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ABSTRACT

Class of 5-dimensional functions @ was introduced and a convergent sequence determined by non-self mappings sa-
tisfying certain ¢ -contractive condition was constructed, and then that the limit of the sequence is the unique common

fixed point of the mappings was proved. Finally, several more general forms were given. Our main results generalize

and unify many same type fixed point theorems in references.
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1. Introduction

There have appeared many fixed point theorems for sin-
gle-valued self-map of closed subset of Banach space.
However, in many applications, the mapping under con-
siderations is a not self-mapping of closed sets. 1976,
Assad [1] gave sufficient condition for such single-val-
ued mapping to obtain a fixed point by proving a fixed
point theorem for Kannan mappings on a Banach space
and putting certain boundary conditions on the mapping.
Similar results for multi-valued mappings were respect-
tively given by Assad [2] and Assad and Kirk [3]. Later,
some authors generalized the same type results on com-
plete metrically convex metric spaces, see [4-8]. Those
above results were discussed under some contractive
conditions or certain boundary condition. Recently, the
author discussed unique common fixed point theorems
for a family of contractive or quasi-contractive type
mappings on metrically convex spaces or 2-metric spaces,
see [9-13], these results improve many known common
fixed point theorems. In order to generalize and unify
further these results, in this note, we shall discuss and
obtain some unique common fixed point theorems for a
family of more general non-self maps satisfying ¢ -
contractive condition on closed subset of a complete
metrically convex metric space.

We need the following definition and lemma in the
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sequel.

Definition 1.1. ([4,5]) A metric space (X,d) is said
to be metrically convex if, for any x,ye X, with
X#Yy, there exists zeX , z#x, z#Yy such that
d(x,2)+d(z,y)=d(xy).

Lemma 1.2. ([3,4]) If K is a nonempty closed subset
of a complete metrically convex metric space (X,d),
then for any xeK and yeK, there exists zedK
such that d(x,z)+d(z,y)=d(xy).

Let @ denotes a family of mappings such that each
fed, ¢:(}R*)5 — R is continuous and increasing in

each coordinate variable, and also A(t)=¢(t,t,2t,t,t) <t
forevery t>0,where teR" =[0,x).

Obviously, ¢(0,0,0,0,0)=0.

There exist many functions ¢ which belongsto @ :

Example 1.3. Let 4:(R* )5 — R* be defined by

1
¢5(t1.'[2,tg,,t4,t5)=7(t1 +t +t +t, ).

Then obviously, ¢e®
Example 1.4. Let 4:(R* )5 —>R* be defined by

Pttt L) = % I (L))t )

Then obviously, ¢ is continuous and increasing in
each coordinate variable, and
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1 ZIn (L+t)(L+t)(1+ 2t )(1+1)(1:+1)

At)=g(t.t,2tt,t)=

6 6
<=In®<=t<t.
77
Hence ¢e®.
Example 1.5. Let ¢: (}R*)S —R* be defined by

1
7(arctan t, +arctant, +arctant,

Pttt ) =
+arctant, +arctant;).

Then obviously, ¢ is continuous and increasing in
each coordinate variable, and

A(t)=g(t,t,2t,t,1)

1
= 7(arctan t-+arctant +arctan 2t +arctant +arctant)

=%(4arctant+arctan 2t) < %(4t +2t)<t

Hence ¢ e ®.

2. Unigue Common Fixed Point

Here, we will discuss unique existence problems of
common fixed points for a family of non-self mappings
satisfying certain ¢ -contractive condition and certain
boundary condition in complete metrically convex
spaces.

Theorem 2.1. Let K be a nonempty closed subset of a
complete metrically convex metric space (X,d), and
{T.:K— X}, afamily of non-self maps such that for

each x,yeK and i,jeN with i<j,
d(TxTy)<ag (d(xTx),d(y.Ty).d (xTy),

o))

d(y,Tix),d(xy)),
where O<q<% and ¢ e® for each ieN. Further,
if T(0K)cK for each ieN, then {T,}  has an

unique common fixed point in K.
Proof. Take an x, € K. We will construct two se-
quences {x,} and {x;} inthe following manner:
Define x =Tx,. If xeK, put x,=x;if xeK,
then by Lemma 1.2 there exists x, €dK such that
d(Xp, % )+d(x,x)=d(x%,x). Define x,=T,x. If
X, €K, put X,=x,; if x; K, then by Lemma 1.2
there exists x, € 0K such that
d (X, %, )+d(x,, %) =d(x,X;). Continuing in this way,

we obtain {x,} and {x'}

n n "

