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Abstract

This paper attempts to form a bridge between a sum of the divisors function
and the gamma function, proposing a novel approach that could have signifi-
cant implications for classical problems in number theory, specifically the
Robin inequality and the Riemann hypothesis. The exploration of using invar-
iant properties of these functions to derive insights into twin primes and se-
quential primes is a potentially innovative concept that deserves careful con-
sideration by the mathematical community.
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1. Introduction

The Gamma-function, denoted as (F(S) ), was first introduced by Swiss mathe-
matician Leonhard Euler [1] in 1729. Euler’s deep insights into I'-function led to
numerous results that provide key insights into many fields of mathematics in-
cluding Probability theory and Statistics. Other major contributions to the devel-
opment of the I'-function used in this paper were developed by Carl Freidman
Gauss [2]. Gauss’s work led to the famous reflection formula of the ¢ -function,
and numerous new results that will be presented in this paper. A key insight into
the I'-function is its multiplicative nature. So far, there has been little development
in the additive representation of the I'-function. The form of the I'-function ([3],
p- 895):
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1"(s)~zxze‘\/ﬁ{l+L 1 139 >71 +0(ss)}, W

+ p— J—
12z 288s* 51840s® 2488320s*
[|arg s| < n]

For s real and positive, the remainder of the series is less than the last term
that is retained.

Similar series exists for 1n(F(s)) . It will be significant if other forms of these
series can be found.

The product form of the I'-function due to Gauss, provides further insights into
many relations that will be developed in this paper. The product form is given by,
([3], p. 896):

F(y~n):(27r)177yy("'y)%y 1F(”+£j )
k=0 y

Certain invariant relations of the product I'-function will be developed in this
paper to show the connections of the I'-function to other functions, particularly
the Riemann-Zeta function, denoted by ¢(s). The I'-function will not be com-

plete without the mention of the ¢ -function. The ¢ -function, is defined by the

series:
1 1 1 - s
g(s)=_+_+f+...:zn ,R(S)>1 (3)
ls 2S 3‘S n=1

The importance of the ¢ -function is its relation to the distribution of primes
and the Riemann hypothesis. There is a one-on-one correspondence between the
non-trivial roots of the function and the primes. The ¢ -function also has a prod-
uct relation for primes p, given by ([3], p. 1037);

e“(s)=H[ 1 ] B(s)>1 @)

P 1-p~

Both the ¢ -function, and the I'-function are factorable. These two functions
are related by the ¢ -function reflection formula developed by Gauss given by
([3], p. 1038):

r(%];{;;(s) = r(l_Tsjnszlg(l—s) (5)

These relations are well studied, and they provide a wealth of information in

Number theory and many disciplines in Mathematics.

2. Background

The Riemann Hypothesis, proposed by Bernhard Riemann [4] in 1859, conjec-
tures about the distribution of prime numbers and their relation to the Riemann

Zeta function, ¢ (s) . It correlates the non-trivial zeros of the ¢ -function with

1
the primes if the zeros of the ¢ -function have a real part, 3 This hypothesis

(RH) is crucial to the understanding of the distribution of primes. The Robin cri-
terion first specified Guy Robin [5] in 1984 relates the truth of the RH hypothesis
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to a direct correlation to the statement (Robin’s inequality)

o(n)e”
gl ©
nloglog(n)

if and only if the set of numbers (I call them the Robin Integers, R, ):
R e [3,4,5,6,8,9,10,12,16,18,20,24,30,36,48, 60,72,84,
120,180,240,360,720,840,2520,5040]

are the only integers that violate the inequality,

o(n)e”
F=——"—_<] 7
" nloglog(n)

We will deal with this function in its various forms in this paper. This paper
also studies these functions and their interrelations and hence provides an objec-
tive insight to the beauty of these relations to the Riemann Hypothesis. Further,
the importance of functions such as the I'-functions, the Bernoulli functions, B, ,
and their relationships to the ¢ -function is also explored.

The Bernoulli function is intimately related to the ¢ -function by the relations
([3], p. 1048):

2(2m—1)ﬂ_(2m) |B2

B
"’|, c(1-2m)=——= (8)

¢ (am)= (2m)! 2m

With this in mind, the present paper explores these relationships with some
profound results. The distribution of primes and the confluence of the Robin cri-
terion will be clearly shown. Results in prime numbers such as the twin prime
conjecture will also be discussed. There are key relations for primes that will be
highlighted in this article. In general, these relations stem from the ¢ -function,
and I'-function and in particular, the Gauss’s I'-function product formula. The
intriguing relations of the Sum of Divisors function o (m), with the ¢ -function
and the Riemann Hypothesis was developed by several pioneers including Guy
Robin [5]. The Sums of Divisors is defined as

o(m)= dz‘:d )

The uniformity of the function for primes, p, o-( p") = ( ! —1) / (p-1),
provides a way to link the o(m) function to the Robin inequality and hence, the
Riemann Hypothesis.

Note: If Hszl pt is the prime factorization of m, where m is an integer

with K factors,and g, are particular numbers, then,

K
Hpkr r>0
o (m)={* i (10)
k=]

ay +l)r

H(ak+1) r=0

k=1

where, ¥ =0.5772156649--- is the Euler-constant.
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Several attempts to refine the fundamental relations for F, as a referendum
on the Riemann hypothesis have been made with great success. P. Solé and M.
Planat [6], showed in 1962 that, if N

n

is the primordial number of index- » , de-
fined as the product of the first » primes, with N, = HZ:] Dy > then,
Ve
lim N, =——
0 é’( 2)
J. B. Roser ([7], Theorem 15), proved that there are inequalities between Euler’s
totient function ¢(n),and €’nlog log(n),

~1.08, (11)

o(n)

In 1984 Heath-Brown [8], showed that there are infinitely many positive inte-

Seﬁzloglog(n), n>3 (12)

gers m, for which the divisor function has d (m) =d (m +B ) ,where B isanin-
teger. C. G. Pinner [9] also demonstrated that there are repeated values of the
divisor function. Y. J. Chloe, N. Lichiardopol, and P, Moree [10] also studied the
Robin criteria as did Sayak Chakrabarty [11], and they found possible correlations
of the repeated divisor function with Highly composite numbers. Jean-Louis Ni-
colas [12] proved that there are an infinite number of values of n >3, that satisfy
the inequality (12).

