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ABSTRACT 

The paper considers the lattice of fully invariant subgroups of the cotorsion hull T   when a separable primary group 
 is an arbitrary direct sum of torsion-complete groups.The investigation of this problem in the case of a cotorsion hull 

is important because endomorphisms in this class of groups are completely defined by their action on the torsion part 
and for mixed groups the ring of endomorphisms is isomorphic to the ring of endomorphisms of the torsion part if and 
only if the group is a fully invariant subgroup of the cotorsion hull of its torsion part. In the considered case, the 
cotorsion hull is not fully transitive and hence it is necessary to introduce a new function which differs from an 
indicator and assigns an infinite matrix to each element of the cotorsion hull. The relation  difined on the set 

T

   of 
these matrices is different from the relation proposed by the autor in the countable case and better discribes the lower 
semilattice  . The use of the relation  essentially simplifies the verification of the required properties. It is proved 

that the lattice of fully invariant subgroups of the group T


  is isomorphic to the lattice of filters of the lower 

semilattice  . 
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1. Introduction 

We consider questions of the theory of abelian groups 
and throughout the paper the word “group” means an 
additively written abelian group. The notation and 
terminology used in the text are borrowed from the two- 
volume monograph [1,2]. 

The symbol  denotes a fixed prime number. p Z  
and  are respectively the groups of integer and 
rational numbers. If  is the order of an element  
of the group, then the exponent of an element  is 
equal to  and written as 

Q
np a

a
n  e a n . A subgroup  

of the group 
B

A  is called fully invariant if for any 
endomorphism of the group A  this subgroup  is 
mapped into . The examples of such subgroups are 

B
B

 AnA a na ,    0,A n a a a An  , , 
, the torsion part of the group 

0n 
nZ A . 

The study of the lattice of fully invariant subgroups of 
a group is an important problem of the theory of abelian 
groups. For sufficiently wide classes of -groups this 
topic is treated in [3-7] and in other papers. The works 
[8-13] and others are dedicated to the investigation of 

this question in torsion-free and mixed groups. 

p

A group A  is called a cotorsion group if its ex- 
tension by means of any torsion-free group  splits, 
i.e., 

C
 ,C AExt 0 . The importance of the class of 

cotorsion groups in the theory of abelian groups is due to 
two facts (see [1, items 54, 55]): for any groups A , , 
the group 

B
 Ext ,A B  is a cotorsion group; any reduced 

group A  is isomorphically embeddable into the group 
 Ext ,A Q Z A   called the cotorsion hull of a group 

A  and, in addition, A A  is a divisible torsion-free 
group. Any reduced cotorsion group A  can be 
represented as the direct sum •A T C  where 

 Ext ,T Q Z T  ,  is the torsion part of a 
group 

=T tA
A  and  is a torsion-free, algebraically 

compact group (see [14]). If 
C

p
p

 is represented as 
a direct sum of primary components, then 

T  T

    Ext , Ext , .p
p

Q Z T Z p T  

The construction of algebraically compact groups is 
well known (see [4, item 40]). Hence the study of 
cotorsion groups reduces the study of groups of the form 
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  Ext ,Z p T  where T  is a -primary group to a 
considerable extent. 

p

Though the notion of a cotorsion group and its 
generalizations are studied sufficiently well (see [15-18]), 
little is known about the lattice of fully invariant 
subgroups of a cotorsion group. The investigation of this 
problem in the case of a cotorsion hull is important 
because endomorphisms in this class of groups are 
completely defined by their action on the torsion part and, 
as shown in [19], for mixed groups the ring of endo- 
morphisms is isomorphic to the ring of endomorphisms 
of the torsion part if and only if the group is a fully 
invariant subgroup of the cotorsion hull of its torsion part. 
The study of the lattice of fully invariant subgroups 
makes essential use of the notions of an indicator and a 
fully transitive group.  

By the -indicator of an element  of the group p a
A  we mean an increasing sequence of ordinal numbers 

          , , , ,n
AH a H a h a h pa h p a    ,  

where  denotes the generalized -height of the 
element , i.e. 

h p
a  h a   if  and 

 (certainly, if  then 
). In the set of indicators we can introduce 

the order 

1\A p A  

   0 ,na  
a p

h 0h
 1nh p 

 
a

h p
  

        , 0,1,i iH a H b h p a h p b i    .  

A reduced -group is called fully transitive if for its 
arbitrary elements  and  when 

p
a ,b    H a H b  

there exists an endomorphism   of the group such that 
a b  . In fully transitive groups, the lattice of fully 

invariant subgroups is studied by means of indicators 
(see [2, Theorem 67.1]). 

A. Mader [11] showed that an algebraically compact 
group is fully transitive and described by means of 
indicators of the lattice of fully invariant subgroups of an 
algebraically compact group. Moreover, he indicated the 
generalized conditions the fulfillment of which gives a 
description of the lattice of fully invariant submodules. 

Theorem 1.1 (A. Mader). 1 Let A  be a module over 
a commutative ring ,  be the lattice of its fully 
invariant submodules,  be some lower semilattice, 
and  be the mapping with the following 
properties: 

R 


: A 

1)  is surjective; 
2)    fa a  

 a b   
  and ; a A 

  a b
Endf A

3) ; 
4) if  then there exists an endo- 

morphism  of the module 
    ,a b  
f A  such that  f b a ; 

5)
c C

 if , then for any  there exists 
 such that   . 

