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Abstract

The aim of this article is to introduce the notion of Hom-Lie H-pseudo-superalgebras for any Hopf
algebra H. This class of algebras is a natural generalization of the Hom-Lie pseudo-algebras as well
as a special case of the Hom-Lie superalgebras. We present some construction theorems of Hom-
Lie H-pseudo-superalgebras, reformulate the equivalent definition of Hom-Lie H-pseudo-super-
algebras, and consider the cohomology theory of Hom-Lie H-pseudo-superalgebras with coeffi-
cients in arbitrary Hom-modules as a generalization of Kac’s result.
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1. Introduction

The notion of conformal algebras [1]-[5] was introduced by Kac as a formal language describing the singular
part of the operator product expansion in two-dimensional conformal field theory, and it came to be useful for
investigation of vertex algebras (see [6]-[8]). The concept of vertex algebras was derived from mathematical
physics; it was first mathematically defined and considered by Borcherds in [9] to obtain his solution of the
Moonshine conjecture in the theory of finite simple groups.

As a generalization of conformal algebras, Bakalov, D’Andrea and Kac [10] developed a theory of “multi-
dimensional” lie conformal algebras, called Lie H-pseudo-algebras for any Hopf algebra H. Classification prob-
lems, cohomology theory and representation theory have been considered in [10]-[12]. In [13], Boyallian and
Liberati studied pseudo-algebras from the point of view of pseudo-dual of classical Lie coalgebra structures by
defining the notions of Lie H-coalgebras and Lie pseudo-bialgebras.

In [14], Sun generalized the pseudo-algebra structures to the Hom-pseudo-algebras of associative and Lie type,
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and showed some examples of the new structures and construction theorems. Hom-algebras were firstly studied
by Hartwig, Larsson and Silvestrov in [15], where they introduced the structure of Hom-L.ie algebras in the con-
text of the deformations of Witt and Virasoro algebras. Later, Larsson and Silvestrov extended the notion of
Hom-L.ie algebras to quasi-Hom Lie algebras and quasi-Lie algebras (see [16]). Recently, Yau laid the founda-
tion of a homology theory for Hom-Lie algebras and constructed the enveloping algebras of Hom-Lie and
Hom-Leibniz algebras in [17]-[19]. Many more properties and structures of Hom-L.ie algebras have been devel-
oped (see [20]-[23] and references cited therein).

In [24], Hom-algebras and Hom-coalgebras were introduced by Makhlouf and Silvestrov as a generalization
of ordinary algebras and coalgebras in the following sense: the associativity of the multiplication was replaced
by the Hom-associativity and similar for Hom-coassociativity. They also defined the structures of Hom-bialgebras
and Hom-Hopf algebras, and described some of their properties extending properties of ordinary bialgebras and
Hopf algebras in [25] and [26]. Different to Makhlouf and Silvestrov’s work, Caenepeel and Goyvaerts studied
the Hom-Hopf algebras from a categorical view point in [27], and called them monoidal Hom-bialgebras and
monoidal Hom-Hopf algebras respectively (for more details about monoidal Hom-Hopf algebras, see references
[28]-[32] and references cited therein).

In [33], Ammar and Makhlouf introduced the notion of Hom-Lie superalgebras and provided a construction
theorem from which one can derive a one parameter family of Hom-Lie superalgebras deforming the orthosym-
plectic Lie superalgebras. The notion of Hom-Lie superalgebras is a natural and meaningful generalization of
Lie superalgebras which were introduced by Kac in [3]. Motivated by [4] [10], in which Kac formulated the no-
tion of conformal superalgebras and considered the classification theorem and representation theory of confor-
mal superalgebras. We think whether we can extend the notions of Hom-Lie pseudo-algebras and conformal su-
peralgebras to Hom-Lie pseudo-superalgebras.

Cohomology is an important tool in mathematics. Its range of applications contains algebra and topology as
well as the theory of smooth manifolds or of holomorphic functions. The cohomology theory of Lie algebras
was developed by Chevalley, Eilenberg and Cartan. Scheunert and Zhang introduced and investigated the co-
homology groups of Lie superalgebras in [34]. Naturally, we think whether we can extend the notion of coho-
mology groups to Hom-Lie H-pseudo-superalgebras. This becomes our second motivation of the paper.

To give a positive answer to the questions above, we organize this paper as follows. In Section 2, we recall
some basic definitions about Lie pseudo-algebras. In Section 3, we define Hom-Lie pseudo-superalgebras and
introduce two construction theorems of Hom-Lie pseudo-superalgebras (see Proposition 3.12 and Theorem 3.13).
In Section 4, we mainly discuss the annihilation superalgebras of Hom-pseudo-superalgebras (see Proposition
4.5). In Section 5, we determine some equivalent definitions of Hom-pseudo-superalgebras. In Section 6, we
discuss the cohomology of Hom-Lie H-pseudo-superalgebras (see Theorem 6.1).