I) XI,1 _Tan 1
ii) if x, e K ,then x, =x;
i) if x| eK then there exists x, 0K such that

d (X4, )+d(X X, )=d(x, 5, X)) by Lemma1.2.

n’n
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Let P={xe{x}:x=x} and Q={xe{x}:x=x]},
thensince T,(6K)c K forall ieN, itis easy to show

that x, €Q implies x, X, €P (2)
Now, we wish to estimate d (x,, X,,,). We can divide

n? n+l

the proof into three cases in view of (2).
Casel. x,,X,, <P, wehave

d (X X ) =0 (X0, X1 ) = A (To X040 T X))
<0, (A (X0ps ToXog ) 8 (%0, TosXy ),
d (X1 TheaXe )24 (%0 ToXo s ), d (X1, %, )
=0, (d (X2 %0 ), (X0 X12), 8 (X1 %0,2), 0.0 (X, )}
<q¢( (X %028 (%00 [ (%00 )+d (%0 %) ],
X1 %))-

( %) <d(x
X,.1) < 0¢y (d (

2d (X, %), d
<qd (X, X,.1)-

Which is a contradiction since q <% , hence we have

3
2+ X,1), then (3) becomes
Xn ' Xn+l)}

(xn,xM) d (X, X1))

n’ n+l

that d(X,,%,,1)<d (X, 1,%,) -
becomes the following

d (X X1) <Ay (A (X010 %0 ), A (X000 %)}
2d (X, 1%, ),d (X1:%,),d (X1, %,)) (4)
<qd (X140 %,)-
X, €Q, then by iii) and (2), we

In this case, (3) further

Case Il.
have

A (X Xp1) < (X0 X000 )+ 0 (X1 X001
=d (X, X0y ) =d (X0, X0hy ) = d (T X g, ThanXy )
<ad, (d (X0g ToXos )2 d (%, TaX,),
d (X g T )0 (X, T X ), A (%, 0%, )
_q¢n( (X% )00 (X0, X0,0) 0 (%0001, 000 (X, n))
<Q¢n( (X X0 ), A (X0, X01) [d n %o ) +d (X, n+1):|’

Xn 1’Xn)

X, €P,

(%)
If d(x,%)<d(x,,x,.), then we obtain from (5)
that

d(Xn’Xn+l)<q¢ (d( n’ n+l) d(Xn'Xn+l)
2d(xn’xn+1) d(xnlxn+l) d(xn'xn+l))
<qd( n? n+1)
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Which is a contradiction since q <% , hence

d (X, 1, %,)=d(x,,x,,). Inthis case, we obtain from (5)
that

d (X, Xy ) < d (X, X))
<0, (d (%00 %,),d (X010 %, ),
20 (X, 0%, ), d (X040 %, ), d (X%, )
<qd (X1, %, ).

Case Ill. x,€Q, Xx,.,€P. By (2) and iii), we know
X,_, € P, and we obtain that

d (X, Xy ) < d (X, X)) +d (X, X0 )

(6)

<d (X g, %, ) +d (X, X)) +d (X, X, )
=d (X, 4, X, )+d (X, X,1)
d(Xn l’Xl,w)+d(Xn7Xn+1)
d(Xn l’X;)+d(Tan 17Tn+1X ) (7)
Sd(Xn 1 )+q¢( ( n-1? n nl)'d( +1Xn)’
d (%0 TraXa ) 8 (X0 ToXea ) d (X0 %))
=d(Xn 1’Xn)+q¢( ( n-1? ) (Xn’Xn+1)
d (X1 X01),d (X0 X0),d (X1, %, ).
Since d (X, %, )+d (X, X;)=

4% X0),

d (X1, X )<d(nl, x,) and d(x,,x;)<d(X,X),

hence (7) can be restated the following
d (X, %)
<d (%10 %) + A (A (%000 A (X0 X500
d (X 10 %00) 8 (X1, ) 0 (X0 g0 X))
<d (X, X7 )+ 06, (d (%1% )8 (X0 X01)2 0 (Xg0 X, )
+0 (X0 X1 )0 (X1, X0 ), d (X0 X))
<d (X, X0 )+ 06, (d (%1% )08 (%00 X012 (Xg0 X0
0 (X0 X1 )8 (X000 %), (X g0 X))
©))
If d (X Xy ) <d (X0 X
d (Xys Xper) <A (X1, )+q¢( (X Xpe1) 1 0 (X X001 ),
20 (X X001 )2 8 (X0 X1 )2 A (X X01))
<d (Xog %) +9d (X Xpon )

