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ABSTRACT 

In this paper, we introduce a class Ψ of real functions defined on the set of non-negative real numbers, and obtain a new 
unique common fixed point theorem for four mappings satisfying Ψ-contractive condition on a non-complete 2-metric 
space and give the versions of the corresponding result for two and three mappings. 
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  1. Introduction and Preliminaries 

Using subsidiary conditions [1,2] such as commutability 
of mappings or uniform boundless of mappings at some 
point and so on, many authors have discussed and ob-
tained many unique common fixed point theorems of 
mappings with some contractive or quasi-contractive 
condition on 2-metric spaces. The author [3-7] obtained 
similar results for infinite mappings with contractive con- 
ditions or quasicontractive conditions under removing 
the above subsidiary conditions. These results general- 
ized and improved many same type unique common 
fixed point theorems. Recently, the author [8] discussed 
the existence of coincidence points and common fixed 
points for four mappings with -contractive conditions 
on 2-metric spaces and give some corresponding results. 






Here, by introducing a new class  of real functions 
defined on 0, , we will discuss the existence prob-
lem of unique common fixed points for four mappings 
with  -contractive type condition on non-complete 
2-metric spaces and give some corresponding forms. 

The following definitions and lemmas are well known. 
Definition1.1. ([3]) A  2-metric space  ,X d  con- 

sists of a nonempty set X  and a function  
 such that   0,X  : X d X

1) For distant elements ,x y X
  0u 

 , ,

, there exists an 
such that ; u X
 , ,d x y

, ,d x y
 0z 2)  if and only if at least two elements 

in x y z
 ,d u , ,u v w

 , ,

 are equal; 
3) , where   is any 

permutation of 
 , ,d x y z ,v w

4)     , , , , , , , ,d x y z d x y u d x u z d u y z  
, , ,

 for 
all x y z u X . 

Definition 1.2. ([3]) A sequence n n
 in 2-metric 

space 
 x

 ,X d
0

 is said to be Cauchy sequence, if for each 
 N there exists a positive integer  such that 
 , ,d x x a

x y z ; 

n m  for all a X  and . ,n m N
 xDefinition 1.3. ([3,4]) A sequence n n

 is said to 
be convergent to x X a X , if for each  , 

 lim , , 0n nd x x a  . And we write that nx x and 
call x the limit of xn n  

Definition 1.4. ([3,4]) A 2-metric space 
.

 ,X d  is 
said to be complete, if every Cauchy sequence in X is 
convergent.  

Definition 1.5. ([9,10]) Let f  and g be self-maps on 
a set X . If w fx gx x X , then   for some  x  is 
called a coincidence point of f  and g , and  is 
called a point of coincidence of

w
f and g . 

Definition 1.6. ([11]) Two mappings f , :g X X  
are weakly compatible, if for every x X  holds  
fgx gfx fx gx  whenever  . 

 ,Lemma 1.7. ([5-7]) Let X d  be a 2-metric space 
and  n n

x


a sequence. If there exists 0,1h  such 
that    1, , , ,n n n nd x x a hd x x a a X2 1   for all   
and  , , 0d x x x  , ,n m ln m l  for all n  , then   , 
and  xn n

Lemma 1.8. ([5-7]) If 
 is a Cauchy sequence. 

 ,X d  is a 2-metric space and 
sequence  n n

x x X


 


, then  
   lim , , , ,d x b c d x b c , X

, :
n n

Lemma 1.9. ([9,10]) Let 
 for each b c . 
f g X X  be weakly 

compatible. If  f , g
w fx gx

 have a unique point of coinci-
dence   w, then is the unique common fixed 
point of  g . f ,*Project supported by NNSFC (No. 11261062). 
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 1 ,0 1t kt k2. Main Results 

Denoted by the set of functions  
 satisfying the following: 


  0, : 0,  1C   

is continuous and non-decreasing,  for all 
. 

 2C   t t
0t

Remark     5
0,  if and only if  

is continuous and increasing in each coordinate variable 
and satisfy that 

: 0, 

 , , , 2 ,t t t t t t   and  , , , , 2 0t t t t t   
for all , see [8]. Obviously, the set  is vary dif-
ferent from the set . 