2. Preliminaries

In this section we recall some basic definitions and results related to our paper. Throughout the paper, all alge-
braic systems are supposed to be over a field k of characteristic 0, H always denotes a Hopf algebra with an an-
tipode S. We summarize in the following the ungraded definitions of Hom-associative and Hom-Lie H-pseudo-
algebras (see [14]). The reader is referred to Sweedler [35] about Hopf algebras, the Sweedler-type notation for
the comultiplication is denoted by: A(x)= Xpy © Xy
Recall that a pseudotensor category M " ( I-;) is a category whose objects are the same objects as in the cat-
egory , M of left H-modules, but with a non-trivial pseudotensor structure, see [10].
A Hom-associative H-pseudo-algebra [14] is a triple (A,,u = *,a) consisting of a linear space Ain M"(H ) ,
an operation ue Hom ., (A® AH®Q®, A) and a homomorphism o € Hom,, (A, A) satisfying
a(a)*(bxc)=(a*b)*a(c),abceA (2.1)
A Hom-Lie H-pseudo-algebra [14] is a triple (L,,u = [*],a) consisting of a linear space L in M*(H), an
operation u e Hom ., (L® LH®”®, L) and a homomorphism « € Hom, (L, L) satisfying the following
axioms (a,b,celL):
1) Skew-commutativity:
[b*a]=-(c®, id)[a*b]. (2.2

2) Hom-Jacobi identity:
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[a(a)*[b*c]]-((c®id)®, id)[a(b)*[a*c]]=[[a*b]*a(c)]. (2.3)

An elementary but important property of Hom-Lie H-pseudo-algebra is that each Hom-associative H-pseudo-
algebra gives rise to a Hom-Lie H-pseudo-algebra via the commutator bracket.

A Hom-Lie H-conformal algebra ([14]) is a triple (L,[,],a) consisting of a linear space L in ,, M , an oper-
ation [] LO®L—>H®L and a homomorphism o« e Hom, (L, L) satisfying the following axioms
(a,b,celL and heH):

1) H-sesqui-linearity:

[ha,b] = (h@1)[a,b].[a,hb] = (1@, )[ab](S (1, ) ©1). (2.4)
2) Skew-commutativity:
[b.a]=-2s (him )®hi(2)ci, i [ab]=Xh e, (2.5)

3) Hom-Jacobi identity:

[a(a),[b.c]]-(o®id)[a(b),[ac]]=(F " ®id)[[ab],a(c)]. (2.6)

Recall from Sun [14] we know that one can reformulate the definition of a Hom-Lie H-pseudo-algebra via a
Hom-Lie H-conformal algebra.

3. Hom-Pseudo Superalgebras of Associative and Lie Types

In this section we will introduce the concept and construction theorems of Hom-H-pseudo-superalgebras of as-
sociative and Lie types, and show some examples of Hom-Lie H-pseudo-superalgebras that are neither Hom-Lie
superalgebras nor Hom-L.ie pseudo-algebras.

Definition 3.1. A Hom-associative H-pseudo-superalgebra is a triple (A, z=%*a) consisting of a super-
space Ain M"(H), an even operation x e Hom,_ ., (A® A H®®, A} and an even homomorphism
a € Hom,, (A, A) satisfying

a(a)=(b*c)=(a*b)*a(c) (3.2)

in H®*®, A for all homogeneous elements a,b,c e A,

Example 3.2. For a one dimensional Hopf algebra H = k, a Hom-associative H-pseudo-superalgebra is just a
Hom-associative superalgebra over k. If o« =id, then a Hom-associative H-pseudo-superalgebra is an associa-
tive H-pseudo-superalgebra.

A Hom-associative H-pseudo-superalgebra (A, z,«) is called multiplicative if gide ®, a?,u =u(a®a).
For example, if o =id,, then the Hom-associative H-pseudo-superalgebra (A, u, &) 1s multiplicative.

Let (A . a,) and (B,uy, ) betwo (multiplicative) Hom-associative H-pseudo-superalgebras, an even
homomorphism f:A— B issaid to be a morphism of Hom-associative H-pseudo-superalgebras if

(id o0 ® )ity =t (f®F), far, =atg f. (3.2)

Definition 3.3. Let (A, *,a) be a Hom-associative H-pseudo-superalgebra and M be a superapace in M.
A Hom-A-module is a triple (M, p,,,,, ), Where p,, isan even morphism in Hom ., (A® M,H® ®, M ) ,
ay, isaneven morphismin Hom, (M M ) and satisfies the following properties (a,be A me M ):

a,(a)*(bxm)=(axb)*a, (m), (3.3)

(idH®2 ®, ay )(a*m) =a,(a)*ay, (m), (3.4)

where a*m=p, (a®m).
Example 3.4. Let (A,a) be a finite dimensional Hom-associative superalgebra, H be a Hopf algebra. Then
(H ® A, *,id ® a) is a Hom-associative H-pseudo-superalgebra with pseudoproduct * given by

(f®a)*(g®b)=f®g®(1®, ab)

forall f,geH andhomogeneous elements a,be A
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Definition 3.5. A Hom-Lie H-pseudo-superalgebra is a triple (L U= [ ] a) consisting of a superspace L in
M"(H), an even operation x < Hom o2 (L® LH®”®, L) and an even homomorphism « € Hom,, (L L)
satisfying the following axioms:

1) Skew-commutativity:

[bxa]=—(-1)*" (c®, id)[a*b], (3.5)
2) Hom-Jacobi identity:

[a(a)*[b*c]]-(-1)™ (o ®id)®, id)[a(b)*[a*c]]=[[a*b]*a(c)], (3.6)

where a, b, ¢ are homogeneous elements in L.

Here and further, [a| is the parity of a.

Example 3.6. For a one dimensional Hopf algebra H = k, a Hom-Lie H-pseudo-superalgebra is just a Hom-Lie
superalgebra over k. If « =id , then a Hom-Lie H-pseudo-superalgebra is a Lie H-pseudo-superalgebra.

Example 3.7. Let H be a Hopf algebra and A=A, + A a 2-dimensional linear superspace, where A, is
generated by x and A is generated by y. Then (L H{ } [*] a) is a Hom-Lie H-pseudo-superalgebra,
where H{x,y} is a free pseudo-algebra of rank 2 with pseudoproduct given by [x=x]=[y=*y]=[x*y]=
in H” ®, L, « isany even homomorphismin Hom, (L,L).