C ,a b C
 b


   c a 
*Then the set  of all filters of , which is ordered 

with respect to the inclusion, is a lattice and the mapping 


*:     defined by the rule  
    A a D D a    is a lattice isomorphism. 
In the same way as we did in -groups we define the 

notion of full transitivity in the group  
p

  ,p• ExtT Z

T

T . If  is a torsion-complete group, 
then its cotorsion hull is an algebraically compact group 
(see [1, item 56] and, as has been mentioned above, is 
fully transitive. A. Moskalenko [13] proved that when 

 is the direct sum of cyclic -groups, then T

T

p   is 
also fully transitive and all the conditions of Theorem 1.1 
are fulfilled. Therefore in this case, too, the lattice *  
of indicator filters describes the lattice of fully invariant 
subgroups. The direct sum of torsion-complete groups is 
a natural generalization of the direct sum of cyclic 

-groups and torsion-complete groups. The author has 
shown in [20] that in this class of groups, if the sum is 
infinite, the cotorsion hull is not fully transitive. 
Therefore, because of condition 4) of Theorem 1.1 we 
cannot use indicators to describe the lattice of fully 
invariant subgroups. The lattice of fully invariant 
subgroups of 

p

T   was studied in [21] when  is the 
countable direct sum of torsion-complete groups. In the 
present paper,  is an arbitrary direct sum of torsion- 
complete groups and the lower semilattice is defined by a 
simpler new relation 

T

T

  (see Definition 2.2) which 
makes it easier to verify the properties of Theorem 1.1. 

2. A Semilattice   

Let a -group  be the direct sum of torsion- 
complete -groups 

p
p

T

,i
i

T B


 


               (2.1) 

where  is a basic subgroup of the group iB iB  and  

i
i

B B


 


p T

 is the basic subgroup of . Assume that   T 

is a fully ordered set of indexes. For a separable 
-group , A. Moskalenko [13] represented elements 

of the cotorsion hull T   as countable sequences 

 


0 1

1 .

ˆ, , , ,

, 0,1,

i i

i i

,a a T a T a T

pa a T i

   

  

 



T 

 

Writing the element in this form, it is easy to calculate 
their height and indicator (see [21], (1.2)) 

Let 
J

B x




  be a fixed basic subgroup of a  

separable -group . If , , 
then in the group  there exists a sequence 

p T
B

a T   0 1, ,a a a T  
 ib , 

0,1,i  

j ji ib m


, such that for any  i

1 =

, 0 and lim .
j

s n
s

i i i i s
nj s

x m p a p b 

    
 

 
0


  (2.2) 

This representation of an element  is called a
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canonical. The sequence  is said to correspond to 
the canonical representation of . The statements given 
below are true (see [13]). 

 ib

 H a

a

Proposition 2.1. If 0 1T
,  , ,k k   ib  is the 

sequence corresponding to the canonical representation 
of an element , and between  and 1i  there is a 
jump, then in the expansion 

ik ib   with respect to the 
basis 

a ik k 

 x    there is an element x  of order 
. 1ikp 

Proposition 2.2. If  
T

H a  is a sequence of 
nonnegative integers, then it has an infinite number of 
jumps. 

Let a group  be of form (2.1) and T a T  . Denote 
by i  the projection of the group T  on the direct 
summand iB  and consider the sequence    b b

k
i j ij , 

 (see (2.2)). For each  and fixed , the 
sequence  defines the element 

0,1,j   1i

,i k

0 1, ,i i b b

=0

n
s

s



2, , iT a

lim ,ik s
n

a p b


             (2.3) 

and the elements  of the group  define the 
element  of the group 

0 1, ,i ia a

0 1i ia 
ˆ

iB
   ,ia a T  T  . 

It is obvious that 

1

lim
n

k
n i

a
 
 .ika               (2.4) 

(Here we have separated two indexes i  and k s  
by the comma and we will sometimes do so in the sequel 
in order to distinguish their order). Note that the elements 

, , are uniquely defined by an element  
(see [13], item 1.2) 

 ia 1,2,i   a

To every element  we put into correspondence 
the matrix 

aT 

   0ia H
0

,
i

a


              (2.5) 

where 
T

   00H a H a ,    ˆ0 0i iT
H a H a  for 

and t
1i   

he indicators are written in a column. 
Definition 2.1. The matrix ijk , , i 0,1,j  


, 

made up of ordinal numbers and symbols  is called 
admissible with respect to the group  if the following 
conditions are fulfilled: 

T

1) The 0th row 00 01  is an increasing sequence 
of ordinal numbers so that 0i

, ,
k

k k
    or 0ik   . If 

0 jk  , then 0 1 0n n  for any , whereas 
the other rows are increasing sequences of nonnegative 
integer numbers or symbols   (Here 

1k k  n  j

  is the 
smallest infinite ordinal number and it is assumed that 

). 1  
2) If 0nk m 

m n

k 

 is the first infinite ordinal number 
and , then infinitely many rows contain a 
nonnegative integer number and there exists a row  
such that ,i n m  for 0  If 0n

0i
,  .i i k m   

, then starting from some  all rows consist only 

of symbols 

m  n 0i

 . 
3) If all elements in a row are nonnegative integers, 

then this row contains infinitely many jumps. 
4) If between ij  and , 1i j  there is a jump, then in 

the group i  there exists a bases element of order 
k k 

B
1ijk

p


 (it is assumed that ). 0B B
5) In each column ij  as  (i.e.  runs 

through all values of any fully completely ordered set 
); also, if 

k

m

i  i

 0 jk   , then , 
and if 

 2,j jk k k 0 minj  1 ,

0 jk m  , then . 1 2j j

Taking into account equality (2.1) and Propositions 2.1, 
2.2, we notice that the matrix  satisfies the above 
conditions for any 

k k  

 a
a T  . 

From Definition 2.1 it follows that we deal with 
matrices of the following three types: 

I. 
00 01

10 11 ,

k k

k k

 
 
 
  




  
 

where  are nonnegative integer numbers or symbols ijk
;  

II. 

