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ABSTRACT

The paper considers the lattice of fully invariant subgroups of the cotorsion hull T* when a separable primary group
T is an arbitrary direct sum of torsion-complete groups.The investigation of this problem in the case of a cotorsion hull
is important because endomorphisms in this class of groups are completely defined by their action on the torsion part
and for mixed groups the ring of endomorphisms is isomorphic to the ring of endomorphisms of the torsion part if and
only if the group is a fully invariant subgroup of the cotorsion hull of its torsion part. In the considered case, the
cotorsion hull is not fully transitive and hence it is necessary to introduce a new function which differs from an
indicator and assigns an infinite matrix to each element of the cotorsion hull. The relation < difined on the set Q0 of
these matrices is different from the relation proposed by the autor in the countable case and better discribes the lower
semilattice Q . The use of the relation < essentially simplifies the verification of the required properties. It is proved

that the lattice of fully invariant subgroups of the group T° is isomorphic to the lattice of filters of the lower

semilattice Q.
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1. Introduction

We consider questions of the theory of abelian groups
and throughout the paper the word “group” means an
additively written abelian group. The notation and
terminology used in the text are borrowed from the two-
volume monograph [1,2].

The symbol p denotes a fixed prime number. Z
and Q are respectively the groups of integer and
rational numbers. If p" is the order of an element a
of the group, then the exponent of an element a is
equal to n and written as e(a): n. A subgroup B
of the group A is called fully invariant if for any
endomorphism of the group A this subgroup B is
mapped into B . The examples of such subgroups are
nA={najac A}l , A[n]={ajna=0,acA}, n>0,
n e Z , the torsion part of the group A.

The study of the lattice of fully invariant subgroups of
a group is an important problem of the theory of abelian
groups. For sufficiently wide classes of p-groups this
topic is treated in [3-7] and in other papers. The works
[8-13] and others are dedicated to the investigation of
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this question in torsion-free and mixed groups.

A group A is called a cotorsion group if its ex-
tension by means of any torsion-free group C splits,
ie., Ext(C, A) =0 . The importance of the class of
cotorsion groups in the theory of abelian groups is due to
two facts (see [1, items 54, 55]): for any groups A, B,
the group Ext(A, B) is a cotorsion group; any reduced
group A is isomorphically embeddable into the group
A= Ext(Q/ Z, A) called the cotorsion hull of a group
A and, in addition, A°/A is a divisible torsion-free
group. Any reduced cotorsion group A can be
represented as the direct sum A=T @®C where
T*=Ext(Q/Z,T), T=tA is the torsion part of a
group A and C is a torsion-free, algebraically
compact group (see [14]). If T =T, is represented as
a direct sum of primary component§, then

Ext(Q/Z,T)=[]Ext(2(p").T,)
p
The construction of algebraically compact groups is

well known (see [4, item 40]). Hence the study of
cotorsion groups reduces the study of groups of the form
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Ext(Z(pw),T) where T is a p-primary group to a
considerable extent.

Though the notion of a cotorsion group and its
generalizations are studied sufficiently well (see [15-18]),
little is known about the lattice of fully invariant
subgroups of a cotorsion group. The investigation of this
problem in the case of a cotorsion hull is important
because endomorphisms in this class of groups are
completely defined by their action on the torsion part and,
as shown in [19], for mixed groups the ring of endo-
morphisms is isomorphic to the ring of endomorphisms
of the torsion part if and only if the group is a fully
invariant subgroup of the cotorsion hull of its torsion part.
The study of the lattice of fully invariant subgroups
makes essential use of the notions of an indicator and a
fully transitive group.

By the p-indicator of an element a of the group
A we mean an increasing sequence of ordinal numbers

H,(a)=H(a) =(h(a),h(pa),...’h(pna)’...)’

where h denotes the generalized p -height of the
clement a, ie. h(a)=c if aep’A\p’'A and
h(0)=o (certainly, if h( p”a) =h(0)=o0, then
h p””a) =o0). In the set of indicators we can introduce
the order

H(a)<H(b)<h(p'a)<h(pb), i=0.1-.

A reduced p-group is called fully transitive if for its
arbitrary elements a and b, when H(a)<H(b)
there exists an endomorphism ¢ of the group such that
pa=b. In fully transitive groups, the lattice of fully
invariant subgroups is studied by means of indicators
(see [2, Theorem 67.1]).

A. Mader [11] showed that an algebraically compact
group is fully transitive and described by means of
indicators of the lattice of fully invariant subgroups of an
algebraically compact group. Moreover, he indicated the
generalized conditions the fulfillment of which gives a
description of the lattice of fully invariant submodules.

Theorem 1.1 (A. Mader). 1 Let A be a module over
a commutative ring R, A be the lattice of its fully
invariant submodules, ©Q be some lower semilattice,
and ®:A—Q be the mapping with the following
properties:

1) @ issurjective;

2) ®(fa)>d(a) VaeA and feEndA;

3) ®(a+bh)>d(a)ad(b);

4) if ®(a)>d(b), then there exists an endo-
morphism f ofthe module A suchthat f(b)=a;

5) if CeA, then for any a,beC there exists
ceC suchthat ®(c)=®(a)ad(b).

