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Abstract

This paper studied the invariance of the Cauchy mean with respect to the
arithmetic mean when the denominator functions satisfy certain conditions.
The partial derivatives of Cauchy’s mean on the diagonal are obtained by us-
ing the method of Wronskian determinant in the process of solving. Then the
invariant equation is solved by using the obtained partial derivatives. Finally,
the solutions of invariant equations when the denominator functions satisfy
the same simple harmonic oscillator equation or the denominator functions
are power functions that have been obtained.
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1. Introduction

Throughout this paper, let | cR be a nonempty open interval. In the sequel,
the classes of continuous strictly monotone and continuous positive real-valued
functions defined on 7will be denoted by CM (1) and CP(l), respectively.

17 is

Let | cR be an open interval. A two-variable function M — |

called a mean on the interval 7if

min(x,y) <M (x,y)<max(x,y), x,yel,

holds. If for all x,yel, X#Y, these inequalities are strict, M is called strict
([1]). Obviously, if M is a mean, then M is reflexive, Ze, M (x,x)=x for all
xel.

Let M,N:1?>—>1 be means. A mean K:1?>—1 is called invariant with

respect to the mean-type mappings (M,N), shortly, (M,N) -invariant ([2]), if
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K(M(xY),N(xy))=K(xy), x,yel.

The simplest example of when the invariance equation holds is the

well-known identity
G(A(X,y), H (x, y)):G(x, y), X, y>0,
where

X+ 2x
A(x,y)=Ty, G(x y)=4/xy, H(x,y):ryy,

are arithmetic mean, geometric mean and harmonic mean respectively.

The Cauchy mean C, ,:1* — | is defined by

Cry(xy)= [ijl Jo f (b (1-1) y)dt

g j:g(tx+(1—t)y)dt

, X, yel,

f,g:1 >R are two continuous functions such that geCP(l) and Al is

9
bijective.

In 1984, Leach and Sholander [3] proposed the Cauchy mean theorem for dif-
ference quotients and the definition of Cauchy mean. Losonczi solved the com-
parison and equality problems of Cauchy means for more than two variables and
the equality problem for the two-variable Cauchy means under the assumption
of seven times differentiability in [4]-[6]. Then Matkowski reduced the regulari-
ty condition for the equality problem for the two-variable Cauchy means to
first-order differentiability [7]. Other definitions for Cauchy have been in [8] [9].
The invariant equations of some special Cauchy mean-type mappings with geo-
metric mean or arithmetic mean have been studied in [10] [11]. Other inva-
riance of more generalized means generated by measure integral have been con-
sidered in [12] [13]. Recently, Zhang [14] gave a survey of results dealing with
the problem of means.

In this paper, we will study the invariant equation of Cauchy mean with re-

spect to the arithmetic mean, that is to solve

(fjl [ f (tx+(1-t)y)at (h)l [ (b (1-t)y)dt
R— + —
9) | [Ja(tx+@-t)y)dt | \kJ | [k(tc+(1-t)y)at

where x,yel, f,g,h,k:1 >R are continuous functions such that

, (1.1)

g,keCP(1) and i,% are injective functions.
g

2. Auxiliary Results

In order to describe the regularity conditions related to the two unknown func-
tions f,g generating the mean C;  , we introduce some notations. The class
Cy(1) consists of all those pairs (f,g) of continuous functions

f,g:1 >R such that geCP(l) and f/geCM(l). For neN, we say
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that the pair (f,g) isin the class C,(1) if (f,g) are n-times continuously
differentiable functions such that geCP(l) and the function f§—fg" does
not vanish anywhere on Z Obviously, the latter condition implies that f/g is
strictly monotone, ie, f/geCM(I).

For (f,g)eC, (1), we also introduce the notation
Wi Wi

D =— =——2
f.g - 1,0’ f.g- 1,0’
nyg nyg

where the (i, j)-order Wronskian operator W, ; is defined in terms of #th and
jth derivatives by

Wi F0 )
fg

9

MURRTS)

Lemma 1 (Lemma 5in [15]) Let (f,9)eC,(1). Then f,g are solutions of
the second-order difterential equation

y”:q)f,gy,-i_q]f,gy'
In what follows, we will give some formulae for the high-order directional de-
rivatives of C,  at the diagonal points of the Cartesian product | x| . Given a

pair (f,g)eC (1) and a fixed element Xxel , define the function

m, :=m,.; . ina neighborhood of origin by

g

m, (u)=m,.;, (u)::Cf'g(x+%u,x—%uj. (2.1)

Using Lemma 2.2 from [16], we get the following
Lemma 2 Let neN, (f,g)eC,(1). Then, for fixed xel, the function
M, defined by (2.1) is n-times continuously differentiable at the origin and

0 (O (x) (fom,)f(0)
Z(;[, j 9" (x) (gom,)g™"(0)

Furthermore, mfk) (0) =X for keN and for the cases n=2,4, we have

" l
Myt g (O)ZEq)f‘g (X)’

4
Mg

1 1, ., ,
(o)=—@(c1>3f,g +2c1>f'g\1q,g)(x)+%(c1>f,g +30, D, +¥5,
+20, ¥, , +2‘I”f,g)(x).