), then (8) becomes

hence

<1y (X1, X7 ).

d (X, Xy ) <

n? “n+l

and therefore, by (6) in Case Il, we obtain
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1 ,
d(xn’Xn+l) _qd(xn 17Xn)sﬁd(xn 2 nl) (9)

d(X, 4. %, ), then (8) becomes

H

If d (X, Xy) <

no Xni1
d (X, Xo,1)
<d (Xg: X, )+ 06, (d (X0 %), 0 (X0 %,),
2d (X, 0% ), d (X012 %), 0 (X1 %))
<d (X, %) +0d (X, 5. %,)
=(1+0a)d (%1, %,).
By (6) in Case Il again, we obtain that
d (X, X ) < (1+q)d (X, 4, X))
<1+ a)ad (Xy_p, Xy )-

Thus in two situations, we obtain from (9) and (10)
that

(6102 S (L) 0% ).

Hence in all three cases (see, (4), (6), (9) and (10)), we
find that

d (X, Xput)

n “n+l

<max{a L (1 a)amax{a (5 %) A (4,0

VneN,n>2.

(10)

Let M:max{q,li,(uq)q} , then 0<M <1
—-q

since 0<q <% , and we have that

d (X, Xo1) <M max{d (X, 5, %1 ),d (X1, %, )}
forall ne N with n> 2.

And therefore,
d(xn'Xn+l) (M)E_lmax{d(XO’Xl)'d(Xl‘XZ)}
for all n e N with n> 2.

Let 5=(M) " max{d(x,%).d(x,x,)}, then

d(X,, %, )<(M)26 forall neN with n>2. Hence
for m>n>N,

8 (%% )< Y70 (X %) S 37 (M)2 5 >0

as N —+o0. Which means that {x,} is a Cauchy se-
quence. Letp be a limitof {x },then peK since Kis
closed and x,eK for all neN. From (2), we are
easy to know that there exists an infinite subsequence
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{%,} of {x} suchthat x, ,eP. Hence

T X, =X For any fixed neN, we can take

K nk+l n +1

keN suchthat n<n,,then
d(T,p, p)<d(T,p, T, %, )+d (T, X, . P)
=d(T,p.T, %, )+d (%, .. P)
<q¢( p, (x Tx) ( Tkxnk),

T.p).d
(Tp Xn ) ( ”k)) ( ”k*l'p)
=g, (d (P T, ), d (%, X 0) 0 (P X, ),
(p.x

4(Tpx, )18 (Poxy ))+d (6 p)

Let k — +oo, then by the continuity of ¢, the above
becomes

d(T,p, p)<ag, (d (T,p. p).d(p. p).d(p.p),
d(T,p.p).d(p.p))+d(p.p)
<qg, (d(T,p, p).d(T,p, p),
2d(T,p, p).d(T,p,p),d(T,p, p))
<qd(T,p. p).

Since 0<q<1, d(T,p,p)=0, ie, T,p=p. This
completes that p is the common fixed point of p{T} .
If uand v are common fixed points of {T,} _,then

d(u,v)=d(Tu,TyV)

<qg (d(u,Tu),d(v,Tv),d (u,T,v),d (v, Tu),d (u,v))
=0¢,(0,0,d (u,v),d (u,v),d (u,v))

<qg (d(u,v),d(u,v),2d (u,v),d (u,v),d (u,v))

<qd (u,v)

Hence d(u,v)=0 since 0<q<1; this is, u=v.
This completes that {T,} has an unique common
fixed point p.

The following is the very particular form of Theorem
2.1:

Corollary 2.2. Let K be a honempty closed subset of a
complete metrically convex metric space (X,d), and
{T.:K— X}, afamily of non-self maps such that for

each x,yeK and i,jeN with i<j,

neN

d (Tix,Tj y) < %(arctan d(x,T;x)+arctand (y,Tj y)
+arctand (x,TJ. y) +arctand (y, T;x)+arctand (X, y))

Further, if T,(6K)c K foreach ieN,then {T}
has an unique common fixed point in K.

