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Abstract

In this article, we deal with weak solutions to non-degenerate sub-elliptic
equations in the Heisenberg group, and study the regularities of solutions. We
establish horizontal Calder6n-Zygmund type estimate in Besov spaces with
more general assumptions on coefficients for both homogeneous equations
and non-homogeneous equations. This study of regularity estimates expands
the Calderén-Zygmund theory in the Heisenberg group.
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1. Introduction

The main purpose of this article is to study Besov regularities of weak solutions to
sub-elliptic equations of the type

div,, A(x,Xu)=0 (1.1)

and

div, A(x,Zu) =div,, (|F|" F) (1.2)

in Q, respectively. Here Q) is an open and bounded sub-domain in the Heisenberg
group H"=R*"*" (n2=1).In the homogeneous Equation (1.1) and the non-ho-
mogeneous Equation (1.2), the unknown U e HW,? (Q), where the sub-elliptic
Sobolev space HW™? (Q) will be introduced in Section 2. In both equations, the
horizontal divergence operator diVv,, and the horizontal gradient X are de-
fined by

2n
div,F =Y XF,

i=1

DOI: 10.4236/apm.2024.149039 Sep. 13, 2024

744 Advances in Pure Mathematics


https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2024.149039
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0009-0009-3018-8829
https://doi.org/10.4236/apm.2024.149039
http://creativecommons.org/licenses/by/4.0/

H. M. Cheng, F. Zhou

U = (XU, XU, -+, Xpn U, XpU)

in the distributional sense. Moreover, A:QxR*" —R?" is assumed to be a

Carathéodory vector field with general growth and uniformly elliptic conditions,

that is, there exist constants v,L,k >0 and 0< z<1 such that

»2
2

2
>

(AD) [A(xE)-A(n)](E-n)2v (e +[ef +[f )

|£—n

p

(A2) |A(x,§)—A(x,n)|£L(y2+|<§|2+|77|2) 2 e,
p-1

(A3) |[A(x.€)< k(;f +|§|2)7

for every &,7neR” and foralmostall XeQ.In(1.2), F:Q—>R™.

The regularity of solutions to elliptic equations in Euclidean spaces R" has
been well studied by Iwaniec [1], DiBenedetto and Manfredi [2]. Then this theory
is extended to the case of general elliptic problems, see in relevant papers [3]-[6].
For the nonlinear Calderén-Zygmund estimate in the Heisenberg group, Gold-
stein and Zatorska-Goldstein [7] deal with the quadratic case p =2. Later on the

HW®'P estimates for sub-elliptic equations on " are proved by Mingione, Za-

torska-Goldstein and Zhong [8]. They consider the equation of the form
divy, [ b(x)a(xu)]=div, (|F|p’2 F)

with be VMO, (Q).

At present, the studies are concerned with the regularity estimates of weak so-
lutions in Besov spaces in both R" and H" ([9]-[11]). Besov spaces consist of
a wide class of functions compared with the classical Sobolev spaces. Baisén [12]
deals with nonlinear elliptic equations in divergence form, and obtains a regularity
estimate of weak solutions in Besov spaces. Clop [13] and Lyaghfouri [14] ex-
tended the result in Besov spaces by establishing a higher integrability of weak
solutions.

ForQ the homogeneous case (1.1), we assume that there exists a function
gele(Q) (0<a<1l)such that

p-1

(A4) [A(x.£)=A(y.&)|<distee (xY)" (9(x)+ g (v)) (w2 +[¢ ) *
for almost every x,yeQ and all éeR”. Here dist.c(X,y) is the CC-dis-
tance between two points xand yin H".

While for the non-homogeneous situation (1.2), we assyme that there exists a
sequence of measurable non-negative functions ¢, eL“(Q)(keN,0<a<1)
satisfying that

ladle <= (1g<wx)

(A5) k=1 L (Q)

p-1
2

|A(x €)= Ay &) < distee (x,¥) (9. (X)+ g (¥)) (4 +[4)

for £eR* and almost all x,yeQ such that 27 <distes (x,y) < 27,
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Q
According to (A5), we write {gk}k el [L" (Q)J in short.