In recent times, I focused on iterations of number theoretic functions. In the
paper the Towering Zeta Function [13], I show that the Zeta function can be iter-
ated T-times, denoted as ¢’ (z) which tends to a constant when 7T approaches
infinity:
lim¢” (2)=¢ (limslog, (2)) =& (2,) = 2, =0.29590500557213955-.-

T—oo

I also showed that the Zeta function only converge to the real constant when the
complex part of conjugate Zeta function roots, 7, are expressed in the exponential

form:

e’ = , where 6 =tan' 27,

In 2024, I showed [14] that Perron’s formula given by:
.xp 1 =)
l//(x)zx—Z———ln(l—x )—1n27r (13)
;P2

Involves the complex roots p , of the Zeta function can be iterated to condense
to the k" iterant:
x—‘Pk(x):k(x—‘P(x)) (14)

Such insights could give us a significant understanding of some of the most com-

plex problems in mathematics.
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3. The Invariance of the Gamma Function to Substitution
o(m)—>o(m+j)

I first want to introduce the curious fact that any function with a relational prod-
uct {n-y}, can be represented by the Sums of Divisor function, & (m). Here is

a simple example:

log(n-y)=logn+logy, (15)
Then, if n-y=m, we can put n=0'(m), y= " , and so,
o(m)
log(m):loga(m)+logi (16)

o(m)
Here is another example:

If n-y=m,wecan put n= O'(m) Y =7 , and so, applied to the formula

o(m)

([3], p. 41):
%1 sin®(») )
cos(n-y):cos(y)g I—W , [niseven] (17)
sin® =
sin(n~y)=nsin(y)cos(y)ﬁ I—Sin (]32 , [niseven] (18)
=t sin® =~

n

By using the sum of divisor function, n= O'(m) , y=——-—,wefind the relation:

o(m)

cos(m)=cos($]cﬁl 1% [o(m)isodd]  (19)

20 (m)

Interestingly, (17) and (19) for example, differentiate between odd and even values
of o*(m) ! Since primes have U( p) = p+1, an even number the relation (18)

does not apply to primes. Since p+1 is always even except for the prime 2! Since
o(2)=3,

cos(2):cos(§)1 1% . [o(2)isodd] 0)

L (2k-1
6

sin’

—0.4161468365---=0.7858872608-- -(1 —w)

0.2500000000 (21)

=-0.4161468365---

The fact that the sum of divisor function O'(m) , can be manipulated this way
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leads to some interesting formulas that can produce significant and unexpected
results.

For example, if we put:

(22)

in the following trigonometric relations, we get:

olmy2|  sin?| 2
ool 5

O'm)

[a(m) is even]

(23)

[o(m)isodd]  (24)

Any factorizable integer-function can be done this way. Of-course the construct
restricts the functions we use to define the integers, m . Clearly, the relationship
of integer functions to the Gauss I'-function is clear. Again, we can represent the

relationship of the Gauss gamma function ([3], p.896) as:
() =(aa) 5 (et @
e
Let g(z) beafunctionwith k -factors, thenforanygiven factor, f,(m),j<k,
g(2)= 1, ()10 AT, f(2)
and, putting (=)=, ([111/, ([T, (=) =

l—ff<z> L (e (2)+k
I'g(z))=(27) 2 2 (26)
()= 4 T o
The relation (26) is only true if f,(m) € Z(integers). Observe that there mayex-
ist multiple integer factors of g(z) that satisfy (26). It is interesting to note that
the product form of two variables of the gamma function is behaving like a non-
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commutative function (I use that word loosely) since, I'(n-y)#T(y-n), when
the roles of n, and y, are interchanged. This may provide a means to under-

stand the sum of divisors function o (v).Suppose, we consider values of

n=co(v), yzo_lzlv) and, let y-n=m, then,

o(v)-1

a(v)"”% I F(Z’_(—J”v];j (27)

k=0

1-o(v)

I'(m)=(27) 2

The relation (23) is invariantto the substation o (v)—> o (v+ ). An Interchange

of the variables, gives:
- o)L vl
F(y-n):(Zﬁ)Tyy( ) 2ﬁ1"[n+£j (28)

then,

1=o(v+u) m m—% o(v+u)-1 k
I(m)=(27) 2 (—G(H#)j H r(1+—a(v+ﬂ)J (29)

A function g(z) , that has integers and complex factors can be represented as a
product of its factors such that the following Theorem 1 applies.
Theorem 1. Let fj (z) >0, represent one integer factor of g(z) then,

Mg(z)=(22) * (/)" ()r( J(fz)kJ 0

Is invariant with respect to choices of any other factors of g (Z) .

The significance of the Theorem 1 is its consequences for prime numbers, and
their relations to functions like the ¢ -function and the sum of divisors function,
a(m) and primes.

PROOF:
Let f; (z) besome ;" integer factor of k -factors a real or complex function
g(z). Then,

g(2) =114 ()=, LA 4() 6D

The Gauss gamma product formula is a simple relation given by:
1-n ",, 1 -1
I(n-y)=(27)2 n ) ZHr(er j (32)

Then, since f;(z), is an integer-factor of g(z), we have, putting n= f,(z),

y=TTo AL, 4 (2) i g(z)=£, )14 (DT, ../, (7)) Then,

r<g(z>>=<zn>'*’5”< ZCIae e

If there any other integer factor labelled here f,(z),€ Z, then, the substitution
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/i (z)> f,(2) leaves F( g(z)) invariant. However, this is also true for any in-

teger factors, m of f,(z), then, forany m,
l—l A 71 m—1 k
I(g(z))=(27)> ' 2Hr[&j (34)
remains invariant to the substitutions f;(z)— f,(z)—>m.

4. The Relation of the Product Gamma Function to Primes

From the Gauss I'-product formula,

I—a(m)

F(m)=(27) > o(m)" “‘ﬁlr[’"*’f] (35)

= (o(m)

It is clear that the following relations are equal,

1-m m—l m—1 lfo'(m) s 0'(’”)*1
(21) 7 znr[’“"j:(zﬂ)z o (m)" r["”k ] 36)
k=0 m

m

Then, for all real numbers m,
m— m—+ k

o(m)-m m ”H% k:(l r( m j
(27[) 2 =1 (37)

U(m) o(m)-1 m+k

r

k=0 P ( m)

Since, for all primes, m=p, cr(p) =p+1, from (37), we get for all primes, p:

1
' 2Hf_(')r(p+k)
1

p

NGYS : Al (38)
p— o(p)-1 +
o(p) T r(” J

o(p)

and so, (38) is not invariant to the substitutions, 0(p) - O'(p+j) , unless
{p,p+j}€primes.

The curious properties of the I'-function can be made analogous to the divisor
function when we study Heath Brown [15]. I will just highlight some relations that
are of interest in mathematics. To further show how the I'-function is related to
primes, we consider a theorem by D.R. Heath Brown [15] on repeated values of
the sums of the divisors, o/(x).