0t  


Example Let  be defined  1 2, : 0,  

by  

 

 

2

, for 0 1
2

1
, for 1.

2

t
t

t

t t



   
  

,

 

Then, obviously, 

  0, 

1 2 .   
The following is the main result in this paper. 

 ,Theorem 2.1. Let X d
, , , :S T I J X X

 be a 2-metric space,  
 four single valued mappings satisfy-

ing that    S X I X    T X J X
, ,

 and . Suppose 
that for each x y X  

          
, , , ,

x , , , , , , , , , , , ,
2 2

d Jx Ty a d Iy Sx a
d Jx Iy a d Jx Sx a d Iy Ty a a X

           
, , max Ty a q

0 1q 

d S        (1) 

 
  where and 

   , ,S X T X I
.  

If one of  and  X  J X is complete, 
then  and T ,I S  and J  have an unique point of co-
incidence in X . Further,  ,I T  ,S J

, , ,S T I J
 and  are 

weakly compatible respectively, then  have an 
unique common fixed point in X . 

Proof Take any element 0x X , then in view of the  

conditions S X I X    J X and T X , we can 
construct two sequences  nx  and  ny  as follows: 

2 2 2 1 2 1 2 1 2 2, , 0,1,n n n n n ny Sx Ix y Tx Jx n         

0,1,n

. 

  1C, by (1) and  and (iv)  For any fixed 

in definition 1.1, we obtain that 

   

     

2 2 1 2, ,n ny a d Sx

   

     

2 1

2 2 1 2 1 2
2 2 1 2 2 2 1 2 1

2 1 2 1
2 1 2 2 2 1

, ,

, , , ,
max , , , , , , , , ,

2 2

, ,
max , , , , , ,

2

n n

n n n n
n n n n n n

n n
n n n n

Tx a

d Jx Tx a d Ix Sx a
q d Jx Ix a d Jx Sx a d Ix Tx a

d y y a
q d y y a d y y a

q d





 

 
  

 
 

          
          

，

         
max

d y

y 2 1 2 2 1 2 1 2 2 2 1
2 2 1

, , , , , ,
, , , , .

2
n n n n n n n

n n

d y y y d y y a d y y a
y a d y y a    

 

   
   

0

2 1 2, ,n n

2 2, ,n ny y

1, ,





 

Suppose that .   1n 

2 1n

2 1d y

2 2n n Take x x y  x a  y  , then by (1) and definition 1.1 and 2C

   

   

, we obtain that 

     

    

2 1 2 2 1 2 2 1 2 1

2 2 1 2 1 2 2 2 1

2 2 1 2 1 2 1 2 2 1
2 1 2 1

2 1 2 2 1 2 1 2 2 1

, , , ,

, , , , , ,

, , , ,
, , , ,

2 2

, , , , ,

n n n n n n

n n n n n n

n n n n n n
n n n

n n n n n n

d y y y d Sx Tx y

d Jx Ix y d Jx Sx y

d Jx Tx y d Ix Sx y
y

y y y qd y y y

   

  

   
  

   



2 1d Ix Tx

maxq
 

   

q d

 



 

0 1q which is a contradiction since . 
Hence  2 1 2 2 1, , 0n n nd y y y   , so we have that 

   

       
2 2 1 2 2 1

2 1 2 2 2 1
2 1 2 2 2 1

, , , ,

, , , ,
max , , , , , ,

2

n n n n

n n n n
n n n n

d y y a d Sx Tx a

d y y a d y y a
q d y y a d y y a

 


 



    
  

. 
  
 

            (2) 
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If 2 1 2n n   for some  , ,d y y a d  2 2 1,n ny y a X,a  , 

then (2) becomes that 
   2 1 2 2 2 2 1, , , , , 0,1,n n n nd y y a qd y y a n     

 
  

2 2 1

2 2 1

, ,

, ,

n n

n n

d y y a

q d y y a qd


   2 2 1, , .n ny y a 

a X

 2 1 2, , .n ny y a 

 1, ,n nd y y a

 

This is a contradiction. Hence for all , so we 
have that  

 
  

2 2 1

2 1 2

, ,

, ,

n n

n n

d y y a

q d y y a qd


 
 

Similarly, we can obtain that 

 1 2, ,n nd y y a q   . 

