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http://creativecommons.org/licenses/by/4.0/ Th hout thi ider finit directed simpl h d foll
roughou 1S paper, we consider Iinite undirected simple grapns an ollow

the notation and terminology of [1].

Let G=(V,E) be a graph and we use 5(G), A(G) and @(G) to denote
the minimum degree, the maximum degree and the number of components of the
graph G, respectively. For a vertex veV(G), we use N;(v) to denote the
neighborhood of v in G.Let S beasubsetof V(G). Weuse G[S] to de-
K, and C, to de-
note the path, the complete graph and the cycle of order 7, respectively, where
K, iscalled triangle. Let K

note the subgraph of G induced on S, and also use P

n?

mn 18 the complete bipartite graph with partition sets
ofsize m and n.Wecall K,; and K,, aclawand a star, respectively.

Let H be a given graph. A graph G is said to be H -free if G does not
contain H asan induced subgraph. For a set of connected graphs H. A graph
G issaidtobe H-freeif G doesnot contain A asan induced subgraph for
all H eH .Theset H wasdefined as the set of forbidden subgraphsof G.We

call ‘H aforbidden pair if |H| =2. A subgraph containing all vertices of G is
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called a spanning subgraph of G.If G contains a spanning cycle, then G is
Hamiltonian. A subgraph of G is called even if its degrees are all positive even.
A subgraph of G is called an even-factor if it is an even spanning subgraphs. A
subgraph of G is called 2-factor if it is an even factor its degrees are all two. A
graph is called supereulerian if it contains an even factor with exactly one compo-
nent. For a subset X c E£ (G) , the contraction G/ X is the graph obtained G
by identifying the ends of each edge in X and then deleting the resulting loops.
Note that the edgesin E(G/X) canbe regarded as edgesin E(G).If H isa
subgraph, then we use G/H for G/E(H).A graph H isa minorif it is iso-
morphic to the contraction image of a subgraph of G. A graph H is called an
induced minorif it is isomorphic to a contraction image of an induced subgraph
of G.

In 1972, Richard M. Karp [2] proved that the Hamiltonian problem is NP- Aard.
After that, Pulleyblank pointed out in [3] that determining whether a graph is
supereulerian is NP-hard, even when the problem is restricted to planar graphs.
In most cases, when studying the Hamiltonian problem or the Supereulerian
problem, we tend to start with the conditions of forbidden subgraphs.

In 1991, Bedrossian first gave all connected forbidden pairs for hamiltonicity of
2-connected graphs in [4]. In 1997, Faudree and Gould further proved this result
of Bedrossian in [5] by completely characterizing all forbidden pairs for hamilto-
nicity 2-connected graphs with sufficiently large order.

Theorem 1. (Faudree and Gould [5]) Let R, S be connected graphs of order
at least three other than P,. Then every 2-connected {R,S} -free graph with or-
der atleast n, ishamiltonianifandonlyif R=K; and S isaninduced sub-
graphof B, B,, Ny, Z;.

Meanwhile, they also characterized the case of a forbidden subgraph for hamil-
tonicity of 2-connected graphs.

Theorem 2. (Faudree and Gould [5]) Let H be a connected graph of order at
least3and G bea2-connected graph. Then G is H -freeimplies G isham-
iltonian ifand only if H =F,.

A wheel W, is the graph obtained from the cycle C, =uu,---u,, and an ad-
ditional vertex u by joining u with u, for ue{l,2,---,n}.Define W, tobe
the graph obtained from ¥, by subdividing each edge of E(C,) once.Let W,
be the graph from C, and K, byjoining K, to three non-adjacent vertices of
C,.Let F, bethegraphfrom C, and P, byidentifyinga vertex of C, with
aendvertex of P,.Let Z, be the graph by identifying end vertices of one path of
length i to the one vertex of triangle. Let B, ; be the graph by identifying end
vertices of two disjoint paths of lengths i, j to the two vertices of triangle. Let
N, ,, be the graph by identifying end vertices of three disjoint paths of lengths
i, j, k to the three vertices of the triangle. Here Z,, B, ,, N,,, with
{i,j,k} =1, see Figure 1.

In 1995, Lai [6] considered the same problem and obtained the following result.

Theorem 3. (Lai [6]) Let G be a 2-edge-connected graph. Then every 2-edge-
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connected graph induced subgraph of G is supereulerian if and only if G has

no induced minor isomorphic to a member in W.

® ¢ M [ ] [ ) [ ]
il *i; vt R

1: 1: k: lo ]o .
Z; By Nijk Tigk
M LA W, 2

Figure 1. Some common induced subgraphs and W, , W, .

Over time, many researchers have shifted their focus from the study of Hamil-
tonian problems to the exploration of graph factorization problems. In [7], Tutte
proved that a proved G has a 1-factor if and only if the deletion of an arbitrary
vertex set § makes G-S have at most |S | odd branches. Later, Gallai in [8]
began to facous on k -factors. In 2007, Plummer published a survey article on
graph factorization in [9], which is widely regarded as the most authoritative lit-
erature on graph factorization problems.

In 2008, Xiong [10] gave a necessary and sufficient condition for a claw-free
graph G to have an even factor.