Example 3.8. Let (L [] a) be a finite dimensional Hom-Lie superalgebra, H be a Hopf algebra. Then
(H ® L,[*],id ®a) is a Hom-Lie H-pseudo-superalgebra with pseudoproduct [*] given by

[(h®x)+(I®y)]=h®1®, (1®[x Y])

forall h,leH andhomogeneous elements X,y e L.

Example 3.9. Let H be a Hopf algebra and A=A + A a 3-dimensional linear superspace, where A, is gen-
erated by x, y and A, is generated by z. Then (L =H{xy, z},[*],a) is a Hom-Lie H-pseudo-superalgebra de-
fined by any even homomorphism « and operation

[x*y]=1®h®x,[y*x]=-h®1®X,heH,

[exx]=[y=y]=[zxz]=[x*z]=[zxx]=[y 2] =[z*y]=
In particular, if H =k, then the Hom-Lie H-pseudo-superalgebra (L= H {x, y,z},[*],a) is noting but the
affine Hom-Lie superalgebra in [33].
A Hom-Lie H-pseudo-superalgebra (L,[*],a) is called multiplicative if (idH®2 ®, a)[*]z[*](a@a).
For example, if « =id,, then the Hom-Lie H-pseudo-superalgebra (A,,u,a) is multiplicative.
Let (A[#],.@,) and (B,[*]B,aBE) be two (multiplicative) Hom-Lie H-pseudo-superalgebras. An even
homomorphism f:A— B issaid to be a morphism of Hom-Lie H-pseudo-superalgebras if

(id,e0 @ F)[], =[*], (F® ), far, =gt 3.7)

Definition 3.10. Let (L,[*],& ) be a Hom-Lie H-pseudo-superalgebra and M a superspace in ,,M. A
Hom-L-module is a triple (M, p,,, @, ), where p,, is an even morphism in Hom ., (L®&M,H® ®, M),
@y isaneven morphismin Hom, (M,M) and satisfies the following axioms:

a, (a)*(bxm)=[ax*b]*a, (m),(idH®2 ®, ay, )(a*m) =a, (a)*ay (M), (3.8)

where a*m=p, (a ® m) , 4, b and m are homogeneous elements in L and M respectively.

In the following, we will show that the supercommutator bracket defined using the multiplication in a Hom-
associative H-pseudo-superalgebra leads naturally to a Hom-Lie H-pseudo-superalgebra.

Lemma 3.11. Let (A,*,a) be a Hom-associative H-pseudo-superalgebra. Then

1) ((c®id)®, id)(a(a b*c) ((c®id)(a*b))*a(c).

2) ((id®o)®, id)((a*b)*a(c))=a(a)*((c®id) b*c)

3) ((c®id)® )((ld ®0)® )(((a@ld )(axb))*a(c))
=((id®0)®, id)((c®id)®, id)(a(a)* ((a@ld)(b*c)))
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Proof. We only prove (3), and similarly for (1), (2). For any homogeneous elements a,b,c e A, let

axh=) f®g,®e,g*a(c)=) f ,®g,,®¢,,
i i]

brc=3h ®l®d,a(a)+d =3 h ®l, ®d,
i ij

On one hand we have
(c®id)®, id)((id ®c)®, id)(((c ®id)(ax*b))*a(c))
:iz((a®id)®H id)((id ®0) ®, iol)((gi It ®9ij)®H ei,-)

- izj:((a® id)®, id )((gi i, ®9; ® iy, )@H ei,-)

zg(gi@gi i @ i, )@ e =3 (05 @0, %5, © 1.5 )@y,

since H is cocommutative. Similarly, we have .
((id®o)®, id)((c®id)®, id)(a(a)*((c ®id)(b*c)))

=((i[d®0o)®, id)((c®id)®, id)((h Dk, ®hly, ))@H dij)

Z((Id®0) Hid)((lil ®h; @, |®, d,,)

ZJ( Ly © Ly, O, |8, dy =X (1, O, O )@, d,,

i
as required. So (3) holds since A is Hom-associative. O

Proposition 3.12. Given any Hom-associative H-pseudo-superalgebra (A,*,a) , one can define the bracket
pseudoproduct on homogeneous elements by

[axb]=axb—(-1)" (c®, id)(b*a) (3.9)

and then extending by linearity to all elements. Then (A,[*],a) is a Hom-Lie H-pseudo-superalgebra.

Proof. We shall show that the condition (3.9) leads A to be a Hom-Lie H-pseudo-superalgebra, in the sense of
Definition 3.5. For this purpose, we first claim that the bracket pseudoproduct is both H-bilinear and skew-
commutative, but these are easy to check. It remains to verify that the conditions (2) of Definition 3.5 are satis-
fied by the condition (3.9). Now we have the following calculations:

[a(a)[bc]]=[a(@)(b+c (-1 (c®, )(c+b))]
[(a) b*c] (- )‘*’”“‘[ (a)*((a@ id)(c*b))]
a(a *(b*c) ‘bHC‘ ( C*b)
( )\a\(\b\Jr\c\( ®Id )( Id®0' )((b*c)*a(a))
(1Pt RbED ((o-®|d) , id)((id @g) 4 id)(((o®id)(c*b))*a(a))
=a(a)*(bc)-(-)"((id ® o) ®, id)((a*c)*a(b))
()" (o ®id)®, id)((b) (o ®id)(c+a))
(- (s @id) ®, id)((id ® o) ®, id)(((o ®id)(c*b)) *a(a)).