00 0 1

10 1 1

1

1

,

n

n

t n

k m m

k

k

 





  01

11

0 1t t

k k

k k

k k

 
   
 
 

  
  

 
 

  
 

  

 

 

n

 

where m   and ij  are nonnegative integer numbers 
(see the first sentence in item 2 of Definition 2.1); 

k

III.  

00 0 0 1

10 1 1

10 1

1

.

n

n

i i i n i

k k k n k n k

k k k

k k k

 



   

    1

11

11

 
   
 
 

  
     
 
  

 
 

    
 
 

    

 

Here ij  are nonnegative integer numbers (see the 
second sentence in item 2 of Definition 2.1). 

k

Note that if  0 1, ,a a a T T     is given and 
 ib

a b

 is the sequence corresponding to a canonical 
representation of an element  then  

0 0 1 2

,a
2p bpb    b and each i  is the sum of 

finitely many bases elements x  (see (2.2)). Hence it 
follows that in any matrix , at most a countable 
number of rows is different from . Moreover, by 
virtue of the fourth condition of Definition 2.1, from the 
given ith row of an admissible matrix it is easy to find an 
element 0

 a
, , 

T̂ia   the indicator of which is equal to this 
given row. Let for example 
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 
 
10 11 12

10 11 12 13 14 15 16 17 18 19 1,10 1,11

, , ,

1 , 2 ,3 ,5 ,6 ,9 ,10 ,11 ,12 ,15 ,17 ,18 ,

k k k






(2.6) 

(it is obvious that here 101 1  and the indexes are 
marked in order to determine in which row and column 
an element lies). Jumps here occur at positions  12 133 ,5

a

, 
, , . Then, by virtue of 

the fourth condition of Definition 2.1 (see also 
Proposition 2.1), in the canonical representation of   

 14 156 ,9  18 1912 ,15  19 1,1015 ,17

b



10

there is the element 
121,3 2 11 b  containing a basis 

element of order . Just in the same way 

 contains a basic element of order  

;  contains an element of order  

;  an element of order  

,  an element of order  

 and so on. Therefore 

3 1 4p p 

4b

16b

17b

141,6 4 12b  
6 1 7p p 
12 1 13p p 
15 1 16p p 
18 1 19p p 

b



181,12 8b 

191,15b 

1,111,18b

1

9 

11 

2 4 6 7
10 11 12 14 16 17 .a pb p b p b p b p b       

The indicator  10H a  is obviously equal to sequence 
(2.6) and 0i  is not the only element the indicator of 
which is equal to (2.6). 

a

Denote by  the set of admissible (with respect to 
) matrices and define, on the set  the following 

relation  different from the relation given in [21, 
Definition 1.2]. 


T 



Definition 2.2. Let ijK k , ijK k  , i , 

, be the elements of the set . We say that 0,1,j   
K K 

ijk   1i 

 if , , and to each element 

  where there occurs a jump we can put into 

correspondence the element   where there 

also occurs a jump so that  and n j . 

Then the following two conditions are fulfilled: 

0 0i ik k 


0,1,i  

mnk

mn

m
 


j

1

ijk  k n 

1) Each element mn  where there is a jump has 
finitely many (possibly none) pre-images. 

k

2) If 
0 1

, are infinitely many elements of the ith 
row of the matrix 

,ij ijk k 
K  which are different from the 

symbol  and 
0 0 1 1m n  are respectively their 

pre-images such that the sequence of the numbers of 
rows  infinitely increases, then 



0 1, ,m m 

, ,  m nk k

k kj n   
as .   k 

It can be easily verified that the relation  on the set 
 is reflexive and transitive. However, as seen from the 

next simple example, it is not anti-symmetric. Indeed, let  




,ijU u  ,ijV v   , be admissible  ,i 0,1,j  
matrices all rows of which, except for the third one, are 
identical. Consider the table 

j  0 1 2 3 4 5 6 7 8 9 10

0 0j ju v 1 2 3 5 7 8 9 10 12 14 15

1 1ju v j 1 2 3 6 7 9 10 12 13 14 15

2 2j ju v 2 3 4 5 7 8 9 10 12 14 15

3 ju  4 5 6 8 9 10 12 13 14 16 17

3 jv  5 6 9 10 12 13 17 18 19 21 22

 
j  11 12 13 14 15 16 17 18 

0 0ju v j

j

17 19 20 25 26 27 29 30 

1 1ju v 18 19 20 25 26 27 29 30 

2 2ju v j 17 20 21 26 27 28 30 35 

3 ju  18 23 24 27 28 30 31 36 

3 jv  23 27 28 29 31 32 37 38 
 

Let us assume that the elements lying at the positions 
of dots in the matrices  and V  are identical. To the 
elements of the third row of the matrix , where there 
are jumps, we put into correspondence the elements of 
the second row of the matrix . Thus 

U
U

V

32 23 35 27 38 28 3,11 2,11

3,13 2,13 3,15 2,17 3,17 2,17

6 5 , 10 10 , 14 12 , 18 17 ,

24 21 , 28 30 , 31 30 .

   

  
 

To the elements of the third row of the matrix V  
where there are jumps there correspond the elements of 
the third row of the matrix  in the following manner: U

31 32 33 35 35 35 38 3,11

3,11 3,13 3,14 3,17 3,16 3,17

6 6 , 10 10 , 13 10 , 19 18 ,

23 24 , 29 31 , 32 31 .

   

  
 

It is obvious that U V  and , whereas V U
U V . Therefore the relation  on the set    is not 
anti-symmetric. Then 

 and
def

U V U V V U     

is the relation of equivalence on the set , whereas 

def
U V U V    

defined on the factor set     is the relation of 
order. 

