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Abstract

For the study of some complex physical, biological and other phenomena, it is
difficult for the traditional integer differential equations to describe these pro-
cesses accurately. In this paper, by means of the Guo-Krasnoselskii fixed point
theorem, we study the existence of positive solutions to boundary value prob-
lems for a class of fractional differential equations with p-Laplacian operators.

(2 (¢, (Dru(1))))= f (tu(y)). tefoa]

(#,(D2(0))) = (4, (D20 (D),
u(0)=u(1)=u'(0)=u'(2)=0,

arereal numbers,both D/ and D¢, arein the range of standard Riemann-

£+l=1, and
q

where fe(1,2] , ae(34]

Liouville derivatives, ¢,(s)= |S|p72 s, pe(lL+»o), ¢;1 =4,
f € C([0,1]x[0,+00) =[0,+0)).
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1. Introduction

In the field of modern mathematical analysis, the theory of differential equations
likes a shining pearl, continuously exuding its fascinating charm and guiding nu-
merous scientific researchers to explore its depth and breadth. With the continu-
ous development of science and technology, when people study some complex

physical, chemical, biological and other phenomena, they find that traditional in-
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teger differential equations are difficult to describe these processes accurately [1]-
[3]. Boundary value problems is a key of differential equations, the study of
boundary value problems of fractional differential equations not only greatly en-
riches the theoretical system of differential equations but also provides a powerful
mathematical tool for solving practical problems. For example, in the heat con-
duction problem, by setting boundary value conditions such as the boundary tem-
perature or heat flux density and solving the boundary value problem of the frac-
tional heat conduction equation, can accurately master the temperature distribu-
tion inside the object, which is of great significance for the analysis of the thermal
properties of materials and the optimization of industrial heating and cooling pro-
cesses [4] [5].

Positive solutions often have clear physical meaning in practical applications,
among numerous boundary value conditions, the boundary value conditions with
the p-Laplacian operator are unique [6]-[14]. Currently, the research on the exist-
ence of positive solutions to the boundary value problems of fractional differential
equations with boundary value conditions of the p-Laplacian operator is still rel-
atively scarce. Existing research methods face many challenges in dealing with the
coupling problem of such complex boundary value conditions and fractional dif-
ferential equations, and there is an urgent need to develop new mathematical anal-
ysis methods and techniques. Therefore, fractional differential equations and dif-
ferential equations with p-Laplacian operators have attracted extensive attention
from mathematicians, and a large number of special studies have been conducted
on various problems of fractional differential equations [15]-[23].

In [9], the existence of positive solutions to a class of fractional order differen-
tial equations with p-Laplacian operators is investigated, and using the iterative
method of monotone boundary value problems, results are obtained for the exist-

ence of positive solutions:
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where ¢, (s)=[s|""s, pe(L+w), l<a<2, 0<f<a-1, 0<&<l,
O<np<1l, a>0, b>0 and 1-ag“”*>0, 1-b*'"*>0, f iscontinuous
on [0,1]x(0,+%)— (0,+00), D” isthe Riemann-Liouville fractional derivative.
The differential equations discussed in the literature [9] contain fractional order
derivative terms, based on which in this paper we consider differential equations
with both integer solution derivative terms and fractional derivative terms of the
p-Laplacian operator. Higher-order problems make derivatives more complex
and impose higher requirements on the regularity of solutions. In this paper, by
constructing a new cone, which require the construction of a new Banach space

to satisfy the Guo-Krasnoselskii fixed point theorem. While the term p-Laplacian
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operator fractional order derivative does not appear in the above literature, in this

paper we consider the following boundary value problem:
(02 (4, (Psu (1)) = f (Lu(v), tefod],

(5, (0200} ~{s. D300 8
u(0)=u(1)=u'(0)=u’'(1)=0,

where 1<fB<2, 3<a<4 are real numbers, D/ , D¢ are standard

|S|p—2 1 1

Riemann-Liouville derivatives, ¢, (S) = s, p>1, ¢p = ¢, -|-a =1,

f :[0,1]x[0,4+00) —[0,+c0) is continuous.

In order to obtain our main result, we neeed the following Guo-Krasnoselskii
fixed point theorem[1] [2].