Immediately, we can obtain [a(b)*[a*c]], then

-1

+

Q

+(-1
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(-1)™ (e ®id)®, id)[(b)<[axc]]
=(-)"((c ®id)®, id)(a(b)*(axc))
~(-)"((id @o)®, xw*> (b))
-(-1 )‘a‘ el (c®id)®, id)(a(b)*(c®id)(c*a))
+(-1 )C‘ il (id®o)®, id)((c®id)(c*a)*a(b)).
It follows from Lemma 3.12 that
[a(@)#[o+c]]- (- (0 ®id) @, id) e (b) *[ac]]
=@*MW%®—@ﬂW«0®w)&u®«mﬁﬁa(»
~ (-1 ((id ® 5) ®,, id)((c ®id)(c*a)*a(b))
+ (-1 (6 @id) @, id)((id ® 0) ®, )((a@ld)(c*b)*a(a)).

Furthermore, we have

[[a*b]*a(e)]=[(a*b)*a(c)]-(-1) " [(c ®id)(asb)+a(c)]

—(a*b)*a(c)-(-1)™ (s ®id)(b*a)*a(c)

()" (i ®0)®, id)((c®id)®, id)((c*a)sa (b))

+ (-1 (i @ o) @, 1) (o ®id) ®,, id)(a(c)*(oc ®id)(b+a))
=(axb)ra(c)~(-2)* (o ®id)®, id)((b*a)*a(c))
~(-)*M)((id 0 0) @, id ) (o @id)(c*a)* (b))

+ (1) (5 ®id ) @, id)((id ®0) @, id ) (o ®id ) (c*b)xa(a)).

Together with the above results, we finally obtain

[a(a)*[bc]]-(-1)* (o ®id)®, id)[a(b)*[axc]]
=[[axb]*a(c)].

The proof is completed. O
Next we will construct Hom-Lie H-pseudo-superalgebras from Lie H-pseudo-superalgebras and even Hom-
Lie superalgebra endomorphisms, generalizing the results for Hom-Lie H-pseudo-algebras in [14] and Hom-Lie
superalgebras in [33].
Theorem 3.13. Let (L[*]) be a Lie H-pseudo-superalgebra and « an even endomorphisms of L. Defining
[+], € Hom ., (L®2, H® ®, L) by [x*y], =[a(x)*a(y)] for all homogeneous elements x, y in L, then

(L[#], @) isaHom-Lie H-pseudo-superalgebra.
Moreover, suppose that ’LL',[*] is another Lie H-pseudo-superalgebra and «' is an even endomorphisms

of L'.If f:L—L" isamorphism of Lie H-pseudo-superalgebras that satisfies fa =a'f , then

Fo(L[+], o) > (L,[*]’a, ,a’) (3.10)

is a morphism of Hom-Lie H-pseudo-superalgebras.
Proof. We shall show that (L,[*]a ,a) satisfies the skew-commutativity and the Hom-Jacobi identity. For

any homogeneous elements x,y,z inlL,
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[x*y] _( oo O a)[x*y]
=~(-)"(id, o; ®, a)(c ®, id)[y*x]
=—(- 1)‘ Hy‘(a@ |d)(|d 0 ®, a)[y*x]
= (-1 (c®, id)[y*x]. .

Since «a is an endomorphism of L,

[a(x)*[y*2], ],

[oz(x)*(idH®2 ®, a)[y* z]]a

(idH®3 ®, az)[x*[y* 2]].

Therefore we have
[a(x)*[y*2], ] ~[[x*y], *a(z)L_(_1)\X\\V\((O-®id)®H id)[a(y)*[x*z] ],

|d 2 ®n a? ([x* [y*z]]-[[x*y]*z]—( xHy‘( o®id)®, id)[ y*[ x*z]])
_o,

as needed. To show that f is a morphism of Hom-Lie H-pseudo-superalgebras, we do the calculations:
(1900 ® 1) (], ) = (00 @ ) (0, By ) [x2])
= ((id, ez ®, fa)[x*y])=((id o ® &' )[x*y])
= (id ®2®a)( (id,,c. ®, x*y])
)

=(id, . ®’)[ (%)

=[],

The proof is completed. O
To provides another way to construct Hom-Lie H-pseudo-superalgebras and Hom-associative H-pseudo-
superalgebras, we first recall the definition of current H-pseudo-algebras in [10].
Let H' be a Hopf subalgebra of H and A an H'-pseudo-algebra. Then define the current H-pseudo-algebra
CurA=H ®, A by extending the pseudoproduct a=*b of A using the H-bilinearity. Explicitly, for any
a,be A, define

(f®, a)*(g®, b)=(f®g®, 1)(axh)
=Y (ff,®99,)®, (18, ¢)

i
if a*xb="f ®g;®, e.Then CurA=H ®,, A is an H-pseudo-algebra which is Lie or associative when A is
S0.

Proposition 3.14. Let H' be a Hopf subalgebra of H and (L,[*],a) a Hom-Lie H'-pseudo-superalgebra.
Then (CurL,y,,B =id, ®,, a) is a Hom-Lie H-pseudo-superalgebra, where y is the multiplication of CurL.
Moreover, there is a similar result in the case of Hom-associative H'-pseudo-superalgebras as well.