Then the set Q" of all filters of Q , which is ordered
with respect to the inclusion, is a lattice and the mapping
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a:Q — A defined by the rule
a(D)={ae Ad(a)e D} isa lattice isomorphism.

In the same way as we did in p -groups we define the
notion of full transitivity in the group
T = Ext(Z p* ),T). If T is atorsion-complete group,
then its cotorsion hull is an algebraically compact group
(see [1, item 56] and, as has been mentioned above, is
fully transitive. A. Moskalenko [13] proved that when
T is the direct sum of cyclic p-groups, then T° is
also fully transitive and all the conditions of Theorem 1.1
are fulfilled. Therefore in this case, too, the lattice Q°
of indicator filters describes the lattice of fully invariant
subgroups. The direct sum of torsion-complete groups is
a natural generalization of the direct sum of cyclic
p -groups and torsion-complete groups. The author has
shown in [20] that in this class of groups, if the sum is
infinite, the cotorsion hull is not fully transitive.
Therefore, because of condition 4) of Theorem 1.1 we
cannot use indicators to describe the lattice of fully
invariant subgroups. The lattice of fully invariant
subgroups of T° was studied in [21] when T is the
countable direct sum of torsion-complete groups. In the
present paper, T is an arbitrary direct sum of torsion-
complete groups and the lower semilattice is defined by a
simpler new relation < (see Definition 2.2) which
makes it easier to verify the properties of Theorem 1.1.

2. A Semilattice Q

Let a p-group T be the direct sum of torsion-
complete p -groups
T=@8, @.1)
ieg

where B, is a basic subgroup of the group I§, and
B = @B, is the basic subgroup of T . Assume that J
ieJ
is a fully ordered set of indexes. For a separable
p-group T, A. Moskalenko [13] represented elements
of the cotorsion hull T* as countable sequences

T ={(a0,a1 +T,-,8, +T,~-)|ai eT,
pa,, —a €T,i :0,1,'--}.

Writing the element in this form, it is easy to calculate
their height and indicator (see [21], (1.2))
Let B=@ <Xa> be a fixed basic subgroup of a

ael
separable p-group T. If aeT’, a=(a,a+T,),
then in the group B there exists a sequence (bi),
i=0,1,---, such that for any i

b=>mx, 0<m <panda = %igo(zwbmj. (2.2)
j=1 s=0
This representation of an element a is called
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canonical. The sequence (b;) is said to correspond to
the canonical representation of a. The statements given
below are true (see [13]).

Proposition 2.1. If H_. (a)=(k,k.,--), (b) isthe
sequence corresponding to the canonical representation
of an element a, and between k; and k., there is a
jump, then in the expansion b, ; with respect to the
bak5|s {X,|aeJ} there is an "element x, of order
p i +1 .

Proposition 2.2. If H_.(a) is a sequence of
nonnegative integers, then it has an infinite number of
jumps.

Let a group T be of form (2.1) and aeT". Denote
by =; the projection of the group T on the direct
summand B, and consider the sequence 7, (bj):(bij),
j=0,1,--- (see (2.2)). For each i>1 and fixed k, the
sequence by,,b,, -~ defines the element

=lim Zp D iss (2.3)

W»m

0,8, of the group B, define the
element a" =(a,,a, +T,a, +T,-) of the group T*.
It is obvious that

and the elements a.,,a.

a, = lim Za,k (2.4)

nN—o0 %

(Here we have separated two indexes i and K+5
by the comma and we will sometimes do so in the sequel
in order to distinguish their order). Note that the elements
al’ , i=12,---, are uniquely defined by an element a
(see [13], item 1.2)

To every element aeT® we put into correspondence
the matrix

a) = "H (aio)

5o (2.5)
where H(a,)=H_.(a), H(a,)=H;(a,) for i>1
and the indicators are written in a column.

Definition 2.1. The matrix ||kij || ieJ, j=0,1,--,
made up of ordinal numbers and symbols o is called
admissible with respect to the group T if the following
conditions are fulfilled:

1) The Oth row kg,,k,,,--- is an increasing sequence
of ordinal numbers so that k; <w+® or kj; =ow. If
ky; 2@, then k., =k, +1 for any n2j, whereas
the other rows are increasing sequences of nonnegative
integer numbers or symbols o (Here @ is the
smallest infinite ordinal number and it is assumed that
w+]l=0).

2) If k,, =w+m is the first infinite ordinal number
and m<n , then infinitely many rows contain a
nonnegative integer number and there exists a row i,
such that k,_, =0 for i2i. If k,=w+m,

1,n—-m
m > n, then starting from some i, all rows consist only
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of symbols oo.

3) If all elements in a row are nonnegative integers,
then this row contains infinitely many jumps.

4) If between k; and k;;,, there is a jump, then in
the group B, there exists a bases element of order

(it is assumed that B, =B).