Theorem 1 Let E be a Banach space and let P be a cone in E . Assume
that Q, and Q, are bounded open subsets of E such that Q, = Q,, and let

AP (§_22 \Ql) — P be a completely continuous operator such that either
(1) ||AX|<|x|| for xePnoQ, and |Ax|>|x| for xePnoQ, or

2) |Ax|=|x| for xePnéQ, and ||Ax|<|x| for xePnaQ,.
Then A hasa fixed pointin P (Q,\Q,).

2. Preliminaries

For convenience, in this section, we will give some basic theory of fractional order
calculus.

Definition 1 [15] The Riemann-Liouville fractional integral |ju of order
o Is defined by

(gu)() =L [1E% g

T(a)®(t —S)l_a ’

Definition 2 [16] The Riemann-Liouville fractional derivative Dj.u of order
« is defined by
o 1 d" -t u(s)ds
(D0+u)(t) = _n_[g ( )a—n+1’
F(n—a) dt (t_s)

Lemma 1 [3] Zet >0, ueC(0,1)NueL(0,1). Then fractional differential
equation Dg.u(t)=0 has unique solution

nz[a]—i-l, t>0.

U(t):clta—l_i_cztafZ +'”+Cnta7n,ci eR, i=0,1---,n,

where n>[a]+1.
Lemma 2 [24] Let ueC(0,1)NueL(0,1) and Dju(t)eC(0,1)NL(0,1),
a>0. Then

I, Dyu(t)=u(t)+et et 4 4ct*", ¢ eR, i=01--,n,

where n 2[a]+1.
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3. Main Results

Let E=C[0,1] bea complete space and define norm ||u|| =max|u (t)| and

0<t<1

P={ueE|u(t)=0} on E.Clearly E isaBanachspaceand P isaconeof
E.

For convenience later on, the operator T is first defined on the cone P as
(Tu)(t)=[[G(t.s)¢, (I:H(S,T)f(r,u(r))dr)ds.

Lemma 3 Let Yy is a given continuous function on [0,1] , 1<p<2,
3<a <4, then the BVP

(04 (4, (Psu(1)))) =¥ (1), te(0.),

(%(D&iu(o)))' =(¢F,(Dg+ (1)))207 2)
u(0)=u(1)=u'(0)=u'(1)=0,
has a positive solution of

:I:G(’[,S)qﬁq (I:H (s,r)y(r)dr)ds,

where
(1 s)“',0<s<t<1.
S(ts)= b |1t 0 3)
[(a) |t (1-5) 7, 0<t<s <1,
—st) 7 —(s—7)"",0<r <5<,
H(s.7) = 1 |(s—s7) 1 (s—7) T<s @
L(B)|(s-sr) ", 0<s<r<l.
Proof 1 The p order integrals are obtained for both sides of equation
DY (¢p (Dg‘+u (t))) =y(t), we know that
» 1 t -~ _ _
¢p<D0+u(t)):mfo(t—r)ﬂ ' y(r)dr+ct’ ™t +ct’?,c.c,eR
and
! 1 t -2 _
Dju(t))) = t—7 r)dz+ ~th?

+c,(B-2)t77,

which together with the boundary condition

(¢,(0u(0))) =(4, (D5u () =0,
implies that

1 p-1
C, :—mj.o(l—r) y(r)dz',c2 =0.

Put c,c, into (5), we know
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9, (Déiu (t)) :ﬁﬁ(t -7)" y(r)dz'—%j;(l—r)ﬁ_1 y(7)dr
_ t'(”ﬂ) ‘[l(l—r)ﬂ1y(r)dr+$j{;(t—r)ﬂly(r)dr

o (- r) ('[—z')ﬁ_1 1'["7"1(1—1')ﬁ_1
- J'O{ ) - ) Jy(r)dz”rj.t—r(ﬂ) y(7)dr

1
:—_[ Hitz

0

Since ¢," =g, , let ¢(I:H(t,r)y(r)dr):v(t),wehave
Dy u(t)=—v(t).
The « order integrals for both of equation Dg u(t)=-v(t), then
1 t a-1 1

u(t)=———| (t—=s) "v(s)ds+dt”

(0= =51 (o), .
+d,t 2 +dt" P +dt ", d; e R(1=1,2,3,4).

