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Abstract

Graph burning is a model to describe the spread of social influence. In 2023,
Song et al. proposed the Independent Cascade Graph Burning model, where a
vertex V can be burned by its burning neighbors U and the influence that
U givesto V islarger than a given threshold S .The minimum number of
time steps that can be chosen as rounds to burn the whole graph G with the
Independent Cascade Graph Burning model called the IC burning number
b, (G) . In this paper, we determined the IC burning number for some graphs

and operation graphs.
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1. Introduction

Graph burning is a discrete-time process on graphs [1], Bonato et al introduced
the concept of the burning number to measures the speed of contagion spread on
a graph and denoted the burning number of graph G by b(G) in [2], some
special classes of graphs has been studied, such as spider graphs [3], path forest
[4], generalized Petersen graphs [5], theta graphs [6], caterpillars [7] and fence
graphs [8]. For a survey on graph burning see [9]. Later, Li e al [10] generalized
the burning number and introduced the generalized burning number b, (G) of
G for r>1. Follow these, Song et al. [11] propose the Independent Cascade
graph burning model of G, where a burned vertex V can burn its neighbor W
only if the influence that V exerts on W is larger than a given threshold £.
Note that when =0, itis a traditional burning problem. The task is still to find
the minimum sequence of vertices that can burn the whole graph. The minimum

number of time steps is IC burning number b, (G) of graph G. In the burn
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process of IC model of graph G, we call a vertex is fire source, it is selected to
burn. For a given threshold f,the X, isthe i-thfiresourceinthe g -burning
processof G.If G areburnedafter k time steps, we call the fire source sequence
(X, %, %) a B -burning sequence of G . Clearly, the IC burning number
b,(G) is the minimum length amongall /3 -burning sequences of graph G.

In reality, the influence U receives from its neighbor W is an arbitrary value
in [0,1], we easily know whether a vertex can be burned by its neighbor depends
heavily on its degree. For v,ueV (G), the distance between them is denoted by
d (u,v). The open neighborhood N (V) is the set of vertices at distance one
from a vertex V. Clearly, the closed neighborhood N[v]=N(v)u{v}. Givena
positive integer k and fraction S&[0,1], the k-th closed /3 -neighborhood
of U is a set {V eV (G):d(uv)<k,f (U)Z,B} and is denoted by N;[V],

1
where f (U)ZW.

For h>1, k>2,aperfect K -arytree with height h, denoted T, isa tree
with k" leaves and a root vertex with degree k whose distance to all the leaves
is h and all other internal vertices have degree k+1. The height of a vertex is
the number of edges present in the path connecting that vertex to a leaf vertex.
We call the internal vertices that are the parents of leaves as parent-leaves.

A spider is a tree contain one vertex called the spider head with degree at least
3. In a spider graph, every leaf is connected to the head by a path which called an
arm. we denote such a spider graph by SP(S, r) if all the arms of the spider
graph with maximum degree S are of the same length .

A (n,1)-lollipop graph L, is a graph with V(HJ):{Vlenuz"“’Un} and
E(Ln’l):{uiuj i, j=12,---,n,i= j}u{vul}, see Figure 1(a). A corona graph of

K, and K, denoted by K oK, is graph with
V (K, oK) ={V;,V,, ++,Vy, Uy, Uy, -+, Uy b and
E (K, oKy)={uu; [i, j=1,2,-,ni = jju{vy, [i=12,,n}, see Figure 1(b).

Unp

(a)
Figure 1. (n,1) -lollipop graph L, and corona graph K oK.
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All graphs considered in this paper are finite and simple. We use book [12] for
notation and terminology not defined here. In this paper, we study the f -burn-
ing problem on several graph including complete k -ary tree, spider graphs,
(n,1) -lollipop graph, corona graph of K, and K, and other graphs such as
sunflower graph, friendship graph and Dutch windmill graph.

2. Primarilies

Proposition 2.1. [11] G isa connected graph with N verticesand f(v,)< S
for 1<i<k, where 0< f<1. Then, ksbﬂ(G)gn.