Theorem 2. (D. R. Heath-Brown [15])

For any positive integer N there exist N distinct natural numbers a, with the
=d(x). Then d(x) divides

following properties. For m#n write |a, —a

m n

a, and a,.Moreover,

i i)

Theorem 2 is the first clue that there is a finite number of integers Nin the Robin
set. Let us explore this further. We can generalize Heath Brown to the I'-function

as follows using the sums of divisors, O'(x) in the following lemma 1.
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a —da

m n

Lemma 1: For m#n write = O'(x) . For any positive integer KG(X)’am >

there exist distinct natural numbers o*(x),a with the following properties,

m

o(x)] {am,a"} , moreover, the integers Ka(x)’am are unique for values of o (x),

and for the case o(x)=1, the integers a, eprimes, p,and a,=0(p).

=o(x),

Proof: Put |am -a,

= (39)

A study of (39) generates integer series for every a,,and o(x), examples of

which are given in Table 1 below.

Table 1. It shows the various sequences that are obtained by (39).

Representative functions of sequences K, o> © (x)=12,3,4,--,k .
a,=1 (“(x)_zl)o(x)' 1,4, 18, 96, 600, 4320...
a,=2 (‘7(’“)_1)6(‘7(")“)' 1, 6, 36, 240, 1800, 15120...
a,=3 U(x)(‘;gx)+3)' 1, 8, 60, 480, 4200, 40320...

1, 10, 90, 840, 8400, 90720...

All these integer sequences are well known. For example, the series for a, =3,
is the total number of occurrences of the consecutive pattern 1324 in all permuta-
tions of [an + 3] . By computer analysis, (using Maple 2024), there are exactly N
=7 distinct natural numbers a, = [1 1,14,15,15,18,19,21] R
a, =[10,12,13,14,16,17,19] that satisfy the relation a, —a, =F(x) , with the
greatest common divisor being F(x) =1, x= {1,2}. It is clear that the Heath-

Brown’s Lemma 1 in [15] extends to a variety of relations including,

a
r I z
wr] )
— Ko Koo, €2 (40)
a
1" l" m
e |
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and, the case of unity used by Heath Brown is just one example of Lemma 1. The
trivial case is given by putting 4, =o(p), a,=p, o(x)|a,,a,, where p isa

prime. Then, o(x)=q, -a,=1.

=1 (41)

However, one must note that O'(x) , Is not a cover for all integer values, since
there are values o (x)#m,{meVZ}. To understand this, we can now use the

general relation:

o)) e e e o] @

am — — : ”,1( 7% M 1 i
r[mj_(zﬁ) 2 (a,)e k:()r{a(x) ; J (43)

And dividing (42) by (43), we get:

(2 )l—cr(x)( ( ))am 2 a, k
2 +
ra) 7 Moty o)
a i ‘Lm a 1 k
T m 2 o(x) m- F b
] e T e b
Expanding,
aﬂ
T (am )F [ p (X)J o(x)-a, (1+2a,,-2a,)o(x)-2a,, 2a,-0(x)
— T oa) 2 (o(x) @ (a,) e
a
r ry—=
e 5]
H ( +k]Han_. ( +ho(x )] (#5)
= ol 11 o)
o)1 + Fip| +k0'(x)
o
k=0 ( ) k= 0 ( x))Z
Then, since a,—a,=0(x), and if a,=p, a,=0(p), o(x)=1, then for
primes p,
L = [p+kJ
1=27)22p 2——[|T (46)
(27) r(p)g p
which can be obtained from the original I'-product formula for primes.
oI 22
N P p =1 {pis prime} (47)
pW p+
oy T 204
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Combining the two relations (46) and (47), we get:

. St
i) md;”in:?(lr(p}ﬂ N

=

O'(p

- ! (49)

(20)2T(p) o(p) > TTS" ( k]

o(p)

£
2

ry_ T(p)
T

1
o(p) 2 - [p+k] { pis a prime (51)
(2;;)% r(p) k 0 ,» otherwise

Relation (51) follows a newrelation for the I'-product for primes:

(50)

’—J

1 o(p)-1

F(p):(Z;r)_f(O-(p))”E I1 [ T )J p € prime (52)

k=0

(52) only holds for primes. On the other hand, the general relation:

rm)=(2) 5 o () “ﬁlr[ﬂ] 3

= (o(n)

holds for all integer despite the fact that O'(n) —1#n,when » isnota prime.

The significance of the Heath Brown [15] relation can be understood when one
realizes that not all integers are sums of divisors. For example, the following inte-
gers are not sums of divisors, hence the series in Table 1, should not include these

integers, as values of o(x).
o(x)e[2,5,9,10,11,16,17,19,21,22,23,25,26,27,29,33,34,35,37,
41,43,45,46,47,49,50,51,52,53,55,58,59,61,64,--],
Hence, Table 1 cannot be valid for all integers, and must be replaced by Table 2.

The restriction to numbers that are sums of divisors is important. Consider the

relation:

T
Q
BN
=

(a(v))g(v)_% Jﬁll{l+ﬁ] (54)

=1 (55)
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Table 2. It shows the valid integers for which the sigma function can be expressed as (39).

o(x)=1,3,4,7,6,12,8,15,13,18,-, k.

a,=1 M—l 18,96,35280,4320,5748019200,322560,19615115520000,80951270400, - -
n 5 =110, s y y y y y y

a,=2 (U(x)—l)(a(x)+1)! =1,36,240,141120,15120,37362124800,1451520,156920924160000,566658892800, - - -
n 6 ] s s s > > s s El

a =3 o(x)(o(x)+3)

" =1,60,480,423360,40320,174356582400,4838400,889218570240000, 2833294464000, -

+5)!
=1,90,840,1058400,90720,653837184000,13305600,4001483566080000,11333177856000,-- -

holds true, belong to the set of numbers that are sums of divisors, e, all integers

excluding the set:
o’ =[2,5,9,10,11,16,17,19,21,22,23,25,26,27,29,33,34,35,
37,41,43,45,46,47,49,50,51,52,53,55,58,59,61,64,-- ]

The significance of this exercise is to show that the integers are somehow clas-
sified into different groups that contain special properties. For example, the inte-
gers that relate to those that comply with the Robin inequality, and those that do

not. The same applies in the case of the & -function.