Theorem 4. (Xiong [10]) Let G be a claw-free graph. Then G has an even
factor if and only if §(G)>2 and every odd branch-bond of G has an edge
branch.

Furthermore, in [11], he extended the above result and characterized all forbid-
den subgraphs H such that every H -free graph G has an even factor if and
onlyif §(G)>2 and every odd branch-bond of G has an edge branch.

Theorem 5. (Xiong [11]) Let H be a connected graph of order at least three
and G be a graph other than ¥, such that & (G)>2 and every odd branch-
bond of G has an edge branch. Then every H -free graph G has an even fac-
torifand only if A isaninduced subgraph of P, or T, ,.

It is easy to see that if there exists an even factor in a graph G, then G satis-
fies the following conditions:

1) 6 (G) >2;

2) every odd branch-bond of G has an edge branch.

In 2017, Lv and Xiong characterized all forbidden pairs of connected subgraphs
for supereulerian of 2-connected graphs with sufficiently large order in [12].

Theorem 6. (Lv and Xiong [12]) Let R, S be a pair of graphsand G bea
2-connected graph with 7>10. Then every {R,S}-free graph is supereulerian,
if and only if (up to symmetry):

1) R=K,, and S isaninduced subgraph of £ ;
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2) R=K,; and S isaninduced subgraphof P, Z,, N, ;;

3) R=C, and S isaninduced subgraphof P..

It is obviously that a supereulerian graph has an even factor and a Hamiltonian
graph must be supereulerian. In other words, a necessary condition for a graph to
be supereulerian is that it has an even factor and a necessary condition for a graph
to be Hamiltonian is that it is supereulerian.

In order to illustrate some results better, we still need some definitions. A non-
trivial path is called a branch if it has only internal vertices of degree two and end
vertices of degree not two. The Jength of a branch is the number of its edges. Note
that a branch of length one has no internal vertex, it is called an edge branch. We
denoteby B(G) the setofbranchesof G.Foranysubset S of B(G),we de-
noteby G-S thesubgraph obtained from G by deleting all edges and internal
vertices of branches of S.Asubset S of B(G) iscalled a branch cutif G-S
has more components than G . A minimal branch cut is called a branch-bond. A
branch-bond is called odd if it has an odd numbers of branches.

In 2021, Yang, Du and Xiong [13] further considered the forbidden subgraphs
for supereulerian of 2-edge-connected graphs satisfying that every odd branch
bond of G has an edge branch, and characterized all forbidden subgraphs for
supereulerian.

Theorem 7. (Yang, Du and Xiong [13]) Let H be a connected graph of order
at least three. Then every 2-edge-connected H -free graph G satisfying that
every odd branch bond of G has an edge branch is supereularian if and only if

H isaninduced subgraph of P,.

Theorem 8. (Yang, Du and Xiong [13]) Let R, S beapair of graphsand G
be a 2-edge-connected graph satisfying that every odd branch bond of G has an
edge branch. Then every {R,S}-free graph G of order at least 11 is super-
eulerian if and only if {R,S}<{T,,,.H,}, {T,,.Zs}> {T,2:Bis}> {T,2.Bs5}

{Tl,l,z»Nl,2,3} > {Tl,l,sazz} or {PsaW} .

The number of components of an even factor of a graph is a key parameter
characterizing the sparsity of the even factor: when the number of components is
1, the even factor degenerates into an even cycle; when the number of components
is at least 3, the structure tends to be complex. An even factor with exactly two
components serves as an important intermediate case connecting single even cy-
cles and even factors with multiple components, and studying its existence condi-
tions can fill the gap in the classification research on the number of components
of even factors. Meanwhile, it can serve as an intermediate target for algorithm
optimization, and can also be used to design more efficient algorithms for deter-
mining the existence of an arbitrary even factor, thereby having direct application
value for network reliability.

Motivated by their results, we characterize all forbidden subgraphs for the ex-
istence of an even factor with exactly two components in a 2-edge-connected
graph. The results as follows:

Theorem 9. Let H be a connected graph of order at least three,and G bea
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2-edge-connected graph such that §(G)>2 satisfying that every odd branch-
bond of G has an edge branch. Then every H -free graph G has an even fac-
tor with exactly two components if and onlyif A isaninduced subgraph of P,.

Theorem 10. Let R, S be connected graphs such that {R,S}#{P} . Let
G be a graph of order at least 10 such that §(G)>2 and every odd branch-
bond of G has an edge branch. Then every {R,S}-free graph G has an even
factor with exactly two components if and only if (up to symmetry):

1) R=F, and S isaninduced subgraph of F;

2) R=T,,, and S isaninduced subgraphof R, Z;, B,; or N,,;.

In what follows, we will prove the necessity and sufficiency parts of Theorems

9 and 10 in sections 2 and 3, respectively.

2. The Proof of Necessity Part of Theorems 9 and 10

In this section, we construct sixteen classes of connected graphs which satisfy that
5(G)=2 and every odd branch bond has an edge branch, but they contain no

even factor with exactly two components, see Figure 2.

Figure 2. Some classes of graphs without an even factor with exactly two components.