Proposition 2.2. [11] G isagraph with N verticesand A(G) is the maxi-
mum degree. Then, (Xl, Xz) is an optimum [ -burning sequence for G ifand
only if one of the following conditions is met:

1) A(G)=d(x)=n-1,and f(w)>p forall YweN(x)\{x,}.

2) A(G)2d(x)=n-2,and f(w)>p forall Ywe N(x).

In [13], Bonato et al. provide a number of properties of the burning number.

Proposition 2.3. [13] If T isatreeand H isa subtree of T , then we have
that b(H)<b(T).

A subgraph H of graph G is called an isometric subgraph if we have
dy (u,v)=dg(u,v).

Proposition 2.4. [13] Let H be an isometric subgraph of a graph G and for
any node x eV (G)\V (H), and any positive integer k , there exist a node

fo(X)eV (H) satisfies N, [x]nV (H)< N, [ f, (X)] . Then we have that
b(H)<b(G).

Proposition 2.5. [13] For any graph G with radius ¥ and diameter d , we
have that

[Vd+1]<b(G)<r+1.

Proposition 2.6. [13] For a graph G, we have that
b(G)=min{b(T):T isa spanning subtree of G}.

3. Main Results

In this section, we determined the IC burning number of some operation graphs.
First, we consider the perfect binary tree, spider graphs, (n,l) -lollipop graph, co-
rona graph K oK.

Theorem 3.1. Let T, be a perfect binary tree of height h, where h>2.

Then
1
h+1, |f0§ﬂs§;
3 Ifh=2 1 1
b, (T))=44" < p<S
5 (77) {2“—2, th=3 3753
2" -1, If%<ﬂ£l.

Proof Let S be theroot of T,' and the leaves of T, be u, for 1<i<2".
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Suppose the parent-leaves of T,' be v, for 1<i<2"*.
1
Casel: 0<p< 3

The T has total h+1 levels, since T,) has height h. Suppose we let
X, =S. At the t-th step (t =h +1) , the fire completes the burning of the t-th
level of T2h . Therefore, bﬁ (Tzh)S h+1. Now, suppose S :(xl, Xy, Xk) is a
B -burning sequence of T,', where k <h+1. The fire source X can spread to
the vertices of N,_;[x]. For 1<i<k, N,;[%] can contain at most 2"
k .

leaf vertices of T,' . Therefore, we burned at most ZZK" =2-1 leaf vertices.
i=1

Since the total number of leaves of T, is 2". Now, 2">2">2"-1, a contra-

diction, we have b, (Tzh ) >h+1.Thus b, (Tzh ) =h+1.
Case 2: 1<,H£1
3 2

Let two children of S be s and s,. Suppose Sz{s,ul,uz,---,uzh},

Y :{Sl,SZ,Vl,VZ,---,VZh_l} and X =SuUY . The case for h=2, by simple

1 1
checking, we know that by (Tzh ) =3. Next, the case h>3. Since 3 <p< > thus

Tzh \'S must be fire sources. Let x, =S, X,=S, and x, =v,_, for
3<i<2"'+2. Further, we choose T,'\ X as remain fire sources. Obviously,
(Xl’ Xprm Xn_,

) is a f -burning sequence of T, and thus b, (Tzh)S 2"-2.
Now, we show b, (T')22"-2. As f(V(T,)\8)< B for 1<i<2"-2.By

Proposition 2.1, we get 2" —2< by (Tzh) . Then, b, (Tzh) =2"-2.
1
Case 3: ) <p<1

Let U ={ui [1<i 32"}, \% :{vi [1<i SZh"l} and H=U UV . We choose
x =V, for 3<i<2"" and V(T, )\ H as remain fire sources. Thus,
b, (Tzh) <2" 1. On the other hand, f (V (Tzh)\U ) <pB for 1<i<2"-1, com-
bine Proposition 2.1, we have 2" _1< bﬂ (Tzh) . Therefore, bﬂ (Tzh) =2"-1.
Corollary 3.2. Let T be a perfect K -ary tree of height h and order N,

where h>3 and k>3. Then

1
h+1, fo<p<—;
P k+1

1 1
b, (T")={n-k"-1, If —<pB<=;
ﬂ( k) k+1< k

n—k", w%<ﬁ31

Proof Let S betheroot of T," and the leaves of T, be u, for 1<i<k".

