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Abstract

Compact sets have important properties, and their studies have contributed to
the development of functional analysis, particularly in the field of compact
operators. In this paper, we introduce the concept of order compactness in
Riesz spaces as an analog to topological compactness in the absence of a to-
pology. We define order compact sets based on order convergence of nets and
subnets, explore properties of these sets (e.g., closure, boundedness, preserva-
tion under order continuous maps), and prove results analogous to those in
topological spaces, including an order version of the Banach-Stone theorem
(Theorem 4.4) and a fixed point theorem (Theorem 4.4). When we introduce
a continuous Banach lattice norm of order, we will show that the compactness
of order coincides with the compactness of norm.

Keywords

Banach Lattices, Order, Compact, Order Convergence, Order Continuity,
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1. Introduction

The concept of order compactness extends the notion of compactness to spaces
without a defined topology. This allows for the generalization of key results related
to compactness in Riesz spaces, enriching the theory and potentially offering new
tools for analysis in these spaces.

If T is a subset of the partially ordered set 2, we say that I is up-directed if and
only if every finite subset of ' has an upper bound in I. “Directed” will be used to
denote “up-directed”. A net in a Riesz space Eis an arbitrary function from a non-
empty directed set I to the space £ Nets will be denoted by {x, }aer , where x,
is the point of E'assigned to the element « of the directed set I'. Several authors
have given various meanings to the statement “Net {xa}aer order converges to

the element x ”. In the literature on Riesz spaces theory, nets order convergence
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is defined in one of three ways.

Definition 1.1 ([1]) A net {x,}
net { yﬂ}ﬁeA such that.

1) Vs 10,and

2) |x,—x|<y, forall aeT.

Definition 1.2 ([2]) 4 net {x,} _
x, —x , if there exists a net { y ﬂ} such that.

PeA
1) Vs 10,and
2) for each BeA there exists some «, el satisfying |x, —x|<y, for all

Lo 1s order convergent to x, if there exists a

is order convergent to x , written

aza,.

It should be noticed that definition 1.1 does not satisfy our understanding of
the word “convergence”. A converging net must remain converging even if we
attach additional terms at the “beginning of the net. On the other hand, we hope
that the definition adopted will not conflict with that used when the trellis is pro-
vided with a topology: If E is any topological (Riesz) space with a family T of
“open” sets, the convergence of a net {xa}aer of points of E is defined by the
rule: x, —»x means that for every open set U containing x, f, exists such
that x, eU forall a=p,.

We now give the Aliprantis-Border definition of order convergence of a net.

Definition 1.3 ([2], p. 322) A net {x,} ina Riesz space E is order convergent
to some x < E, written x, “sx, if there is a net {v,} (with the same directed
set) satistying.

1) y, %0 and

2) |x,—=x|<y, foreach «

In order to ensure compatibility with the results when we introduce a topology
in the Riesz space, we will adopt this last definition.

Finally, we will need the following definition.

Definition 1.4 ([2], p. 31) A net {yl}AEA is a subnet of a net {xa}aer ifthere
is a function @:A—>1 satisfying

1) y,=x, foreach 1eA,where ¢, standsfor ¢(1);and

2) for each a, eI’ there exists some A,€A such that A>/4, implies

P, 20,-

2. Order Compactness in Riesz Spaces

The famous topological properties lacking in the general context of Riesz spaces,

we take for definition of order compactness an equivalent for the order of its im-

portant topological property, namely the Bolzano-Weierstrass characterization.

For a complete account of Riesz spaces, the reader is referred to [3]-[9].
Definition 2.1 A subset K ofa Riesz space E is:

o order compact if every net of K has an order convergent subnet with limit
point belonging to K .

e o -order compact if every sequence of K has an order convergent subse-

quence with limit point belonging to K .
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Note thatif K is order compact then X is o -order compact.
Proposition 2.1 Let E be a Riesz space. The following assertions are fulfilled:

1) Finite unions of order compact subsets are order compact.

1) Intersections of order compact parts are order compact.

1ii) Order closed subsets of order compact subsets are order compact.

