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Abstract

A general technique to obtain simple analytic approximations for the first kind
of modified Bessel functions. The general procedure is shown, and the param-
eter determination is explained through the applications to this particular case
lys(x) and 1y, (x). In this way, it shows how to apply the technique to any
particular order v, in order to obtain an approximation valid for any positive
value of the variable x. In the present method power series and asymptotic
expansion are simultaneously used. The technique is an extension of the mul-
tipoint quasirational approximation method, MPQA. The main idea is to look
for a bridge function between the power and asymptotic expansion of the
s (X), and similar procedure for 1,,(x). To perform this, rational func-
tions are combined with hyperbolic ones and fractional powers. The number
of parameters to be determined for each case is four. The maximum relative
errors are 0.0049 for v =1/6, and 0.0047 for v =7. However, these relative
errors decrease outside of the small region of the variables, wherein the maxi-
mum relative errors are reached. There is a clear advantage of this procedure
compared with any other ones.
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1. Introduction

Bessel functions have become very important in Physics, Electrodynamics and
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other areas of science [1]-[7]. In order to simplify its calculations several proce-
dures can be used. The power series and asymptotic expansions are well known.
However, they are mainly useful for small or large values of the variable. In recent
works, analytic approximations valid for all values of the variable have been de-
termined with high accuracy for the modified Bessel functions 1,(x) and 1,(x),
using the multipoint quasirational approximations technique, MPQA [8]-[11].
Approximations of polynomial type can also be found as [12] well as other inter-
esting [13] [14]. Now a general expression to determine precise approximations
for the modified Bessel functions of fractional order will be shown, and the pro-
cedure to determine the parameters explained by its applications to the particular
case of the main 1,5(x) and I,,(x) will be considered. The fact of working
with not entire order involves some changes, which will be explained in Section 2,
where the theoretical treatment will be exposed. The main idea of the MPQA tech-
nique is to determine a bridge function connecting the power and asymptotic ex-
pansion in such a way that part of both expansions can be reproduced. In order
to do that, it is necessary to use rational functions combined with hyperbolic ones,
as well as fractional powers. The new simple approximations functions here pre-
sented will be shown to be good for all real values of the variable x with good
accuracy and easy to calculate. The parameter determination as well as the relative
errors of the approximations will be considered in Section 3 for |, (X) ,and in
Section 4 for 1., (x). Finally, in the final section or Conclusion, the main results

will be shown.

2. Theoretical Treatment

In this section, it will be first discussed in detail, how to determine the structure
and parameters of the modified Bessel function of order v, as a general case, and
later the application to the particular case will be considered 1, (X). The power

series |, (x) is well known [9], and it is given by

03 T (3] w

The second series important in the kind of treatment here considered is the

asymptotic expansion, given by

e* 4y* -1
1, (x) _an[l— » +j ()

In the present technique a bridge function connecting both series power and

asymptotic, MPQA technique, must be defined. The way to determine this partic-
ular function is performed using several unknown parameters to be determined
later. There are several ways to do this, depending on how many parameters are
used, which also leads to approximations with high accuracy. Here we will con-
sider a simple approximation producing an accuracy adequate to most of the ap-

plications. With this idea in mind, the bridge function will be defined as
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3)

| (X — |X|V COSh(X) Po, + plvxz
v " 2.2\ /4 14 g x2
2'T (v +1)(1+2°%*) a

where the parameters p,,,p,,,0, and A will be determined using the power
series and the asymptotic expansions already known. It is interesting to point out,
that all the functions in Equation (3) are even functions since in this way the sym-
metry of the function 1, (x) present and the approximation will be good for pos-
itive values of x, and also for negative values.

The procedure to be followed is first to show the way to determine the equations
for the parameters determination. This will be performed using the power series
and the asymptotic expansions. Later we will proceed to the calculation of the pa-
rameters and the way to do this avoiding the usual problems of the defects in Padé
technique, that is, a zero in the denominator with a nearby zero at the numerator
[11]. These themes will be better explained in relation to the examples here treated
in detail.