Let ijU u , ijV v , , , be 

admissible matrices. We denote  

i 0,1,j  

 min ,ij ijW U V u v    ijw  and will show that 

 is also an admissible matrix. Let W

 0 1, , ,i iu u                  (2.7) 

 0 1, ,i iv v                  (2.8) 
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be respectively the ith rows of the matrices  and V  
where there occur infinitely many jumps. Let us show 
that then 

U

    0 0 1 1min , ,min , ,i i i iu v u v           (2.9) 

is also an increasing sequence of nonnegative integer 
numbers where there are infinitely many jumps. Assume 
the contrary: let, starting from some number s  in (2.9), 
there are no jumps and is is is . Assume that 

 is the first jump to the right from is  in 
(2.7), and  is the first jump to the right from 

 in sequence (2.8) and . Then  

ij , , 1 ,

w u v 

j m
1i j i jw u

 , 1,ij i ju u 

isv

, 1i s i sw u 




u
 , 1,im i mv v 

, 1, ,w  iju    and, obviously, 
. If , then , 1 , 1i m i m  and 

, 1 , 1i m i m  , which contradicts the definition of W . 
Therefore the third condition of Definition 2.1 is 
fulfilled. 

, 1i j i jw v 
w 

, 1

v
j  m w u

Let  be a jump in (2.9) and  , 1,ij i jw w   ij ijw u . 
Then , 1 , 1  and  is a 
jump in (2.7). Then , 1 , 1ij iji u i w  , i.e. the fourth 
requirement of Definition 2.1 is also fulfilled. The 
fulfillment of the remaining conditions of Definition 2.1 
is obvious. Therefore  is an admissible matrix. 

1ij ijw u    
B B 

W

1i j i ju w   , 1i j,iju u
 0

It is not difficult to verify that W  and WU V . 
Moreover, if ijK k U   and ,K V  then .K W  
Let now ,U V  , where U  and V  are admissible 
matrices. Let us define the exact lower bound of U  and 
V as follows:  inf ,U V U V  W  where  

 min , ,ij ijW u v   ,i� 0,1, .j    If ijU u U    

and ijV v V   , then, by virtue of the above properties, 

 min ,ij ijW u v U  U    and  Hence  .W V V  

W W   and, by symmetry, , i.e. W W  =W W  , 
which shows that the definition of =W U V  is 
reasonable. Since W , , we have U W V W U , 
W V , and if K U , K V , we have K U , 
K V , K W , i.e. K W . Thus all conditions of the 
definition of the exact lower bound are fulfilled. 
Therefore the set   with relation  is the lower 
semilattice. 



3. The Lattice of Fully Invariant Subgroups  
of the Group   T

Let us show that the function : ,T     
   a   a , where  has form (2.1) and T   is the 

set of all admissible matrices with respect to , satisfies 
all conditions of Theorem 1.1. 

T

Condition 1.   is surjective. 
Proof. Let K  , = ijK k , , i 0,1, ,j  

 1,k k 

 
and the 0th row consist of nonnegative integer numbers. 
For any  th row, denote all jumps by 

s sii ii , 
. By virtue of the admissibility of the matrix 

, for each jump of this kind we can choose in the basis  

1i 
1,2,s 

K

 i i x  of the group  an element iB isx  of order 

1
siik

p


. Let 
sii s isb i  

1 2
1 2

i i
ix p x   

. Denote  

, then is
i isx

isc p p 0 limi i
s

a c
 s ; 

0a ˆ
i iB . Taking into account that  and 

for every 
11i i 1 0ik  ik i

s ,  1 1 1 1s sii sk  1 ,iis ii   sk i      we see 

that    ˆ 1i iB
H a

1 2

0 0 , ,i ik k  . Further, since  

i i  
t ii



it
 and the matrix is admissible, for each 

fixed  we have 
t tk i  

li
s

 as . Now 

we can define the element , 

i

0 0
ˆ

i 



1

m
s

i

a a
 
 T

   0 00 01, ,k k 
T̂

H a  0a and  . Since     T̂ T  is 

a divisible group, there are elements 1 2
ˆa a T, ,   such 

that for any 0,1,i    we have . Let 1i ipa T T a 

 ,T 0 1,a  a a , then a T  and   a  K , 

 a K  . 

Now assume that the matrix  is of type II. Then its 
0th row has the form 

K

 00 01 0 1, , , , , 1,nk k k m m       

where m n  and there exists an index 0i  such that 

in mk   
i 

0 1x 

 for every 0 . Like in the preceding case, 
for each -th row there exists an element 

2 ii i i is i Here the number 
of summands is finite since the row has finitely many 
jumps. Now, taking into account that 1 2

i i


1

1 2i ip  1 .isx p x B


 a p

iii i s      
and the matrix  is admissible, we obtain  

tit ii t

K
k i     as , . Then we can 

define the element 
i  1ti n 

 1 2
0 1 2

1

ˆlim jsj j j
js j

k

j j
k j

a p x p x p x
 

 

T       

1js n   and    ˆ 0 00 01 0 1, , , , ,nB
H a k k k    . 

Denote 

 1 2
1 2

1

lim jsj j j
js j

t kk k
k j j

t j

a p x p x p
   

 

     x  

assuming that that  when 0jr k
jrp x

   jrl  . Then it 
is obvious that 1k ka Tpa   , . Consider an 
element 

0,1,k  
 , ,a T T 

0 1a a   . It easily follows that 
 a K  . Therefore  a K  . 
If  is a matrix of form III, then, starting from some 

-th row, every row consists only of symbols 
K

t  . We 
choose a row  0 1, ,i ik k 

isi i

iisp x




, , and, just in the 
same way as in the preceding case, find  

, 

1 i t 

ik i
1a p

0 1i ix  x B , , and 1,2, ,  ik s
   ,0 0i i iB k 1, , , ,i ink k   1H a . Let us consider an 

Open Access                                                                                            APM 



T. KEMOKLIDZE 675

element 

 1
1

0 1
1

jsj j
js j

t

j
j

a p x p x






    T , 

 0
na p , 1js n  . 