Proof i) Let {x,} beanetin K= U G, where KK, K, are order

I<i<p
compact subsets. It is easy to see that at least one K contains an infinity of terms
x, . The order compactness of X ensures the existence of a convergent subnet
of {x,} in K, </, and the proof of assertion (i) is complete.

ii) is trivial.

iii) derives easily from the fact that a subset K of a Riesz space is order closed
if {x,}cK and xa—o>x imply xeK. [

With the same terms as for the whole space, the definition of the order comple-
tion for a part can be formulated as follows.

Definition 2.2 A subset K ofa Riesz space E is order complete, or Dede-
kind complete if both of the following conditions are fulfilled.

1) all its non-empty parts that are order bounded from above have a supremum
in K.

2) Every nonempty subset of K that is bounded from below has an infimum
in K.

Theorem 2.1 Let K be an order compact subset of a Dedekind complete Riesz
space E such that xvyeK and x~nyek forall x,yeK.Then K isorder
complete.

Proof. Let Abe an order bounded from the above subset of . The order > on
the set S <X of suprema of finite subsets of A is a direction: for each pair
x,yeS,wehave x<xvy, y<xvy,and xvyeS.Furthermore, $has the
same upper bounds as A. Let a be upper bound of 4 in E. Then a is upper
bound of Sin E. So, there exists {x,} Lc S suchthat x, Ta.Since K is
order compact, it follows that there exists some subnet of {x,} convergent in
K .Thus aek.

Now if A4 is an order bounded from below subset of X . Condition (2) of the

above definition is derived from the same method applied to the set /<X of

ael’

infimum of finite subsets of A. The order < on /is a direction: for each pair
x,yel,wehave x2xAy, y2xAy,and xaAyelcKk. ]

We need to manipulate functions that are defined only on parts of a Riesz space,
a fact that allows the following definition.

Definition 2.3 A function f:X — F from a subset X of a Riesz space E 1(')nt0
a Riesz space F is order continuous on Xifeverynet {x,}c X satisties. x,—>x
in E(with xe X ) implies f(x,)— f(x) inF.

A subset S of a Riesz space is order closed if {x,} =S and x, Sx imply
xes.

Let Eand Fbe Riesz spaces. The Cartesian product Ex F is a Riesz space un-

der the usual ordering where g, =(x,,),)>a, =(x,,y,) whenever x, >x, and
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¥, 2y, . The infimum and supremum of two vectors ¢, and a, are given by
ava,=(x;vx,y,vy,) and a Aa,=(x Ax,,» Ay,). Consider a function
f:S—> K between two subsets of £and F respectively.

Remember that the graph of [ is G, = {(x,f(x)) A= S} .If f is order
continuous then the graph of [ is order closed. Indeed, let
{(xa,f(xa ))} <G, 3101ch that (xa,f(xg ))—0>(x,y) , which in terms of the lattice
product, reads as x, >x and f(x,)—>y. It follows from the order continuity
of f and the uniqueness of the order limit, that f(x, )—o> f(x)=y. Thus
(x,y)eG, and G, isorder closed.

Proposition 2.2 Ifa subset K of a Riesz space E is order compact then it is
order closed.

ProofLet {x,} anetin K suchthat x, s x ¢ E.. From the order compact-
ness of K we infer that there exists a subnet {xw(a)} of {x,} such that
{%(a)}_’“ € K. The uniqueness of the order limit of {xq)(a)} implies that
x=aek. [ |

Proposition 2.3 Let K,K,--,K, be order compact subsets of Riesz spaces
E E,,---,E,, respectively. Then K xIC,x---xK, is order compact in the Riesz
space E xE,x---xXE,

Proof. Let {(x Xypst X, )}a anetin K x/C, x---xC . The order compact-

al’ >an

ness of K implies that there exists a subnet {x{p](a)l} @ which is order conver-
(21

gent to 4, in K. The net {x(h(a)z} contains a subnet {x(PZO‘Pl(a)Z}

a(a) propi(a)
which is order convergent to a, in K, . A finite induction gives that
{(xal,xﬂ,---,xan )}a admits a subnet

{(x%"‘ﬂn—1°“‘°‘ﬂl(a)1 X opyeop(@)2> " X ep, o op(a)n )}(DHDanlou,D(ﬂl(a)
which is order convergent to (a,,a,,---,a,) in K xK,x---xK, . u

Proposition 2.4 Let K be an order compact in an order complete Riesz space
E such that xvyeK and xnyeK for all x,yeK . Then K is order
bounded.