Suppose the parent-leaves of T be v, for 1<i<k"*.

1
For the case OSﬂSﬁ, consider T, is a subtree of T'. Combine
+

Proposition 2.3 and Theorem 3.1, we directly get b, (Tkh> >h, (Tzh ) =h+1.0Onthe
other hand, the fact that b, (Tkh) <h+1 canbe determined by let X, =s. Then,
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b, (T")=h+1.

<,BS£, let the children of S be s, for 1<i<k.
k+1 k

Suppose  S={u |[1<i<k"ju{s} , Y ={s[i<i<kjulv,|[1<j<k"*| and
X =S Y . Similarly with Theorem 3.1, we have that b, (Tk“)s n—-k"-1. Fur-
ther, f (V (Tkh)\S) < 3, by Proposition 2.1, we directly get n—k"-1< b, (Tkh).
Then, b, (T)")=n-k"-1.

The case for

1
Consider that E<ﬂ£l,let U:{uillﬁigk“}, V:{Vi|1SiSkh’1} and

H =U UV . Similarly, we choose V (Tkh )\U be fire sources. Clearly,
(Xl, Xoros X i ) isa f -burning sequence of T, . So, b, (Tkh) <n—k". On the
other hand, since f(V (Tkh)\U)<ﬂ , combine Proposition 2.1, we have that
n-k"<b, (Tkh) . Therefore, b, (Tkh ) =n-k". O

Theorem 3.3. Let SP(s,r) be a spider graph of order N for s>r . Then

r+1, IfOsﬂs%;

b, (SP(s,1))= .
n-s, If5<ﬁ£1.

Proof. Let leaf vertices of SP(s,r) be Y ={v;|1<i<s}. Suppose the neigh-

bour vertices of leaf vertices are U ={u, [1<i<s} and X =YUU.

1
The case for 0< 3 SE , we first discuss SP(r, r) . The radius of SP(r, r) is

I . So by Proposition 2.5, we have that b, (SP(r, r)) <r+1. Now we show that
by (SP(r,r))=r+1. Assume by (SP(r,r))<r and S=(X,X, %) isa f-
burning sequence of SP(r, r) , where t<r.No fire source in S shall be able
to burn more than 1 leaf vertex in SP(I’, r) , since d (Vi WV ) =2r for
i,j=12,---,s and i# j.Thus S will be able to burn at most t leaf vertices.
This implies that at least 1 leaf vertex will be left unburned, a contradiction, thus
we have that bﬂ (SP(r, r)) >r+1. Therefore, bﬁ (SP(r, r)) =r+1.As SP(r, r)
is a subtree of SP(S, r) , by Proposition 2.4 and Proposition 2.5, we have
by (SP(s.r))<r+1.

For the case % < B <1.Consider that f (V (SP (s, I’)) \Y ) < f,by Proposition

2.1, we have that n—s< bﬂ (SP(S, r)) Now, we show that bﬂ (SP(S, r)) <n-s.
Let x =u; for 1<i<s and V(SP(s,r))\X be remain fire sources. Obvi-
ously, (Xl,xz,---,xn_s) is a f -burning sequence of SP(S,I’) and then

bﬂ(SP(S,r))S n—s. Further, we have that bﬂ(SP(S,r)): n—s for %<ﬂ£1.