Proof of the necessity of Theorem 9. It is obviously that each of G, to G,
in Figure 2 contains / as an induced subgraph and satisfies 5(G)>2 and
every odd branch bond has an edge branch but it has no an even factor with ex-
actly two components. Since the graphs G,, G,, ..., G,; have no common in-
duced cycle, without loss of generality, we assume that A is an induced sub-
graph of G,,then H is K (t>3) or P(i>3).Notethat G, is K,-free,
H is P(i>3). Since the largest common induced path of G, to G, is B,
H is an induced subgraph of P,. This completes proof of the necessity of The-
orem 9.

Proof of the necessity of Theorem 10. Let R, S be a pair of connected
graphs of order at least three other than P,. It is obviously that each of G, to
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G, in Figure 2 satisfies §(G)>2 and every odd branch bond has an edge
branch but that it has no an even factor with exactly two components. Each of
them contains atleastoneof R and S asaninduced subgraph, without loss of
generality, we assume that G, contains R as an induced subgraph. Then R
is a tree or contains C; or C,.Now we distinguish the following two cases.

Case 1: R isatree.

First suppose that R isa path. We note that the largest common induced path
of G;, G, is P, then R is an induced subgraph of P if R is a path,
which contradicts our assumption.

Next we suppose that R is K, (i=3).If R is K ,(i>4), then we note
that the graphs G,, G,, G,, G,, G,, G,, G,, G,, G5, G, are 2-
edge-connected and K, ,-free, they contain S as an induced subgraph. Since
the graphs G,, G;, G;, G,, G,, G,, G,, G,, G, G, have no com-
mon cycleand G, is K ;-free, S isa path. Note that the largest induced path
of G5 is P, then S is an induced subgraph of P , contradiction. Thus,
R=K,;.Since the graph G, is2-edge-connectedand K, ,-free, it contains S
as an induced subgraph, thus § is a path or contains a cycle. Since the largest
induced pathof G, is F,then S isaninduced subgraph of F,.Nextwe con-
sider S containsa cycle. Note that the maximal induced cycleof G, istriangle,
S contains a triangle. Furthermore, S contains at most one triangle. Note that
the maximal induced subgraph containing trianglein G, is Z;, B;, or N,
S isaninduced subgraph of Z;, B;, or N, ;.

Finally suppose that R is a tree. Since the maximal induced subgraph of G,
is T;,,, wehave R=T, . Note that the graphs G,, G, G, are 2-edge-con-
nected and T;, -free, they must contain § as a common induced subgraph.
Since the graphs G,, G;, G have nocommoninduced cycleand G, is K,
-free, S must be a path. Since the maximal induced path of G, is P, then the
maximal common induced subgraph of G,, G, G, is P, S isan induced
subgraph of P, contradiction. Then R=T,,,. Since the graph G, is 2-edge-
connected and T,,, -free, it contains S as an induced subgraph, thus § isa
path or contains a cycle. Since the largest induced path of G, is £, then S is
an induced subgraph of F,. Next we consider S contains a cycle. Note that the
maximal induced cycle of G, is triangle, S contains a triangle. Furthermore,
S contains at most one triangle. Note that the maximal induced subgraph con-
taining trianglein G, is Z;, B;, or N, S isaninduced subgraphof Z,,
B;, or N, ;.Infact, K ; isaninduced subgraph of 7., , K ;-free implies
T,,, -free. Thus, {R’S} = {TZ,I,I’PS} > {T2,1,1’ZS} > {TZ,I,UB},Z} > {Tz,l,laNm,l}'

Case 2: R contains aninduced C, or C;.

First assume that R contains an induced C,.Note that the graphs G,, G,,
G,, Gy, G, G, are 2-edge-connected and C, -free, they must contain §
as a common induced subgraph. Since the graphs G,, G,, G,, G, G;;, G,
have no common induced cycle and G, is K,;-free, S must be a path. Note

that the maximal common induced path of G,, G,, G,, G,, G,, G, is £,

DOI: 10.4236/am.2026.171004

44 Applied Mathematics


https://doi.org/10.4236/am.2026.171004

D. Zhou, S. M. Lv

S is an induced subgraph of F,. On the other hand, assume S =F,. Since the
graphs G,, G;, G,, Gy, G,, are P, -free and their maximal common in-
duced subgraph containing C, is F,, R isaninduced subgraphof F,.Thus,
(RS} <{F.R}.

Finally suppose that R contains an induced C,. Note that the graphs G,
G,, G;, G, are 2-edge-connected and C, -free, they must contain S as an
common induced subgraph. Since the graphs G,, G,, G;, G, have no com-
mon induced cycle, S is a tree. Since the maximal induced path of G is P,
if S isapath, S isan induced subgraph of P,, contradiction. Then S isa
tree. We note that the largest common induced subgraph the graphs G,, G,,
Gy, G, are K5 or T,,. We assume that § is 7, ,. Note that the graph
G, is T),,-free, R isaninduced subgraph G,.We note that the maximal in-
duced subgraph containing a triangle in G, is Z;, B;, or N, ;. Thus,
{R,S} = {Tz,l,nps} > {TZ,I,]’ZS} > {Tz,l,laBs,z} > {TZ,I,I’NS,I,I} . This completes prOOf
of the necessity of Theorem 10.