By introducing an auxiliary function
2

p-2
V(E)=(u g ) ¢ ¢ (1.3)
with & eR®", we present the main results of this article.
Theorem 1.1 Zet 0<a <1 and 2< p<4. Assume that A satisfies hypothe-
ses(A1)-(A4) with O<pu<1.If Ue HW,é’cp (Q) is a weak solution to (1.1), then
V(Xu)eB;, (Q) locally.

Theorem 1.2 Zet 0<a <1, 2<p<4,and 1<q< . Assume that the

-2a

hypotheses(A1)-(A3) and (A5) hold. If U e Hw.LP (Q) is a weak solution to(1.2)

loc
with 0< u<1 and |F|p72 F eBy,(Q), then V(Xu)eBj, (Q) locally.

See Section 2 for the definitions of HW'"(Q) and Bj,(Q).

The contribution of the main results is to study a wide class of sub-elliptic equa-
tions in the Heisenberg group. Our aim is to obtain a Besov regularity estimate of
weak solutions. The hypotheses (A1)-(A4) (or (A5)) shall be an extension of the
VMO conditions.

This article is organized as follows. In Section 2 we give some definitions and
tools such as classical inequalities, and we present two Lemmas relating to the
reverse Holder type inequalities of weak solutions. In Section 3 and Section 4, we

present the proofs of Theorem 1.1 and Theorem 1.2, respectively.

2. Preliminary
2.1. Heisenberg Group

In this section, we collect some basic notations and preliminaries for the Heisen-
berg group (see [8] [15] for more details). We denote by (X,t) = (Xl, Xyt Xop ,t)
the coordinates of points of the Heisenberg group H". The group structure on
H" is given by

(Xl!xzf"vxzmt)o(yy Yoroo yzms)

1 n
=(X1 F Y, Xy + Yo,y X + y2n,t+s+52(xjynﬂ. —Xi Y )j
j=1
An anisotropic dilation induces a homogeneous norm (gauge) of (X,t) by
1
(|X|2 +t)2 .For j=1,---,n, we set

0 _*uid 0 %0 ;_ 0
ot’ ot'

’ n+j= +_j
2 ot Xyj 2

box

which represent a basis of the space of left-invariant vector fields on H". The
vector field X;,X,,---,X,, are called the horizontal vector fields. Then the

length of the horizontal gradient is given by
2n

[ =3 (x, )"

=1
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2.2. CC-Distance and CC-Balls

By considering the well-known Carnot-Carathéodory metric with CC-distance
dist. , we define CC-balls by

Br (%)= {y e H" |distee (%, Y) < R}
with the center X, and radius R. By introducing the homogeneous dimension
Q =2n+2, one gets the Lebesgue measure of a CC-ball |BR (%, )| ~RY.
2.3. Horizontal Sobolev Spaces and Besov Spaces
Let L° (H”) be the Lebesgue space in the Heisenberg group, then the dual space
, 1 1
of LP (H”) is L° (H”) with E + ? =1. The horizontal Sobolev space with its
norm is defined by
HW'? (Q)={ue L’ (Q)|Xuel’(Q)},
"u"HWl'p(Q) = "u”LP(Q) + ":{u”LP(Q) )

It is clear that a function UeHW.P (Q), if ue Hw*"? (Q,) for every

Q,€Q.

Let the parameters O<a <1, 1<p<ow ,1<q<ow . The Besov spaces
By, (Q) (Q c H”) with its norm are defined via ([16])

"u”Bqu(Q) = "u”Lp(Q) + [U]Bqu(Q) <%,
A"
IQ '[Q|h“|—apdx W <o, 1<q<oo,

Al P
sup fQ |hh|“p dx | <o, q=oo.

In this article, we shall write A u=u(x+h)—u(x) in short.

2.4. Basic Tools

For every & >0, there exists C(&)>0 such that forall s,t>0, there holds
st<es? +C(a)t”, (2.1)

1 1
which is the classical Young inequality. Here —+-— =1.In particular,
p

ab<ea’+C(&)b’. (2.2)

Let B; @H" bea CC-ball, and fan integrable function on Bg, we define the
average of fover the CC-ball By as

(1), =1, f(x)dx=ﬁIBR (=R, T (x)dx (2.3)

We present the definition of weak solutions. If forany ¢ €Cy’ (Q) , there holds
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[ A(x %u)- Xpdx =jQ|F|"*2 F - Xpdx, (2.4)

then UeHW P (Q) isaweak solution to (1.2). Here wecall ¢ isa test function.