5) In each column k; - as i—oo (i.e. i runs
through all values of any fully completely ordered set
J); also, if koj #o+m, then koJ —mm{ku,kzj,--- ,
and if K,; =@+m,then k;=k,;=--=0.

Taking into account equality (2.1) and Propositions 2.1,
2.2, we notice that the matrix ®(a) satisfies the above
conditions forany aeT".

From Definition 2.1 it follows that we deal with
matrices of the following three types:

tn-1

kOO kOl
L ko k; .1,

where k;; are nonnegative integer numbers or symbols
0,

Ko Ko = Kpny @+m o+m+l

kio ki, Kini 0 0

II. : : )
ko Ky k e 0

where m<n and k; are nonnegative integer numbers
(see the first sentence in item 2 of Definition 2.1);
I

Ko Ko - Ky @+n+k o+n+k+1
Ko ki Ky o o
Ko Kici Kict n-i 0 0
Here k; are nonnegative integer numbers (see the

second sentence in item 2 of Definition 2.1).

Note that if a=(a,a +T,-)eT" is given and
(bi) is the sequence corresponding to a canonical
representation of an element a, then
a, =b, + pb, + p’b, +--+ and each b, is the sum of
finitely many bases elements X, (see (2.2)). Hence it
follows that in any matrix ®(a), at most a countable
number of rows is different from oo,,---. Moreover, by
virtue of the fourth condition of Definition 2.1, from the
given ith row of an admissible matrix it is easy to find an
element a,eT the indicator of which is equal to this
given row. Let for example

APM



T. KEMOKLIDZE 673

(kloskllsklz"")
:(IIO’ZH’3I2’5]3’6I4’9I5’101631117’12]8’151971 110718|,117"')
(2.6)

(it is obvious that here 1,, =1 and the indexes are
marked in order to determine in which row and column

an element lies). Jumps here occur at positions (3,,,5,,),

(64,95), (1245,15,), (1519,17“0). Then, by virtue of
the fourth condition of Definition 2.1 (see also
Proposition 2.1), in the canonical representation of &,
there is the element b =D, containing a basis

13,2
1 4 .
element of order p’"'=p*. Just in the same way
By 6,4 =D, contains a basic element of order
641 _ 7. _ .
P =p; b, s =b, containsan element of order
P =pP; Db =D, an element of order
P™ =P D50 =D
B=p', D =Db,, anelement of order
P =P Bg,-n =0y
p'*"' = p" and so on. Therefore

10 = pbll + p2b12 + p4b14 + pﬁbla + p7b17 L

The indicator H (aw) is obviously equal to sequence
(2.6) and a;, is not the only element the indicator of
which is equal to (2.6).

Denote by Q the set of admissible (with respect to
T ) matrices and define, on the set Q the following
relation < different from the relation given in [21,

Definition 1.2].

Definition 2.2. Let K=|k;|, K'=[ki|, ie7,
j=0,1,---, be the elements of the set Q. We say that
K<K" if Kk <ky, i=0,1,--

ki (i>1) where there occurs a jump we can put into

, and to each element

correspondence the element k,, (m=>1) where there

also occurs a jump so that k, —n<ki-j and n>j.
Then the following two conditions are fulfilled:

1) Each element k. where there is a jump has
finitely many (possibly none) pre-images.

2) If Kk ki -, are infinitely many elements of the ith
row of the matrix K which are different from the
symbol oo and ki . .kp, .-+ are respectively their
pre-images such that the sequence of the numbers of
rows m,,m,,--- infinitely increases, then j, —n, — o
as k—>oo.

It can be easily verified that the relation < on the set
Q is reflexive and transitive. However, as seen from the

next simple example, it is not anti-symmetric. Indeed, let
V|l ieg, i=01-,

matrices all rows of which, except for the third one, are
identical. Consider the table

be admissible
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U,=v,; 2 3 4 5 7 8 9 10 12 14 15
u, 4 5 6 8 9 10 12 13 14 16 17
v, 5 6 9 10 12 13 17 18 19 21 22
j 11 12 13 14 15 16 17 18

U, =v,;, 17 19 20 25 26 27 29 30

u,=v, 18 19 20 25 26 27 29 30

u,=v, 17 20 21 26 27 28 30 35
u, 18 23 24 27 28 30 31 36
v, 23 27 28 29 31 32 37 38

Let us assume that the elements lying at the positions
of dots in the matrices U and V are identical. To the
elements of the third row of the matrix U , where there
are jumps, we put into correspondence the elements of
the second row of the matrix V . Thus

63, = 5,5, 1055 > 10y, 1455 > 12,4, 18, > 17,,,,
243,13 - 212,13v 283,15 _)302,17’ 313,17 _)302,17-

To the elements of the third row of the matrix V
where there are jumps there correspond the elements of
the third row of the matrix U in the following manner:

65, —> 65, 1053 > 1055, 1355 5105, 195 — 18, ,
233 = 24555 29554 2 315, 3256 23155

It is obvious that U <V and V <U , whereas
U #V . Therefore the relation < on the set Q is not
anti-symmetric. Then

UpV = [U <V and V <U]|

is the relation of equivalence on the set Q) , whereas
UsV;UsV

ef

defined on the factor set Q=Q/p is the relation of
order.