Copyright © 2012 SciRes.

Proof. Let q:% and ¢ =¢ be that in Example 3

for each ieN, then g and ¢ satisfy all conditions of
Theorem 1, hence {T;}.

ieN
point in K by Theorem 2.1.
From Theorem 2.1, we can obtain more general forms
than Theorem 2.1.
Theorem 2.3. Let K be a nonempty closed subset of a
complete metrically convex metric space (X,d), and
{T.:K— X} afamilyof mapsand {m} _ afamily

ieN ieN
of positive integers such that for each x,ye K and
i,jeN with i<j,

d (Timi X,T," y) <qé (d (xT"x).d (y,ij" y),

d (X,ijj y),d (y,Timix),d (x, y))

has an unique common fixed

where 0<q<% and ¢ e® for each ieN. Further,

if T"(0K)cK forall ieN,then {T}
common fixed point in K.

Proof. Let S, =T™ for each ieN, then {S} .
satisfy all conditions of Theorem 2.1, hence {S,} _ has
an unique common fixed point pe K.

Next, we prove that p is also an unique common fixed
pointof {T,}._ . Infact, forany fixed ieN,

S (T, (p))=T""(P)=T,(S:(P))=Ti(p),

hence T,(p) is a fixed point of S; for each ieN. For

has unique

any jeN with j>i,

d(T.(p) ( )) d(S,(Ti(p)).8;(Ti(p))
<qg (d(T T.(p)).d(T(p).S; (T ().
d(T( )vd(Tu(p)’ (Ti(p))).
d(T.(p), ))

<q4,(d(T ,SJ(T.(p))),d(Ti(p),S,(T.(p))),
d(T ’SJ T ))),d(Ti(p),Sj(Ti(p))),
(d(T(p 'S,(T. p)))

Sq(d(

T.(p

Since 0<q<1, (Ti(p,
plies that T, (p)=S, (T (p)).
with j <i, we can obtain that

d(T(p).S;(Ti(p))) < ad (T.(P).S;(Ti(p))) . hence

T,(p)=S;(T,(p)). Therefore T,(p) isacommon fixed

point of {SJ’},-EN

A (T (p)))_O which im-
Similarly, for any jeN

for all ieN. By the uniqueness of
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common fixed point of {SJ}J-EN ,wehave T,(p)=p

for all ieN, this means that p is a common fixed point
of {T;}.,- If uand v are common fixed points of
{T:},.,,» then u and v are also common fixed points of
{Si}iEN, hence again by uniqueness of common fixed
points of {S;}._, we have that u=v=p, This com-
pletes that p is the unique common fixed point of
Tt .

{ I'I}'risorem 2.4. Let K be a nonempty closed subset of a
complete metrically convex metric space (X,d), and

(T, K> X}i‘jeN a family of maps and {mi'j}i,jeN
family of positive integers such that for each x,yeK

and ii,, jeN with i <i,,
o(1y Ty )<, o (xiy oy ),

d (x,Ti:‘J?'j y), d (y,Tilnf‘jl'j x),d (x, y))

where 0<q<% and ¢ ;e® foreach (i, j)eNxN.

Further, if 1) T (6K)< K forall i,jeN;?2)
T T =T T

i p iV i i u

{Ti'j}i o has an unique common fixed point in K.

for all i,i,, v with g=v, then

Proof For any fixed jeN, {T, | , has an unique

common fixed point p; e K by 1) and Theorem 2.3.
Now, we prove that p, = p, forall x,veN.In fact, for
each ii,, r,veN with u=v, since T, ,(p,)=n,

and T_,(p,)=p, hence T, , ('I'w(pv)):Til,ﬂ(pv), and

therefore T, , (TW ( p)) =T, (Tw ( pv)) =T, .(p,) by
2). This means that T, ,(p,) is a common fixed point

of {T,,}  forall ieN,But{T, | - hasanunique
ihe

ihe
common fixed p,, hence T, ,(p,)=p, forall ieN,
which implies that p, is a common fixed point of

{Til'ﬂ}ileN’ hence p, =p, since p, is the unique com-
mon fixed point of {Tw}i1 -Let p'=p;, then p’ is

the unique fixed point of {Ti'j}ij . This completes our

proof.
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