Proof. 1t follows from Proposition 1.3 and Theorem 1.4 that Kx K is order
compact and the order continuous mappings (x,y)—>xvy, (x,y)—>xAy
from KxK to K achieve their maximum and minimum respectively. Which
means that K isorder bounded. [ |

We will show that continuous order mappings preserve order compactness.

Theorem 2.2 Let f:K — F be an order continuous function from an order
compact K of Riesz E into a Riesz space F. Then f(K) is an order compact
subset of F.

Proof. Let {ya} be a net in f(lC) There is {xa} in K such that
f (xa ) =y, forall «.Since K isorder compact, there exists a subnet {x(p(a)}
which converges in order to x € KC. It follows from the order continuity of f
that {yw(a)} = {f(xw(a))} —0>y = f(x)e f(K).Thus f(K) isan order compact
in F. [ ]
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A similar result is obtained for functions with values in a Riesz space when a
stability condition is required (which is obviously verified in the case of the real
line)

Theorem 2.3 Let K be an order compact subset of a Riesz space E. Let
f:K—> F bean order continuous function defined on K into an order com-
plete Riesz space F such that xv ye f(K) and x~ye f(K) forall
x,ye f(K). Then f achieves its supremum and infimum values.

Prooft. According to Theorem 1.1 and Theorem 1.2, f(K) is order compact
and order complete. So, to conclude the proof, it suffices to apply the definition
1.2. |

Theorem 2.4 Let K be an order compact subset of an order complete Riesz
space E. Denote by f,. the mapping x— inf{|x—a| ‘ae IC} from E to E, .
Then f,. is well defined and satisfies:

(i) VxekE, xelC<:>fK( ) 0

(ii) Vx,yekFE, |f)c( f)c |<|x y|

Proof. (i) Pick any x in £ in view of ([2] (a) Corollary 8.7, p. 318) we can

conclude that the mapping g.: a—|a—x| from K to E, satisfies

g.(a)=g,(b)|=|x—a|-fx~<|a-t|

forall a,bek.

Now take {aa} a net in K with a, %a. and la, —a|<u, 1 0. Then

g, (a ) gx |< |a - a| <u, 10 and g, is order continuous. It follows from
Theorem.1.4that g _ achievesitsinfimums valuesin IC.Then the function f
is well defined and the proof of (i) is obviously obtained.

(ii) Let x,y e E,forevery acK we have we have:
k—a|<|t—a—y+a/+|y—a
Spe=yl+ly—dl
Taking the infimum on a, we get
fK;(x)£|x—y|+fK;(y) (1)

Interchanging x and y in the identity (1), we obtain (ii) [ |

One of the theorems that is applied in analysis is that of the fixed point. Here is
a version of the order.

Theorem 2.5 Let K be a nonempty order compact subset of an Archimedean
Riesz space Eandlet [ bea function from K to K .Ifthereissome ce]0,1]
such that |f(x)—f(y)
point.

Proof. Pick any point x; € K, and then define a sequence {x,} inductively by
the formula x,, = f(x,), n=0,1,---.For n>1 we have

|f |Sc|xﬂ—xn_1

n+l

" |xl —x0| . Hence, for m>n the trian-

and by induction, we see that |x

n+l n|—

gle inequality yields

DOI: 10.4236/apm.2025.154014

295 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.154014

M. Laayouni

n
< Z |xk —x,H|

|x77'l - xn
k=n+1
n
<Y M = x|
k=n+1
- @
S{ > ck_'}|xl =X
k=n+1

< <
< ).
1-c

Now, since K is order compact, there exists a subsequence {xnk} which

converges in order to some ae K. According to (2), for every n, >n we have

e

x,| <

1c |x1 - x0| . By letting n, — o, it follows from ([2] Lemma 8.15) that
-c

c" . . .
|a—xn S1—|x1 —x0|. From this, the hypothesis on ¢, and the fact that £ is
—c