Combine the boundary value conditions u(0)=u(1)=u’(0)=u’(1)=0, we have

1 1 a-2
dlzmjo(l—s) v(s)ds,
d,=d,=d, =0,

Therefore, BVP (2) has a unique solution:
1

u(t)= ——J';(t - s)“‘lv(s)ds+

I'(a)

ta—l
I'(a)

I:(l—s)a_zv(s)ds

2

=j:G(t,s)v(s)ds.

Lemma 4 The function G(t,s),H (t,s) satisfy following properties:

(1) (t,s)e[0,1]x[0,1],

G(t,s)=0,H(t,s)=0; (7)

(2) (t,S)e[O,l]x[O,l),

G(t,5)<G(Ls),H(t,;s)<H(s,s); (8)

(t
(3) exists two positive function k(s),q(s)eC(0,1), satisfy
{nlnzG(t,s)zq( ymaxG(t,s)=0q(s)G(Ls),s<(0,1); 9)
55[35

0<t<1

TtlﬂH(t ,s)=k(s )gli)fH(t s)=k(s)H(s,s),s€(0,1). (10)

Proof 2 (1) According to the expression for the Greernr' s function, property (1)
holds and we only need to verify the other two properties.
(2) First, under the known conditions, if 0<s<t<1, then
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06 (1) _ (a1t (1-s)"* ~(a-1)(t-s)"

ot I'(a)
[ts)] ()
I'(a-1)
(t=ts) 7~ (t-5)"" §
B CE

and if 0<t<s<1, then
2

oG (t,s) _ (a-1)te?(1-s)" S0,
ot I'(a) -

So, G(t,s) isincreasing on t.Lemma 4 (1) and the monotony of G(t,s), we
have

G(t,s)<maxG(t,s)=G(Ls).

0<t<1
Next, we study the property of H(t,s),if 0<s<t<1, then
oH(ts) (B-1)(t-ts) *(1-s)—(B-1)(t-s)""
a r(p)
_(t=ts)" " (1-5) (t-9)""
F(ﬂ 1)
(s (t-s)"
- r(s-1)
tﬂz(l S ()
- r(s-1)
_(t-ts) —(t-s) ZSO.
F(ﬂ—l)
So, H(t,s) isdecreasingon t,therefore H(t,s)<H(s,s).
If 0<t<s<1,then

oH(ts) _(B-Dt"?(1-s)" 0
ot r(B) o

So, H(t,s) is monotonically increasing with respect to t, therefore
H(t,s)<H(s,s), thatis (8) stands.
(3) Utilizing the monotonic property possessed by the Green’s function

G(t,s), let
0 (ts)= e S);(;—) (t-s)" :
ALY =%
then
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1 1
gl(g,sj, SE(O,g:‘,
{nir;G(t,s): . (11)
373 g, —,sj, SE|:§,1J,
where
1 a-1 " a-1
9(15}(3) {5
3 I'(a) '

B T

Utilizing the monotonic property possessed by the Green’s function G(t,s),

we have
_ _(1-s) - (1-s)
maxG(t,s)=G(1s)= o) ,
let
1\ w2 (1 Y7
o) o) 1
1-5) " —(1-s)" 6[0'5 ’
q(s)= (H (12)
< (l_s)a—Z
e
RS
then, (9) stands.
Utilizing the monotonic property possessed by the H (t,s), let
(t-ts)™ —(t-s)""
t,s)= ,
(t-ts)”
h, (t,s)= ,
(t:s) T 5)
then
h{%,s], SE(O,%:|,
. . 2 1 12
EIIEH(LS): mln{hl(g,s],hz(g,s]}, sa[ggj (13)
gz(%,sj, SEE,lj,
hl(g,sj, se(0,r],
- (14)
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where
1 1
o 5
hl(_'sj= ,se[0,r],
3 r (ﬁ)
p1
[1(1— s)}
1 3
h, (—,sj ==————=—s¢[r1].
3 r'(pB)
Utilizing the monotonic property possessed by the H (t,s), we have
— AL
maxH (t,5) = H (s,5) = S2=5)
0<t<1 F(ﬁ)
let

k(s)=y  [s-9)]"

then, (10) stands.

Theorem 2 T:P — P is completely continuous.