5. The m-Transformation

From the reflection formula,

21zl“(z)g“(z)cos(%j:ﬁzé'(l—z) (56)
22 (1-g(z
I(g(2))= Bl jg((z)) (57)
Zg(g(z))cos( 5 j
Definition 1: Define the r -transformation as:
(2”)*1;(2) _ g(l—g(z)) (58)

2r(g(z>):(g(z))cos[”(i(z))J

Then, the left-hand-side is separable into real and complex parts. It is important
to note that G.H. Hardy [16], found this function related to prime counting func-
tions. If g(z) = Zk(zk ) , 1.e, the sum of k -terms, and functions, then, the = -
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transformation gives:

§(1—g(zk))

(Zﬂ)—g(%) :(27[)—&(%) :H ( ( )) (59)
7(g(z
' 2F(g(zk ))g(g(zk ))Co{gzkj
Example 1: Let g(z) =0 +ir, then, from (58),
(zﬂ_)—(aﬂ'r) _ é’(l—O'—l'T) : (60)
2F(6+ir)§(6+ir)cos[ﬂ(o-2+n—)J
Andlet g(z)=—(o+ir)y, where y isany function, then, from (58),
(2”)(J+ir)}, _ .{(1+(0+ir?y) 61)
2{(—(0‘+ir)y)cos(_”(6;”-)yjl"(—(0+iz')y)
{(1-o—ir)
2F(o-+ir)§(a+ir)cos(”(o-2-’_ir)]
(Zﬁ)—(p+ir)+(p+ir)y _ (62)
é’(l+(0'+ir)y)
2((—(0‘+ir)y)cos[_”(02+im}jl"(—(a+ir)y)
As an example, put y=p—ir,
o .{(—az—rz)g(l—a—ir)r(—az—rz)cos{ﬂ(_az_T)J
(2”)6 +r7—0—-ir — (63)

§(1+G2+72)4’(1+0+ir)l"(0'+i1)cos[”(02+ir)]

The relation (63) is again separable into real and complex parts for products of # -
functions since the left-hand side is separable into products, HZ:IF (arg Zk) LIt
is obvious that the powers of (27!) on the right-hand-side (LHS) determine
completely the arguments on the left-hand-side (RHS), and in general, the form

(27z)g(z) determines the RHS as having arguments

[1F(z)=(22)") (64)
k=1

Example 2: Let g(z)z%ﬂ'T,f(z):%—iT;

Then,
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1 .
(27)2" =2

(65)

1.
(2”)—5+1T :2

Multiplying the two terms,

z
2

) g@—irj g@wj
1 1 7[(1+iTj 1 1 ﬂ(l—iTj
F(+iT)§(+iT)cos 2 F(—It)g“(—ichos 2 )
2 2 2 2 2

2

(66)

The product of the relation (66) reduces to a form that is independent of the ¢

function on the % line, and relies only on the relation:

—
—
|
+
~
Ne—
=
VR
N | —
|
’ﬂ.
~—
—
(@)
=]
2]
3
\
+
~
N—
(@)
=]
w2
3
\
|
Pﬂ
~——
N

2 2 (67)
Example 3: Put g(z) = g”(z) , then,
eyl 1 ¢(1-+7) <)
(27) =—11 =(27) (68)

ol zr(k-Z)C(k'Z)COS[ﬂ(];Z)]

If z=p,isaroot, then, ¢ ( p) =0, the non-trivial roots follow, and we get:
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o
k=2

cfi-s”)

ar (k)¢ (k )cos[”(l;_p)J

=2r

Example 4: Note that the conjugate relations on the 1/2 line give,

(69)

F(;HTjg(;Hchos F(;—Itjg(;—ichos
_z - _
2
(70)
Then, using the fact that
(2”)—g(z) _ C(l—g((z))) 71)
rg(z
2% (g(Z))COS[ng[F(g(Z))]
Put g(z) = é’(z) - 1_1 , and separate the terms for 1_1 , then,
(27) TS
{(l—é’(z)+zl_lj
= 1 (72)
1 1 ”(;(2)_2—1J
2F(§(z)—z_l]§(§(z)—z_ljcos 5
Then when z = p,arootof the ¢ -function,
(2r) Tl b
J (‘i] . -k
| p—1 H 4( ) 73)
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I S N
g 2F<kﬂ)§(k/’)cos[ﬂ(l;p)J : 7
Example 5: Put g(p)=$,
1 i)
(27) i = ol
I GO AR =R

Also note that limg(z) = lim[é’(z)—%) =y ~0.5772156649---, where y is

the Euler-Mascheroni constant [14]. Let’s not separate the terms, then, the Cauchy

principal value exists

1im((2;r)‘§ <z)*zlnj =(27)" (76)

(27)” =lim 1 (77)
1 1 ”(g(z) 2 —1)
ar -— -
(é’(z) Z—ljé’(g(z) Z—JCOS 2
- 1-
(27) " = ¢(=7) ol 0.34616095200041890772=C,  (78)
7y
21“(7/)4’(;/)005( 5 ]
It must be noted that to a large number of decimal places, the constant
C rm—e—-1+ 1 ,
2
Then, we can conclude that for all the Stiltjes numbers 4, , follow:
- 1-4
(27) % = (-4) (79)

Zf(ﬂk)q(zk)cos[”(z%)]

6. The Prime Counting Function

Theorem 3. For any integer x >0, the exact number of primes less than x is

R, :li({tan-' (tan (7B, (2n-+1) )} (20 +1)) (80)

7T =2

Proof: Given a multivalued variable, &, then,
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tan'l(tan(@))z@—k;re{kﬂ—%<®<kﬁ+%} (81)

Let @=7xB, I'(2n+1),were, B, are the Bernoulli numbers, and, n is an in-
teger. Then, using von Staudt-Clausen theorem [17]-[19], the Bernoulli term
could be expanded into the sum of reciprocals of primes, p, and integers such

that for any n,

B, =4,-Y (82)

1
pi2n p

where, 4, isan integer. Then, the sum, could be written as:

R, = %{g{tanl (tan[n[@n)!/ln - g@j}}}(zn + 1)} (83)

The first term (2n)!An , is an integer, and the second term is an integer except
when (2n+1) is a prime. Then, all other primes p <(2n+1) are factored out
in this sum term since every prime, p=2n-m, m>1, that satisfy von-Staudt
Clausen primes and must be a divisor or 2n! It follows that for primes, the frac-

tional expression:
| B,,T(2n+1)|=tan” (tan(B,,I (2n+1))) (84)

which leads us to the conclusion of the theorem:

R = li({tan” (tan (7B, (2n-+1) )} (21 +1)) (85)

T n=2

Since the prime counting function (PCF, R ), (85) eliminates non-primes, one
could write the ¢ -function as the product of two PCFs,

£(s)= i{ n {%{tan'l (tan(78,,I'(2n +1)))}(2n +1){tan-' (tan(7B,,I"(2m +1)))}(2m +1)HS

r
(86)

Putting o, = %{tan’1 (tan(;rBZnF(2n + 1)))} ,

w, = %{tan’1 (tan(ﬂBMF(Zm + 1)))} ,

¢ (s)=2{ {wnwm}} (87)
n=2[_ m=2
And in product form:

$(s)= (88)

L
Al @ -
2j+1

The non-prime-counting function (NPCF) is given by:
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0,=x-1->{w,} (89)
n=2
One could now write the relationship between the counting functions as:
O +R =x-1 (90)
Now, to understand the connection of R, to prior work by Ramanujan ([16], p.

