,da..

Using the abbreviations

a= —2(j>ulda, (10)
b= —24)u2da, (11)

we obtain
2(F-Fy)=(x +x )pda+xa+xb. (12)

F is the quadratic form of the coordinates X, and X, . The surface
F(X.X,) describes either a cone or a plane, so it follows that the sections of the
constant area describe either concentric circles or parallel lines.

The coefficient m
m:=cf>da=2nv (13)
with the rotation number v determines whether the lines with F =const de-
scribe circles or straight lines. If v # 0, then we have circles. If v =0, the cir-

cles are reduced to straight lines. If Equation (13) is replaced in Equation (12),

then we have

2(F = Fy) =X +x3)m+xa-+x,b. (14)

2.1. Steiner Formula for the Inverse Motion

In order to obtain the Steiner formula relative to the inverse motion, we begin by
exchanging the fixed system with the moving system. If Equation (2) is solved
according to X, we obtained the motion for the inverse motion as
X=xe" +u. (15)
If u=-u'e™ isreplaced in Equation (15), we have
x=(x"-u")e™. (16)

Moreover, for the components of X, from

X, +ix, =((x —u))+i(x; —uj))(cosa —isina),
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we have
X, = (X —uy)cosa +(x; —uy)sine, (17)
X, =—(X —u;)sine +(x; —uy )cosa. (18)
Furthermore, if the coordinates is derived, we obtain
dx, = —(x —u;)sinada —cos adu; +(x; —u, )cosada —sin aduy, (19)
dx, =—(x —u;)cosada +sinadu; —(x; —u; )sin ada —cos adu,. (20)

If Equations (17), (18), (19) and (20) are inserted into the formula for the area

formula of inverse motion
F'=%<}5x1dx2—x2dx1, 21)
we find
2F = ~((%)" + (%) )pda + 2P uider + 2 fuzda xfdu; +x,du]
_Sf;((ul’)z +(u )Z)da +ujdu; —uzduy.

Since u; and u, are periodic functions, ngu;:O and ngu;=o. If

(22)

X'=0(x =0,X, =0) is taken, then we have
2R == ((uf)" +(u3)" )der + fufdu; — vzl (23)
Therefore, we can write Equation (22) as
2(F'=Fg)=~((x)" +(%)")pda + 2¢fuida + 2 fu;da.

Using the abbreviations

a’:=fu/da, (24)
b= pujda, 25)
m’ = —95da =-m, (26)
we have
2(|:'_|:O'):_((x1’)2+(x§)2)m'+x1'a’+x;b’.. (27)

2.2. Steiner Point or Steiner Normal
We begin by rewriting Equation (14) for the case m=0,
(xf+x22)m+x1a+x2b=2(F—Fo). (28)

By dividing this equation by m and by completing the squares, we obtain the

equation of a circle

2 2 _ 2 2
[Xﬁ%j +(XZ+£j =2(F FO)+ a b (29)

+ .
2m m 4m?>  4m?

From Equation (29), we can relate the radius r of the circle with the area of

the trajectories by
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2(F-F 2 2
r’ = ( 0)+a2+b
m dm®  4m

5.

For m#0, the centre of the circles in the moving plane whose trajectories

have the same area is called the Steiner point

s——— |2 (30)
~ 2mlb)
In the case of M =0, Equation (28) can be written
2(F-Fy)=xa+x,b. (31)

The Steiner circles are reduced to straight lines and then the Steiner point lies

at infinity. The normal to the lines of the equal areas in Equation (31) is given by

n=|?2 (32)
b

which is called the Steiner normal [5].

Inverse Motion
The expressions for the inverse Steiner point and normal can be deduced in the

same way as in the previous subsection. From the Equation (27), we can write

R (33)
T ol )

n = a (34)
=l |

The pole point is the point whose trajectories are instantaneously constant. For

the final results

2.3. The Moving Pole Point

the motion
X' =(x-u)e"”,

if we calculate the determining equation

we can obtain the moving pole point. The motion can be written in the matrix

X ) (cosa —sina)(x-u
x, ) \sina cosa )\ x,-u, )’
If we differentiate the matrix,
dx/ —-sina —cosa X —U cosa —sina \( —du
X}: C o dal Tt 4] Y1=0 (35)
dx; cosa —sina X, —U, sina cosa )\ —du,
is obtained. Then we have

—sina —cosa \( x, —u, cosa —sine \( du,
. da=| . : (36)
cosa  —sina ) x, —U, sina cosa )\ du,

form as
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By following the necessary operations
%-U ) 1(-sina cosa |(cosa -—sina)(du
X,~U, ) dal-cosa —sina)\sina cosa )\du,
x=U ) 1(0 1)(dy
X, —U, ) dal-1 0)|du,
=4 _i duz
X, —U, ) da|—du,
is obtained. From the Equation (39), we have the moving pole point
pl — i duZ + ul .
p,) dal-dy u,

We can write the moving pole point

du,

o :[plj: e
tole) |, du
> da

If integral is taken over the total angle, we have

du,
u +—=
da u,de +du, uda
Pyda = da = = .
(ﬁM ’ Sf)u _du, ¢ Cﬁ[uzda—dulj SlS[uzdog
2 da