U
Theorem 3.4. Let K oK, be a corona graph of K, and K, with order

2n(n>2). Then

3 IfOSﬁsi;

n

by (K, oK)= 1

n, If=<p<1L
n
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Proof Let V (K, oK,)={v,,V,,--,V,,U,U,,---,u,} and
E (K, oKy)={uu; [i,j=1,2,,ni = jju{vy, [i=12,,n}. The case for

1
0<p< T combine Proposition 2.2, we directly get b, (K, oK;)>3. Now, we

show b, (K oK;)<3.Let x,=U, X,=V; and X,=V,.Clearly, (X,X,,X) is
a f -burning sequence of K oK, and thus b, (K oK,)<3. Therefore,

1
b, (K, °K;)=3. Consider the case H<ﬂ£1’ let x,=u, for 1<i<n. Clearly,

(X%, X,) is a f -burning sequence of K, oK. Thus b, (K oK)<n.
Now, we show b, (K, oK;)>n. Obviously, f(u;)</ for 1<i<n.By Propo-
sition 2.1, we get n<b, (K, °K,). Then, by (K,eKy)=n. 0O

Corollary 3.5. Let L, bea (n,1)-lollipop of order n+1. Then

2, IfOSﬂSL;
n-1

"o {ba)= noIf < p<t
’ n-1 "7

Proof. Let V(anl):{u,vl,vz,---,vn} and
- L 1
E(Ln,1)={uiuj|I,J=1,2,---,n,|¢J}u{vul}.Thecasefor OSﬁSE,

1
combining Proposition 2.2, we get b, (Ln,l) =2. For the case 1 <p<1,

similar as Theorem 3.4, the details omitted here, we have by (anl) =n. [

Next, we determined the IC burning number of the sunflower graph, friendship
graph and Dutch windmill graph.

A sunflower Sf is graph with V (Sf,)={v,u,,u,,---,u,,w;,W,,---,w,} and
E(Sf,)={vy [i=12,---,n}u{uw |i=12,-,n}
[i=12,---,n}
u,u, and wyu,,, is wu,,see Figure 2(a).

, where edge u U is
U{Wiui+1|i:1-2,"'.n}U{UiU- n-n+l

i+l

w1

Figure 2. Sf, with order 2n+1 and Sf' with order 3n+1.
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An | type sunflower Sf' isa graph with V(an'):{v,ul,-'-,u Wy, W |

E(an')z{vui li=12ntufw |[i=12,ntuiw,|i=12n}

U{UiWi |I :1’2’.“’n}u{uiui+1|i 21121"'1n}

and

>

where edge u U, is UU,, see Figure 2(b).

A friendship graph F, obtained V(Fn):{v,vl,v2,~--,vn,ul,uz,---,un} and
E(F,)={w;|i=12-,n}ufw [i=12,--,nfu{uy |i=12,--,n}, see Figure
3(a).

(b)

Figure 3. F, withorder 2n+1 and D, withorder 3n+1.

n

A Dutch windmill graph D, satisfied V(D}):{s}u{vi,ui,wi |1<i<n}
E(D;'):{sui li=12,---,n}u{sy, |i=12,--,n}

ufwu, [i=1,2,--,nfufwy, [i=12,---,n}

and , see Figure 3(b).

Lemma 3.6. For a connected graph G of order N and &(G) is the mini-

mum degree of G . Then, b, (G)=n ifand only if ,B>L

5(6)

Proof. If B >%G) , then f (V (G)) < 3 . By Proposition 2.1, we have that

ngbﬂ (G)S n . Therefore, bﬁ (G):n .

If b, (G) =n, suppose S < L Consider the minmum degree of G is

5(G)

5(G) and ﬂﬁﬁG), then any vertex U of G receives influence from a

neighbouris f(u)=——=2=f,thuswe canselecte n—1 firesource to burn the

d(u)

whole graph G, a contradiction, thus £ >

1
5(6)

Theorem 3.7. Let Sf, be a sunflower graph of order 2n+1, where n>5.
Then
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1
3 fo<pB<=;
P 5
1 1
b,(Sf )=<{n+1, - <=
2n+1 l < p <1
’ 2