Let U=||uij||, V=||vij , ieJ, j=0,1-, be
admissible matrices. We denote
wW=u /\V:“min i Vi “ |Wu|| and will show that
W is also an admissible matrix. Let
(uio>ui1»"')s (2~7)
(Vio»Vns"') (2~8)
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be respectively the ith rows of the matrices U and V
where there occur infinitely many jumps. Let us show
that then

(min (Uyq.Vig ) min (U, Vi, ).+ (2.9)
is also an increasing sequence of nonnegative integer
numbers where there are infinitely many jumps. Assume
the contrary: let, starting from some number s in (2.9),
there are no jumps and Wg =U, <V, . Assume that
(uu’ul J+1) is the first jump to the right from U, in
(2.7), and (Vlm, . m+1) is the first jump to the right from
Vv, in sequence (2.8) and j=m. Then

IS

Wisir = Uigo Wy = l_‘lij > Wi <Ujja and, obviously,
Wi jer <Vijju - If. j<m , then W, <U,, and
W <V which contradicts the definition of W .

i,m+1 i,m+1 2

Therefore the third condition of Definition 2.1 is
fulfilled.

Let (W”,WIHI) be a jump in (2.9) and w; =uU; .
Then u; ;,, 2w, >W; +1=u; +1 and (uu,uI ,+1) is a
jump in (2.7). Then B, 41 BIW 4 70, i.e. the fourth

requirement of Definition 2.1 is also fulfilled. The
fulfillment of the remaining conditions of Definition 2.1
is obvious. Therefore W is an admissible matrix.

It is not difficult to verify that W <U and W <V .
Moreover, if K —"kIJ "SU and K<V, then K<W.
Let now U,V €Q, where U and V are admissible
matrices. Let us deﬁlle > the exact lower bound of U and
V as follows: inf (U Vv ) =U AV =W where

=Hmin Y “ e, j=0L- If U'=|ui] 0
and V'= "Vij " €V , then, by virtue of the above properties,

=min (ujv; )| <U'<U and W'<v'<V. Hence

W’'<W and, by symmetry, W<W', ie. W=W',
which shows that the definiton of W =U AV is
reasonable. Since W <U , W <V, we have W <U ,
W<V, and if K<U, K<V, we have K<U ,
K<V, K<W,ie K<W . Thus all conditions of the
definition of the exact lower bound are fulfilled.
Therefore the set Q with relation < is the lower
semilattice.

3. The Lattice of Fully Invariant Subgroups
of the Group T°

Let us show that the function @:T° — Q,

®(a)==®(a), where T has form (2.1) and Q is the
set of all admissible matrices with respect to T , satisfies
all conditions of Theorem 1.1.

Condition 1. @ is surjective.

Proof. Let KeQ, K=k, ieg, j=01-,
and the Oth row consist of nonnegative integer numbers.
For any i>1 th row, denote all jumps by (k"s,kII +l)

s=1,2,---. By virtue of the admissibility of the matrix
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K, for each jump of this kind we can choose in the basis
{xia|a € J} of the group B, an element X, of order

p Gt Let by, —i; = 4, . Denote

Co=pX, +piiix, +--+p*x, , then a,=limgc, ;

S§—0

a,, = B, . Taking into account that A, = ki

—-i, =k, and

for every S, ﬂ’lsﬂ = kii + is+1 = kiis+1 _(is + 1)’ we see
that H, (&) =K.k, ) . Further, since
Ay <A, <--- and the matrix is admissible, for each

fixed t we have =k —i, > as i—>oo. Now

|t

S A
we can define the element a,=lim»a,eT ,
st

H: (8,) =(Ke-Kop»-) and O(a,)=co0. Since T/T is

a divisible group, there are elements a,,a,,: eT such
that for any i=0,1,--- we have pa,, +T=a +T . Let
a=(a,a +T,~) , then aeT’' and ®(a)=K ,
D(a)=K.

Now assume that the matrix K is of type II. Then its
Oth row has the form

(koookow""

where m<n and there exists an index i, such that
K,_n =0 for every i>i,. Like in the preceding case,
for each i>1 -th row there exists an element
8, =P iX, + P X, +otp X, € B,.Here the number
of summands is finite since the row has ﬁnitely many
jumps. Now, taking into account that 4 <4, <+ < /4
and the matrix K is admissible, we obtain

A =k; —i, > as i—>o, ii<n-1. Then we can

iy
deﬁne the element

Kon_i»@+M,@+Mm+1,--)

k
_1 A1 Aj2 oy o
ao—&gg;(p X+ P Xy et p x| €T
s;<n—1  and  H(a,)=(ke.Ke» > Kopp50,7)
Denote

-1222('0 P g e 0 |
assuming that that p’~ xjr =0 when |> 4, . Then it
is obvious that pa,,, —a, €T, k=0,1,---. Consider an
element a=(ay,a +T,--)eT" . It easﬂy follows that
®(a)=K . Therefore d)( )=K.
If K is a matrix of form III, then, starting from some
t -th row, every row consists only of symbols . We
choose a row (kiy,k,,~), 1<i<t, and, just in the
same way as in the preceding case, find
p”x,l+ A+ px,, X €B, k=12,--,5, and
HBi( o) =(Kig- iy ,km_l,oo,---). Let us consider an
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element

t-1

ao=Z(p“‘xj1+---

=1
O(a,)=p", s;<n-1.