33), the number of primes less than x, was given by Ramanujan as:
3 5 Pn
7 |B,\27n ) 3B,\2x 5B\ 27 p,B,, \ 2

where, B, are the Bernoulli numbers. It is clear that (85) and (91) are related.

Ramanujan’s formula can be obtained using the Li-function as follows in section
6.0.
It is important to note that the form of the prime counting function (85) follows
the relation for the 1/2 line:
1 . 1
v 3T {tan (tan(ﬁBZnF(Zn + 1)))}

1

) 5—i{tan‘1 (tan(7B,,I'(2n+ 1)))}

>

where 0= {tam’1 (tan(;zBZnF(Zn + 1)))} .

Hence the connection of the primes to the half-line.

7. The Primes and the Li-Function

I was curious as to the reason why Ramanujan’s function for the number of primes

less than x, as quoted in Hardy’s 12 lectures [16],

g (x):1+i[n.l"(£zl:1—(l))c?(n+l)J 2

n=1

had the curious form of the 7 -transformation,

Y é'(l—/lk)
(2z) ™ = (93)
2 (A4, )¢ (A4 )cos(ﬂ(;k)j

Obviously, the 7z -transformation is just the ¢ -reflection formula. The reason
became evident when I analyzed the work. Consider the Li-function. Let
{m,k} €Z (integers), {x} € R(reals) .

Lije ™ j=—ln(m)+7/+ln(1n(x))+ln(sec(ﬂk))

z[ (1n(x) J o

n-T(n+1)m" (COS(ﬂ'k))n

+

n=1

Then, following Hardy’s [16] on the work on Ramanujan’s analytic theory on the

distribution of primes, we construct the function f (x) , in place of the function
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g(x) used by Hardy [16]. The Mébius function x(m) is defined as follows:

(95)

p(m)= {(—l)k if m contains k different primes

0 if m contains any quadratic prime factors

Let f (x,k) €Z be the number of primes less than x>0 . Then,

:iﬂ m (7/—ln(m)+ln(x))+mln(sec(7rk)) (96)

i
.
3

Noting that

iu(m)(ln(M)):_L LA B VG S (©7)

f(xsk)=1+ii{ﬂ (m)___(n() J (98)

m n-F(n+1)(cos(7rk))n

While Hardy did not distinguish between odd and even values, it is important that
we separate the two for reasons that follow. Separating this into odd and even

sums,

ot 7Y 2n.r(2n+1)§(2n+1)(cos(7zk))2n

n,even

S (LR M.

i ™ (2n-1)-T(2n)(cos (k)"

n,odd

£(5.k) =1+ii[”(ﬁf? ()" ]

(99)

k

For n, odd, (cos(ﬂk))zml =(-1)
keZ.

, and for n, even, (cos(ﬂk))zn =1, where,

f(x,k)=1+ii[”(m) (n(2) J

m* 2n- I'(2n+1)

(1n(x))"" -
L E (m) In(x
o (m()”
f(x,k)=1+§[2n,r(2n+1)§(2n+1)J
(101)

. - (h‘l(x))znil
() g((2n—1)~r(2n)§(2n)]
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Since,

(5 Ken) = 2 (x)
(ln( ))Zn . ( x))an (102)
- Zl[zn F(2n+1)§(2n+l)}+z[(2n 1) F(Zn)é’(Zn)}

If k iseven, we recover the formula due to Ramanujan, in G.H. Hardy ([16], p
25),

f(x.k ceven)= (x)—1+2{n r(( n(x) J (103)

n+1)¢ (n+1)
If k& isodd,
(In(x))”
f(x kodd)_l—'—z{zn F(2n+1)§(2n+1)]
o ()" -
;[(271 1)-T (2n)§(2")]
Subtracting,

S (o) S ()= 22{(211 (ll)ng()gn)_§(2n)] (105)

n=1

Hardy ([16], p. 24), determined that the function, g(x) is twice its odd parts.
Then, f(x,k,,,)—f(x.k,,) isthesame function used by Ramanujan [16], and
as we can see, using the relation:

22n71 ”Znan

(2n)!
S (ko) 1 (k)= Ei[(zn Sirs )(”‘( )jJ (107

n=1

4’(2n) = (106)

This is the same series as the series proposed by Ramanujan [16]:
22 (mj 4 (lnxf 6 (mxjs
R =" —|+—|— | +—| — | +
7| B\ 27r ) 3B,\2x 5B\ 27
2n (lnx)z'11
+— —_ + cee
(2n - I)an 2r

It is clear that if we now take the integer values of 1n(x) , by making the substi-

(108)

tution yeZ=Inx,in (105), we get,

S (1t (k)25 2] o

From the 7 -transformation,
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7k é’(l_ﬂ)
(2z) ™" = (110)
21“(7,{);’()/,()005[”(}/“)}

2

we get the relation:

2(27)" ¢(1-2n)

(20=1)  (2n=1)T (2n)Z (2n)cos(n)’ (1
© ool 2(2n)™
;(f(x Kven) = f(x,kodd))—2§[ (ZH_I)J (112)
Z(f(x keven) f(x:kndd ))
- (113)
=2 tanh™ (L)z0.10218992416121490973---
T 2r
221171 72_21132" ~ __ﬁ

Then, we find that Ramanujan’s function for prime-counting is the same as
Rx = f(x’ keven ) _f(x’kodd )

o (115)

2n-1 (ln (x))zn_l

200

4 ;[(2}1 - I)an (277)

8. The Relation of the Product Gamma Function to
Twin-Primes

We start with a theorem on twin primes.