Archimedean, we conclude that {x”}—nm and consequently its subsequence
(X1} “sa . On the other hand, the order continuity of f implies that
{xnﬂ} = {f(xn )} —0>f(a) However, a sequence can have at most one order limit,
then a= f(a).Thatis, a isalsoa fixed pointof f.
Now if b= f(b), then clearly |a —b| =|f(a)—f(b)| < c|a —b| and
(c—1)|a-ble—E, nE, ={0},s0 b=a.Hence, a istheonly fixed pointof f.
|

3. Topological Cases

Recall that a linear topology 7 on a Riesz space Eis locally solid (and (E,7) is
called alocally solid Riesz space) if = has a base at zero consisting of solid neigh-
borhoods. A function f:E — F between two topological vector spaces is uni-
formly continuous if for each neighborhood W of zero in Fthere is a neighbor-
hood V of zero in £ such that x—yeV implies f(x)—f(y)ew . It is well
known that (E,7) is a locally solid Riesz space if and only if the lattice opera-
tions are uniformly continuous with respect to 7 . A locally solid linear topology
7 on a Riesz space £ which is moreover locally convex is called locally convex-
solid topology. In other words, z hasabase B atzero consisting of neighbor-
hoods that are simultaneously closed, solid, and convex.

Let (E,7) be a locally convex-solid Riesz space. The gauge p, of Ve B
py(x)=inf{1>0:xe AV} is a lattice seminorm. With the notation above, we
have:

Definition 3.1 A locally convex-solid topology t Is.

e order continuous if x, ¥ 0 implies p,(x,)10 forall VeB.
e o -order continuous if x, 10 implies p, (x,)Y0 forall VeB.

Theorem 3.1 Let K be an order compact subset of a locally convex-solid
Riesz space (E,r).If t Iisorder continuous then K is compact (in the topol-
ogy sense).

Proof. According to ([2] Theorem 2.31 p. 39), it is enough to show that every
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netof K hasa r -convergentsubnet. To thisend, consideranet {x, }a in IC.

It follows from the order compactness of K, that there is a subnet

{xgo(a)}w(a)—n)a e K. So, there is a net {u(p(a)} in E, satisfying: u,, 10

ola)
and ‘x(oM - a‘ <u,,, - Since the locally convex-solid topology 7 is order contin-

uous, we get p, (x(p(a) —a) <p, (u¢(a)) and p, (%(a)) 10 forall VeB. This

shows that {xw(a)} —a . This proves that /C is topologically compact. |

9(a)
An important special case of topological Riesz spaces is that of Banach lattices

(which means that the Banach norm ||| is compatible with order: ie,

o<y
in £ implies |x|<|y| ). The norm is order continuous if x, {0 implies
Jr.]¢o.

A simple consequence of Theorem 3.1 is the following.

Theorem 3.2 Let E be a Banach lattice with order continuous norm. Every order
compact of E is compact (with respect to this norm).

In the Banach lattice literature, disjoint sequences are important. The following
result combines them with order compactness.

Theorem 3.3 Let K be an order compact in a Banach lattice with order con-
tinuous norm such that xvyelK and xAnyekK forall x,yeK.If 0,¢K
then there is now disjoint sequence in I .

Proof 1f {xn}n is a disjoint sequence in K . From ([2] (3) Theorem 9.22, p.
356) follows that E is order completeM Looking at Propositionl.4 and ([2] (7)
Theorem 9.22), we end up with {x, }n —0, and 0, K. [ |

The following gives the converse of Theorem 3.1 in the case of a Banach lattice
with the order continuous norm. In this situation, the two notions of compactness
are identical.

Theorem 3.4 Let K be a compact subset of a Banach lattice (E ," ") with or-
der continuous norm. Then K is order compact.

Proof. Suppose that K is a compact of (E | ||) and consider anet {x,} in

I
KC . Then there is a subnet {x } which satisfies (x - a)—)O . Therefore,
o(a) (@) o(a)

the fact that Banach lattices are local-solid-convex Hausdorff topological Riesz

1
spaces ([2] Theorem 8.41, p. 334) implies that (‘xw(a) —a‘)—)O. We can assume

(‘xww) - "‘)

8.43), we can conclude that ‘xw(a) —a‘i 0. Thus x,, —a, as required. ®

without loss of generality that 0. According to ([2] (2) Theorem

If the norm of a Banach lattice £'is not order continuous then the two compact-
nesses are different in £. Indeed, there exists a net {x,} < E satisfying x, 10
but, |x,||- 0.Obviously, K={x,}u{0} isordercompactwithoutbeing norm
compact.