3. The Proof of Sufficiency Part of Theorems 9 and 10

Before the start of this section, we still need some notations. Let G, and G, be
two spanning subgraphs of G, and we can form the spanning subgraph GAG,
of G, whose vertex setis V(G,)UV(G,) and edgesetis E(G,)AE(G,). This
graph is called the symmetric differenceof G, and G,.Note that the symmetric
difference of two even graphs remains an even graph. We denote the edge set of
{wx,uy,vx,vy} by E({u,v},{x,y}).

Let G be a connected graph admitting an even factor F with components
0,0,,,0, (t=2). Let C:); z{eeE(G)\E(F)} , where e is an edge with
two end vertices in different components of F.Let C be an induced cycle of
G with at least one edge of ©, . For any edge e=abe E(C) contained in a
triangle, denoted by T(ab) and exactly one vertexin 7'(ab) thatisnotin C.
Let

@} ={eec E(C):eis contained in a triangle 7 (e)}.

We also define an operation on the triangle T (ab):
Fo (7 (ab))
FAE(C) if eitherabeE(F)orE(T(ab))gE(F),

| FA((E(C)VE(T (ab)))\{ab}) if abe E(F)and|E(T (ab)) N E(F)|<2.

Then F, (T (ab)) is an even factor of G such that @, b are in the same
components of F, (T (ab)).

An edge of G is called a singular edge if it is not contained in any triangle.
Otherwise, it is called nonsingular.

Lemma 11. Let G be a connected graph admitting an even factor. Let F be
an even factor of G with components Q,,0,,:-,0, (l > 2) such that it con-

—~

tains as few components as possible. Then for anyedge uve®,, ueQ,, ve o,
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it holds that:

1) wv issingular;

2) E(N(u)n¥(Q).N(v)n¥(Q,))=2.

Proof of Lemma 11. 1) We choose an even factor F of G with components
0,,0,,+-,0, (t>2) such that it contains components as few as possible. Then
ue(Q,, veQ,.Assumethat uv isanonsingularedge, uv iscontainedina tri-
angle uvwu . Then FAE(uvwu) is an even factor with fewer components than
F', contradiction.

2) Conversely, we assume there exist two distinct vertices u, € N(u)NV (Q))
and v e N(v)mV(Qj) such that wuy, € E(G). Then FAE(uwwuu) is an
even factor with fewer components than F, contradiction. [

Proof of the sufficiency of Theorem 9. Let G be a {P} -free graph. We
choose an even factor F of G with components Q,,0,,---,0, (1=2) such
that it contains components as few as possible. Suppose that G has no even fac-
tor with exactly two components. Then the number of components ¢ ofany even
factor satisfies #=1 or ¢>3.If ¢r=1, then G=F isan even factor with ex-
actly one component, so E\F=¢ . Then we may choose an induced cycle
C=xxmyyx of G.Since G is an even subgraph, the degree of x is even.
Thus, there exist x,e N(x)\{xl,y} and y, e N(y)\{yl,x} . However,
G[{x,.x.x,,@.,,}]= P, a contradiction. Thus, ¢ 1, which implies ¢>2. -

To prove that =2, we assume that ¢>3. Then there is an edge xy€®,
suchthat xeQ,, yeQ, and {i,j}e{l,2,---,¢}.Since G is2-edge-connected,
such an induced cycle C always exists. Then we choose an induced cycle
C=xz-oyyx of G such that xye®, NE(C) and xz €O, NE(C).
Let {x}cN(x)nV(Q), {»} gN(y)mV(Qj) and {z,}cN(z)nV(Q,).
By Lemma 11, |V(C)| >5.Since G is P, -free, V(C)| <5. Then |V(C)|:5. If
o, eEV(Qi)uV(Q/)uV(Qk) , then F=FAE(C) is an even factor with fewer
components than F',suchthat O, O;, O, contains @, inthesame component,
a contradiction. Then @, €V (Q,) UV (Q ; ) UV (Q, ). Without loss of generality, as-
sume that @ €V (Q,). By lemma 11, xy and xz are singular, we can obtain
E({x.x ) {n.000)) =D, E({x}.{0.0,}) =2,

E({x.x,}.{z,2.2,})=@ and E({x}.{z.2,}) =@, where

[} = NO)AP(Q) i} fbe N (1) (0)\{x) and

{z,} € N(2)nV(Q,)\{z} . By the choice of C, {x@,zay}NE(G)=D . We
claim that zz, ¢ E(G). Otherwise, let T(za,)=zzmz. If zw ¢ E(F), then
F.(T(ze))= FAE (xzzymyx) is an even factor of G such that Q,, Q,, O,
are in the same component. If zw € E(F) and |{zzl,za)1,zla)l}mE(G)| <2,
then F,(T(ze))=FAE(xzz,0,yx)AE (zz,wz)\{zw} is an even factor of G
such that O, Q;, O, are in the same component. In this case, F, (T (za)l))

has fewer components than F', a contradiction. However,

G[{ Vi Vs a)l,zl,z}} = P, a contradiction. Then, without loss of generality, we as-
sume that @, € V(Qj) . We claim that z,z, ¢ £(G). Otherwise, let
T(yo)=yyoy . If yo, ¢ E(F), then F.(T(y))=FAE(xzzmyx) is an
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even factor of G such that O, Q;, O, are in the same component. If
yay € E(F) and |{yyl,ya)1,yla)1} mE(G)| <2, then