Proof. We only prove the case of Hom-Lie H'-pseudo-superalgebras, the Hom-associative case is similar. We
denote

(3.12)

7((f®, a)®(g®, b)) =[(f®, a)*(g®,b)]. (3.12)

It is obviously that the skew-commutativity holds since (L, [*] , a) is a Hom-Lie H'-pseudo-superalgebra. So it
is sufficient to verify the Hom-Jacobi identity. Forany f ®,, a,g®,, b,1®,, ceCurL, suppose

bxc=3g,®l®, d,a(a)*d =) g; ®I; ®, d;,
i i
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a*xc=) m®n ®, e,a(b)*e :Zmij ®n; ®,. &,
i i

axb=)"s®®, u,u*a(c)=)s; O ®, u,.
i j

Since (L,[*],a) is a Hom-Lie H'-pseudo-superalgebra, we have

[a(a)»[oec]] -0 (o @id)@, id) [a(b)<[a=c]] -[[asb]+a(e)].
that is,
%:gij ®gly, ®gl;, ®, d; EN %;minijm om; @nn,, ®, e
:%:sisij( ®ts;, O Oy Uy.
By the multiplication of CurA, we obtain
[ﬂ(f%a)*[(g@ b) (19,.¢)]]
~(-)™((c®id)®, id)[ 5(g @ b)*[(f ®, a)*(1®,¢)]]
_Z fg; ®99.|u(1 @Ig,lIJ ®, (1 )

-(-1 )‘a”b‘z fmn;, @ gm; ®Inn; | ®,, (1@, ¢; )

—Zfss ®gts;, ®lt; ®, (18, uy)

i i,

:[[(f ®,2)*(g®, b)]*B(1®,.¢)].

Hence (CurL,y,ﬁ) is a Hom-Lie H-pseudo-superalgebra. This ends the proof. O

4. Hom-Annihilation Superalgebras

In this section we will study the annihilation superalgebras of Hom-H-pseudo-superalgebras. First of all we will
give the definition of H-differential superalgebras.

Definition 4.1. An associative superalgebra Y is called an associative H-differential superalgebra if itisa left
H-module such that h(yy)_(h yS) h y) forall heH and homogeneous elements y,y eY .

Let Y be an H-bimodule WhICh isa commutatlve associative H-differential superalgebra For a left H-module
L, it is easy to see that A/L=Y ®, L is a left H-module via h(y®, I)=(hy)®,1, for all heH and
y®,leAL.

The definition of Hom-Lie H-differential-superalgebras can be obtained similarly.

Proposition 4.2. Let Y be a Hom-Lie H-differential-superalgebra and (L,[*],aL) a Hom-Lie H-pseudo-
superalgebra. Then AyL is a Hom-Lie H-differential superalgebra, where the bracket and the action are given by

[Y®H Ly ®, II]:Z(yfi)(y’gi)oaei’ 4.1)

h[y®, 1y ®, |']:[h(1)(Y®H 1) (¥ ®y |')], (4.2)

forall heH and y®,1,y'®,1'e AL, where [I*l']=)" f ®g, ®¢,.

Proof. First we shall show that AyL is an H-module, but this is easy to check. It remains to verify that the
conditions (1) and (2) in Definition 3.5 are satisfied. For this purpose, we take x®, a,y®,b,z®,ce AL,
and suppose

[bxc]=3g, ® ®, a.[ (a)*a |=2,g; ®; ®, a;,

[a*c]=Zm ®n ®, b.[a (b)*b]=2;m ®n; ®, by

IJ’
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[a*b] =X f, ®k ®, ¢.[¢ *a (c)]=2;f; ®k; ®, c;.

Since L is a Hom-Lie H-pseudo- superalgebra then
[b*a]=—(-1)"(c®, id)[a*b]=—(-1 )‘a‘b‘z k ® f, ®, c;, therefore we have

[y, b.x®, a]=~(1)*" T (k) (x) e

== (-1 3 () (vk ) @

- (-1 M[x®, a,y®, b],
as required. Next we verify the Hom-Jacobi identity by the following calculations:
[B(x®, a).[y®, bz®, c]]=2[x®, a(a).(yg)(z)®a ]

:;(Xgij)(((ygi)(ui))lij)®H 2
Zj:(xg.,)(ygili,-(l))(zl,l,, )@H 8.

Similarly, by exchanging the status of the element x®,, a,y®, b,z®,, ce A L, we have
[B(y®,b).[x®, az®, c]]=Z(ymij)(xm,n”())(zn,nu( )®H by
L]

[[x®, a,y®, b],A(z®,¢c)]= Z(xfI fie )(yki fij(z,)(Zku)@H c;-

L]

By the Hom-Jacobi identity of L, we have

[[ab]a(0)]-[a(a)[o=c]]+ (-1 (c@ia)®, i0) [a(b)[axc]]

:izj: fify, ®kify, ®k;®, c;—g; ®gly, ®Ll, ®, 3

+(—1)‘aHb‘mn ®@m, ®nn, ®, b

i u( i '1(2)

=0.
Hence
[[x®, a,y®,b],(z®,c)]-[ B(x®, a),[y®, b, z®,c]]
+(-1)*((o®id)®, id)[ A(y®, b).[x®, 8,28, c]]
(Xfl flj )(ykl fuz )(Zkij) H IJ (Xglj)(ygilij(1))(leluz))®H alj
+(—1)\aHb\(Xmln” )(ym )(zn,nu(2 )®H by
=0.
So AyL is a Hom-Lie H-differential superalgebra. This completes the proof. O

Remark 4.3. In particular, when Y =X, A(L) =A,L=X®, L isaHom-Lie H-differential superalgebra,
we call it Hom-annihilation superalgebra of the Hom-Lie H-pseudo-algebra L and write a, =x®,, a for any
homogeneous elements aeL and xe X.