The procedure to determine the parameter will be better explained by applica-
tion to particular cases, which in this work will be by particular case of v=1/6
and v=17.

In the case of v =1/6, the power series will be written as

1/6
I%(x)zx—(l+ix2+ix4+---) (4)
21/61-(7j 14 728

6

and in the case of the asymptotic expansion, this will be

Ly (X) ~ e (l+i+i2+---j (5)
Vo 9x - 8lx

The idea is how to find a bridge function linking both expansions. It is clear
that the rational function must be multiplied by fractional powers of x, in order
to reproduce the structure of the power series. The power series shows also that
after this factor, the series has only even powers. This kind of symmetry has to be
also preserved in the rational function, and also new factors will be considered, in
order to obtain the correct asymptotic structure. In this case, there is also the ex-
ponential factor €, but this factor is not even as required in the preceding lines,
therefore this must be replaced by cosh(x), which has the exponential behavior
at the infinite, and the symmetry of |, (x) is preserved. There is also the frac-
tional power 1/\/; , in the asymptotic expansion, which has to be considered, as
well as the fractional power x"° coming from the power series considerations. In
order to accomplish all the restrictions coming from the power and asymptotic

expansions, the structure of the analytic approximations 1, (x) will be written

as
_ x"® cosh (x) Py + pX°
e (X) = 7 ys| 1+ gx? (©)
2V6F(j(1+22x2) g
6
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where the important point is that
X1 -
NIRRT
as it is required. Now the parameters p,, p;,q and A have to be determined,
as it will be shown in the next section.
In the case of 1, (x), the power series will be
Y7
IM7(X)=X—(1+lx2+—x4+-~J (8)
2%( 8) 327 3840
7

and the asymptotic expansion

e" 45
Ly (X)~——| 1+ ——+- 9
Now, using an analysis in some ways similar to the previous one, the analytic

approximation will have the structure

7 P =2
- x*“cosh(x + P, X
IW(X): 8 (~) 9/28[p1(i ~p12 j (10
2V7r(j(1+,12x2) +Ox
7
where now
2i_lzgzl (11)
28 7 1 2

3. Parameters Determination and Results

In the case of the 1, (X) , two equations from the power series and one equation
for the asymptotic expansion will be used. The fourth equation for the parameters
will come from numerical calculations, as will be explained below. Before equal-
izing power terms from the series for 1,5 (x) and |~1/6 (), it is necessary to ra-
tionalize the equation, and in this way, nonlinear equations will be avoided. Thus

the product will be,
(1+ ﬂzxz)l/3 (1+ qxz) lys (X)
= (l+l/12x2 +---j(1+ qxz)(l+ix2 +j
3 14

(12)
:1+(£/12 +q+i)x2 T
3 14

1
z(po + plxz)(l+§X2 +J
Therefore
Py =1 (13)

1 1, 3
Pt p==At+g+— 14
S Pt =3 A+ (14)

The third equation for this case, it is obtained from the asymptotic expansion
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as

pl — 1 (15)

2x 2”%(9,12% V2m

From these three equations, all the parameters are obtained as a function of 4.

Thus
_1124_%
g=——3 1 (16)
1_21/51"(7]\/5/12/3
6)\=
_,i + -
p1=2”"’r(%j 242 8 7 (17)

" 1—2’/6r(7j\F,12/3
6/)\=

Now we have to avoid the so-called de “deffects”’ in the Padé method, that is a
zero at the denominator with another zero at the numerator near the first one, but
not exactly equal. Our procedure to avoid this problem is to make a plot of gas a
function of 4, and to avoid the negative values of g. It is clear that if gis negative,
there real zeros at the denominator one positive and anothers negative. This
means that there is the so-called deffect in the approximation which are want to

avoid. Thus, Figure 1 shows the values of A, where gis positive.