Theorem 3.5 Let T:E — F bea lattice homomorphism from a Banach lattice

with order continuous norm into an Archimedean Riesz space. If K is a com-
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pactin Ethen T(K) isorder compactin F.
Proof Let K beacompactof E. It follows from Theorem 3.4 that K isorder
compact. Then the desired conclusion follows from Theorem 2.2. ]

4. Some Functional Results

In functional analysis, the space C(X) (X being a topological space) has nice
properties and allows to achieve important results. In this section, we will establish
order version of the Banach-Stone Theorem. C,(K) means the Riesz space, un-
der pointwise algebraic operations and order, of order continuous functions from
KC into R.Let K and L be order compacts in the Riesz spaces £and F, re-
spectively. Now, let ¢:C,(K)—C,(£) be a Riesz isomorphism satisfying the
condition
(C): 0¢ f(K) ifandonlyif 0g¢(f)(L) foreach fecC, (K).

We will show that K is Lattice homeomorphic to £. The proof will be based
upon the following order version of the Urysohn’s lemma.

4.1. Order Urysohn’s lemma

Recall that a function f:X — F from a subset X of a Riesz space E intg) a Riesz
space Fis order continuous onOX if every net {x,}c X satisfies: x, »>x inE
(with xe X )implies f(x,)—f(x) inF.

Suppose that K is an order compact in a Riesz space E. By C,(K) we mean
the Riesz space, under pointwise algebraic operations and order, of order contin-
uous functions from K into R. As a straightforward application of Theorem
2.3, we get the following.

Theorem 4.1 C (K) isa Banach lattice under the norm defined by:

71, = supls (x)

Proot. The stability of C, (K) under supremum and infimum follows from ([2],
(4) Lemma 8.15, p. 322). So, C,(K) is a Riesz space. Moreover, if feC,(K),
combining Theorems 2.2 and 3.4, we deduce then that f(KC) isa compact sub-
set of R . It follows from Theorem 2.3 that sup |f (x)| eR, for all
f e€C,(K).Itis routine to verify that the correspondence f — || f ||C becomes a

norm which satisfies 0< f<g implies ||f||L < ||g .-
Next, we shall establish the completeness of (Cn (K).| ||L) . To this end, let {7, }
be a Cauchy sequence in C,(K). Then, given €>0 there exists k, such that
I/ = £ <€ (forall k,i>k,). (3)

In particular, note that for each x € KC, the inequality | fi(x)- 1, (x)| < || fi—f
implies that { S (X)} is a Cauchy sequence of real numbers. Thus, { I (x)}

C

convergesin R foreach xeK,let f(x)=lim f, (x). Now we show that

Il 0

fecC,(K) and f,— f.Suppose x,—a in K.Wenow show that
f(xa)—o)f(a) in R, thatis |f(xa)—f(a)|—>0.Sinceforall k =k,

Je =t " <e and f  isorder continuous, we derive that there exists some ¢,
c
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fko(xa)—fko(a)‘<6 forall @>¢, and
[ (x) =1 (@) <7 (i) = i, ()| [, () = Ay (@] ], (@)= 1 ()

<ecet+e+e=3¢

such that

+

Thus, f(xa)—o)f(a) , 80 f is an order continuous function. On the other
hand, it easily follows from the inequality (3) that |fk (x)—f(x)|< ¢ for all
k>k, andall xe/C. This last inequality in turn implies that || fi—f ||L <¢ for
all k> k,.Hence, lggfk =f,andso ¢, (K) iscomplete. . [ |

A subset X of a Riesz space is order closed if {xa} cX and x,—>x imply
x € X . In topological spaces, the normal parts have famous properties. In order
to profit from the non-topological case, we consider the following.