Remark 4.4. A similar statement holds for Hom-associative H-pseudo-superalgebras and Hom-modules as
well. For example, if (M, py,a, ) is a Hom-L-module, then (A,M,pA(M , By =id, ®aM) is a Hom-AyL-
module with a compatible H-action, where

P (x® @) ®(y®, m)) =3 (xf;)(vg;) ®y &, (4.3)

if py(a®m)=>" f ®g,®,e forany homogeneouselements x®,acAL and y®, meAM.
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Proposition 4.5. Let (L,[*],aL) be a Hom-Lie H-pseudo-superalgebra and Y a commutative associative
H-differential superalgebra with a right action of H. Then (Y ®, L,[*],idY ®aL) is a Hom-Lie H-pseudo-
superalgebra with bracket pseudoproduct

[(x®y a)+(y8,b)] = ,, ®k,, ®, ((xfi(z))(yki(z))®ci), (4.4)

if [axb]=) f ®k ®, ¢ forany homogeneous elements x®, a,y®, beY ®, L.
Proof. According to the bracket pseudoproduct defined above, it is easy to see that H-bilinearity holds. To
verify the Skew-commutativity and Hom-Jacobi identity, take x®,, a,y®,b,z®, ceY ®L and suppose

[b*c]=2g, ® ®, a.[ (a)*a |=%,g; ®; ®, a;,
[a*xc]=Zm ®n ®, b.[a (b)*b]=2;m ®n; ®, by,

[a*b] =X f, ®k ®, ¢.[¢ *a (c)]=2;f; ®k; ®, c;.

Since L is a Hom-Lie H-pseudo-superalgebra, [b*a]z—(—l)‘aub‘(a@H id)[a*b]z—(—l)‘aub‘z k®f®,c,
therefore we have

[(y®,b)*(x®, a)]

= _(_1)‘a“b‘ z Kiy ® iy ®n (

——() 3k, @, @ (%, ), ) )
()f*((o® d )Z fi(l) ® ki(i) ®, ((xfi(z) J(vk,, @6 )

=-(-)*((c®, id)®id)[(x®, a)*(y®, b)]-

That is, the skew-commutativity holds. So it is sufficient to verify the Hom-Jacobi identity. Since

[(X® a) ] Zf ®k, ®H((Xf‘(2>)(yk‘<2>)®ci)'

xk ®c)

we have

[[(x®, a)*(y®, b)]*B(2®,¢)]

=3[(1, 05, 2 (1, ), )2 e )]

- .2,: f‘<1> f‘i(l) ® k‘(n f”<2> ® k‘i(n B (Xf‘u) f”(s) )( yk‘(Z) f‘i<4> )(Zk”<2> )®H G

) uz;‘( oy © ki“’) iy © Ky S ((( )(yk'(2> )) g )(Zk”<2) )®H G-

Similarly, by exchanging the status of the element x®, a,y®,, b,z®,, ce A L, we have
[A(x®, a)«[(y®, b)*(2®, c)]]
- ;g‘im ®(gi<1> '<>)| (Xg” )(((yg‘m )(Zlim ))I”<2>)®H %
(v, b)<[(x®, 2)#(28, 0)]
ZJ (miw o, ) iy (ym“<2> )(((Xmit2> )(Zn‘m )) My )®“ by

By the Hom-Jacobi identity of L, we have

[~
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[[ab]a(0)]-[a(a)[o=c]]+ (-1 (c@ia)®, i0) [a(b)[axc]]

:Z fifi, ©kify, ®k; ®y ¢ —0g; ®gly, Ol ®,
L]

+(—1)\3Hb‘((a®id)®H id)(m @mn, ®nn. ®, bij)

i"j(g) i"j(2)

Z(f ®k ) f; ®k; ®, ¢; -9, ®(g, ®1)l; @, 3
ij

+(-1 )‘aHb‘ (c®id)®, id)(mij ®(m ®n;)n; ®, bu)
=0,
it follows that
[[x®, a,y®, b].A(z®, c)|-[ B(x®, a).[y®, b,z®, c]]
+(—1)‘aHb‘ ((c®id)®, id)[ B(y®, b),[x®, a,z®, c]]=0.
So AyL is a Hom-Lie H-pseudo-superalgebra. This completes the proof. O

5. Hom-Lie Conformal Superalgebras

In this section we will reformulate the definition of Hom-Lie (or Hom-associative) H-pseudo-superalgebras. The
resulting notion, equivalent to that of Hom-H-pseudo-superalgebras, will be called Hom-H-conformal superal-
gebras.

Let us start by racalling the definitions of the Fourier transform and the x-brackets in [10]. For an arbitrary
Hopf algebra H, the Fourier transform F:H ® H > H ®H s defined by F(f ®g)= fS(g )® 9o F s
an isomorphism with an inverse given by F (f ® g) = fg g . The significance of Fourler transform Fis
the identity

feg=FF(f®g)= fS(g(l))@)g(z). (5.1)

In order to reformulate the definition of a Lie (or associative) H-pseudo-algebra, Bakalov, D'Andrea and Kac
introduced the bracket [a,b]e H ® L as the Fourier transform of [a*b]:

[ab]=XF(f,®g)(10e)= fiS(gi(l))®gi(2)ei.
That is,
[a,b]:Zhi ®c, if [a*b]:Z(h ®1)®,,
Then for xe X =H", the x-bracket is defined in [3] as follows:
[a,b]=({S(x).})[a,b] = Z(S(x),hi>ci.
Let (L,[*],a) be a Hom-Lie H-pseudo-superalgebra. For any homogeneous elements a,b,c e L, suppose
[bxc]=>1,®1®, a, [a(a)*a |=)I;®1®, a,
i i

[axc]=20;®1®, b, [a(b)b]=3 g; ®1®, b,

[axb]=3 f,®1®, ¢, [c *a(c)|=2 f; ®1®, ;.