12

24

44

Figure 1. Plot of the curve ¢(4), in the regions (0,0.92)(1.38,+) the val-

uesof q(A4) are positive.
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Now, it is obtained that for A in the intervals (0,0.92)(1.38,+w), the val-
ues of gverify (>0.In order to determine the optimum value of 1, the proce-
dure will be to give values to A inside the right intervals, to determine the pa-
rameters for each value, and to calculate the maximum relative error ¢, (4) for
that value. The optimum A will be that with the lowest ¢, (1) . In this case,
this values is A, =0.3675, and the approximation will be

1., 2
—_ +7
14 21/51"(7j\/§j_02/3x2 3/10 7

6 TC 1_21/51" Z \/5/102/3
- cosh(x)x*® 6)\n

I =

16
ver( ! (1+ zxz)]/3 1, 2
6 _éﬂ”" "7

1+ N X
1—2”%(}( 23
6 nﬁo

The relative error of this approximation is given in Figure 2. The maximum
values of the errors are ¢, (2.4)=0.0049 for x=24,and ¢, (11.1)=0.004.
However relative errors of the approximation out of the small regions around

(18)

these values, are smaller than 0.002.

0.004

0.003

0.002 4

0.001 4

0 Y T ¥ T T T ¥ T Y 1
0 20 40 60 80 100
X

Figure 2. Relative errors of the approximation of I~1/6 (x) asa function of the variable x.

The same procedure applied to 1,; (x), leads to the equations
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(1425 )" (1461, (x)
=(l+%izxz +--~j(1+qxz)(1+éx2 +j

(19)
:1+[9 /12+q+l X2 -
28 32

z(ﬁo + ﬁlxz)[l+%x2 +j

The equation to determine the parameters is now

Py =1 (20)
1 9 - 7
Pyt P == A G — 21
5 Pt P=og AT+ at (21)
Py 1 (
= 22)
9% VT (8) Eﬁ/uq J2n
7)\=w
From these equations, it is obtained
%t
q= (23)
1- 2V7r(8]\F19/14
7)\n
952, 9

B, = 2u7r[§)\/§ig/u 28 32 (24)
7)\n 1_21/7F(8j\/5/1~9/14
7)\n

The plotof § asafunctionof 1 isshownin Figure 3. The § is positive for
de (0,0.93) U (1.35,+) . Now looking for A optimum, it is found 1=0.37.

With this value, the parameters are determined and the result will be,

ez (8) B o

T 7 9/14

cosh(x)x*’ -2 1“[ j\fﬂﬂ/
7 (8 =0 2\9/28

o r(7j(1”°x ) /10

1+ zwr( j\f’igm

The relative errors for this approximation are shown in Figure 4. The maxi-

I~1/7 (X) =

(25)

mum values of the relative errors will be in this case ¢, (2.3)=0.0047 and
€max (10.8) =0.005 . As in the case of (), the relative errors are much smaller
outside of the nearby regions of x=2.3 and x=10.8.

4. Conclusion

In this work a technique to obtain quasi-rational analytic approximations for the
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104
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0.5 1 1.5

=10

=20

Figure 3. Plot of the curve q(/i) , in the regions of 1e (0,0.93)U(1.35,+)
the values of q(i) >0.
0.005
0.004 4

0.003

0.002

0.001+

0 T T T T 1
0 20 40 60 80 100
X

Figure 4. Relative errors of the approximation I,5(X) as a function of

the variable 4.

modified Bessel functions of general order v is shown, and the structure of the
function in the general case is shown. However, the procedure to determine the

parameters of the approximation is shown by application to the particular cases
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of v=1/6 and v=1/7. The analytic approximations of I (x) and I,,(x)
have been presented using rational functions with second order polynomials com-
bined with the hyperbolic functions cosh(x) and the fractional powers XY
and xV7, corresponding to each case. The numbers of parameters to be deter-
mined are four for each Bessel function. However, the accuracy is about as low as
0.005 for each case. The analytic approximations are very simple compared with
their accuracy. The method used is an extension of the MPQA technique, and this
is a clear advantage compared with other ones, since a unique approximation is
valid for any value of the variable x, and the symmetry is preserved. The procedure
here presented for 1,;(x) and 1I,,(x) isalso very general, and a general struc-
ture for any modified Bessel function of order v isalso described, therefore new
approximations functions for any v can be also determined, in agreement with

the needs of other authors.
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