2.5. Reverse Holder Type Inequality

The higher integrability estimates for Laplace and p-Laplace equations are well
known (see [1] and [2]). In the Heisenberg group, we have the following two re-
sults for homogeneous and non-homogeneous situations, see [8].

Lemma 2.1 Let Ue HW“’(Q) with 2< p<4 be a weak solution to (1.1)
under the hypotheses (A1)-(A4). There exists a constant c(n, p,v,kK, L) , but oth-
erwise independent of [, of the solution u, and of the vector field A(X,Vu) ,
such that the following inequalities hold for any CC-ball B, €Q:

1
s;p|%u|se(}BR(y+|XU|)pdxjp. (2.5)

2

Lemma 2.2 Let Ue HW™? (Q) with 2< p<4 be a weak solution to equa-
tion (1.2). Assume that (A1)-(A3) and (A5) hold. If F e L}, (Q) , then
Xuel]

loc

C(n, p,v, L,q,a) such that

(Q), where qe(p,). Moreover, there exists a positive constant

1
q 1 1
{][BR|Xu|q dx} < C(][BR (u +|3€u|)p dx)p + C(][BR |’ dqu (2.6)

2

for any CC-ball B, €Q.

3. Proofs of Theorem 1.1

In this section, we present the proofs of Theorem 1.1. Inspired by [13], for the
vector field A(x,&) appeared in (1.2), we introduce

A (&)=, A(x.&)dx (3.1)
for £eR” anda CC-ball B< Q. Then we define
V(x, B): sup w' (3.2)

£eR?" 2 L
(22 1) 2

where Bc Q isa CC-ball and XxeQ. It follows that if A:QxR*" > R?* be
a Carathéodory vector field such that (A1)-(A4) hold, then A is locally uniformly
in VMO, that is,

p f, V(xB)dx=0, (3.3)

lim sup su
(B)eK

R-0r(B)<Rc
where KcQ, C(B) and I‘(B) denote the center and the radius of the CC-
ball B, respectively.

In order to prove Theorem 1.1, we mention that there exists a constant C >0
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such that

& (4 e el 7 <M EV L (TE :\;é”)' <G (s +[¢f +]of)

p-2
2

(3.4)

forany &,7eR” and |§—77| #0.

We are in a position to present the proof.

Proof of Theorem 1.1. We let B;; €@Q and select a test function
p=A, (nzAhu) to (1.1), where UGCSC(BsR) is a cut-off function satisfying
that

0<n(x)<1, n(x)=1for xe By, n(x)=0 for xe By \Bg, and |3en|s%.

2
One gets that
_I [A (x+h,Xu(x+h))- (x+h,3€u)]~nzAhXde
:j [A X, Xu)— A(X+h,Xu) |-7°A, Xudx
+I [ A(x+h,Xu) - (x+h,3€u(x+h))]-2773€77Ahudx (3.5)
+ szR[A X, Xu)— A(x+h,Xu)]- 27X nA,udx

=G, +G; +G,.
We estimate each G; (1<i<4)in (3.5). By (Al), it is clear that
p-2 .
G, 2vf, (uf+[xu(ceh) +[xuf) * [a,2uf pox. (3.6)

For G,, according to (A4) and (2.2), we obtain that

G,<|

Bar

I (90 00 h)) s [0 ) # [,
<f, (ﬂ ol )p7|A xuff ox
+Clh* J'BZR(g (x)+g(x+ h))2 (yz +|3€u|2)§ dx (3.7)
s.sjB (,u +[2u( x+h| +|xuf* ) |A xu[* nd
SO, (900+(x--h)’ (= xuf ) o
where &>0 will be chosen later. By (A2) and (2.2), one deduces that

p-2
G, <Cf, (w+[xuf +[xu(x+n)) * [a,xuln]s]|a,ulox
p-2

SgIBZR(y2+|3€u| +[xu(x+h | ) 2 |A xu[* dx

+C.fB (ﬂ +[2%ul* +[xu(x+h | ) |3€ ”|Aqul dx.