Definition 4.1 A subset X of a Riesz space E is order normal if every pair A and
B of disjoint order closed subsets of X can be separated by an order continuous
function, which means that, there exists an order continuous function
fX- [0,1] such that f(a) =0 for each ae A and f(b) =1 for each
beB.

A linear functional ¢:E — R on a Riesz space E's strictly positive if x>0,
implies (D(x) >0 . Obviously,if E=R thenany non-trivial positive linear form
is strictly positive. Note that there are Riesz spaces that have no strictly positive
linear functional (See [2], Example 8.21, p. 326).

Lemma 4.1 (Order-Urysohn’s lemma) Let E be an order complete Riesz space
having a strictly positive linear functional which is order continuous. Then every
order compact K ofE is order normal.

Proof. Let K be an order compact of £and ¢ be a strictly positive linear
functional which is order continuous. Let 4 and Bbe disjoint order closed subsets
of K .It follows from Proposition 2.1 (iii) that 4 and B are order compacts. The
Theorem 2.4 implies that the mappings: x— g, (x) and x> g, (x) defined
from K to E, by g,(x)=inf{jx-a|:ac4} and
gy (x)=inf{|x—b|:be B} satisfy:

(i) xe A (respectively, xeB)ifandonlyif g, (x) =0 (respectively,
gs(x)=0),forall xek.

(i) Vx,yek, |g,(x)-g, (y)| <|x—y| (respectively,
|g3 (x)_gB (Y)|S|X_Y|)

On the other hand, since @og, is order continuous the theorems 2.3 and

3.2 tell us that @og, (/C) is a compact in R, . Then there exists some A1eR

satisfying 0<g@og, (x)<ﬂ for each xe/C. Put £ :%(p and consider the
mapping f:K —[0,1] given by

B hogA(x)[l—hch(x)]

f(x)_ hogA(x)+hogB(x) (4)

The strict positivity of /4 added to the assertion (i) above and the disjointness
of the order compacts A and Bshow that hog, (x) +hog, (x) >0 forall xek.

The assertion (ii) above and (4) imply that f is an order continuous mapping
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satisfying f(a)=1 and f(b)=0 forall ac 4, beB.Which concludes the
proof of the claim. ]
This lemma is based on the existence of a strictly positive linear function of E.
However, as it is well-known, there are Riesz spaces that have no strictly positive
linear function (for instance, the Riesz space R of all real sequences). We may
now raise the following question.
Question: Does the order-Urysohn’s lemma remain true even if E lacks a

strictly positive linear form?

4.2. Order Banach-Stone Theorem

Theorem 4.2 Let K be an order compact of an order complete Riesz space E
such that xv yeK forall x,yeK. For every xeK define ¢.:C,(K)—>R
by ¢.(f)=/(x), Vf eC,(K). Then the following assertions are fulfilled:

() ¢, isa Riesz homomorphism and ¢ (1,)=1, where 1,. means the con-
stant function equals 1.

(if) For every Riesz homomorphism ¢:C,(K)—> R with ¢(1,.)=1 thereex-
ists a unique xe€C such that ¢=¢,_.

Proof. (i) is obvious.

(i) Let #:C,(K)—>R bea Rieszhomomorphism with ¢(1,)=1. Assume to
the contrary that for every xe K there exists f, €C,(K) for which
¢(f.)#¢ (/). Foreach xek, thefunction &, =|f, _¢(fx)1/<| is so that

h,(x)= ¢.(f)-¢(/.)>0 (5)

£.(x)=g(f)]=

while
() =|¢(f,)-8(/)e(1c)|=0 (6)

Now the order > on the set F of suprema of finite subsets of X isa direction:
for each pair a,feF,wehave a<avpf, f<avf,and av pfeF. Fur-
thermore, F /X and F hasthe same upper boundsas K.