F.(T(ye,))= FAE (xzz,0,yx) AE (yy,0,9)\{y@,} is an even factor of G such
that 0, Q;, O, are in the same component. In this case, F;. (T ( ya)l)) has
fewer components than F', a contradiction. However, G[{ Vi Vs a)l,zl,z}] =P,
a contradiction. This completes proof of the sufficiency of Theorem 9. [

Proof of the sufficiency of Theorem 10. Let G be a 2-edge-connected graph.
We may choose an even factor F of G with components Q,,0,,::-,0,
( t> 2) such that it contains components as few as possible. Suppose that G has
no even factor with exactly two components. Then the number of components ¢
of any even factor satisfies =1 or ¢>3. Before present the proofs 1), 2), we
note that a cycle always existis, since G 1is 2-edge-connected and C is an in-
duced cycle. Then we can choose an induced cycle C =xzz@, @y, yx, (1=>4)
of G such that xye®, NE(C), xze®, NE(C) and z eN.(z)nV(Q,)
and y, e N, (y)mV(Q/.). Next, we will prove parts 1) to 2) of Theorem 11, re-
spectively.

1): Let G be a 2-edge-connected and {FZ,B;} -free graph. Since G is B -
V(C)| <8.Bylemma 11, |V(C)| >5.If t=1,then G=F isaneven fac-

tor with exactly one component, so E\F = . Then we may choose an induced

free,

cycle C=xxmy,yx of G.Since G isan even subgraph, the degree of x is
even. Thus, there exist x,eN(x)\{x,y} and y,eN(y)\{y,x} . Since
|V(G)| >10 , there exist at least three additional distinct vertices such that
yeN(y)\ e,y yoeN(3)\n}s vseN(y,)\{y;} . Since
G[{xZ’x7x1’a)l7yl7y3ﬂy47y5}:| zh, {wlxzsyzyl} < E(G) - However,
G[{x,.0.x.x,y,,}|= F,, a contradiction. Thus, ¢=1, which implies r>2.
Now we distinguish the following cases:

To prove that =2, we assume that ¢>3.

Case (1): |V(C)|:5.

If |V(C)|:5, then there are two edges xye(:); and xzeé\F such that
xeQ, yeQ,, ze(, and {i,j,k} € {1,2,-‘-,1} . Let {xl,xz} c N(x)ﬂV(QI.) ,
{r.m}c N(y)ﬂV(Qj) and {z,z,} = N(z)nV(Q,) . By applying Lemma
11 to xy and xz,wecanobtain E({x,x,},{3.,7.5,})=@,
E({x}.{».0,})=9, E({x.x,}.{z.2.2,})=@ and E({x}.{z.2,})=92.
Then we can choose an induced cycle C =xzzymyx.Since O, O, and O, are
different components in F , then at least one of {z®,®y} is in 0, .If
o ¢ V(Ql.)uV(Qj)uV(Qk), then FAE(C) is an even factor with fewer com-
ponents than F suchthat O, Q,, O, whichcontains @, areallin the same
component of FAE(C), a contradiction. Then o, e V(Qi)UV(Q/.)u V(Q,)>
without loss of generality, we assume that @, €V (0, ).

Claim 1: @, is not adjacent to any vertex in (N (z) "V (Q,))\{z}.

Proof: By contradiction, we first assume that there exists a vertex
zy€(N(z)nV(Q,))\{z} such that z,w € E(G). Applying lemma 11(1) to

xz,wehave E({z}.{x.x,,x})=@.Since C isaninduced cycle,
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{xo} "E(G)=@.Since G[{m,z,z.20,x,y} |£F,, zyz €E(G). Let
T(zz))=zzzyz. If zz ¢ E(F), then F.(T(zz))=FAE(xywzzx) is an even
factor of G suchthat O, Q;, O, arein the same component. If zz € E(F)
and |{zzl,zzo,zlzo} N E(G)| <2, then
Fo(T(zz))) = FAE (xymz,zx) U E(2z,2,z) \{zz,} is an even factor of G such
that O, O,, O, are in the same component. In this case, F. (T (zz, )) has
fewer components than F', which is a contradiction. This proves Claim 1. [
Since |V(G) >10 , there exist additional distinct vertices such that
zyeN(z,)\{z}, z,eN(z)\{z,}, z€N(z,)\{z} suchthat
E({z}.{z.2,,}) =D . First suppose that z,z € E(G), then
G[{zl,z, Z,,2,, 24,25}] = F,, a contradiction. Next suppose that z,z € E(G). Let
T(zz,)= 22,72 . If zz, ¢ E(F), then F(T(zz))=FAE(xymzzx) is an even
factorof G suchthat O, Q;, O, arein thesame component.If zz; € E (F)
and |{zz3,zzz,zzz3} N E(G)| <2, then F, (T(zz3 )) = FAE(xya)lzlzx)AE(zzzz3z)