For m# 0 we arrive at the relation

<jSPMda=sm=s<]5da

between the Steiner point and the pole point. Then we can write
<j') Py,da

q‘Dda '

gSPMdOtz—l a =—ln.
2\b 2

2.4. The Fixed Pole Point

S =

For m=0, we have

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

We begin by differentiating the equation X =(x'—u')e™. And then for dx=0,
we can obtain the fixed pole point. The motion can be written in the matrix form

as
X cosa  sina \( X —u,
X, ) \=sina cosa )\ x;—uy )
If we differentiate the matrix above,
dx, _ —sina  cosa d X, —u, N —cosa  —sina \( du,
dx, —-cosa —sina Xy — Uy sina@  —cosa )\ du,

is obtained. Then we have

JzO (45)
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—sina  cosa \( X —Uu, cosa  sina \( du
. . |da= . " (46)
—-cosa  —sina )\ x; —u, —-sina cosa )\ du,
By following the necessary operations
X-U ) 1(-sina -cosa) cosa sina)(du 47)
x,—uy ) da| cosa —sina )\ -sina cosa )\ duj
X, —u, _ 1 0 -1)(du/ (48)
X,—Uy ) da\l 0 ){du

’ _ ’ _d ’
X} u1’ = i u,2 (49)
X,—U; ) deal du

is found. From the Equation (50), we have the fixed pole point

P L (de ), U, (50)
o) dal du ) \u;

We can write the fixed pole point

and finally

. dy;

o) | %
PF=( fj: d“, . (51)

u

P2 uy +—=

da

For m'=# 0, we arrive at the relation

cﬁPFda:s’m'zskj)da (52)

between the Steiner point and the fixed pole point.

For m'=0, we have
1(a’' 1
P.da=-= =—=n" 53
e 2[b’j 2 3)

2.5. The Polar Moments of Inertia

Blaschke and Miiller gave a relation between the Steiner formula and the polar
moment of inertia around the pole for a moment [6]. A relation to the polar
moment of inertia around the origin is demonstrated by Miiller [3]. Also the
same relation for closed functions is inspected by Tolke [7]. Furthermore
Kuruoglu, Diildiil and Tutar [8] generalized Miiller’s results for homothetic mo-
tion.

In this section we find a formula for the polar moment of inertia and we arrive
at the relation between the polar moments of inertia “T ” and the formula of

area “F”.

2.5.1. Direct Motion

If weuse « asa parameter, we need to calculate
T =) +(%)")der (54)

Then by using Equation (4) in Equation (54),
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T= 35[ (% —u; )cosa — (z—uz)sina)z+((x1—ul)sina+(x2—uz)COSa)sza
:cj')( (% —u;)" (cos® & +sin® ) + (xz—uz)z(cosza+sin2a))da 55)
=<j§( X —U, )"+ (%, —u, )da

(% +x; )cﬁda 2%, puda -2x,$u,de +(uf +u; )d
is found.

If we calculate the polar moments of inertia for the origin of the moving sys-
tem, for T, =T (x =0,x, =0), we have

To =P(uf +uf)da. (56)
If Equation (56) is replaced in Equation (55),
T-To =(% + % )§da—2x fuda -2x,§u,da (57)
is obtained. If Equations (10), (11) and (13) is replaced in Equation (57),
T—TO:(xf+x22)m+x1a+x2b (58)

can be written.
As a result, we arrive at the relation between the polar moments of inertia and

the formula for the area,

T-To=2(F-F). (59)

2.5.2. Inverse Motion

Ifweuse o asa parameter, we need to calculate
T'=§(x +x )da. (60)
Then by using Equations (17) and (18) in Equation (60),
T'ZCJS[((X{—U{)COSaJr(x;—u;)sina)z+(—(X1'—u1')sina+(xé—u;)COSa)Z}da
:gg[(xl’—ul’)2 (cosza+sin2a)+(xg—u;)z(cosza+sin2aﬂda
= PIOG—w) + (6 —u;) M
= ()" + (%) ) da+ 2x G uidar + 2 fusda + §((u))’ +(up)* ) der

is found.

(61)

If we calculate the polar moments of inertia for the origin of the moving sys-
tem, for T, =T (X1 =0,x, = 0), we have

To = §((u)” +(u)")der (62)
If Equation (62) is replaced in Equation (61)
=T =—((%)" +(% )" ) fda+ 2P uider + 2% fu;da (63)
is obtained. If Equations (24), (25) and (26) is replaced in Equation (63)
T T4 ==((4)"+(x)" Jm' =2 = xgb (64)

can be written.
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Finally, we arrive at the relation between the polar moments of inertia and the

formula for the area,

T'-T, =—2(F'-F). (65)

3. Application: The Motion of the Telescopic Crane

In the previous sections geometrical objects as the Steiner point or the Steiner
normal, the pole point and the polar moments of inertia for closed motions are
emphasized in a complex plane. In this section, we want to visualize the experi-
mentally measured motion with these objects.