Theorem 4. There are an infinite number twin primes { p,p+ 2} that have

the restriction,
2
( G(p) J
2
(IH(— ) 1, V{p, p+2} e twin primes (116)
+2_Lp) o(p+2)
(272')p 2 2
PROOE:

From the expression (47), put the prime relation for p,p+2,

el
\/E : k \/E + 2 +2+k -!
Aoy T 28] et e 22
(117)
Then,
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| p+k +1 p+2+k
p pi% p+2 pJ% Hfor( p J :OF[ p+2 j B
(27[) =1
) O—(p+2) Ha'(p)—ll_, p+k o‘(p+2)—ll_, p+2+k
= e(p))" T e(pr2)

(118)

It is clear that if p<0'(p),p+2<0'(p+2),soif p isnot a twin prime,

1 3 p-1 p+k p+l p+2+k
1 El | a— T
(27;)( £ J“( G JPQ - [ P J I ( p+2 ]
a(p) o(p+2) T p+k T p+2+k ) (119)
k=0 k=0 O'(p+2)

o(p)
<1, if { p, p+2} ¢ twin primes

Hence for twin primes, p,p+2, o(r) _rtl <1. Then, it follows that since
(p+2) p+3
(119) <« 1, then,
o(p)
o(p+2)
p-1 p+k p+l p+2+k
1 r r
(272')[ p ] 2{ p+2 JPZ - [ ) Mo [ p+2 j
a(p) o(p+2) st PHE | et P24k
= e(p)) " e(pt2)
>1, {p, p+2} & twin primes
( )

+2)
n e v plr(erkj Pp [P;i;kj
(2 )[0(19)] {g(p+2)] Hkor£0(+p)J oty [p(+p2++2k)J

<1, {p,p + 2} € twin primes

(120)
The relation (120) determines if any pair of integers, { D, p+2} € twin primes
exclusively.
Hence,
a(p)
2
cr(p+ ) <1
ul 3 H p+k ::)l" p+2+k
(27) P ) p+2 p p+2
o p) O-(p+2) Ho'(pf r p+k o'(p+2)711_‘ p+2+k
o a1 o)
(121)
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o

+ Selrin| pH2+E - %@ - p_% oo ptk
ety L e 2 (p+2)]H<z = oy r(a(p)}

oy )
M I Fe
(122)

o ez 2 e o )
[U(PJFZ)J [{(2”)(p)p; :;r(p;ij( ),,+2Hp+1 (p;i;k)}}

(123)

<1

<1

(2 s HE 52N

ZJH( A (P”‘]H(zﬁ)i”f(wz)ﬂ*i fjo‘r[p;i;kj}j

(124)

_a(p)
o(p+2) {r(p+2)H{r(p)}
(2 B S T ()T (p+2))

All the terms in the curly bracket represent the I'-function, and they cancel leaving

<1 (125)

us with the condition for p,p+2 to be twin primes:

(p+2) a(p)
m < (27[)7{ T H]H%Tp] V{p, p+2} e twin primes (126)

Relation (126) is true for every known twin prime set. However, it is also satisfied
by many integers p, that are not primes. It is possible that after a given number
of integer solutions that involve primes, the remaining infinite number of solu-
tions can be combinations of primes and non-primes.

The strategy is to first take p+2 as a known prime in the expression (126) and
thenseeif p isaprime if we getasequence of integer-relations relating p, p+2
that only survives when p is also a prime.

Statement 1: Let p+2 bea prime.

I use the strategy of finding the required relations p to be a twin prime when we
accept that p+2,is a prime. We don’t know if p isa prime yet, but we know
that p+2 isaprime and so, O'(p+2)=p+3.

3 (»)
G(f_3) (277) { p} [m% 3 ] =M ,where M issome constant.
p

In terms of the 7 -transformations;
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(zﬁ)*g(z) _ é/(l—g(z)) (127)

(el 2)oLall2)

o)
S GEE P C O -

When p+2 is an odd prime, it is clear that p is odd, {%+§} =k, where

(128)

X

k>3 1is an integer that can be either odd or even, and so, p=2k-3,

p+2=2k-1.
PETLCES
| c-n 75 09)
2r (1) e 36 | ar{ -7 o 5 7 g 75 243

Then, if & is an odd number, the expression vanishes, so k& must be even and

p=4m-3.
o(4m-3)

(22)""" 2 =M (130)

Statement 2: When 4m—3 isaprime, o(4m—3)=4m-2,hence,
- 1
M=027)"=—— 131

Hence for all twin primes, p=4m-3, p+2=4m-1, M = 641 only when

70
4m—1 isa prime.

Applying Diritchlet’s theorem [20] concludes the proof:

Theorem 5. For any two positive coprime integers, a,d , there exists infinitely

many primes of the form a+nd , where n is also a positive integer.

9. The Relationship of the Zeta-Function,
the Gamma-Function and the Li-Function

From (59),
1
O'(p) Es p+k ) |L pis a prime
L g r O'(p) " |K , otherwise (132)
(27)2T(p) ,
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1
Expression (132) is invariant to the substitution 0'(11) ->m, n— 3 p—ir,

mfpfi‘[ m—1 l_p_”""k
— [1r 2 =1 forall p,r e R
(2n)22r(1— —i j’f-O &
, TP

m 1
(27)22 F[;‘— P —ir]
m* = forall p,z € R

" %—p—ir+k
[or) =

m

m 1
. (27)22 F(;—p—ir)

m—p—ir —

forallmeZ, p,reR

M

3
N

m=1

1
——p—it+k
S P

m—1
[ToT

m

m 1
| (27)22 F(;—p—irj
S(p+ir)=3, 1
m=1 .
——p—it+k

1,12

m

Putting
L —it+k
2777

1 m m—1
F(%—p - iz’) =(2z)22m” [T

k=0 m

gives,

Cj(p+ir): im"”"’

m=1

(133)

(134)

(135)

(136)

(137)

(138)

Finally, I want to highlight the amazing relations developed by Robin [5] and

many others over the many years of research. They have inspired me to devote

many hours to the curiosities of Mathematics. In Section 8, we will take a small

detour to the Li-function, and explore some properties that make the Robin ine-

quality interestingly connected to counting functions, in much the same manner

are the function 7 (x) , counts the primes.

10. The Robin Compliance Counting Function

The Riemann Hypothesis, proposed by Bernhard Riemann [4] in 1859, conjectures
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about the distribution of prime numbers and their relation to the Riemann Zeta

function, & (S) . It correlates the non-trivial zeros of the ¢ -function with the

|
primes if the zeros of the ¢ -function have a real part, 7 This hypothesis (RH)

is crucial to the understanding of the distribution of primes. The Robin criterion
first specified Guy Robin [5] in 1984 relates the truth of the RH hypothesis to a

direct correlation to the statement (Robin’s inequality)
o(n)e”

=<1 139
" nloglog(n)< (139)

if and only if the set of numbers (I call them the Robin non-compliant integers,
R)):
R, €[3.4,5,6,8,9,10,12,16,18,20,24,30,36,48,60, 72,
84,120,180,240,360,720,840,2520,5040]

are the only integers that violate the inequality. It is important to note that Rie-
mann Hypothesis complies with the Robin criteria if there exists no integer greater
than 5040 that violates the criteria. The reason is that there exists a counting func-
tion governed by the Robin criterion [2] that implies the existence of a continuous
run of integer values m, for the ¢ -function,

C(p+it)=d>m"™" (140)

m=1

To highlight this fact, we turn to the Li-function and see how it is related to the

Robin criteria. Let n be an integer, then from the properties of the Li-function:
k

Li(n)-X ) (]n]f::)!)k +ln((ln({ln(n)}" )))—ln({ln(ﬂ" )}) _ eLi(ln(n))—zz:]w

e (141)
k
This can be parametrized by putting 5 =1Li(n)- ZZI% ,and
k
In(1
c= Li(ln(n)) —Z:_lw in (145) to get:
eb+ln((ln({ln(n)}")ijln({ln(n")}) e 0 (142)
Solving for n, we get:
(ke fre-b
n=e’ (143)

where, W (k,z),is the Lambert W function, with branch, k=0. W(k,z) isde-

fined as

w(z)e" =z (144)
W(Z) has a series representation Corless, [18], for the primary branch, £ =0,
as:
© (_n)rl—l
w(z)=3-——2" (145)
m=l1 n:
DOI: 10.4236/apm.2025.151002 61 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.151002

M. M. Anthony

For example, in Maple 2024, the branches of W(k,z) are shown as in Figure 1.