By applying Lagrange Mean Value Theorem, we obtain
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p-2
CJ'B (,u +|xuf* |%u (x+h) |) EZ7h A, u| dx

<Cnf J, M(yuzpeur)T |z’ dx (3.8)

<C|f .[ ,u+|3€u|)pdx.

%R\m

To estimate G,, the hypothesis (A4) and (2.2) give us that

G, <C[, [n"(9(x)+g(x+h))(u+[xuf ) 77|3€77||A u]dx
p-2
Sg_[B (ﬂ +|3€u| )Tn |Ahu|2 dx (3.9)
+C|h|2aj +g(x+h)) (,u2+|3€u|2)§dx

Here we notice that
-2

ef, (# +|3€u|) Plaufdx<Chf [ (u+[xu])”dx.

%R\m
Combining the estimates of G, and choosing & small enough, we obtain
that

p-2
J'B (,u +[2u( x+h| +|xuf ) 2 |a,xu[* n2dx

P
<C|h|2“j +g(x+h)) (y2+|3€u|2)2dx (3.10)
+CJh[* [ y+|3€u|) dx.

Barapn|
By the definition of V'(1.3) and the property (3.4), one gets

p-2 2

|AhV (3€u)|2 = (yz +|.'{U(X+ h)|2)p4_2 Xu(x+ h)—(y2 +|XU(X)|2)T Xu(x)

p-2

<c(w® +[xu(x+ ) +]uf) 7 |a,xuf.
(3.11)
We integrate both sides of (3.11) on BR and apply the properties of 7 to get

-2
j |AV Xu | ) dx<C|_ (,u +[2u( x+h| |3€u|) |A,xu[* n7dx

P
<C|h| j +g(x+h)) (y2+|3€u|2)2dx (3.12)

+Clhf _[ ,u+|}:u|) dx

Barah|

Dividing both sides of(3.12) by |h[*“, it follows that

AV (Xu) 2\%
() 91l (800 9 (o ) o
+CJh[* jBM‘ (p+[xu])” dx (3.13)
=P +P,.
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Finally, we shall give the proof that P, isbounded for each 7 In view of Lemma
Q

2.1, ones get |xu|” eL'(Q) with t>1. In particular, |Xu|”" e |02« (Q). By

choosing 0< |h| <d <R and (A4), we acquire
Q-2a

2a _Q Q
o —2a

P gc(jBZR(g(x)+ g(x+h))g dxj ? J.BZR|:(/J2 +|3€u|2)21Q dx

n-2a

Q

2a Q
o Yo 5oz
SC(J'Bzmg(x)a dxj IB {(ﬂ +|3€u| ) 1 dx <.
Because Ue€ HWIOC (Q), we get P, <oo. It follows that

sup |

|hj<s *BR

AN (3€u)

|h|a dx<o with 0 <R, thatis, V (3€u) IS BZOO (Q) locally.

4. Proofs of Theorem 1.2

For the non-homogeneous case, we need the following lemma.
Lemma 4.1 Let A:QxR* —»R* be a Carathéodory vector field such that
(A1)-(A3) and (A5) hold. Then A is locally uniformly in VMO, that is,

lim sup sup]( V(x,B)dx =0, (4.1)

R—0 r(B)<Rc(B

where V(x,B) is givenin (3.2), K<cQ, ¢(B) and r(B) denote the center
and the radius of the CC-ball B, respectively.
Proof.Givenapoint XeQ,welet A (x)= {y eQ: 27 <diste. (X, y) < 2"‘”} .