Hence we have that 

. 

 ySo n  is a Cauchy sequence by Lemma 1.7. 
 I X  is complete, then there exists Suppose that 

 u I X X and v such that  

2 2n n 2 1ny Sx Ix u Iv     S X. (If  is complete, 
there exists    u S X I X  , then the conclusions 
remains the same). Since  

 
     
2 1

2 1 2 2 2 2 1

, ,

, , , , , , ,

n

n n n n n

d y u a

d y y a d y u a d y y u



   
 

 n  2nand y  is Cauchy sequence and u ,we know  y

 2 1ny u 

a X

. that 

For any  , 

 
     
     

          



2 2 2

2 2 2

2 2
2 2 2 2 2 ,

2

, , , , , ,

, , , , , ,

, , , ,
, , , ( , , ), , , , ,

2 2

, , ,

n n n

n n n

n n
n n n n n

n

Ty a d u y a d u y Tv

Tv a d u y a d u y Tv

d Jx Tv a d Iv Sx a
J a d Jx Sx a d Iv Tv a d u y a d u y Tv

a d u

  

  

           

     2 1 2 1max , , , ,n nq d y u a d y y  

, ,d u Tv a

max , , ,x Iv

d y

d Sx

q d

 

     2 1 2
2 2

, , , ,
, , , , , , , .

2 2
n n

n n

d y Tv a d u y a
Tv a d u y a d u y Tv           

n 

     

 
Let ，then by and Lemma 1.8, the above 

becomes  
 1C 

                , , .q d u Tv a

 , , 0d u Tv a  a X

, ,
, , max , , ,

2

d u Tv a
d u Tv a q d u Tv a

             (3) 

If  for some , then we obtain  

from (3) that   , , , ,d u Tv a qd u Tv a
1q

, which is a con- 
tradiction since 0   , , 0d u Tv a. Hence   for all 
a X , so Tv u Iv  u

T
, i.e.,  is a point of coinci-

dence of  and I , and  is a coincidence point of 
 and 

v
T I . 

Since    u Tv T X J X   w X, there exists   
such that u Jw . For any , a X

 
     
     

         

   

2 1 2 1 2 1

2 1 2 1 2 1

2 1 2 1
2 1 2 1 2 1

, ,

, , , , , ,

, , , , , ,

, , , ,
max , , , , , , , , , ,

2 2

n n n

n n n

n n
n n n

d Sw u a

d Sw y a d y u a d y u Sw

d Sw Tx a d y u a d y u Sw

d Jw Tx a d Ix Sw a
q d Jw Ix a d Jw Sw a d Ix Tx a

2 1 2 1  , , , ,

max

n nd y u a d y u Sw





  

  

 
  

 

  

  

          
 

        
q d

 

     2 1 2
2 2 2 1 2 1 2 1

, , , ,
, , , , , , , , , , , , , , .

2 2
n n

n n n n n

d u y a d y Sw a
u y a d u Sw a d y y a d y u a d y u Sw

  

           

  

 
Let , then by  and Lemma 1.8, we ob- 

tain that 
n   1C

  



  

, ,
,

2

, .

d Sw u a
w u a q d Sw u a

u a

          
, , max , ,

               ,q d Sw

d S 
 

If , , 0d Sw u a  X for some a , then the above 
becomes that    , , , ,d Sw u a qd Sw u a

0 1q
, which is a 

contradiction since   , , 0d Sw u a, so   for all 
a X Sw u Jw . Hence   u

S
, i.e.,  is a point of coin-

cidence of  and J , and  is coincidence point of 
 and 

w
S J . Suppose that  is another point z Sx Jx 
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 of coincidence of  and S J , then there exists a X  
such that , and we have that  , ,d z u  0a 

 

        

   

   

    

, ,

m , , , , , , , , ,

, , , ,
,

2 2

, , ,

a Sx Tv a

Jx Iv a d Jx Sx a d Iv Tv a

Jx Tv a d Iv Sx a

a qd z u a




 

 , , 0d z u a 
z 

, ,u

q d


 



a

ax

, ,

d

q d

d

z u







S

d z





X

 

which is a contradiction. So  for all 
, hence , i.e.,  is the unique point of co-

incidence of  and 
u u

J . Similarly, u  is also the 
unique point of coincidence of  and T I . 

