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Abstract

The present paper aims at introducing and investigating a new class of generalized double zeta
function i.e. modified double zeta function which involves the Riemann, Hurwitz, Hurwitz-Lerch,
Barnes double zeta function and Bin-Saad generalized double zeta function as particular cases.
The results are obtained by suitably applying Riemann-Liouville type and Tremblay fractional
integral and differential operators. We derive the expansion formula for the proposed function
with some of its properties via fractional operators and discuss the link with known results.
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1. Introduction and Preliminaries

The Hurwitz-Lerch zeta function [1] is defined by

?(y,2,8)=3" —F— aeC\{0,-1-2,-3};]y|<1 1)
“(a+n)

@ is an analytic function in both variables y and z in suitable region.

The further generalization of Hurwitz-Lerch zeta function &(y,z,a) is defined by [2]

* — 0 (:u)n yn 2
7, (y.z.a) > (asn) (0! @)

= M denotes the Pochhammer’s symbol, xeC, a={0,-1,-2,-3,-},|y|<1
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In [3] [4] Bin-Saad and Al-Gonah introduced two hypergeometric type generating functions of generalized
zeta function as follows

n

X

& (x, y;z,a):Z::OQ*#(y,Hn,a)(n)! (3)
and
¢u(xyiza)y=3" (v) @;(y,z+n,a)();—n)! 4)
The generalized double zeta function of Bin-Saad [5] is defined by
(X, y;z,a):Zfo(y)HQ(y,z,aJr/ln)()r(]—n)! (5)
where |x|<1]y|<LueC\{0,-1,-2,-3,-},4eC\{0}; aeC\{-(m+An)}, {mn}e{0123
The alternate representation is
Sr(xyiz,a)=)" &, [x,z,a;njﬁ—: (6)

where @; is the generalized zeta function defined by (2).
The generalized hypergeometric function in classical form has been defined [6] as

...(a n
qu(a1'azv""ap;bllbz""'bq;Z): iow% "

where p=q+1, |z| <1; denominator parameters are neither zero nor negative integers.
Bin-Saad [5] discussed following relationships.

¢4 (0,y;z,a)=3(y,z,a) (8)

¢t (x0,z,a)=, (y,z,a) 9)
% . s . _ ®© ('u)n Xn

¢! (x,O,z,a)_QM(x,z,a)_znzom (10)

¢t (xy;La)=a"Ffa uLa+Lxy] (12)

where F; is the Appell’s function of two variables [7] defined as
a b) (b") x™y"
( )m+n ( )m ( )n y (12)

() (M)Y()!

We further recall the following well known expansion formula of Hurwitz-Lerch zeta function [1]

F(l—Z){ 1}“ . (logy)"
@ 1 l = I o A _k, 13
(v.z,a) (ya) Ogy +ya Zk:oé/(z a) (n)! 43
where flog(y)|<2n, 2#123: a={0,-1-2,-3:} and

;’(Z,a) = Z::U : =

(a+n)’

Rlabbiexy]=>

is Hurwitz zeta function which is generalization of the Riemann zeta function given as
w 1
4/(2) = n=0 z (15)
(n)
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Due to great potential and significant role of special functions especially hypergeometric functions in various
problems occurring in mathematical physics, engineering [8] [9], the author has motivated to further investigate
the topic. Several generalizations of hypergeometric functions have been made by many authors [10] [11]. Re-
cently Rao [12] defined Wright type generalized hypergeometric function via fractional calculus. Many authors
investigated the fractional calculus approach in study of generalized hypergeometric type function [13] [14]. The
subject fractional calculus has gained much attention amongst researchers due to its vast potential of demon-
strated mathematical models in various fields of science and engineering such as diffusion, oscillation, dynami-
cal process in porous structures, propagation of waves, diffusive transport, fluid flow, etc. The present paper
aims at introducing and investigating a new kind of hypergeometric type function that is modified double zeta
function via fractional calculus. The layout of the paper is as follows

In section 2 we introduce and discuss some properties of the modified double zeta function. Section 3 devoted
to discuss the Trembley [15] well poised fractional calculus operator together with its properties. In section 4,
we establish some interesting results of modified double zeta function through fractional operators and also de-
rive its summation formula. In section 5, we develop some properties of fractional operators. Many Lemmas and
particular cases have been discussed to relate known results.