Then H;(a,)= (k009k01""9,\kOn—1’00"") . Since 'f/T
is a divisible group and T #tT , there exists in 'f/T a
quasi-cyclic divisible subgroup. Let {gi +T|i =1,2,-~}
be its system of generators such that pg, €T and for
every I, P0;,,—0;<T.Since T is a pure subgroup in
T, it can be assumed that (’)(gi): p' for each

Ais:
js
+p 'Xij)ET ,

i=12,--. Now let a=a,=-=a=0, a,=0;
and consider the element
a=(ao,al +T,--,8,+T,8,, +T,---). It is obvious that

®(a)=K,ie. ®(a)=K. Condition I is proved.

Condition 2. If aeT® and f°eEndT*, then
d_)(a)SCTD(f'a).

Proof. Let a=(a,,a +T,-:), c=(CyC +T,---)eT"
and there exist an endomorphism f*° of the group T°
such that f*a=c. Asis known (see [22, item 1.5]),
is induced by the endomorphism f of the group T
which in its turn induces an endomorphism f of the
algebraically compact group T such that

f'a:(fao, fa, +T,--~):(co,c1 +T,)=c.

Let (b) and (d;) be respectively the sequences
corresponding to canonical representations of the
elements a and c. Then (see (2.3), (2.4))

aO:ZaiO, - —hmZp b,
ie HA)oo
where i runs through at most a countable set of
increasing indexes. Since T is an algebraically compact
group, we have
= fa, =, = D.¢yp (3.1)
ieJ jeJ
Let ®(a ®(c _W< ied, j=01--,
and assume that there isa Jump at the position ki, i>1

Ij >
Then in a component c,, of the element c, there

S of the exponent j+1

exists an element pkiifjdiﬂki,j
which, by virtue of equality (3.1), is obtained by
mapping the sum of a finite number of summands of the
element a, under the homomorphism f and by
projecting this mapping on a basis element of the
subgroup B; that has the exponent ki +1. Denoting

this projection by 7. ., , we have
£ ki =
ﬂi,ki’jﬂf (p 11 lbi

_ i
=P i

Kig js —Js
15Ky =0 toet P bis,kisjs*Js

(3.2)
where the above-mentioned sum of a finite number of

Open Access

summands is enclosed in the brackets. It is obvious that
the height of such a summand is less than or equal to
ki — J , whereas the exponent is greater than or equal to
k+1. Hence without loss of generality we put into
correspondence to ki an element k;; of the largest
exponent. Thus, to each element kj of the matrix K'
where there is a jump we put into correspondence an
element of the matrix K .

Let k. k. be elements i>1 of a row of the

i Ko
matrix K where there are jumps, and k; . k' . --- be

myng > " "myN,

respectively their preimages for the abg\()/e rrllelntloned
correspondence so that a sequence of numbers of the
rows Mm,,m,,--- of the matrix K’ increases infinitely.
Taking into account that T isan algebraically compact
group and its torsion part is a torsion-complete group, by
virtue of equality (3.2) we assume without loss of
generality that

fp g, =P, t=0,1,

mtkmmt“ p 1.k =t Kinny =Nt ?

We have

(""" Ty ey +1 T ”mo,k'mon0+1)

X]e(puo Jobk 7JO+p-n hb.k 7“+...) (3.3)

h

Kinono —No

— mono M
=P dm0~k'm0n0 -No

kmlnl
+p My Ky =M
Since f induces an endomorphism on T, and
T iy +1 AT€ PTOjeCtiONS,
v = ( T Ty iy 1T g i +1) f

induces an endomorphism on the subgroup T . Let us fix
a positive integer number m and consider an element of
order p™ from T:

ki, —m+1

ij]
oo T P i~ T

* ki, —m+1

ag=pm

If here the initial summands k; —m+1<0, then we

assume that these summands are zero. Then, in view of
(3.3),

ALK A kij —Jo+Jo—m+l1 k“ —ji+ i —m+l
‘//ao—‘//(p ’ B, i TP b, -Jl+"')

ij1

ny+ jo—m+1

— nkmono ~
=p dmo,k;nnno

k,’nlnl =N+ jj—m+1

Ny +p dml K

mn -

(3.4)

Since, by condition, a sequence of numbers of the
rows m,,m,,--- of the matrix K’ increases infinitely,
only a finite number of summands on the right-hand part
of equality (3.4) must differ from zero; otherwise the
element 7a, does not belong to T . Therefore for each
concrete positive integer m, starting from some t we
have j-n,-m20, j-n2=m, ie j—-n —>o as
t > . Thus the second condition of Definition 2.2 is
fulfilled too. Therefore ®(a)< CD( f ’a) and