is an even factor of G such that O, Q;, O, are in the same component. In

this case, £ (T (zz, )) has fewer components than £, a contradiction. By claim
1, we have {z,m,z,0,,z;0,} G E(G).Since G[{z,.2,,2,.2,2,0,} | £ F,,

zz, ¢ E(G). Since G[{yl,y,x,z,zz,z3,z4,zs}} 2P, zz;€ E(G). Since
G[{yl,y,x, z, 22,23,24,21}] 2P, zz,¢E(G). We suppose that there exists a
vertex {y,} = N(y,)n V(Qj)\{yz} . We claim that y,y ¢ E(G). Otherwise, let
T(w)=wwy - If yy,eE(F), then F, (T(yyo)) = FAE (xywzyzx) is an
even factor of G such that O, O;, O, are in the same component. If
w,€E(F) and |{yyl,yy0,y1y0} mE(G)| <2, then

F, (T(yyo )) = FAE (xywz,zx) AE(yy,»,y) isan even factor of G suchthat Q,
Q;, O, arein the same component. In this case, F. (T ( yyo)) has fewer com-
ponents than F , a contradiction. Since G[{yo,yl,y, x,z,zz,z3,z4}} R,
z,0, € E(G). However, G[ Z,,2,2, 0, Y, ), ] = F, , a contradiction.

Then, without loss of generality, we assume that @, € V(Q ) By the choice of
C,wehave zo ¢ E(G).Since G[{y.y.0,.,2,.2,2,.2,,2,} | Z R,

{»o,2,2} < E(G). However, G[{z,,z,,z,z,a,y}]|=F,, a contradiction.

Case (2): |V (C)|=6.

If |V | =6, then we can choose an induced cycle C =xzz,@y,yx.Since Q,,
O, and Q, aredifferent components in F,thenatleastoneof {wz,my,} is
in @ . First suppose that @y, € @ . By applying Lemma 11 to @,y, , we have
{z3.290,09,,09} S E(G) . Since G[ Yor V15 W15 252,25, 23,24 :|9—ﬁp >
Z,0, € E\(G) . However, G[ 2y, 2, zl,(ol,yl,yo}} F, , a contradiction. Then
@z, €0, . By applying Lemma 11 to @z, we have {zy,,za} & E(G). Since
Gl{z.2,.2.2,0.3. 9.0, } | £ B> 22 € E(G). However,

G[{z3,zz,z,zl, a)l,yl}] = F,, a contradiction.

Case (3): |V (C)|=7.

If |V(C)| =7, then we can choose an induced cycle C =xzz,wm,y,yx . By the
choice of C, without loss of generality, we assume that at least one of {,,®,}
isin V(Qj)u V(0,).1f {@,w,}2E(G),then FAE(C) isan even factor with
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fewer components than F, a contradiction. Thus, both @ and o, are in
V(Q_,. ) UV (0,)) - We assume that y,y,  E(G). Conversely, let

T(w,)=w»y . If y,¢E(F), then F, (T(yyl)) = FAE (xzzmw,y,yx) is an
even factor of G such that O, O;, O, are in the same component. If
w, €E(F) and |{yyl,yy2,y1y2} mE(G)| <2, then

Fo(T(yy,)) = FAE (xzz,0,0,9,yx) AE (yy,9,5)\{37,} is an even factor of G

such that O, O;, O, are in the same component. In this case, F. (T(yy1 ))

has fewer components than £, a contradiction. Next, suppose that @, € V(Qk)

and o, ¢ V(Q[)UV(Q/.)UV(QA, ) . Since |V(G)| >10, there exist additional
distinct vertices such that y, € N(y,)\{y}. Since G[{y3,y2,y, yl,x,z}] 2F,,
vy, £ E(G). Since yyy ¢ E(G). Otherwise, let T(yy;) =y, If

s € E(F), then F.(T(yy,))=FAE(xzzom,y,yx) is an even factor of G

such that O, O,, O, are in the same component. If yy;€E(F) and
(375,32, 3.} VE(G)|< 2, then

Fo(T(3v;)) = FAE (xzz,0,0,y,yx) AE (3, y;y) is an even factor of G such that
O, O;, O, are in the same component. In this case, F, (T(yy3)) has fewer
components than F, a contradiction. Since G[{yy,7,.3.31.0,,0,,2,,2} | £ R,
vy, € E(G) . However, G[{y3,y2,y, Vi a)l,a)z}] = F, , a contradiction. Then
{o,0,} < E(G).

First suppose that @ , ®, are in the same component such that
{o,0,} CE(G). Since G[{y,,y.3,0,.0,.2,,2,2,} |#£ R, zw, € E(G). By ap-
plying lemma 12to y,@,, {®y,®y} G E(G). However,

G[{y.».2.2.0,0,} |= F,, a contradiction. Next suppose that @, , are in
the different component such that @ €V (Q,) and o, € V(Q /.) . Since
Gl{yy. 0.0, 0,2,2,2,} |2 B, yw, € E(G) . However, F,(T(ym,)) has
fewer components than F', a contradiction.