Ones get

V X, B dx<4 sup — dydx
i i 2]( |A(x A(s"lf)|
feR (,U +|§| )2

_)[ S B|ZIBﬂAk(X)| ) (y §)| dydx
£eR (qu +|§| )
ﬁzklj.sjiam((x)dis’tcc (X’ y)a (gk (X)+ 9 (Y))dydx

Q-a

[|B|Z ZI IBM distec (X, y)o « dyde Q
[|B|2 Z.[ -[Bﬂ/-\k gk + 9 (y))g ddeJQ

<c(Qa)le [ﬁ?hkwn(gk(mgk(y))g dde]Q-

DOI: 10.4236/apm.2024.149039

751 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2024.149039

H. M. Cheng, F. Zhou

By Holder inequality, we acquire that

[|B|2 Z.[ J.Bﬂ/*« gk +gk(y))% ddeJ

[| arlEnA )lJng(x)‘idx]Q

1 @ a9-Q
1 @1 \Q aQ
izl [t zenac)
T Bfle s\
c@aalls sl |
k L= (B)
We choose >0 small enough and observe that X—>||gk|| Q is con-

tinuous on the set {X e Q:dist(x,0Q) > r} . Therefore, there ig[h”i?o(m)t] X, € K
for r>0 small enough such that

SUP"Qk" =lau]l (o :
. [w( " ))} l‘*[wwr(x))}

We obtain that

o

Q\q

o zygg(f ng
[ (a(x)]

Each of the limits on the right hand side equals to 0. Hence we complete the
proof. o

With the help of preceding lemma, we have the following result.

Proof of Theorem 1.2. We assume that B,p,; €Q, and choose a test function

p=A (’72Anu) to (1.2), where 7€C; (Q) is a cut-off function satisfying that
0<n(x)<1 n(x)=1for xe By, 7(x)=0for x e By,, \ B;, and |xn|£%.
2

According to the definition of weak solution and choice of test function, we

obtain

[ (x+h,Xu(x+h))- (x+h,3€u)]772Ah3€udx

G,=],

[ [A(x%u)—A(x+h,xu)]-n*A, Xudx

2
+j [ A(x+h,Xu)- (x+h,3€u(x+h))]~2n3€ryAhudx )
+J'B [ A(x,u)— A(x+h,Xu) |- 27% nA,udx

o MJIFIEF |- 2nxnauaxs [ A [FP2F |- n%, Xudk
=G, +G;+G, +G; +G;4.

We have estimated the terms G, to G, in the proof of Theorem 1.1. Thus it
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remains to estimate G, and G;. We apply (2.2) to get

G, <C[, |A[[FI"*F ]||a,ulndx
AP E ]
<Clh[* -[an % dx+C_[BZR|Ahu|2772dx.

By applying the Lagrange Mean Value Theorem, the second term can be con-
trolled by

P
C (y)IBZR Al n?dx < CIBZR %|Ahu|2 n%dx

1 p
l:(,u2 +|XU|Z)2}

<C|nf J'Bwh‘—12|3€u|2 dx
[

£C|h|zf (p+|xu])” dx.

Barah|

For the estimate of G, it is apparent that
Ge<[, [A[|FI*F]
6 .[ Bir| N | |

Ah[||=|p’2 FT

i

|A, Xu|ndx

<Clhf* [ dx + g_[B |A,xu[* 77dx.
2R

Bor

Similarly, one obtains that

e, Iaul yidx<

ﬂiZ .[BZR ur |Ah3€u|2 n°dx
p-2
< o [ +Ru e ) 5l ) * o o
# 2R

Combining the estimates of G, , we evidently have

P2
o2 it ol o

P
<Ch[“J, (g (x)+ g, ()’ (s +xuf )2 o (4.3)

a2 E]
+ClA* [ (w+|xul)” dx+C[* jBZR% dx.

BaR)n|

, we obtain that

By choosing ¢ = >

p-2

U

4+
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p-2
IB (,u +[%u( x+h| |3€u|) |A,xuf’ %dx

P
<CIf J, (9 (x)+ 9 (x+h))* (4 +2u[")? x (4.4)
2
. |MFITF
+Clhf IB H (p+|2u])” ’ BZR—[ m J dx.