APM



676 T. KEMOKLIDZE

d(a)< CTD( f 'a) . Condition 2 is proved.
Condition 3. Forany a,ceT",
d(a+c)z®(a)Ad(c)

Proof. Let a=(a,a +T,-), ¢=(C,C +T,) be
the elements of the group T°. Then (see [13, item 1])
a+c=(a,+Cy,a +C +T,---).Denote (see (2.5))

a)=[H (a)]. @ (c)=[H (co)].
c):"kij", ®(a+c)=|H(a,+c, |_||k ||
ieJ, j=0,1,---. By virtue of the properties of the

indicator (see [1, item 37]),
(kis ki) =H(a, +¢,) 2 H(a
(k|0’k|13 )

for any ieJ . Let i>1 and at ki
then Kk, >k .

o) AH(cy)

there be a jump,
If to the right from k; the first jump

oceurs at the position K, , then k,SH (s+t)<ki-s
and s+t>s . To the element ki we put into
correspondence  the element  ki,,. For this

correspondence, if K,k ,--- are the elements of the
ith row where there occur jumps, then their pre-images
lie in the same ith row of the matrix |kj | and therefore
the second condition of Definition 2.2 will be fulfilled,
too, i.e. ®(a+c)>d(a)ad(c) or
®(a+c)=®d(a)Ad(c). Condition 3 is proved.

Condition 4. If a,ceT® and ®(a)<®d(c), then
there exists an endomorphism »* of the group T°
such that y*a=c.

Proof. Let a=(ay,a +T,),

c=(Cy,C, +T,-+) and

q _%%Zp b|+s’ G _hmzp d|+s’ =0,1,--,
where (b)) , (d;) are respectively the sequences
corresponding to thelr canonical representatlons

1) Denote i —”k ” ieg ,
j=0,1,---, and assume that the sequence (Koo, Ky, )
contains only nonnegative integer numbers. Let
k. k. ,--- be the elements of the i-row which have

ijj > i
pre-images in the matrix (D(C). Denote the pre-images

of the element k; as follows
! ! ! = e
Kl KoKl (9 » S=1L2,0m (3-5)
B (s)"m(s)

Then the element a,, has the summand

e JsbIk _j, » Where bIk _j, contains, as a summand,
the basis element Xs(iy = X of the exponent k; +1.
Denote

A ={xs(i) icd. 5:1,2,---},
/15 = kijS - js» /1(5) = k,(s)

m

Im ”rr?) me

We will show that for each (I,j ) there exists an
endomorphism y; ofthe group T such that

Open Access

74( +pb P o™ ls*lbi,ﬂs,,]—l)

(s) s) 1 -

— /11 —4s 12 s m(s)
=p d +p d +-4 P d
i9,09) i9)405) 4

(3.6)

and 7,(x)=0 for any basic element X contained in
the sequence (b;) of the canonical representation of a
when xe¢A.

Note that when s =1, the summands of the element

by, +PB ot p=~ T, -1

do not contain the basis element X, when s>2.
Indeed, when t< A4, — 4, we have
A+t<i, =k, —j, =k, —(j+1). Hence

A +t+j + 1<k (3.7

i j+1e

On the other hand, h. ( piHia, )— ki . and, if we take
into account the definition of the height and the
representation of the element a, , then for each
n<k ;. we will have p"b —0. Therefore, by
(3.7,

J1+l

A+t i+l _ At _
p 1A+ Jp+1=(f+1) T p A4+t T 0’

but for each s>1
Attt jiHl< L +ji+1=k, — )+ ] +1
=kij2+1—(j2—j])<|(ijs+1= (%)

Denote by m@ the coefficient with which X, is
contained in the expansion of the element b, . Recall that
0< mit) < p . The condition

7i (biil +Pby e pﬁz_il_lbi,iz—l)

(A+1)

=(ml(")+ pmy*Y 4 phTAT mf’lz’l));/ix1 (3.8)

(1) (1) A
VIO AWy (1)
=p7 dg o+ P74 d

A %

must be fulfilled for the sought homomorphism y; .
Since X, participates in the expansion b, with respect
to the basis, we have (hml(i‘), pfz 1. Therefore y;x, can

be uniquely defined in the subgroup B from (3.8) if
e(7x) <k +1. (3.9

But this inequality holds true because the pre-images of
ky, are (3.5) (for s=1) and, by the definition of the
relation < between the matrices ®(a) and ®(c),
for each t=1,2,---,m(1) we have
+1+ - (])—k~~ +]
ki [ a0 K o) K
p (p ldit(l)&m)— p K Ay,
k) (|)+1+i|*nt(1)

= I[ nt d = 0
p {040 >
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since J, > n(

(3.9).
Just in the same way as in the case S=1 we will
show that in the expansion of elements

, which proves the validity of inequality

B, 0, b, there is no X when s>2 .
2 2
Therefore the cond1t10n
Ay—=Ap-1
7i(bi/12 + P+ PR bi,/13-1)
l 1 Iy—A-1 A3-1
:(m( +pm (Z2+1) ,,+p3/2 ml(/% ))}/ixl
/1 +1 3—4; A3-1
+(m( +pm 2 +) | ot phTRT §3 ))7ixz
2Oy PIONP Afnz()z) 1
=P g+ 0Tt P
is fulfilled for the endomorphism p,. Since

(mgm,p =1, according to this condition we define
7%, uniquely. Just like for p;X, we can verify that
e(7x,) <k, +1 andsoon.