Then . Since    0 00 01 0 1, , , , ,T nH a k k k    T̂ T  
is a divisible group and , there exists in ˆT tT T̂ T  a 
quasi-cyclic divisible subgroup. Let  1,2,i

pg
.i ipg g T   T

 i

g T i    
be its system of generators such that 1  and for 
every  1 Since  is a pure subgroup in 

, it can be assumed that 

T

i
,i

T̂ g p
0,


. 1 2 ka a a   
 for each 

 Now let  1,2,i  k i ia g   
and consider the element  

. It is obvious that 
, i.e. 

 0 1 1, , , , ,k ka T a T a T    
K

a a
  a  a K  . Condition 1 is proved. 
Condition 2. If  and a T  End ,f T    then 
   a f    a . 
Proof. Let ,  a a 0 1, ,a T   0 1, ,c c c T T      

and there exist an endomorphism f   of the group T   
such that f a c . As is known (see [22, item 1.5]), f   
is induced by the endomorphism f  of the group T  
which in its turn induces an endomorphism f̂  of the 
algebraically compact group  such that  T̂

   0 1 0 1
ˆ ˆ, , , ,f a fa fa T c c T      c . 

Let  and  ib  id

c

 be respectively the sequences 
corresponding to canonical representations of the 
elements  and . Then (see (2.3), (2.4)) a

0 0 0
0

, lim
n

s
i i i

ni s

a a a p b
 

  


,s

0j

 

where  runs through at most a countable set of 
increasing indexes. Since  is an algebraically compact 
group, we have 

i
T̂

0 0 0
ˆ ˆ .i

i j

fa fa c c
 

   
 

          (3.1) 

Let   ,ija k     ,ijc k     ,i 0,1,j  
ijk

, 
and assume that there is a jump at the position  , . 
Then in a component  of the element  there  

1i 
0c0ic

k j
exists an element ,

ij

iji k jp d
 

   of the exponent 1j    

which, by virtue of equality (3.1), is obtained by 
mapping the sum of a finite number of summands of the 
element 0  under the homomorphism a f̂  and by 
projecting this mapping on a basis element of the 
subgroup i  that has the exponent . Denoting 
this projection by 

B 1ijk  
, 1iji k   , we have  

 11 1

1 11 1
, 1 , ,

,

ˆ

,

i j si j s s

ij i j s i j ss s

ij

ij

k j

i k i k j i k j

k j
i k j

f p b p b

p d

 
  

 
 

 



 

j

k j

  (3.2) 

where the above-mentioned sum of a finite number of 

summands is enclosed in the brackets. It is obvious that 
the height of such a summand is less than or equal to 

ijk   , whereas the exponent is greater than or equal to 
1k  . Hence without loss of generality we put into 

correspondence to ijk   an element 
s si j  of the largest 

exponent. Thus, to each element ij  of the matrix 
k
k K   

where there is a jump we put into correspondence an 
element of the matrix . K

Let 
1

 be elements  of a row of the 
matrix  where there are jumps, and 

0 0 1 1
 be 

respectively their preimages for the above-mentioned 
correspondence so that a sequence of numbers of the 
rows 0 1  of the matrix 

0
, ,ij ijk k 

K

, ,m m 

1i 
, ,m n m nk k  

K   increases infinitely. 
Taking into account that  is an algebraically compact 
group and its torsion part is a torsion-complete group, by 
virtue of equality (3.2) we assume without loss of 
generality that 

T̂

, 1 , ,
ˆ , 0,1,ij t m n tt t t

t m n ij t t m n tt t t t t

k j k n

m k i k j m k nfp b p d t  
     .  

We have 

 
 

1 01 1 0 0

0 10 1

0 10 1

0 10 0 1 1

0 0 1 10 0 1 1

, 1 , 1

, ,

, ,

ˆ

.

m n m n

ij ij

ij ij

m n m n

m n m n

m k m k

k j k j

i k j i k j

k n k n

m k n m k n

f p b p b

p d p d

   

 
 

  
  

 

  

 







   (3.3) 

Since f̂  induces an endomorphism on  and ,T

,t m nt t
m k 1    are projections, 

 1 01 1 0 0
, 1 , 1

ˆˆ
m n m nm k m k f        

induces an endomorphism on the subgroup . Let us fix 
a positive integer number  and consider an element of 
order  from T : 

T
m

mp

0 1

0 10 1

1*
0 , , .ij ij

ij ij

k m

i k j i k ja p b p b
 

   1k m    

If here the initial summands 
sij , then we 

assume that these summands are zero. Then, in view of 
(3.3), 

1 0k m  

 0 0 1 10 1

0 10 1

0 0 1 10 0 1 1

0 0 1 10 0 1 1

1 1*
0 , ,

1 1

, ,

ˆ ˆ

.

ij ij

ij ij

m n m n

m n m n

k j j m k j j m

i k j i k j

k n j m k n j m

m k n m k n

a p b p b

p d p d

         
 

        
  

 

 









(3.4) 

Since, by condition, a sequence of numbers of the 
rows 0 1  of the matrix , ,m m  K   increases infinitely, 
only a finite number of summands on the right-hand part 
of equality (3.4) must differ from zero; otherwise the 
element *

0ˆa  does not belong to . Therefore for each 
concrete positive integer , starting from some  we 
have 