Proof Let V (Sf )={v,u,u,,---,Uu,,W,,W,,---,W,} (see Figure 2(a)). The case
1
for 0<p< = by Proposition 2.2, we directly get b, (Sf,)>3. On the other hand,

let X, =V, X,=U, and X,=W,. Clearly, (X,X,,X;) isa /3 -burningsequence

1 1
of Sf andthus b,(Sf,)<3.Then, by(Sf,)=3. Consider the case g <p< >
let X ={u;|1<i<n}u{v}. Consider f(X)< /S, by Proposition 2.1, we have
that bﬁ (an)z n+1.Now we show that bﬂ (an) <n+l,let x,,,=v and X =uy,

for 1<i<n. Clearly, (X,%,,-:*,X,,;) is a /8 -burning sequence of Sf and

1
thus by (Sf,)<n+1. Thus, b,(Sf )=n+1. For the case E<ﬂ£l, by Lemma

36, 6(G)=2 and B> thus we directly get b, (Sf,)=2n+1. [J

L
5(6)’
Theorem 3.8. Let Sf! bean | type sunflower graph of order 3n+1. Then
1
2, Ifo<p<—;
p 4

by (Sf,)=4n+1, If%<ﬂs%;

3n+1, If%<ﬂ£l.

Proof. Let V(an'):{v,ul,uz,---,un,wl,wz,---,wn}. The case for OSﬁS%,
consider d(v)=3n, by Proposition 2.2, we directly get b, (an' ) =2. The case
for %<ﬁ£% ,let X ={u |1<i<n}u{v}. Consider f(X)<p, by Proposi-
tion 2.1, we have that bﬁ(an')Z n+1. Now we show that b, (Sf )<n+1. let

X.,.=V and X =u, for 1<i<n.Clearly, (X,X,,-**,X,,;) isa /B -burningse-

1 n+l

quence of Sf) and thus by (Sf )<n+1. Thus, bﬁ(an'):n+1. For the case
1
E < B <1, similar as Theorem 3.7. We have b/, (an' ) =n+1. O

Theorem 3.9. Let F, be a friendship graph of order 2n+1. Then

2, Ifogﬂgé;

bﬁ(Fn): 1
2n+1, If§<ﬂs1.

Proof Firstly, this case 0< < % .Consider d(v)=2n andall f (V (F, )) >p,
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1
by Proposition 2.2, we have that by (F,)=2. Now, consider 3 < B<1. Clearly,

1
if E< P <1, we know that f (V (Fn)) < f. Combine with Lemma 3.6, we di-

rectly get b, (F,)=2n+1. [J
Theorem 3.10. Let D, be a Dutch windmill graph of order 3n+1. Then

2, Ifn=1 1

3 Ifnsa TO<AsH
by (D) =1+ o 1

3n+1, IfE<,B$1.

1
Proof. For the case 0< < re If n=1, by Theorem 3.8, we have that

bﬁ(Dg):ZIf n>2,let x,=v, X,=U, and X, =W, Clearly, (X,%,%) isa
burning sequence of D, and thus bﬂ(DE)SS. Consider bﬂ(DE)ZS. When

0<pB< % ,all f(V(F,))> BBy Proposition 2.2, we gain b, (DZ ) >3 and thus

1 1
b, (DE ) =3. Now, consider the case > < B <1. Clearly, if 3 < B <1, we know

that f(V(D:))<ﬂ.byLemma3.6,wehave bﬂ(DE):3n+l. U

Theorem 3.11. For a graph G, let H is a spanning subgraph of G and
weH, d,(v)=dg(v). Then b, (G)<b,(H).

Proof If p =0, then it turns a traditional burning problem, combining Prop-
osition 2.6, we have b(G)<b(H). Now we consider 0< /<1, assume
bﬂ(H):k, (Xllxz,..-,xk) is a f -burning sequence of H . As f (v):ﬁ

Vv
and d, (v)=dg(V), therefore, for any vertex V, the influence it receives from a

1 1
neighbour is f(v)=———=—"—, dearly, (X,X,-,X/) also can be S -
dy (V) ds(v) 1

burning sequence of G.We get b,(G)<k,thus by(G)<h,(H). [J
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