The endomorphlsm 7, 1s likewise defined uniquely
by giving the images of basis elements and it is obvious
that » maps the basic subgroup into. The endo-
morphism y, uniquely continues up to the endo-
morphism 7, of the group T . Let us show that 7,
induces an endomorphism on the group T .

Let teT . Since the group T has form (2.1), it
suffices to show that 7;teT when te B;. Since for the
basis elements X we have »,X=0 when X¢ A, using
(3.6) let, without loss of generality, t be an element of
order p",

kii, +1-m

)
t=pu" ", +p”‘ b+ +ph, e

iy~

kij. +1-m

(1)

n
1 D414 -1
+p= bi“1+---+p ST bi/15+]—1'

by, + pnl
(Here it is assumed that e( P b j =m, and if in

several summands k; +1—
are equated to zero.) Then

(1)
ny’ —kij, —1+m
(bwp‘ "

m < 0, then these summands

kij, +1-m

j/itzpul 4

|,ﬂ_l+1
—kjj, —1+m ki, +1-m
+p/12/111 1 b|/1+1]+ +sz yi(bijs
()_k _ n() —kjj. —1+m
+ p s 1+l‘nbI o bt p Jsp1—As—1 s b|‘/15+1,] +
.4 0.
/1,(,11()1)*;»1 Kij, +1-m 11(5)743
+p " dyy o [Feetap p* ~d

(5
+p® ~d

ki +1-m | D_; M _4
_qplll [pq ld(l) ()_,_piz |

{9,200

A(s)

[OVARYS
) s +...+pm(s) d +oee,
lg),ﬂé) i) ﬂ())

m(s m(s

(3.10)

Open Access

where (q,, p) 0. If in equahty (3.10) the numbers of
rows IlS ,Igs), --,Ir(ns(s , $=1,2,---, of the matrix ®(c)
infinitely i 1ncrease by virtue of Deﬁnmon 2.2 (see also
3.5) j - ) >0 when S infinitely increases. But

then
ky, +1-m+ 25— 4,
:kijs +l—m+ki’(s) ©
m(s) m(s)
=kl +1+ j,—m-n'®

AL

>k = .
o o Tl e(dm Jo) ]
m(s) m(s) m(s) " m(s)

This means that starting from some S all summands
on the right-hand side of equality (3.10) are equal to zero.
Therefore yteT.

The sum of endomorphisms Z;ﬂ

ieg
algebraically compact group T, is induced by the
endomorphism y, on the ith component of the group

=y, which, on the

T= @E, , 1s the endomorphism of the group T which
ieJ

maps the subgroup T into. It can be easily verified that

7a, =C,. 7 in turn defines the endomorphism »° of

the group T° for which

ra=(7a,7a +T,--)=(c),c, +T,--)=¢

At the beginning of the proof we have assumed that
the Oth row H_.(a)= (koo,km,---) consists of non-
negative integer numbers and in the ith row there are an
infinite number of jumps. It is obvious that this reasoning
is also true when the ith row contains a finite number of
jumps (at least one jump) or when the Oth row of the
matrix @(a) has the form

HT‘ (a) :(kOU’kUI"“$k0n—1!a)+msa)+m+1:"')

and c¢=(c,,T,T,--), ¢, eT.

2) Let us separately consider the case where
H.. (a)=(w+m,@+m+1,---) or, since T in T
is pure, assume that in the notation a=(a,,a +T,)
we have a,=a =---=a,=0 and a, T,
O(ay,.,)= p Then in the representation
a,,, = lim Zp b,...i» D, contains a basis element

SA)ao

X, € B of arbltrarlly large order and n takes values
from an infinite set of indexes. Let us fix a sequence
t, <t, <---<t, <--- of positive integer numbers such
that the expansion of b contains a basis element
X, € B, suchthat e(x,)=t, —m.Let

—{x |n =12, We assume that yXx, =0 for
X, ¢ A and, analogously to part 1 of the proof, for any
n we define yx, such that the equalities
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7(b1n + pbtn+l e p[n+17[n71btn+171)

1

(.11)
=d, +pd,_ +--+pmd

th =1

are fulfilled. It can be assumed that t, =m+1. Note that
X..x» K=1,2,---, does not participate in the expansion
b, . with respect to the basis when

s=0,1,---,t,,, —t, —1. Indeed, if it were not so, then the
exponent of the element

ptn—m—lbtn + ptn—mbtrl+1 4t ptn,rl—m—thnH_1
larger than 1, which is not so, e(a,,)=1
(t,,—m-2<t, —m) . Moreover, e(yx,)<e(x,) .
Indeed, when n=1, a coprime number with respect to
p serves as the coefficient yX,. Therefore it suffices to
show that p"™ (dtl +pd, , +-+ P2, ) =0. We
have

would be

Crot = Oy + P+ + ptl_m_ldtl o
+ ptz—m—zdtr1 .
but
PCpy =0=pd,,, + pzdm+2 e ptl_mdtl e
+p ", 4