Case (4): |V(C)|:8. -

If |V(C)| =8, then at least one of {z,0, 00,,0,0,,0,y,} isin O .Bysym-
metry, if @,0; € O, . By applying Lemma 12 to @,®, , we have
{oy, 00} CE(G). Since G[{y,.y.3.0,,0,,0,,2,,2} |£R,

{a)zz, ya)3} c E(G) . However, GL{\yl,a)pa)z,a)l,zl,z}} = F, , a contradiction.
Then, up to symmetry, that z®, € ®, . By applying Lemma 11 to z,®,, we have
{zoy,z0,} CE(G) . Since G[{z,,2.2,0,0,, 0,39} |ZR , 2,7 €E(G) .
However, let T(zz)=zzz,z.1f zz ¢ E(F), then

F.(T(zz,)) = FAE (xzz,0,0,0,,yx) is an even factor of G such that Q,, Q,,
O, are in the same component. If zz, € E(F) and |{zzl,zzz, z2,} N E(G)| <2,
then F,(T(zz,))=FAE (xzz,0,0,0,y,yx)AE (zz,z,z)\{zz,} is an even factor of
G suchthat O, Q;, O, areinthesamecomponent.In thiscase, F, (T (zz, ))
has fewer components than F', a contradiction.

2): Let G be a2-edge-connected and {TZ’U,S} -free graph, where § is B,
Zs, By, or Ny,.Since G is P, -free, |V(C)| <8.Bylemmall, V(C)| >5.

If r=1, then G=F 1is an even factor with exactly one component, so

E\F =@ . Then we may choose an induced cycle C =xxoo,0,0,y,yx of G.
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Since G is an even subgraph, the degree of x is even. Thus, there exist
x, € N(x)\{x,y} and y,eN(y)\{y,x}. Since |V(G)| >10, there exist addi-
tional distinct vertices such that y, e N(y,)\{@,y} and y,eN(y)\{»}.
Since G[{x.x.,0.%,,}|#T,,,» %,x €E(G). Since

G{y. 317390 x} | £ Ty, sy €E(G) . Since G[{y,.0,05, 5,9} |Z T, »
Yy, € E(G) . However, G[{xz,xl,a)l,a)z,a)3,a)4,yl,y3}] =FR;
G[{J’J/pyz’wwa’3aa)2’w19x1}:| =Zs G[{x7x1’x2’wl’a)29w3’y!y3}:| =B;,;
G[{yl,y,y3,a)4, w,,0,,x, y4}] = N,,,,acontradiction. Thus, ¢ =1, which implies
t>2.

We prove that =2, by contradiction, assume that ¢>3. Then we choose an
induced cycle C=xzzm--myyx of G such that xye®, N E(C) and
x2€®,NE (C). By the choice of C, without loss of generality, we assume that
z,€V(Q,)NNc(z) . Suppose that y e V(F)\(V(Qi)u V(Qj)uV(Qk)) . Let
xcNx)NV(Q), »nc N(y)mV(QJ.) and z,c N(z)nV(Q,)\{z} . By
lemma 11to xy and xz,wehavethat E({x},{y,7,})=9,
E({x}.{z.2.2,})=@ and E({x}.{z.2,.5,})=@ . Since |V(C)| is mini-
mized and |{u eV (C),d(u)= 2}| is also minimized. Then {zy,,z»} G E(G).
However, G[{y,y,,».x.z}|=T,,, , a contradiction. Now suppose that
y €V (Q)NN¢(z).Since G[{z,x,2,,2,3,}|ZT,,» 72, € E(G). Then
F. (T (zz, )) has fewer components than F', a contradiction. Thus,

»ev (Qj ) NN.(y) and |V (C)| =5. Now we distinguish the following claim.

Claim 2: G[N(x)\{y}] is a clique, for any singular edge xy e E(G) with
dg(x)=3.

Proof: By contradiction, we assume that there exist two distinct vertices x’
and x" such that {x', x”} c N(x)\{y} . Since G[{x, x', x", y,y'}} Z0,, >
x'y'€ E(G) or x"y'eE(G). First assume that x'y' € E(G). By the choice of
C,wehave y"eN(y')\{y} and y"eN(y")\{)'}. However,

G[{y’,x', y,y”,y’”}] =T,,, » a contradiction. Next assume that x"y' € E(G) .
However, G[{y’,x",y,y",y"’}] =T,,,, a contradiction. Thus, G[N(x) \ {y}] is
a clique, which implies x'x" e E(G). O

By lemma 11, |V(C)| >5. By claim 2, x,x,,1,,,2,2, € E(G). If d;(w,)>3
for any w, €V (C), where se{l,2,---,/}. By the choice of C, it is known that
there are at most /-1 vertices with degree two in {@,,-,,}, which implies
0<|V,(G) NV (C)|<1-1.1f |,(G) "V (C)|=1~1. Then
d(w)=-=d(w_)=2 or d(w,)=--=d(w)=2.Thus,

{a)l,---,a),}gV(Q/.) or {@,,0}cV(0,) and oy eé; . By claim 2, we
have a vertex @, € (N(a), )V (O)\ {wH}) and @, , € E(G), which implies
d;(@,_,)>3. This contradicts that d (a)H) =2.Then

0< |V2 (G)nV (C)| </-2.Now we distinguish the following cases.