T
m t

0mt tj n   , t tj n m  , i.e. t t  as 
. Thus the second condition of Definition 2.2 is 

fulfilled too. Therefore 

j n 
t 

    aa  f   and  
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  a f    a . Condition 2 is proved. 
Condition 3. For any ,a c T  , 

     a c a c      

Proof. Let ,  be 
the elements of the group 

 0 1, ,a a a T  
T

 0 1, ,c c c T  
 . Then (see [13, item 1]) 
.Denote (see (2.5))   0 0 1 1, ,c a c T  


a c a  

   0 ,a  ia H    0 ,icc H    

    ,ija c k       0 0i i ija c H a c k      ,  

i , . By virtue of the properties of the 
indicator (see [1, item 37]), 

0,1,j  

      
 

0 1 0 0 0 0

0 1

, ,

, ,

i i i i i i

i i

k k H a c H a H c

k k

     








s

 

for any i . Let  and at isk  there be a jump, 
then is is . If to the right from  the first jump 
occurs at the position is t , then is  
and 


k k

1i 

k 


k

is

 is

t  k s t k    
s t s  . To the element  we put into 

correspondence the element   For this 
correspondence, if 

1 2
 are the elements of the 

ith row where there occur jumps, then their pre-images 
lie in the same ith row of the matrix 

is
is t

k
k .

,is isk k ,

ijk   and therefore 
the second condition of Definition 2.2 will be fulfilled, 
too, i.e.      a c c   a   or  
     c

,a c
a c    a  . Condition 3 is proved.  

Condition 4. If  and T     a c  , then 
there exists an endomorphism    of the group T   
such that . a c  

Proof. Let ,  and  0 1a a
n n

, ,a T    0 1, ,c c c T  

0 0

lim , lim , 0,1, ,s s
i i s i i s

n ns s

a p b c p d i   

      

where  ib ,  id  are respectively the sequences 
corresponding to their canonical representations. 

1) Denote   ija k  ,   ijc k   , i
 , ,k k 

, 
, and assume that the sequence 00 01  

contains only nonnegative integer numbers. Let 

1 2
 be the elements of the i -row which have 

pre-images in the matrix . Denote the pre-images 
of the element 

0,1,j  

, ,ij ijk k 
 c

sijk  as follows 

       
 

 
 

 
1 1 2 2

, , , , 1,2,s s s s s s
m s m s

i n i n i n
k k k s    .       (3.5) 

Then the element 0i  has the summand  

, ij ss
, where  contains, as a summand, 

the basis element 

a
ij ss

k j

i k jp b


 , ij ss
i k jb 

  ss ix x  of the exponent 1
sijk  . 

Denote 

  
 

   
 

, 1,2, ,

, .s s
m m

i s i

s s
s ij s m ms i n

A x i s

k j k n 

  

   


 

We will show that for each  ,

 
 

   

 

   
 

 

 
 

 
 

1

1

1 2

1 1 2 2

1
, 1 , 1

s s

s s s

ss s sm ss s
s s s s s s

m s m s

i i i i

i i

b pb p b

p d p d p d

 
  

    

 

 


 
 

 

  

   




i 

 

(3.6) 

and   0i x   for any basic element x  contained in 
the sequence  ib  of the canonical representation of  
when 

a

ix A . 
Note that when 1s  , the summands of the element 

2 1

1 1

1
, 1 , 1i i ib pb p b 

  
 

2     

do not contain the basis element sx  when .  2s 
Indeed, when 2 1,t   

2 12ij ijj 

we have  
1 2 1 1 1t k k j      

 

 

  

. Hence 

11 1 ,1 i jt j k 1.            (3.7) 

On the other hand,  1 1
ˆ 0 ,

j
i i jT

h p a k


0ia

1 1  and, if we take 
into account the definition of the height and the 
representation of the element , then for each 

1, 1i jn k   we will have . Therefore, by 
(3.7), 

 1, 1 0m
i m jp b   

 
1 1 1 1

11 1 1

1 1
,, 1 1 0,t j t j

i ti t j jp b p b 


     
        

but for each 1s   

   
2

2

1 1 2 1 2 1

2 1

1 1

1 1
s

ij

ij ij s

t j j k j j

k j j k e x

  1

.

         

      
 

Denote by  t
sm  the coefficient with which sx  is 

contained in the expansion of the element . Recall that tb
 0 t
sm p  . The condition 

 
      
 

   

 

   
 

 

 
 

 
 

2 1

1 1 2

1 1 22 1

11 1 111 11 2
1 1 1 1 1 1

1 1 2 2 1 1

1
, 1 , 1

1 11
1 1 1 1

m

m m

i i i i

i

i i

b pb p b

m pm p m x

p d p d p d

 
  

   

    

 





 
 

  

 

  

   

   






i 

(3.8) 

must be fulfilled for the sought homomorphism i . 
Since 1x  participates in the expansion 

1ib   with respect 
to the basis, we have   1

1 ,m p 1. Therefore 1i x  can 
be uniquely defined in the subgroup  from (3.8) if B

 
11 1.i ije x k                 (3.9) 

But this inequality holds true because the pre-images of 

1ij  are (3.5) (for k 1s  ) and, by the definition of the 
relation   between the matrices  and  a  c , 
for each  , 1m1,2,t   we have 

 

        

   

   
 

   

11 1 11 1
11

1 1 1 1

1
11 1

1 1

1
1

1

0,

ij ijt
i nij t t t

t t t t

t
i nt t

t t

k k n k j
k

i i

k j n

i

p p d p d

p d

 
 1

 



    
 

   



 

 
si j  there exists an 

endomorphism i  of the group  such that T
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since , which proves the validity of inequality 
(3.9). 