Then we have

[a(a)x[bxc]]=>[a(a)*(| ®1®, &) ] =%:|ij ®l ®1®, a,
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[a(a),[b,c]]zzi:(o-(@id)(id ®[a(a),-])([b,c])=§|ij®|i®aij.
Similarly, we can obtain [a/(b)*[a*c]].[a(b).[a.c]],[[a*b]*a(c)].[[ab],a(c)], thus

[a(a)#[bxc]]-[[a*b]*a(c)]- (D) ((c ®id)®, id)[ a(b)*[a*c]]
=31, 1,818, a, - Zf f, ®f, 10,3 -(-1)"Y g ®g, 818, ¢,
ij ij ij

i iy

[a(a),[b.c]]-(F@id)[[a.b].a(c)]-(-1)™ (c ®id)[a(b).[a.c]]

—Z'., ®l @y Z(f ®1)A(f,) @8, -(-1)" Y g, @9, ®C
]
=3 1;®1 ®a Zf,f,l ® 1, ®a,—(-1)" Y g, 09, ®c;.
[N] L]

Therefore

[a(a)*[owc]]-(-1)* (o @i0)@, id)[a(b)[axc]]=[[a=b]+a(c)]

is equivalent to
[a(a).[b.c]]-(-1)" (o ®id)[a(b).[a.c]]=(F* ®@id)[[a.b].a(c)]-

So the definition of Hom-Lie H-pseudo-superalgebra can be equivalently reformulated as follows.

Definition 5.1. A Hom-Lie H-conformal superalgebra is a triple (L,[,],az) consisting of a superspace L in
4w M, an even operation [] L®L >H®L and an even homomorphism « € Hom,, (L, L) satisfying the
following axioms:

1) H-sesqui-linearity:

[ha,b] = (h@1)[a,b].[a,hb] = (1@, )[ab](S (1, ) @1); (5.2)

2) Skew-commutativity:
[b,a] = (- )\aub\zs( )®hi(2)ci, if [a,b] =Y h ®c;; (5.3)

3) Hom-Jacobi identity:
[«(a).[b.c]]—( 1) (o ®id )[a(b).[a.c]]=(F*®id)[[ab].a(c)]; (5.4)

where a, b, ¢ are homogeneous elementsinLand heH .

One can also reformulate Definition 4.1 in terms of x-brackets [a,b] as below.

Definition 5.2. A Hom-Lie H-conformal superalgebra is a triple HL,[,],a) consisting of a superspace L in
4M , an even operation [,]:L®L—L and an even homomorphism « e Hom, (L,L) satisfying the fol-
lowing axioms:

1) Locality:
codim{x € X|[a,b]=0} < foranya,beL; (5.5)
2) H-sesqui-linearity:
[ha,b] =[a,b] [a,hb] =h, [ &, b : (5.6)
3) Skew-super commutativity:
[ba]=~(-1)* X (xs(h,))s(h,)[b,al; (.7)

4) Hom-super Jacobi identity:
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[a(@),[b,]] - (2" (), [ac]] [[abe] a(c)} (5.8)

where x, and y, are dual bases of X and H, a, b, ¢ are homogeneous elementsinL, heH and x,ye X .

In the following we will show that there is a simple relationship between the x-bracket of a Hom-Lie H-con-
formal superalgebra and the commutator in its annihilation Hom-Lie H-pseudo-superalgebra A(L) defined in
Proposition 4.5. Let h,,x; be dual linear basis of H and X. Then we have

[a.b]=>"s(h)®[ab].[a*b]=>(S(h)®1)®,[ab].
According to Proposition 4.2, we obtain

[ax ' by] = Z[axib:l(xs(h,))y - [a"(z)b]

y

x(1)y
In other words,
[a,b], = [% ! bs(x@))y} - Z[a 'b<his<x))y]

Below we give one way of constructing Hom-modules over Hom-Lie H-pseudo-algebras, whose proofs are
similar to that in [10].

Proposition 5.3. Any Hom-module (M, p,,,«,,) over a Hom-Lie H-pseudo-superalgebra (L,[*],aL) has
a natural structure of a Hom-A(L)-module, given by (x ®, a) -m=a,m, where

axm=<S(x), fiS(gi(l) )>gi(2)ei, if axm :ZI:( f®g,)®, e, (5.9)

for all homogeneous elements aeL,xe X and me M . This action is compatible with the action of H, that is,
h(bm) = (h(l)b)(h(z)m) for all homogeneous elements b e A(L),m eM and heH, and satisfies the locality

condition: codim{x e X|[aXM]:O <o for any homogeneous elements acL and meM.
Conversely, any Hom-A(L)-module (M, p,,,ay, ) satisfying the above conditions has a natural structure of
an Hom-L-module, given by

axm=>(S(h)®1)®, am, (5.10)
where h. and x; are dual linear basis of H and X.

6. Cohomology of Hom-Lie H-Pseudo-Superalgebras

In this section, we will consider the cohomology of Hom-Lie H-pseudo-superalgebras, generalizing the results
of Hom-Lie H-pseudoalgebras and Lie superalgebras.