2. Modified Double Zeta Function

In a sequel of result (5) here we introduce a modified double zeta function as follows

n

] e F(b+/1n) X

e (Xyizia)=>"" (u), m@(y, z,a+An) ) (16)

where |x|<1|y|<LxeC\{0,-1,-2,-3,---},2eC\{0};

a,b,ceC\{-an}, ne{0,1,23,-}.
We can readily obtain following relationship
fon (X ¥:2.8)=CF (X y;2,) ()
I'(b

¢t (0, y;z,a)=%@(y,z,a) (18)

Ir'(b
e (x,0;L,a) = alﬁfz[%b,a;c,aﬂ; x] (19)
Chp(x0La)=a",F[uaa+Lx] (20)

Integration and differentiation of fractional order are traditionally defined by the left side Riemann fractional
integral operator 1/ f and right hand operator I f and the corresponding R-L fractional derivative opera-
tors D4, f and D/ _f [8], which are given as follows

(1, £)(x) = F(lﬂ)j:(xf_(tt)z_y dt (x>a) (21)
(|;f)(x)=r(1ﬂ)jf(tj)(:)2# dt (x<p) (22)

Further for s eC,Re(u)>0;n= [Re(,u)]+1, the left sided and right sided Riemann fractional differential
operators are defined as

(Dg+f)(x):(%jn(lgj’f)(x) (23)
(Dgf)(x)z(—%jn(lg‘”f)(x) (24)
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A generalization of Riemann-Liouville fractional derivatives (Dg+ f )(x) [9] is given by

(D22 1) =1 21

(throughout this paper we apply all operators with respect to x variable).

L(a, ) is the space of Lebesgue measurable real or complex valued functions such that

s
== I (]t <o)
Lemma 2.1. (Mathai and Haubold [16]) If x4, 8€C; Re(u)>0;Re(B)>0 then

14, (x—a)’" :%(X_a)wﬂ—l

Lemma 2.2. (Srivastava and Tomovski [14]) If x>a, O0<u<1, 0<v<l, Re(1)>0 then

v -1 r A-p-1
(022 (1= )09 = e

Lemma 2.3. If ueC\{0,-1-2,-3,--};a,b,ceC\{-in}, Re(u)>0,n=[Re(u)]+1, 1>0,

max {|x|,|y|.|z|} <1, w >0 then

[%j [ c14’4130(WX Y5z, a)} Cnlé’“cn(wx y:Z, a)

Proof. On using definition (16), we get
S T(b+A4n

,1

(5] [t yiza)] = 5 ), w rgcmge(y,z,am)(ddx] (x_
o L(b+4n)

b+An

=2no(#), W I'(c+A4n)

—J(y,z,a+An)—

Simplify and using definition (16) again, yields the proof of (29).
Now we define the integral operator as follows:

Catin e T (0= [ (x=t) "¢ty (w(x=1)" yiz,a) f (1)
where a,b,c,w,ueC;

Re(a,b,c, 1) > 0,2 >O,‘w(x—t)“ <1, max{|y|,|z|} <1

3. The Well Poised Fractional Calculus Operator

The fractional calculus operator ,Oj that was introduced by Tremblay [15] is given as
r
0= ) s o)
I'(a)
where |z|<1a,f#{0,-1,-2,-3,---} and due to [17] we have

_ T@+p) o

Df{zp}_ r(1+p-a) “ (Re(p)>—l)

We can easily obtain the following result of 07

1 T(c+4an)
n'r(c+An—n)

(25)

(26)

@7)

(28)

(29)

(30)

(1)

(32)

(33)

(34)
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« fyn _ﬂzn
O3} ) (35)
05 {1-2)"} =R (rap2) (36)
.05 {(z)k (1- Z)*Zkv} _ E;;k (Z)k R (2k+y,a+k; f+k;2) (37)

where ,F is Gauss hypergeometric function.
The operator ,O; has lot more interesting properties and applications. Tremblay introduced this operator to
deal with special function more efficiently.