Let a=x,vx,v--vyx,eF, consider the element g, of C,(K) given by
g, =h,vh, v--vh  andconsider the element x, of K such that
X, =X VX,V--VvXx, =a.Obviously, the two nets {xa} and { ga} are increas-

ingin K and C, (/C )+ , respectively. Moreover, by (6) it is enough to achieve that

i=n

R A

On the other hand, invoking the fact that K is order compact, we see that there

exists a subnet {x(p(a)} ) which is order convergentto a in K .More precisely,
ola

wehave x, Ta and « isthe upper bound of K and so, for every xek we

have
g.(x)2g.(x)2h,(x)>0 (8)

Keeping in mind Theorems 2.2 and 3.4, the order compact g, (IC) is a compact
in R, whichimplies that there exists some & >0 such thatforeach xeX we
have g, (x)>¢. It follows that ¢(g,)>¢(¢l.)=¢, contrary to (7). Therefore,
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there exists xe/C suchthat ¢=¢, .

Now, assume that x,y are elementsin /K such that x=# y. It follows from
Order-Urysohn’s lemma applied to the order compacts {x} and { y} , that there
exists feC, (IC) such that f(x) =0 and f(y)zl, ie, @, (f)=0 and
9, ( f ) =1. This concludes the proof of assertion (ii). [ ]

Theorem 4.3 Let K and L be order compacts in two Riesz spaces E, F
respectively, such that E is order complete and having an order continuous strictly
positive linear functional and xv y, xAnyekK forall x,yeK.If
w:C,(K)—>C,(L) isaRiesz homomorphism satistying w(1,)=1, then there
is a unique order continuous map o:L — K such that l//( f ) =foo forall
feC,(K).

Proof. Each ye L defines the map [ — ¢(f) = l//(f)(y) from C, (IC) to
R, which is a Riesz homomorphism satisfying ¢(1/c) =1. By Theorem 4.2, we
see that there exists a unique element O'( y) of K such that
v(f)(y)= f(O'(y)) forevery f€C, (/C) . Thus we obtain the map o:L£L—>K
who satisfies y(f)=foo,forall feC,(K).Tocomplete the proof, it must be
shown that o is order continuous. To this end we take y,_ 5 y in £, and we
proceed to show that o(y, )—0>a(y) in K. Now, since y(f)eC, (L) forall
f€C,(K),weconclude that foo(y,)= y/(f)(ya)—ow/(f)(y) =foo(y), for
every feC, (IC) . From ([2], Theorem 8.16, p. 323) we infer that

liminf f (o (y,))=limsup f(c(y,)) forall fC,(K) (9)

We claim that, liminf, o(y,)=limsup, o'(, ). Suppose on the contrary that is
false. By order-Urysohn’s lemma 1.1 there exists an f€C,(K) such that
f(liminf, 5(y,))=0 and f(limsup, o (y,))=1.Since f is order continu-
ous, then liminf, f(d(ya )) =0 and limsup, f(O'(ya )) =1. Thus,

liminf, o f(y,)=0 and limsup,y o f(y,)=1, which contradicts (9), and
therefore o is order continuous. |

Invoking the above theorem, we get the following.

Theorem 4.4 (Order-Banach-Stone Theorem) Let K and L be order
compacts in two order complete Riesz spaces E, F respectively which both admit
strictly positive and order continuous form such that K and L stable under
A and v.If C,(K) and C,(L) are Riesz isomorphic, then K and L are
Riesz homeomorphic.

ProofLet ¢ beaRieszisomorpismof C,(K) onto C,(L).Let g,=¢(1;)
and fix f,€C,(K) such that ¢(f,)=1,.From Theorem 2.3, which assures us
that f; achieves its supremum on K, follows that f; <cl, for some c¢>0.
Then 1, =¢(f;)<cé(lc)=cgy,s0 g(y)>0 for every yeL. and the map-
ping ¥ :C,(K)—>C,(L) defined by

_$())
=g (»)

for all fe€C,(K), yeL, becomes a Riesz isomorphism from C,(K) onto
C,(L) suchthat y(l.)=1,.By Theorem 4.3, there exists an order continuous

n
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map o:L—>K and 0:K—L such that y(f)=/fo0c and y'(g)=goo
forall feC,(K), geC,(L).On the other hand,if xeK then

S(x) =y ow (1) (x)=(fo0)o0(x)=f(oo0(x))

forall feC,(K).Asa consequence of the order Urysohn’s lemma 4.1, we have
aog(x) =x . Similarly, o OO'(y) =y for every yeL.Thus g=0"' and K

and £ are Riesz homeomorphic. u
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