 1
1 tj n

Just in the same way as in the case 1s   we will 
show that in the expansion of elements  

2 2 3, 1 , 1  there is no , , ,i i ib b b    sx  when . 
Therefore the condition 

2s 

 
      

      
 

   

 

   
 

 

 
 

 
 

3 2

2 2 3

32 2 3 2

32 2 3 2

22 2 222 21 2
2 2 2 2 2 2

1 1 2 2 2 2

1
, 1 , 1

11 1
1 1 1 1

11 1
2 2 2 2

m

m m

i i i i

i

i

i i

b pb p b

m pm p m x

m pm p m x

p d p d p d

 
  

   

   

    

 







 
 

  

  

 

  

   

   

   








i 

 

is fulfilled for the endomorphism .i  Since 
, according to this condition we define   2

2 ,m p 
2i

1
x  uniquely. Just like for 1i x  we can verify that 

 and so on.  ie x k 
22 ij

The endomorphism i

1
  is likewise defined uniquely 

by giving the images of basis elements and it is obvious 
that i  maps the basic subgroup into. The endo- 
morphism i  uniquely continues up to the endo- 
morphism î  of the group . Let us show that T̂ î  
induces an endomorphism on the group .  T

Let . Since the group  has form (2.1), it 
suffices to show that 

t T T

ît T   when it B . Since for the 
basis elements x  we have î 0x   when ix A , using 
(3.6) let, without loss of generality,  be an element of 
order , 

t

 1

mp
 1

   

11 1 2 1

1 1 2

1
111

1

1

1

1

1 .

ij

s
ijs

s s s

nk m n
i i i

nk m n
i i i

t p b p b p b

p b p b p b

 

 

  

  

 

 


 


 

1

1
s s



 

   

   







0



 

(Here it is assumed that , and if in  
 

,

s
j

s

n

i je p b m 
   
 

several summands 
sij , then these summands 

are equated to zero.) Then 
1k m  

 

 
 
 

   

 

   

 

   
 
 

1
11 1

1 1

1
1 12 1

2

1
11 1

1

1 1
1 11 1 2

1 1 1 1
1 1 2 2

1 1

, 1

1 1

, 1

11

, 1 , 1

1

1 , ,

ij ij

ij ijs

s

s
ijij ss s s

s s

ij

k m n k m

i i i i

n k m k m

i i i

n k mn k m

i i

k m

i i

t p b p b

p b p b

p b p b

q p p d p d

 

 

 

 

 

   

 

 

 

 


    


    


    
 

   

  



   

 


   


 





 



 
 

 
 

 
 

 

 



 
 
 

 

   
 

 

 
 

 
 

1
11 1

1 1
1 11 1

2

2 2

1

,

, ,
,

s
m ij ss

s s
m m

ss sm ss
s s s s

m s m s

k m

si

i i

p d q p p d

p d p d

   



  

 

   







 
   

 


   




 

,i 

 

(3.10) 

where  ,iq p 0 . If in equality (3.10) the numbers of 
rows  

   
1 2, , ,  ss si i i m s , 1, 2,s   , of the matrix ( )c  

infinitely increase, by virtue of Definition 2.2 (see also 
(3.5))  

 j
s m sj n   when s  infinitely increases. But 

then 

 
 

 
 

 
   

 

 
 

 
   

 

 
 

 
 

 
 

 
 

1

1

1

' 1 .

s s s
m s m s

s s
m s m s

s s s s
m s m s m s m s

s
ij sm ss

s
ij ij sm ss i n

s
s m si n

i n i

k m

k m k n k

k j m n

k e d


    

 j      

    

 
    

 

 

This means that starting from some s  all summands 
on the right-hand side of equality (3.10) are equal to zero. 
Therefore î t T  . 

The sum of endomorphisms î
i

ˆ 





ˆ

, which, on the  

algebraically compact group T , is induced by the 
endomorphism i  on the ith component of the group  

i
i

T


 B


, is the endomorphism of the group  which  T̂

maps the subgroup  into. It can be easily verified that 

0 0

T
ˆa c  . ̂  in turn defines the endomorphism    of 

the group T   for which 

   •
0 1 0 1ˆ ˆ, , , ,a a a T c c T   c       

At the beginning of the proof we have assumed that 
the 0th row    00 01, ,H a k k  

T
 consists of non- 

negative integer numbers and in the ith row there are an 
infinite number of jumps. It is obvious that this reasoning 
is also true when the ith row contains a finite number of 
jumps (at least one jump) or when the 0th row of the 
matrix  a  has the form 

   00 01 0 1, , , , , 1,nT
H a k k k m m       

and  0 , , ,c c T T  , 0c T . 
2) Let us separately consider the case where 
   , 1,H a m m      

ma a a

T
 or, since  in  

is pure, assume that in the notation  
we have 0 1

T

0 1
T̂

 , ,a a a T
0     and 1m ,a T  

 1 .ma p 
s

Then in the representation  

1
0

lim ,i
m

s i

a p b 1m i   

    contains a basis element  nb

nn jx B

t t

 of arbitrarily large order and  takes values 
from an infinite set of indexes. Let us fix a sequence 

1 2 n

n

t   

j

  of positive integer numbers such 
that the expansion of  contains a basis element 

nt
b

nnx B  such that  n n .e x t m  Let  
 1,2,nA x n   . We assume that 0x   for 

x A   and, analogously to part 1 of the proof, for any 
 we define n nx  such that the equalities 
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 1

1

1

1 1

1
1

1
1

n n

n n n

n n

n n n

t t
t t t

t t
t t t

b pb p b

d pd p d

 



 

 


 


 

   





1
       (3.11) 

are fulfilled. It can be assumed that 1 . Note that 1t m 
n kx 

nt sb 

0,

t m

, , does not participate in the expansion 
 with respect to the basis when  

1 n . Indeed, if it were not so, then the 
exponent of the element  

11 1n n nt 
 would be 

larger than 1, which is not so, 

1,2,k  

1, , ns t  

n nt mp b p 

1t

1
t tb 



21nt mp    b 
 

 1 1me a    
. Moreover,  n 1 2nt m t    1 m    n ne xe x . 