4. The Main Results

Theorem 4.1 If a<cR,; ab,c,u,weC ; Re(a,b,c,y,/l)>0,‘w(x—t)“<1, max{|y|,|z|}<1 then for
x>a following results holds true

[ (a) ¢t (wix-a) yiza) [= (-a) " ¢ty (w(x-a) izl (3®)
D2, [(x-a) ¢y (wix-a) yiza)|=(x-a) ¢ty (Wix-a) viza)  @9)

If 0<u<l0<v<]l then
D22 (=)t (wit-)' yi20) [0 = (- e, () yiza) o)

Proof. L.H.S of (38) after using (21) gives
1 x(t—a)c_lg,{fb,c(w(x—a)l,y;z,a)
I'(u); (x—t) ™

Using definition (16) suitably changing the order of summation and integration, we have

n |:(X_a)c—l Ch (W(X _a)i Yi Z, a)}

dt

" [(X _a)c—l o (w(x—a)i iz, a)} =

1 e Dlbwin) W s ft-a)
- r(ﬂ)znzo(ﬂ)n r(c+,1n)®(y'z'a+/ln)(n)!-[ﬂ = dt (41)
RNt F(b+/1n) w" p _\eram-1
_Zn_o(ﬂ)nm®(y,z,a+ﬂ,n)(n)!IM[(X a) J
By virtue of (27)
Iﬁ{(x—a)“lgfb,c(w(x—a)ﬁ,y;z,a)}
2\" (42)
e I(b+4n) (w(x-a)')
_(X—a) ano(,u)HWQ(y,z,a+ln)T
Finally by using definition (16), yields result (38).
Further to prove (39), we use (16) and (23)
Dz, | (x=a)f ¢ty (w(x-a)" viza) |
(43)

(& oot
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Using (38) we get

- D& {g(m

n=0

3 (u),

D*, [(x—oz)cf1 Choe (w(x—a)l Y2, a)}

Finally using lemma 2.3 yields R.H.S of (39).
To prove (40), we have

D[ (t-a) ¢tie (w(t-a)  viz.a) |(x)

_ (i
dx

I'(b+4n)
I'(c+4n)

Using Equation (28), yields proof of (40).
Theorem 4.2 If ‘(x)l

Proof. We have

On using (35) we get

O er (0 yiza)l =37 (1), @(v. 2.8+ 20) O { }

I'(b+4n)
"T(c+4n)

S(y,z,a+n)

r'(c

@(y,z,a+}bn)(w)n

ot —a)“*”}(X)
(w)’

(n)!

(n)!

02 [(t-a)™ ()

<1, max{|y|.|z}} <1 ab,c,ueC\{0}, Re(ab,c,u,4)>0 then

ok {cjf ((x)l Y z,a)} Z—)Cff,b,c ((x)i Y z,a)

r'(b)

()

oK { “ ((x)ﬁ Yoz, a)} =3 (1) D(y.z,a+An)——"—x

ni(c),,

After little simplification and using definition (16), yields the results (46).
Remark 4.1. For A1=1,z=1 Equation (46) yields.

ok {a‘lF1 [a, wLa+1x, y]}

r

Remark 4.2. On putting y = 0 in Equation (49), we get
oK {a‘lel(y,a;a+1; x)} =,F, (ubac,a+Lx)

Remark 4.3. Further if we set b = ¢ in Equation (46), it reduces to known identity due to Trembley [15]

(©)

=y S

r'(b)

<(xyiLa)

Theorem 4.3.1f a,b,c,u,weC; Re(a,b,c,u,1)>0,|wx|<1, max{|y|,|z|}<l,

then

a,,B,,B+k¢{O,—1,_2,_3,...}

ney {(1— X) " by (WX, Ys 2, a)}

. (#),(a), T(b+4n)

-3

n=0

(B)n

I'(c+4n)

a(y,z,a+2n)

JF(2k+y,a+n; B+n;X)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)
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Proof. Expressing modified zeta function in L.H.S as series and changing the order of integration and sum-
mation, gives
XOZ {(1_ X)ka—y f,b,c (WX, V; Z, a)}
" 53)
» I'(b+4n) ( ) (
= @ 1 &9 ﬂv —~ ~.
Zn:O(/u)n F(C+ﬂn) (y Z,a+ n)

employing (37), yields

. (#), (@), T(b+4n)

=X 7). 1ﬂ(CJHm)Q(y,z,awln)

which completes the proof.
Corollary 4.1. On putting 41=1y=0,z=1,w=1 Equation (52) reduces to

F(2k+y,a+n; f+n;x)

.05 [(1— X) 27 F, (ubac,a+L; x)}

i(ﬂ)m(a)m (b), (), (x) - (54)

TLT(), (o), (), (my B mpm)

Theorem 4.4. If |Iog(y)| <2m,

X <1 and all conditions mentioned in theorem 4.1 holds, then

nzzoqlb'c (x,5;z-n,a) (")
(55)