Lemma 3 If (f,g),(h,k)eC (), and Equation (1.1) holds, then
D, =D, = . (2.2)
Proof. By Equation (2.1), the invariant Equation (1.1) can be rewritten by
Mg (U)+m,,, (u)=0. (2.3)
By differentiating the above equation twice with respect to variable u, it can be
obtained that

mg;f,g (u)+ m:;h,k (u) =0,
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letting u=0
Mt (0)+my, . (0)=0.
And because
14 1
Mt (0)= 15 Prg (X): Mini (0) =15 P (X).
then
1
my.¢ o (0)+my,, (0)= 12(<1>h,k+<1>h,k)(><)=0.
that is

D, =0, =O.

O
Lemma 4 If (f,g),(h,k)eC, (1), and Equation (1.1) holds, then
3 .1 1. . '
%(DCD —Ecb(\yf,g—\Pf'g)+%(\yﬁg+\{/h'k)=o. (2.4)

Proof. By differentiating Equation (2.3) fourth with respect to variable g, it
can be obtained that

Mt (U)+ M (u)=0,
letting u =0, we have

m{’) , (0)+m, (0)=0.

1
mx‘;‘;,g (0) = _%((Di,g 20 ¥y )(X)
l ”n ! 12
Jr%(qaf,g +30) (D W 20, (P 29 ) (x),
1
m>(<4r2k (0)= _E@)ﬁ,k +20, W )(X)

1 n ’ ’
Jr%(cpmk +30;, @, +¥}, +20,, ¥, + 2%, )(X),

then we get

3 par —icp(\y —W o)+

1 ! ! —
% T2 (‘P +¥, ) =0.

80
O

3. Solutions to Invariant Equations under Special Conditions

Although it is difficult to directly solve the Cauchy mean invariant equation with
respect to the arithmetic mean, some types of invariant equations can also be
solved with certain prerequisites. Next, we will solve the Cauchy mean invariant
equation with respect to the arithmetic mean when the denominator functions

g,k are equal and satisfy the harmonic oscillator equation
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y'=py. (3.1)
for some peR.Then, we introduce the sine and cosine type functions
S, C,:R>R by
sing-px,  p<0, cosy/-px,  p<0,
S, (x)=1x, p=0, C,(x)=1x, p=0,

sinh(\/Bx), p>0, cosh(\/ﬁx), p>0.

Due to basic results on the second-order linear differential equations, the
functions S, and C, given above form a fundamental system of solutions for
the differential Equation (3.1).

Theorem 1 If (f,g),(h,k)eC,(1). Assume k=g satistying Equation (3.1)
and Equation (1.1) holds, then exists CeR such that

f =gj$exp{fcgg}h=g.[éexp[—.[cgg}. (3.2)

Proof. Since Equation (3.1) holds, by the definitions of @, , and ¥, 6 we

get
fr f" fr f"
_ 19" 9l __|pg 9] ¢
\Pf,g_ ‘f! f‘ ‘fr f‘ chf,g+p'
g g g g

Similarly, we have

k
W= _?(Dh,k +p.

Using (2.2) and the above two equalities, we have

Wt =2p W -, =22,
S | g

f.g

and thus W' , +¥}, =0. Consequently, (2.4) becomes

i(I)d)’ + 9 - 0,
80 609
which implies that there exists some €ceR such that
4
®=cg°®.
Hence, we obtain
i) g )
(nygZ Wfl,yg :Cg9l q)h’kzwz_cgg'

Since Wflg = {ij g° and W5 = (Ej k?, integrating the above equations, we
, g ,

get (3.2). O
In what follows, we will restrict to the basic solutions to the equation of har-

monic oscillator, 7.e. consider the functions
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(H1) g(x)=x for xel c(0,+x);
(H2) g(x)=e* for xel cR;

(H3) g(x)=sinx for XE'Q(O,%).

Theorem 2 If (f,g),(h,k)eC,(1). Assume k=g satisfying one of the
conditions (H1) - (H3) and Equation (1.1) holds, then
1) For case (H1), there exists b,b, eR,,ceR,

1 1
f(X):blj.FeXp(ngj b J- exp{CXQJ xel.
2) For case (H2), there exists b,b, eR,,ceR,
= L
f (x):blex.[ezxexp(ceg j h(X)=b2blexje2*exp[—ce9 j xel.

3) For case (H3), there exists ceR,
4
—exp { [ccos® x J

f (x)=cosx] —
exp[j ccosg J xel.

Next, we will consider the solution of the invariant equation for (1.1) when

h(x)= cosxj

the denominator functions are power functions, thatis g(x)=x", k(x)=x".
Theorem 3 Let g(x)=x",k(x)=x", p=r and the invariant Equation (1.1)
holds, then there exists C,,C, e R such that

1 1
f= gj?eXp<iI\]01ﬂ+cz)’h: gf?eXp(iJ.1/clﬂ+cz),
3 p—
where ﬂ:w‘
Proof. When ¢ =k = xPwe have g'(X)zk'(x):pr and
9"(X)=k”(x)=p(p—l)xp'z,therelationshipbetween ®;, and ¥, is

¥y (0=-2w,, (0 + XY

Similarly

¥ (0 =La,, () + PO

Using (2.2) and the above two equalities, we have

¥y (0% ()= 2287 o (=202,

and thus
. 4p D 1
‘Pf’g(x)+‘P (X)=——5— ( )

Consequently, (2.4) becomes
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3 ’ p 2 p(p_l)
Zo(x)® L o2 (x)-——— =0,
80 (X) (X)+60X (X) 20x°

which implies that there exist C;,C, € R such that

Hence, we obtain

Wo ! 4 Wio 4
ch,g — (Wfi’%) — ngl th’k — )
f.0

By Wig :(%jgz and W, :(Ejkz, integrating the above equations, we

get the result. [
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