The branches of the W(k,z) (shown in Figure 1), play an important role in

the Riemann-Hypothesis.

Branches of LambertW

5174

4174 —

317 LambertW(2,z)

217+
~ LambertW(1,z)
3 LambenrtW(z)
= : \ (Principal Branch)

=217 x
-3174 LambentW(-2,z)

30 20  -10 0 10 20 30
R

Figure 1. Branches of the LambertW Function.

The branch points can be represented as winding numbers [18],

-

27i

(146)

As can be seen, from (149) the LambertW-function plays a role in separating the

integers into classes based on the winding numbers. This is easy to see if we look

at the class of numbers for which the Robin criterion holds. Simply choosing the

winding number in (149) as

k=| oln) __|__oln) I 147
‘e’nln(ln(n)) e’nln(In(n)) " (147)
gives the distribution of integers,
—W{ (1) -{ o(n) J+1 -e""']+c—b =n & <1
o Uiy |G| ’ e’nln(ln(n))
n=e (148)
o(n)
#n, >1
e’nln(ln(n))
The integer part [x] ofa number &, is given by:
1 & sin(27mx)
==y "7 149
[x]-x+ 5 ; — (149)
Hence the fractional part of x>1, is given by,
| = sin(27z’n(|_xj +[x]))
=== 1
lxl=5-2 — (150)
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sin(ZEn(LxJ + [x])) = sin(27m(x))
1 i sin(27m(|_x_|))

2 pay nrw
Now ([14], p. 46),
i sin(27m(|_x_|)) _ T— 272'('_)C_|)

n 2

sm(27m(LxJ)) (LxJ)

i— 5 [0<x<27]

R

[0<x<27]

n=1

From the Li-function,

we get:

e’nln(ln(n))
o (n)

oS8

=y+In(In(X))>1 [X>1]

Putting for integer, »,

we get,

Li(r)——2) +i( n)

e’nln(ln(n)) = k!

We note that the Robin criterion [2] is given by:

Li(y)_i(lng !)) =eynl:((;;)(n)) —y+in(n(¥))<1 [¥>1]

k=1

Respectively,

We also note that

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)
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{7+1n(1n(X))}{7+ln(ln(Y))}:1, {X,Y}>1 (164)

Figure 2 shows the growth of the function Y with n, and Figure 3 shows the
growth of X with n.
With this preparatory work, I will explore the curiosities of the Robin criterion for
integers.

Theorem 6. Let p_ . ,bethe maximum number of integers that do not comply
with the Robin inequality, and let S be the minimum count for which the num-

ber integers that both comply and do not comply with the Robin inequality are

equal, then,
7
~— lln(ln(lZ))}ln(ln(lZ))
O'(ﬁ)_ 2 [3 ©
5 =e (ln(ln(ﬂ)))+ ln(ln(ﬂ)) (165)
%zlﬂn(%n()’))d
3.0x10™
ly 2.0x10™
1.0x10"4
1000 2000 300-0 4000 5000 n QQQO

Figure 2. The growth of Y'with n.

40
30
lx
20
101
1000 2000 3000 4000 5000 6000
n—

Figure 3. The growth of X with n.

Ifand onlyif p_ , =26.

Proof: We start the proof of Theorem 6 with a theorem due to Robin [2].

Theorem 7. (G. Robin [2]): Independent of the Riemann Hypothesis, except
for n=1,2,12:

N z—el ln(ln(lz)) 1n(ln(12))
¥<ei(1n(1n(n)))+[3 1n(1n(ng)

(166)

DOI: 10.4236/apm.2025.151002 64 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.151002

M. M. Anthony

Note that the form of the integer function (148)

o(
_ &, o(n) l—eCC ey | = [ S A— 1
. W[ (i) Lrnm(m(”»J I ] T ¢’nln(In(n)) )
n=et (167)
o(n)
#n >1
eynln(ln(n))
is similar to the forms:
e’ nin(In(n))-yo(n) 7 nin(in(n))-o(n)
. o(n) o ¢ mn(n(n)
X=e , Y=e XY > (168)

in which case it is easy to see the equivalence of the LambertW function to the log

[t it
W{|e7nln(1n(n)) e7nln(ln(n)) 1,

_){h{emln(ln(n))J h{ O'(n) J}
O'(n) ’ eynln(ln(n))

Indeed using (165) in Maple 2024, we find that the Robin number set
R, e[3,4,5,6,8,9,10,12,16,18,20,24,30,36,48,60,72,
84,120,180,240,360, 720,840, 2520,5040]

function.

(169)

do not obey (165)!

Indeed, the following theorem by A. F. Beardon on the LambertW function clears
this relationship.

Theorem 8. [21] Let W, be the branches of the Lambert function. Then,

W, () + (W, (7)) = ifk:—landze[—é,o}

Inz+2xik otherwise

Then, using the equivalence (169), we see that we can construct the relation:

]

(170)
eynln ln
=In| In
W,| In G(n) +In{ W, ( )
eynln(ln eynln(l (n ))
(171)
=In| In
( [e nln B
Adding the (170) to (171),
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o222t
[l e o
(el 5t o (et )|

It is worth noting that the sum of the difference, for
e’ nin(In(n))-yo(n) ynin(In(n))-o(n)
o(n ¢/ In(In(n) . . .
X =¢f ) Cy=e T , is dominated by the prime 3 for all values of
p>3 exceptwhen p=2,whenthesum S§=0.

p>2

S(Y - X)=C, <2.05169589435448111952x 10 (173)

n=3

Let a=

(9, (-n(a))  In (¥, (~1n(@))} ~ [, (n 0)) 1 3, (1))

= {m(lnGD—ln(ln(a))} e

Now, if a<1,

Andif a>1,
1
{ln[ln (ajj—ln(ln( ))} =—7
+ =0 (176)
2 2z

Hence it is clear that the branch points of the LambertW function correspond to

the Robin inequality.
It follows that we could generate a Robin compliant integer /5, with
& <1, as follows:
e'p ln ln
1
ln ln © ﬂn( (ﬁ)) —In{ In % i
o(B) ¢*Bn(In(B))
2r
(177)
_|B
otherwise 0
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Hence, using the same process, we can also develop a Robin compliant counting

function N rec(p) » for up to the p" integer element belonging to N rec(p) » and

) o)

get:

=) 2
(178)
{ln[n(elnln(ln(p))D_]n(ln( o(p) J ;
O'(p) e’lpln(ln(p))
* E+ 2

3

Note that the count is discontinuous, since there are “ » -element counts”, not be-
longingto N rc(p) » @ count of N elements does not correspond to the value, 7.
Table 3 below shows the Robin compliant integer counting function N ReC(p) @S

p increases.