Hence, since d,,; is not divisible by p, all summands
must be equal to zero, i.e. e(yx )< y(x ). Analogously,
e(yx,)<e(x,) and so on. It is obvious that by virtue of
(3.11), yx, T and, by our construction, X, belongs
to various B; and therefore y induces the endo-
morphism on the group T and maps the subgroup T
into. For the induced endomorphism »° on the group
T we have

ya=y* (0,0+T,~~,a

m-+1

+T)=(0,T,.-.,}am+l +T,-~)

=(0,T,+,Cpoy + T, ) =C.

m-+1
3) Let H_. (@) =(kogs Kyse s Koo @+ M@+ m+1,--).
Then H_.(p"a)=(@+mo+m+l,--)<H_(pc)

and, as shown in part 2 of the proof, there exists an
endomorphism f* of the group T° which induces the
endomorphism on the T so that f'(p”a) =p'c .
Hence p"(f'a-c)=0, ie. f'a-c=teT and
H.. ()= H.. ( f 'a—c) >H.. (a). Therefore, by virtue
the last sentence at the end of part 1 of the proof, there
exists an endomorphism ¢° of the group T° which
induces the endomorphism on the subgroup T so that
p'a=t . Then f'a-c=¢’a or f'—(p')a:C .
Obviously, f*—¢" =»" induces the endomorphism on
T and y‘a=c. Condition 4 is proved.

Condition 5. If C is a fully invariant subgroup of
the group T° and a,beC, then there exists ceC
suchthat @(c)=®(a)Ad(b).

Proof. Let a=(ky.k,-) and g=(l,l,-) be

Open Access

respectively the ith rows of the matrices CD(a) and
®(b), i>1. Let j be a smallest index such that
k; =1;. In these sequences, the nearest jump is to the
right from j. Let this jump occur at the position
(kg.k,.,) in the sequence « . In the latter sequence, to
the left from j there is the preceding jump. Let this
jump occur at the position (k,,k,,, ), then, from k,, to
k, inclusive, we add m to each element so that
between k,+m and kg, there would be no jump.

Obviously,

gAML ko +m (3.12)

exceeds respectively |, -,l; and, to the left from the
index s, each k; #I.. The obtained sequences ¢, and
B, where f, =0 and « differ from ¢ by the
elements of (3.12), obviously satisfy the conditions of a
row of the admissible matrix and a A f=a, A S, .

Now let us assume that in the sequences ¢, and p
the equality of elements takes place at the number n,
k,=1,, where n>s> j. Then, in these sequences we
have, to the right from n, a jump and repeat the
previous reasoning. If in the sequences there are
infinitely many jumps and at each stage the first jump
occurs in one and the same sequence f,, then not to
violate condition 3 of Definition 2.1 we proceed as
follows: let in the sequences «, and f,, at the position
n, k, =I, and to the right from n there occur a jump
between (I,,l,,;). Then in the first sequence «, ,
where there are infinitely many jumps, there exists a
jump (KK, ) such that k, =1, <l . On the right from
l,, we increase the numbers |, --,l, so that there
would be no jump between the numbers 1, I ., i.e. in
the sequence S, we ourselves have intentionally
created a jump between the numbers |, and I,,. Note
that at this position the condition of admissibility of a
row has not been violated since |, =k,, and there exists
a jump between k, and k,,,.We have
a<o <a,<-; BB <P <---.Denote o =va,,
B =vp , i=12,--. The rows o and S  are
admissible and & A 8" = a A S8, where each element of
a differs from the corresponding element of 3" . Now,
if in every row of the matrices ®(a) and ®(b) we
perform such transformations, then we obtain admissible
matrices U and V the corresponding elements of
which differ from one another and ®(a)<U ,
®(h)<V, d(a)a®(b)=U AV . It is not difficult to
verify that this reasoning holds for all type of matrices
®(a) and ®(b). Since U and V are admissible
matrices, there exists X,yeT® such that ®(x)=U
and ®(y)=V . Then, by virtue of condition 4, there
exists f,peEndT ™ such that fa=Xx, ¢@b=y. Hence
x,yeC , ®(x+y)=d(a)a®(b), x+y=ceC .
This means that ®(c)=®(a)A®(b). Therefore
®(c)=®d(a)Ad(b). Condition 5 is proved.
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We have obtained that the function ®:T° —>Q,
where T has form (2.1) and the set Q of all
admissible (with respect to T ) matrices satisfies the
conditions of Theorem 1.1. Hence the following
statement is true.

Theorem 3.1. The lattice of fully invariant subgroups
of the cotorsion hull of a direct sum of torsion-complete
p -groups is isomorphic to the lattice of filters of the
semilattice Q.
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