Proof 3 First, for any For any u in P, according to the continuity of
G,H, f, it can be concluded that T is a continuous function. Takes a bounded
subset Q) of P, it is always possible to find a constant B that is nonnegative and

satisfies ||u[|<B, ueQ,let L= max |f (t,u(t))|+1, we have
0<t<1,0<u<B

(Tu)(t)z‘_[:G(t,s)qﬁq (JH (s (z',u(z'))dz')ds‘
<L[,6(15)4, [ H (s.7)dr ds
<L 6(Ls) ([ H (r7)dr Jds o,

which indicates that T(Q) is uniformly bounded.

Next, for any (s,t)€[0,1]x[0,1], since G(t,s) is consistent continuity, so
fixing s on [0, 1], then for any €>0, there exists ¢>0 such that when

t.t, €[01], t <t,,

t,—t|< 5, we have

G(t,,5)-G(t.s)|=

€

Lq—1¢q (J: H(z, r)dr) ,

that is

[(Tu)(t,) ~(Tu)(t)

SIS\[G(tz,s)—G(y,s)Jqﬁq (LM () f(ru(r))ar)
< [16(6.9)-G (L s)y ([ H (5:2) £ (ru(2))de s
<L [16(t,.5)-G (454, -(jo (T,r)dr)ds

<E,

ds
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which indicates that T () is equicontinuous. By Aezela-Ascoli theorem, we
know that T :P — P is completely continuous.

Easy to read, we remember

M :(j;c;(l,s)dsqﬁq ([;H (T,Z')dT))il,

2

N :(ij(s)G(l,s)ds-gqufk(z')H(r,z’)erJ_ :

Theorem 3 Now let f e C([O,l]x[0,+oo) N [0,+oo)) . At the same time two
different positive numbers 1, t, and t,>1, >0 satisty the following two

conditions,

(H) f(t,u(t))z(er)‘H,(t,u(t)){%,ﬂx[o,q];
(H,) f(t,u(t))Z(Mrz)pfl,(t,u(t))e[0,1]><[0,r2].

The BVP (1) has only one positive solution u,and r, < ||u|| <r,.
Proof 4 Let

Q, ={ueP||u|<nr},
Q, ={ueP||u]<r}.

Then for any uedQ,, we get 0<u(t)<r,te[0,1], which together with (H,)

and Lemma 3 implies that
(Tu)()=[,6(68)¢s ([;H (5.7) f (7u(z))dr s

2 2
> min Nﬁff a(s)G(1, s)ds¢qj13 k(z)H(z,7)dr
gstg 3 3

2
3

=1 =[uf.
This implies that for any U e dQ,, thereis |Tuf <|u].
For any uedQ,,weget 0<u(t)<r,te[0,1] which together with (H,) and

Lemma 3 implies that
o) ©)=max|[:6 (t.5) (] H (5.0) (r,u(r))dz')ds‘

<M [, 6(Ls)dsd; ([;H (r.r)de)

=t =[ul.

This indicates that |Tu|| > |u|, for ueaQ,.
Therefore, it follows from Theorem 1 that the operator T has a fixed point u,

which is a desired positive solution of BVP (1).

4. Conclusions

Based on the theory of fractional differential equations, which is widely used in
physics, engineering and other fields for describing complex systems memory and

non-local characteristics. In this paper, we conduct an in-depth discussion on the
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Riemann-Liouville boundary value problem of fractional differential equations
with a multi-term p-Laplacian operator fractional differential equation. Compared
with the literature [9], this paper considers both integer and fractional orders for
the derivative term.

Firstly, we derive the corresponding Greens function through strict deduction
and analyze its non-negativity, monotonicity and boundedness, which lay the
foundation for subsequent positive solution research.

Secondly, we transform the original boundary value problem into an equivalent
integral equation, converting the differential equation solution problem into an
integral operator fixed point problem.

Finally, combined with the fixed point theorem on cones, the existence of a
positive solution for the boundary value problem (1) is obtained. The results of
this paper not only provide a new theoretical perspective for the study of boundary
value problems of fractional differential equations with p-Laplacian operators, but
also enrich the work of existing literature, which is great theoretical significance
for the qualitative analysis of boundary value problems for multiple fractional dif-
ferential equations. We expect that future research can further explore on this ba-

sis.
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