By Lemma 1.9, is the unique common fixed point 
of  and  respectively, hence  is the 
unique common fixed point of . 

u
  ,T I u

, ,I J


 ,S J
,S T

If J X  or  is complete, then we can also 
use similar method to prove the same conclusion. We 
will omit this part.  

 T X

2Using Theorem 2.1 and   in Example, we will ob-
tain the next particular result. 

Theorem 2.2. Let  ,X d
X

   T X J X

 be a 2-metric space  
 four single valued mappings satisfy-

ing that  and . Suppose 
that for each 

, , :S T ,I J X
S X


   I X

, ,x y a X   

 
   

   

, ,
, for 0 , , 1

1
, , , for , , 1,

2

x a

qM y a
M x y a

x y a M x y a

 

   
 

0 1q

  

, ,

2

Ty

x

q M



 

d S








 

where  and 

  

   

, ,

x

y a

d J

d J





S X

m

M x

a , , , , , , , , ,

, , , ,
, .

2 2

x Iy a d Jx Sx a d Iy Ty a

x Ty a d Iy Sx a 





  

If one of  and   ,T X  J X  is complete, then 
 and T ,I S  and J  have an unique point of coinci-

dence in X . Further,  ,I T  and   are weakly 
compatible respectively, then  have an unique 
common fixed point in 

,S J
, , ,S T I J

X . 
The following two theorems are the contractive and 

quasi-contractive versions of Theorem 2.1 for two map- 
pings.  

Theorem 2.3. Let  ,X d  be a 2-metric space,  
 two mappings satisfying that for each , : XS T 

, ,
X

x y a X , 

   

, ,

max , , , , , , , , ,

, , , ,
, ,

2 2

d Sx Ty a

q d x y a d x Sx a d y Ty a

d x Ty a d y Sx a

   





0 1q

 

 S X  and where   and  . If one of   
 T X S T is complete, then  and  have an unique 

common fixed point in X . 
Proof Let X1I J 

X
, then by Theorem 2.1, there ex-

ist u such that u is the unique point of coincidence of 
 and S J . But obviously  and S J  are weakly com-

patible, so  is the unique fixed point of  by Lemma 
1.9. Similarly, is also unique fixed point of , hence 

 is the unique common fixed point of  and T . 

u S
u T

u S
 ,Theorem 2.4. Let X d

, :
 be a complete 2-metric 

space, I J X X
, ,

 two subjective mappings satisfy- 
ing that for each x y a X ,  

 

     

   

, ,

max , , , , , , , , ,

, , , ,
                  , ,

2 2

d x y a

q d Jx Iy a d Jx x a d Iy y a

d Jx y a d Iy x a

   





0 1q

 

I  and   and  . Then where    J  have an 
unique fixed point in X . 

Proof Let X1S T 
u X

, then by Theorem 2.1, there 
exist   such that  is the unique point of coinci- 
dence of  and 

u
S J . But obviously  and S J  are 

weakly compatible, so  is the unique fixed point of u
J  by Lemma 1.9. Similarly,  is also unique fixed 
point of 

u
I , hence  is the unique common fixed point 

of 
u

I  and J . 
Finally we give two coincidence point theorems for 

three mappings. 
 ,Theorem 2.5. Let X d

, , :S T I X X
 be a 2-metric space,  

 three mappings satisfying that  
     S X T X I X
, ,

. Suppose that for each  
x y a X , 

 

     

   

, ,

max , , , , , , , , ,

, , , ,
,

2 2

d Sx Ty a

q d Ix Iy a d Ix Sx a d Iy Ty a

d Ix Ty a d Iy Sx a

   




，

0 1q

 

   where   and  . If one of    ,S X T X  
and  X ,I S is complete, then T  and  and I I  have 
an unique point of coincidence in X . Further, I  is one 
to one mapping, then  have an unique point of 
coincidence. 

, ,S T I
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