Using (1.3) and (3.4) again, we obtain that
p-2

AV (xu)* <0 (4" +[xu(crh) +feuf) > 4,z
Using (4.4), it follows that

Ji, lav (2eu)[ dx

2

A [|F|"’2F]2
O L s L
P
+C|h|2af )+gk(x+h)) (y2+|%u|2)2dx

Dividing both sides of (4.5) by |h|2a and applying the properties of 77, one

derives that

INZEND

— dx<CJh[* [
i

dx
(4.6)

(4a+|u])”

sl

[hf*

Je

2

BoRajn|

+C'[ )+gk(x+h)) (y2+|3€u|2)gdx

1
By taking the power of >’ one obtains

.

1
2

AV (2u)
f

dx] < C[J'BZR (9 (X)+9, (x+ h))2 (ﬂz +|},‘u|2)g dx:l

1
+Ch[ ( Jo, Bany (s+]c0])’ olx)2 (4.7)

aJIFreE]

i

1
2

+C J' dx

Bor

Restricting to By with 0< |h| <¢ and taking the L* norm with respect to

the measure d_l(l , it follows that
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q

a q
Ahv(%u)z * dh
IB .[B BT dx )
7% Ih] |
1
q q
2( 2 2\ . |? dh
<0 Jo | Ja (00 -0 Goem) [ e e g
1
a %dh q
+C .[B(;|h|(l )q(IBZR+h(y+|3eu|)dej W] s
2 s a
AFIPEF
+Cj I M dx d_h
Bs| JB2r |h|‘1 |h|Q
=P +P,+P,.

We shall show thateach P (1<i<3) is bounded. Since
29 20
By, (Q)c L% (Q) with 1<q< ,one has |F|"”F eL%%(Q). By

2Q 2Q(p-1)
Lemma 2.2, we get |qu|p_2 Xuel??(Q). Thatis, XueL ¢ (Q). Since

2Q(p-1)_ _Qp
Q-2 Q-2a’

_Q
then we get |[Xul® € L2 (Q).

To estimate P, we writethe LY norm in polar coordinates. There is no harm
in supposing that §=1,s0 he B NR*" isequivalentto h=ré for 0<r<1

and ¢ in the unit sphere S?"*.Let do(&) be the surface measure on S2"*.

1
By letting I, = o we estimate P, as

dr

P =J§I§Isznl(IBZR(gk(X+r§)+9k(X>)2(ﬂ2 ) dszd"(f)T‘“

Y

. » q

L2 Jor IBZR(9k<x+r¢)+gk(x))z(u2+|xu|2)2dx] do (&)=t
1 q

© P \2 d

= J:Z;)Jr:ﬂjszn—l (7 9 + 9 )((/“‘2 +|3€“|2)2J d"(f)Trdt-
1%(BR)
Q

We note that 7,9, (X)=g, (x+r&). Since |%u|peLQ’7(Q) and
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Q
g, € L% (Q), one gets that

1
2 2 g :
(Tr,f gk+gk) (,U +|3€u| )

2a — Q-2a \2

Jictsesrtafl g

o
=lr. 9 +gk||9 (,u2+|3€u| )2 0
La(BZR) L@(BZR)
On the other hand, there holds
Tps 9k+9k”9 <Jo ] o +Hlodle  <2fad.
L% (Bar L ((Bgr)-1c£) L% (Bar) L (0BR)

1
foreach £eS™" and 1, <r<r, where po= 3+E . Therefore one gets

N o
N[

R <C|(s +xdf)

P 3

L972% (Byg)

Q < 00,

L% (¢BRr)

19

In the Heisenberg group, a direct calculation gives us that

(1-a)a-Q
(tea-Q 4 = - [jB nR(|Z|2 +t) 2 dt}dz
5 5

) (1—0:)q—(2n+2)+1
:C(a,q,Q)ngﬂRZH(q +52) 2 dz

s (1-a)g-2n

:C(a’q'Q)wZnAJ.O (,02 +52 )f pZn—ldp

<C(2,0,Q) @y P dp <o

h

.[ By NH"

According to the fact that ue HW"? (Q), we deduce that

1

1 1
A ()

1 1
<C (J.jp(l’“)q’ldp)q (IBZM (u+ |3’€u|)p dx)2 <o,

Because |F|p72 F eBy, (), it follows that

Ah[|F|p’2F]

hf*

) = <,

Lq[ﬁ;Lz(BZR)]

Therefore, we complete the proof of Theorem 1.2.
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