Table 3. It shows the first 50 integers with the Robin Compliant Count Nkcayp).

03, 04, 05, Os, 17, 0s, 09, 010, 211, 012, 313, 414, 515, 016, 617, 018, 719, 020, 821, 922, 1023, 024, 1125, 122,
1327, 1428, 1529, 030, 1631, 1732, 1833, 1934, 2035, 036, 2137, 2238, 2339, 2440, 2541, 2642, 2743, 2844,
2945, 3046, 3147, 048, 3249, 3350, ...

The suffix shows the number that contributes to the compliant count.

Indeed N rc(p) must be continuous for all p that obey the Robin criterion, oth-
erwise one cannot define a ¢ -function as:
z 1
g(z):Z(NRCC(p)):g(_l):_E (179)
p=3

Similarly, we can generate the counting function for the Robin non-compliant

counting function for non-compliant integers, f€ N, wve(p) - (Table 4)

¢ fin(n(B)))| a(p) .
AR {ln[ln(o_(ﬁ) In{ In 7elﬂln(ln(ﬁ)) i
(180)
elnln(ln(p)) a(p)
1 ln{ln( G(p) ]]_ln(ln(elpln(ln(p)) i
* 5_ 2w
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Table 4. It shows the first 50 integers with the count N

ave(p) for the non-compliant integers.

13, 24, 3s, 46, 07, 58, 69, 710, 011, 812, 013, 014, 015, 916, 017, 1018, 019, 1120, 021, 022, 023, 1224, 025, 026, 027,
028, 029, 1330, 031, 032, 033, 034, 035, 1436, 037, 038, 039, 040, 041, 042, 043, 044, 15, Oa6, 047, 1548, 049, Os, ...

The suffix shows the number that contributes to the non-compliant count.

If by Robin’s [2], Theorem 2, the Riemann Hypothesis is true, then, N RVC(p)

should have a maximum value N, RNC(p) » With Py =26 elements. The Robin

Pmax )
non-compliant integers can be counted for up to the “maximum element count”

_ th .
n=p,.. term as follows:

ln(ln{fwwj] - ln[ln[a(ﬂ)]} i
g1 o(B) ¢’ Bn(In(B))

NRNC(pmax)_ “|2 2
(n() "
e‘nin(In(p)) )| . a(p) z
1 {1“[‘“{ o(r) B | {1 ominie)
* E_ 2

As can be seen, the counting functions have stationary count-rise rates when we
encounter the complimentary state integers. This is very much how the primes
behave, since the prime-counting function 7 (), repeats for values of » that

are between primes. The Robin compliant numbers give:

i(NRccm) > (m)=¢ (1) = (182)

p=3 - m=1 _E
Let,
Nvc(ppan) = Nrcc(ppe) (183)
Then, for all integer #,
N VO
In| In " P ln(ln(pmax )) —In| In (P ) i
l_ CT(pmax) elpmax ln(ln(pmax ))
2 2
(184)
In| In e’lnln(ln(n)) —In| In 6(’1) i
puse| 1 o(n) elnln(ln(n))
B s 2 2z
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Similarly:

N (o)

€ P (I (P )) il (P ) ;
G i e )

elpmax ln(ln(pmax ))
2r

N

RNC(Pmax )

i eﬂpmaxln(ln(pmax))B_ n[ n[ (Poax ) ]]z
1_1 [1( (P ) "\ )

elpmalx 1n<1n(pmax
2r

RCC(proay)

In ln[elpmaxln(ln(pm‘“))] —In ln( U(pmax) ] i
L, (P ) ¢ P In(In( ) (186)

2

(187)
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NRCC(pmax) =0 if Prax € Rm
P I (1
11'1 11’1 € pmax 1'1( n(pmax)) —ln ln . O-(pmax) i
. (P ) ¢ P 10 (1P, ) (188)
- :0 ifpmaXERm
2 2r
Then numerator vanishes, for value of p_, ,and so,
il ¢*nin(In(n)) in| 1| o(n)
oo o(n) e nln(ln(n))
=0 (189)

n=3 7

{ P } €Z , ie, they must both be integers at which the sum (189) vanishes and
these points are exactly { Do = 26} as shown in Figure 4.

As can be seen from Figure 5 below, the two functions intersect and become equal
when {f=12,p,,. =26}.

@ —>P

10 20 30 40 50

Figure 4. It shows the growth of N RNC(p) -

N rap)
Nmr@)
Plots of the counting functions
80+ M
e
70 e
60 WM
HK
i o
50 Nucop_ . o
40- o
*WKA
30 o
Nieo =INRNC (Pnay
201 ;T T Nﬁw =============================
. v TR E T
077 e SR
0 '\‘:‘i;w‘rkxw' Ktk + T T * k . T 1
10 20 30 40 50 60 70 80 90 100
P26 P
Figure 5. It shows the growth of N, . and N, ,,and the intersec-
tion of the two functionsat p__ =26 counts.
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Using Theorem 6, we get exact equality when S =12 for exactly 26 counting
elements proving that the Riemann Hypothesis is true.

11. Conclusion

It is clear that the number 7z seem to play a very important role in many mathe-
matic relations, ranging from the prime numbers, invariant functions, and even
the Robin numbers. Indeed, the reflection formula provides a means of relating
any powers of 27 to Zetaand Gamma function. The amazing uses of r in this
paper reflect the importance of primes, twin primes, the Gamma-function, the
Zeta function, the prime counting functions, the Robin compliant and Robin non-
compliant counting functions, and many more relations yet to be explored. A cu-

rious fact is that
1 1

(acan) =€ D=3~y 5 o s )

RCC(p)
Perhaps this relation is not coincidence and requires some more exploring. Note

M

I
w

p

that this equality is a result of the fractional expressions of . Itis also clear that

the Robin compliant counting function also depends on fractions of .
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