Indeed, when , a coprime number with respect to 
 serves as the coefficient 


1n

p 1x . Therefore it suffices to 
show that . We 
have 

 1 1t tpd  



1 2

2

1
1 1

t t
tp d 

  1 0 t mp d

1

1

2

2

1
1 1 2

2
1 ,

t m
m m m t

t m
t

c d pd p d

p d

 
  

 


    

 

 


 

but 

1

1

2

2

2
1 1 2

1
1

0

.

t m
m m m t

t m
t

pc pd p d p d

p d


  

 


    

 

 


 

Hence, since m i  is not divisible by , all summands 
must be equal to zero, i.e. 1 1 . Analogously, 

2  and so on. It is obvious that by virtue of 
(3.11), n

d 

 2x

p
 x e x 

 e x e 
x T   and, by our construction, nx  belongs 

to various 
nj

B  and therefore   induces the endo- 
morphism on the group  and maps the subgroup  
into. For the induced endomorphism 

T̂ T
   on the group 

 we have T̂

  
 

1

1

0,0 , , 0, , , ,

0, , , , .

m m

m

a T a T T a T

T c T c

   




    

  

 

 





1



 

3) Let . 

Then 

   00 01 0, , , , , 1,nT
H a k k k m m    

     , 1,n n

T T
H p a m m H p c         

and, as shown in part 2 of the proof, there exists an 
endomorphism f   of the group  which induces the 
endomorphism on the T  so that 

T 

 n nf p a p c  . 
Hence , i.e.   0np f c a f a c t T    and 

     
T T T

H t H a cf   H a   . Therefore, by virtue 
the last sentence at the end of part 1 of the proof, there 
exists an endomorphism 



  of the group T   which 
induces the endomorphism on the subgroup  so that 

. Then 
T

a  t f a c a    or  f a c   . 
Obviously, f   

a  
C

 

c

  induces the endomorphism on 
 and . Condition 4 is proved.  T
Condition 5. If  is a fully invariant subgroup of 

the group  and , then there exists T  ,a b C c C  
such that     c a  b  .   

Proof. Let  and  be 

respectively the ith rows of the matrices 

 0 1, ,k k    0 1, ,l l 

 a  and 
 b , . Let  be a smallest index such that 1i  j

j jk l . In these sequences, the nearest jump is to the 
right from . Let this jump occur at the position j
 1  in the sequence ,s sk k   . In the latter sequence, to 
the left from  there is the preceding jump. Let this 
jump occur at the position , then, from 1t

j
 1,t tk k   k   to 

sk  inclusive, we add  to each element so that 
between s

m
k m  and 1sk   there would be no jump. 

Obviously, 

1 , ,t sk mk m 

l



l

             (3.12) 

exceeds respectively 1t s  and, to the left from the 
index 

, ,
s , each iik l . The obtained sequences 1  and 

1 , where 1   and   differ from 1  by the 
elements of (3.12), obviously satisfy the conditions of a 
row of the admissible matrix and 1 1     . 

Now let us assume that in the sequences 1  and 1  
the equality of elements takes place at the number , 

n n

n
k l , where . Then, in these sequences we 
have, to the right from , a jump and repeat the 
previous reasoning. If in the sequences there are 
infinitely many jumps and at each stage the first jump 
occurs in one and the same sequence r

n s  j
n

 , then not to 
violate condition 3 of Definition 2.1 we proceed as 
follows: let in the sequences r  and r , at the position 

, nn nlk   and to the right from  there occur a jump 
between 

n
 1,l lm m . Then in the first sequence r , 

where there are infinitely many jumps, there exists a 
jump  1,s sk k   such that s tk l 

l
nl

, ,
. On the right from 

t , we increase the numbers 1t m  so that there 
would be no jump between the numbers m , 1m

l l
l


l  , i.e. in 

the sequence r  we ourselves have intentionally 
created a jump between the numbers t  and 1tl l  . Note 
that at this position the condition of admissibility of a 
row has not been violated since t s , and there exists 
a jump between 

l  k

sk  and We have  1.sk

1 2 ;      1 2 .     Denote i
*   , 

i
*   , 1, 2,i   . The rows *  and *  are 

admissible and * *      , where each element of 
*  differs from the corresponding element of * . Now, 

if in every row of the matrices  and a  b  we 
perform such transformations, then we obtain admissible 
matrices  and  the corresponding elements of 
which differ from one another and 

U V
 a U  , 

 b V  ,    a b U V    . It is not difficult to 
verify that this reasoning holds for all type of matrices 
 a  and  b . Since U  and  are admissible 

matrices, there exists 
V

,x yT   such that  x U   
and  y V  . Then, by virtue of condition 4, there 
exists •, Endf T   such that ,fa x  b y  . Hence 

,x y C ,       ,x y a b      x y c  C . 
This means that   c a   . b   Therefore 
     bc a    . Condition 5 is proved.  
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We have obtained that the function :T   , 
where  has form (2.1) and the set   of all 
admissible (with respect to ) matrices satisfies the 
conditions of Theorem 1.1. Hence the following 
statement is true. 

T
T

Theorem 3.1. The lattice of fully invariant subgroups 
of the cotorsion hull of a direct sum of torsion-complete 

-groups is isomorphic to the lattice of filters of the 
semilattice 
p

 . 
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