Case (1): |/(C)|=6.

If |V(C)| =6, since 0, 0, an/d\ Q, are different components in F, then
at least one of {zla)l,a)1 yl} isin O, . First assume that z®, € ®, . By claim 2,
z,z, isinatriangle T'(zz,).Then F.(T(zz,))UF.(T(3y,))UF.(T(xx,))
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is an even factor with fewer components than F', a contradiction.

Case (2): |V (C)|=7.

If |V(C)| =7,since O, O, and Q, are different components in F, then
atleast one of {z,w®,,w,y,} isin O, .Since 0< |V2 (G)n V(C)| <1-2=0,
which implies d;(,)>3 for each se{1,2}. First assume that z®, €©, . By
claim2, w®, isinatriangle T (@ww,). Then
Fo(T (my0,) O F (T (2,2,)) U Fe (T (33,)) W Fe (T (x,x,)) is an even factor with
fewer components than F', a contradiction. Next assume that @,®, € O . Fur-
thermore, @ €V (Q,) and o, e V(Qj). Then
Fo(T(22,))UF (T (313,)) U Fe (T (x,x,)) is an even factor with fewer compo-
nents than F', a contradiction. Then @,y, € ®. . Thus,

Fo(T(w@,) U Fe (T (22,)) U F (T (35,)) U Fe (T (xx,)) is an even factor with
fewer components than F', a contradiction.

Case (3): |/ (C)|=8.

Since 0< |V2 (G)nV (C)| </-2=1.We distinguish the following two cases.

Subcase (1): [V,(G)nV(C)|=0.

Since O, O, and Q, are different componentsin F', by the choice of C,
then at least one of {zla)l,a)la)z, 0,0, 0, yl} is in é; . First suppose that
Z,0, € (5; .Byclaim2, ww, isinatriangle T(@w,). Then
Fo(T(00,) U F. (T (2,2,))UF. (T (33,)) Y Fe (T (xx,)) is an even factor with
fewer components than F , a contradiction. Furthermore, at least one of
{®,0,,0,y,} isnonsingular, this implies that there exist triangles T'(,w,) and
T(®,y,). Then
Fo(T (0,0,) O Fo(T (0,0,) U F (T (2,2,)) W Fe (T (313,)) O F (T (x,x,)) or
Fo(T(m,0,) O F(T(0,,) U F. (T (22,)) O F. (T(3,3,)) VU Fe (T (xx,)) isan
even factor with fewer components than F', a contradiction. Next suppose that
0w, € é; .Byclaim2, w,®, isinatriangle 7(@,,).Then
Fo(T(0,0,)) U F, (T(2,2,)) VU Fe (T (3,3,)) W Fe (T(xx,)) is an even factor
with fewer components than F', a contradiction.

Subcase (1): [, (G)nV (C)[=1.

It suffices to consider when |V2 (G)nV (C)| =1={a} or {w}. First suppose
that |V2 (G)mV(C)| ={w,} , then at least one of {z@, @y} isin O, and
{®,,,0,} arein the same component Q, or Q,.Weassume that z0, €0, .
Then there exists a vertex o/ e(N(a)l)mV(Qj))\{a)z} . By claim 2, we hi\ie
w(®, € E(G) . This contradiction implies that d;(w,)#2. Then @y, €0,
and there exists a vertex e (N(w,)nV(Q,))\{®,} . By claim 2, we have
oy, € E(G), contradicting d (@,)=2.

Now suppose that/]lf2 (G)mV(C)| ={®,} . Then at least one of {w,w;,o,y}
isin @, .If @,0; €O, then there exists a vertex @} (N (w,)NV(Q;))\{a@}.
By claim 2, we have @), € E(G). This contradiction implies that d (@ )#2.
Thus, @,0, 0, . Then ®,y,€0, and {0, 0,0, <V (Q,). By claim 2, we
have {xx,,5,,,22,} € E(G). Take a vertex ), e (N(yz)r\V(Qj))\{y} and

o, has no neighbors other than @, and y,. Otherwise, we assume that there
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exista vertex @' suchthat @' e N(@,)\{®,}. Since
Gl{m,0\0,.y,.y}|#T,,,» ©o,€E(G),contradicting d,(m,)=2.However,
G|:{xl9‘x’z’zl’wl7a)2’w37yl}:| =FK; G[{ZzaZ’Zlaa)lswz’a)3sJ/1sJ’2}:| =Zs;
G[{zz,z,z],a)l,a)z,a)px,y}} =B,,; G[{yl,y,yz,y;,a)3,x,z,zl}} =N,;, a con-
tradiction. Thus, ¢ 3, which implies #=2. This completes proof of the suffi-
ciency of Theorem 10. [

4. Concluding Remarks

Determining whether a graph is supereulerian is NP-hard, so we often study this
problem through even factors. It is obviously that graphs G containing an even
factor satisfy 5(G)>2 and every odd branch-bond of G has an edge branch.
What conditions must a graph satisfy for the converse to hold? In this paper, we
study this converse by forbidden subgraphs, and characterize all forbidden sub-
graphs for the existence of an even factor with exactly two components in a 2-

edge-connected graph.
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