=(y*)¢the (x yiz,a)-T (1~ z)[mgﬂ”% F {ﬂ, b C;ﬂ

where z#1,2,3--; a={0,-1,-2,-3,---}.
Proof. From (16) we have

1H(bJrn)Q(y,z,aH n)()r:—n)I

Now employing series representation of &(y,z,a) at R.H.S in above equation by using (13)

“o(xyz,a -3 L(b+n)|T{A-2) 0 EH+LOO z—k,a+n (Iogy)k X
Sl (X yi2,a) Z(u)nr(C ){(ym){lgy} yméf( k,a+n) } _ (56)

Coe (xyi2,2) = F(l_Z){'Oglri(ﬂ)n Loy

= I'(c+n)

S (xy:2,2) =Y (u)

i "T(c+n)

+
+

L(b+n) 1 & (Iogy)k X"

2 ey yer & A )G

+

Clearly ¢(z-k,a+n)=3(Lz-k,a+n)
After little simplification

ffb,c(X,y;z,a)=—rgi;)z){'ogﬂ%zﬁ[ﬂ,bm%} : oj?ﬁ,c(x,l;Z—nya)(logy_) (57)

This completes the proof of (55).
Remark 4.4. For b = ¢ equation (55) yields the result [Bin-Saad [5]: p. 273, Equation (2.18), theorem 2.1].
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5. Some Properties of the Operator ¢’  f(x)

Theorem 5.1. With all conditions on parameters as stated in Equations (27) and (30), the following properties
holds true

(1 [z )00 = Cotityenn () = oo [ (1. £) ] () (58)
Proof. From (21) and (30), we have

(|§+ [C:I+y;;bc f ])(X) T - )J:[

curre () .
(u

(x —t)l"’

Therefore

([t =7

[ - t e (w(t=u)",y;z,a) f (u)du
(ﬂ).[t:a(x_t)ldl [Iu:a(t_u) gﬁb&( (t ) Y3 2, )f( )d :|dt

Interchanging the order of integration and using Dirichlet formula [17], we obtain

(t—u)cfl [ (W(t—u)/l ' y;Z,a)dt] f(u)du

(1 [grset ])(x)= ﬁf o

and substituting t—u =17, we have

1

(Igj+ [g;ﬁ;yﬁbyc f J)(x) :_sza I:;H(r)c’l s (W(T)l Y z,a)dr] f (u)du (59)

(x—7-u)

Making use of (21) leads
(|§+ [é“:i);/)f,}jb,c f ])(x) = '[uxza 14, [(x—u)c_l Cle (W(x—u)1 Yz, a)} f (u)du
=1 [(X—U)c_1 e (W(X—U)A Y; z,a)] f (u)du
f

= L (=) e, (w(x=u) vz a) £ (u)du
— w;y,z,a f(x)

T Satdube+u

this leads the proof of L.H.S of (58).
again

SR [(I;{Qf)](x):f:a(x—t)c'1 g,{‘,b,c(w(x—t)’1 , y;z,a)(lgj+ f )(t)dt
= :a(x—t)c_lg“fvbvc(w(x—t)i,y;z,a)[%)]'; f(u) dqut

()" (t-u)™"

Using the Dirichlet formula [17] and interchanging the order of integration we get

(e [gze, )0 =] r(lﬂ)[ I (t_i)“’ (x—t) ¢, (W(x_ty 'y;z,a)dt] f (u)du
Substituting (x—t) =4, we get
crnte[(1.1)]00) = Ijaﬁ[ﬁixumwl fe(Wlr) aa)(—dﬂl)} f (u)au

(60)

e R LGV m)(dﬂo} f (u)do

1 (x
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making use of (59) readily leads to the proof of R.H.S of (58).

6. Conclusion

Recently fractional operator’s theory was recognized to be a good tool for modeling complex problems, kinetic
equations, fractional reaction, diffusion equations, etc. In this work we introduce and study the new class of ge-
neralized zeta function through Riemann Liouville type and Tremblay fractional integral and differential opera-
tors. In section 4, interesting images of modified double zeta function have been obtained and useful link be-
tween generalized and modified zeta function has been established through Trembley fractional operator. Series
expansion of the new class of generalized zeta function is a significant contribution in the direction along that
developed in [5]. In section 5, interesting properties of operator ¢ f (x) have been derived. Many
lemmas, corollaries and remarks are obtained to link results with earlier known work. Composition results of
Trembley fractional operators and modified zeta function are very useful due to general nature proposed func-

tion which may lead several functions and open vast scope of further research in the operator’s field.
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