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Abstract

For the cube root of a positive integer, a direct method to determine the floor of integer combina-
tion of the cube root and its square is given.
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1. Introduction

The continued fraction expansion of V2 can be calculated as follow(cf. [1]-[3]).

1
J§:1+(J§—1):I+J§+l.

Because
J§+1=2+(J§—g,

hence

\/5:1+(\/§—1):1+ L =1+ 1
2+(V2-1 1
+( ) 2+\/§+1

When one calculates the continued fraction expansion of J2, itis important to determine the integer part of
m+/2+n,m,n e Z. For square root, its continued fraction expansion can be obtained easily because it is circled
while there is no obvious method to do so for cube root. In this note, we will determine the integer part of cube
root and its combination. So we can achieve the continued fraction expansion of cube root according to the in-
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teger part of the cube root.

2. Main Results
Let N be a positive integer and not a cube. Denote « = 3N asits cube root. For aa?+ba +c,a,b,ceZ, set
p=Db*—-ac,q=a’N-bc,r =c®>—abN,M =a’N? +b*N +c® —3abcN.
Then these numbers are satisfied the identity:
(aa2+ba+c)(pa2+qa+r)=M. 1)
We achieve two interesting properties on aa® +ba+c and pa’+qa+r.
Theorem 1. If a>0,then pa®+qa+r>0. Therefore the number aa” +ba+c has the same sign as M.
We consider two cases respectively.
DIf b<O.

a) If ¢>0. Substituting p=b*—ac,q=a*N -bc,r =c’—abN into the expression pa’+qa+r, then we
have

2

1 3
pa’ +qa+r=a’a’ —aca’ 5 —aba’® +ZCZ +b%a® —bca

1Y 3
=| aa? ——cj +(-aba®)+>c? +b’a® +(-bca) > 0
2 4
since every term in the last expression is nonnegative.

b) If c<0.We have also the similar expression as case a):

2 3

1 3
pa’ +qa +r =b%a? —bcw+zc2 +a’a* —aca? ¢ —aba

= (ba —lcjz +a’a’ Jr(—a00:2)+§c2 +(—aba3) >0
2 4 '

The above inequality holds because a>0,b<0,c<0.
2)If b>0.
a) If ¢>—vabN. Then we have

aa’ +ba +c¢>aa? +ba —+/abN > 2+/aa’ba —+/abN >+/abN > 0.

We also have
a’N? +b®N +c® —3abeN > 3¥a*N’b°Ne® —3abeN =0, (c20);
a’N° +b°N +¢* ~3abeN > a°N° +b°N +¢* > a°N° +b°N - Va’h®N® >0, (—/abN <c<0).
Hence by the identity (1)

a®N? +b®N +c® —3abcN .

> 0.
aa” +ba+c

pa’ +qa+r =

b) If c<—+abN. Then ¢ >abN,p=b’-ac>0,q=a’N—bc>0. Because of «>1a”>1, therefore
pa’ +qa+r > p+q+r=(b2—ac)+(a2N—bc)+(cz—abN)>O.

So we show that pa’+qa+r >0 for both cases. According to identity (1), both aa®+ba+c and M have
the same sign.
Remark 1. The result is very amazing. Because the quotient ring Q[x]/(x3 - N): Q(a) is a filed, where
x*—N) is the maximal ideal generated by the irreducible polynomial x*—N. Forany aa’+ba+ceQ(a),
there exists pa’ +qa+r such that

(aaz +ba+C)(pa2 +qa+r) cQ.
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But it is surprising that the number pa?® +qa +r defined in Theorem 1 is always positive.
Theorem 2. If a®N? +b°N +c®—3abcN >0 and a®N2+b°N +(c—1)° —3ab(c—1)N <0, then

[a?/m+bf/ﬁ} =—C.

That is to say, —c is the biggest integer less than or equal to a3d/N? + bIN.
According to Theorem 1,

aYN? +b¥N +c>0, a¥yN?2+b3¥N +c-1<0.
Hence

—c<a¥N?2 +b¥N <—c+1.

So
[aW+ b%/ﬁ} ——c.

The proof is completed.
Remark 2. Applying the Theorem 2, we can design an algorithm to calculate the continued fraction expan-
sion of the cube root /N .
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