We choose the sagittal part of the movement of the telescopic crane as an ex-
ample. The motion of the telescopic crane has a double hinge. The double hinge
means that it has two systems, a fixed arm and a moving arm (Figure 1). There

is a control panel of the telescopic crane at the origin of the fixed system.

3.1. Direct Motion

By taking

_[cos(e(t)=k(t)) —sin(£(t)-k(t))) . [Leos((t))
t_(sin(f(t)—k(t)) Cos(f(t)_k(t))}u(t) [ ] (66)

we have Equation (1) namely,
X'(t) = R(t) X +U’(t).
Also we have U'=-RU and
-L k(t
o4 C?S( )] 67)
u, ~Lsin(k(t))
Then the double hinge motion can be written as

X; (t)=cos(¢(t)—k(t))(x, +Lcos(k))—sin(¢(t)—k(t))(x, +Lsin(k))

%%
035: Scientific Research Publishing

(68)
X, (t) =sin(¢(t)—k(t))(x +Lcos(k))+cos(¢(t)—k(t))(x, +Lsin(k))
where o =/(—K is the resulting total angle.
Figure 1. The arms of the telescopic crane as a double hinge.
285
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If Equation (68) is derived, we obtain the velocities Xl' (t) and x; (t) andso

we find
XXy 4 = (% + xg)(é(t)_k(t))+ xl(zuos(k(t))(é(t)_k(t)j+ Lcos(k(t))k(t))
. (2Lsin(k(t))(2(t)_|§(t)}+ Lsin(k(t))k(t)j+ 2i(t).

We now integrate the previous equation using periodic boundary conditions

(69)

while assuming that the integrands are periodic functions. The periodicity of f

Fe
implies that the integrals of the following types vanish 95df :j fdt = f|1F =0.
1

As a result, only the integrals appearing in the second row of Equation (69) do
not become equal to zero and we finally obtain a simplified expression for the
area namely,
1 ta . .
F==]] X X—X; x| |t
2 _[( 127 2 le

4

b . t .
2F:x{jZLcoskldtj+xz[I2Lsinkldtj. (70)
t t
In the last equation, by taking
t .
[2Lcoskldt =a (71)
4
ty .
[2Lsinkldt=b, (72)
4
we can write
2F =ax, +bx,. (73)

In this case, we have the steiner normal

n=|? 74
=y (74)

3.1.1. The Moving Pole Point of the Telescopic Cranemotion
If Equation (67) is replaced in Equation (41), we obtain the pole point

P :( le with the components

P,
’
p, =—-Lcosk —; (75)
-k
. b4
p, =-Lsink— (76)
-k

is obtained. If integral is taken over the total angle, we have

$Pda =4‘>P(i—|§jdt =—Lj(§?§8idt.

K2
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If we consider Equations (71) and (72) in the last equation, we obtain
a
$Pda = T (77)
2\ b

3.1.2. The Polar Moments of Inertia of the Motion
of the Telescopic Crane

If we consider Equations (54) and (68), then Equation (67) is replaced in Equa-
tion (55)

T= xlgﬁchosk[Z—lZ)dH x2g82Lsink[%—ll)dt

and finally
T:x1<]'>2Lcosk2dt+xz<jS2Lsink2dt (78)

is obtained. If we consider Equations (71), (72) and (73) together, we arrive at
the relation between the polar moments of inertia and the formula for the area
namely,

T =2F. (79)

3.2. Inverse Motion

By taking

_[cos(¢(t)-k(t)) —sin f(t)_k(t))J _(w(®) ={—Lcos(k(t))J
0= [amteor) amtey ity 2O o) o0

we have

Also we have U'=-RU and

s [ui(t)) [ Leos(f(t))
v (t)_{u; (t)J_[Lsin(z(t))J' (81

So the double hinge may be written as
X, (t) =cos(£(t)—k(t))(x —Lcos(¢))+sin(£(t)—k(t))(x; —Lsin(¢)) )
X, (t)=—sin(¢(t)—k(t))(x - Lecos(¢))+cos((t)—k(t))(x; —Lsin(¢))
where a =/—k is the resulting total angle.

By following the same operations similar to the direct motion, we finally ob-

tain the Steiner formula for the inverse motion

2F' =a'x +b'x, (83)
where
tp o
—J'2Lcosl kdt=a’ (84)
4
tp o
~[2Lsinlkdt =b". (85)
]
287
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In this case, we have the Steiner normal

vl (86)
-[2]

3.2.1. The Fixed Pole Point of the Inverse Telescopic Crane Motion
If Equation (81) is replaced in Equation (51), we obtain the pole point

P’ = ( E}] with the components
2

p, =-Lcos /- k.

é—.k (87)
p, =—Lsin¢ .k. :

=k

3.2.2. The Polar Moments of Inertia of the Inverse
Telescopic Crane Motion

If we consider Equations (60) and (82), then Equation (81) is replaced in Equa-
tion (78)

T':x{c_@(chosfk)de;gﬁ(stinlll)dt (88)

is obtained. If we consider Equations (83), (84), (85) and (88) together, we arrive
at the relation between the polar moments of inertia and the formula for the area

below:
T'=-2F". (89)
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