Let (L,[,],aL be a Hom-Lie H-pseudo-superalgebra, (M ' Py ,aM) is a Hom-L-module. Let n>1 be a
natural number and let C/ ., (L,M ) be the superspace of all homogeneous skew-symmetric cochains
y € Hom ., (L®”, H"®, MS satisfies

(id} ®, ay )7 (a, ®a,®--®a,,®a,)

(6.1)
= ;/(aL (a,)®a (a,)® - ®a (a,,)®ay (a, ))
Explicitly, y has the following defining properties:
1) H-polylinearity: Forany heH and a €L,
v ®ha,® --®h _,a,,®ha,
(hlai 272 1 1 ) (62)

=((h®h,®--®h ,®h)®, ®1)y(a®a ® -®a,, ®a,).

2) Skew-supersymmetry: For any a, €L,



S.X. Wang, T. T. Tao

7(a,®-®a,®a ®-®a,)

i+l

= ()" (0,8, id)y(a,®®a ®a, ®®a,),

i+l

(6.3)

where o, :H®" — H®" is the transposition of the ith and (i +1) st factors.

The map y is called even (resp. odd) when y(a, ®a, ®---®a,)e M, (resp. y(a, ®a, ®---®a,)eM,)
for all even (resp. odd) elements a, ® a, ®---®a, € H®", where the parity of the element a, ® a, ®---®a, is
|ay|+|a,|+---+a,|. We denote the parity of the map by |-

For nx>1,themap d:C/,,(L,M)—C/i (L, M) isdefined as follows:

Hom

dy ®--®a,P®a® -®a ®a
a’l i+l i n n+l

_ Z (_1)|+1 (_1)‘ai‘(‘7‘4—‘31‘-#-“4—‘3%1‘) (alﬁi ®H id )aﬂfl (ai ) % 7(a1 R ® éi X ® an+l)

I<i<n+l
i+]j aj(|ag]+ - +aj 4| aijl |a]+ -+ aj_q|+aj e[+ Haj | - (64)
+ z (_1) J (_1)‘ il(Jadl++faial) (_1)‘ 1‘(‘ |+ +ai-a+ail ‘ i ‘) (01—>i,2—>j ®H |d)

I<i<j<n+l

xy([a*a ]@a (a)® ©4 0 04 ® Ba(a,)),

where o, ; is the permutation h ®h ®---®h, ®h, ®---®h ;> h ®---®h ,,, 0,,,; Isthe permuta-
tion h ®h, ®h ®---®h 1®h,+1® ‘®h,;®h;,®---®h , > h®--®h ,, and the sign ~ indicates that the
element beIow it must be omitted. In partlcular for n=1 we have

(d7) (2 3) =7 ([a *a]) + (- ™ &y # 7 (8) ~ (1)) (0, ®,, id) 2, # (1), (65)
and for n=2 we obtain
(d7)(a®a, @) =(-1) o, (a) 7 (a, ®a,)
() (6, @, id)ar (3,) 7 (3, @)
()RR (6 @, id) e (a)* 1 (3, @a,) (6.6)
-(- 1)‘%“32‘(‘71»2 252 @ 1d) 7 ([2; ¥ 8] @, (,))
+ (-0 (00,5 @ 1) 7 ([2,¥2,] @ (3,)) 7 ([2, %2, ] @, (a,)).

The fact that d® =0 is most easily checked and the same argument is in the usual Lie superalgebra case in
[26] [36] [37] and Hom-Lie H-pseudoalgebra case in [34]. The cohomology of the resulting complex
Crom (LM is called the cohomology of (L,[*],, ) with coefficients in (M, p,,@, ) and is denoted by
HHom L M

One( can a)lso modify the above definition by replacing everywhere ®, by ®. Let CHorn (L, M) consist of
all skew-symmetric cochains y € Hom ., (L®*",H®" ® M ). Then we can deflne a differential
d:Chom (L,M)—>Clix (L, ,M) by (6.1) with ®, replaced by ® everywhere; then again d?=0. The cor-
responding cohomology H7,,, (L M ) will be called the basic cohomology of (L,[*],aL) with coefficients in
(M, py.ay ) - Incontrast, H; . (L,M) issometimes called the reduced cohomology.

In the following we will show that the cohomology theory of Hom-Lie H-pseudo-superalgebras describes
extensions and deformations, just as any cohomology theory.

Theorem 6.1. Let (L,[*],aL) be a multiplicative Hom-Lie H-pseudo-superalgebra, and (M, p,, @, ) bea
Hom-L-module, considering a Hom-Lie H-pseudo-superalgebra with respect to the zero pseudobracket, then the
equivalence classes of H-split abelian extensions

0>M—>Lo>L—>0 (6.7)

of the Hom-Lie H-pseudo-superalgebra (L [*] a, correspond bijectively to HHom(L, M )0, the homogeneous
component of degree zero of the reduced cohomology HZ.., (LM).
Proof. Let 0>M — L —L—0 be an extension of L-modules, which is split over H. Choosing a splitting

L=L®M ={I +m|lel,me M} as an H-module, and denoting the pseudobracket of L by [a;b], we

have forall a,beL,mneM :
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[a¥m]=[a*m],[m&n]=0,[a%b]-[a*b]=y(a®b)e H" ®, M. (6.8)

It is not hard to verify that » is a homogeneous 2-cochain of degree zero, i.e., y e Chom (L, M )0. The Hom-
super Jacobi identity of Land L implies dy =0 inthe sense of (6.1).
Conversely, given an element of H7 (L,M) , we can choose a representative y € C4, (L,M ), and de-

Hom Hom

fine an action [*] by (6.2). Then [*] depends only on the ». O
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