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Abstract

Recent advances in behavioral economics and quantum cognition and deci-
sion elucidated a number of deviations of actual human decisions and choices
from mathematical principles of normative decision theory, which are re-
ferred to as “anomalies”. One of the prominent anomalies is that the violations
of Savage’s sure-thing principle, which is the fundamental axiom of the ra-
tional theory of decision under uncertainty. It states that if prospect x is pre-
ferred to y knowing that Event A occurred, and if x is preferred to y knowing
that A did not occur, then x should be preferred to y even when it is not known
whether A occurred. I explicitly derive an inequality for testing the violations
of Savage’s principle in behavioral experiments on decision under uncertainty.
The derivation suggests that the violation of Savage’s sure-thing principle may
be due to the violation of the rule of complementarity in probability theory.
Future applications for behavioral and neuro- economics and quantum cog-
nition and decision theory are discussed.
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1. Introduction

Behavioral economic studies have explored various “anomalies” in human judg-
ment and decision-making. For instance, people’s decision under risk and uncer-
tainty often violates von Neuman and Morgenstern (1944) [1]’s expected utility
theory based on the independence axiom (see Allais, 1953 [2], for an early exam-
ination of this axiom), and people usually discount future outcomes (gains and
losses) in a hyperbolic manners (Thaler, 1981 [3]) rather than rational (dynami-
cally consistent), exponential manner. As a result of extensive studies in behav-

ioral economics, Daniel Kahneman, who mainly studied judgement and decision-
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making under uncertainty, and Richard Thaler, who is well-known for studies of
self-control problems in intertemporal choice and nudge, a new type of behavioral
intervention, won Nobel prize for economics. Kahneman’s colleague Amos
Tversky has also performed great contributions to behavioral economics in stud-
ies of intransitive preferences, decision under risk and uncertainty, and the viola-

tions of Savage’s sure-thing principle, which is explained in the next part.

1.1. Behavioral Studies of Savage’s Sure-Thing Principle

Notably, among fundamental axioms in rational decision theory, Savage’s sure-
thing principle has also been experimentally examined. The sure-thing principle
was originally introduced by L.T. Savage (1954) [4] in the following example
(slightly paraphrased). An agent faces a choice of whether to acquire a given asset,
conditional on the outcome of a forthcoming presidential election, which is
treated as a relevant state variable. Evaluating his preferences conditional on each
possible electoral outcome, the agent finds that purchasing the asset is optimal
both given a Democratic victory and given a Republican victory. Because the pre-
ferred action is invariant across these mutually exclusive and exhaustive states, the
agent infers that the asset should be purchased even in the absence of information
about which state will obtain.

As is demonstrated by this story, the sure-thing principle appears innocent and
compelling. Savage legitimately recognized its general validity and noted: I know
of no other extralogical principle governing decisions that finds such ready ac-
ceptance (Pearl, 2016 [5]).

Slovic and Tversky (1974) [6]’s study is one of the important early attempts to
test this principle. They characterized Savage’s sure-thing principle in the follow-
ing manner:

“Savage’ (1954) independence principle (SIP), also called the sure-thing princi-
ple. This axiom asserts that if two alternatives have a common outcome under a
particular state of nature, then the ordering of the alternatives should be inde-
pendent of the value of that common outcome. Objections to SIP, in the form of
counter-examples have been proposed by Allais (1955) [2] and Ellsberg (1961)
(7]”.

In Slovic and Tversky’s formulation, the distinct characteristics of Savage’s
sure-thing principle from von Neumann and Morgenstern’s independence axiom
(presented in more accessible language):

If a person prefers option A over option B, they should also prefer a lottery that
gives A with probability p and some third option C with probability (1-p) over
a lottery that gives B with probability p and C with probability (1-p), in other
words, preferences between options should remain consistent when they are part
of probabilistic mixtures with a common third option is somewhat obscure. At a
later stage in the emergence of behavioral economics, Tversky and Shafir (1992)
[8] stated the principle in this manner:

“One of the basic axioms of the rational theory of decision under uncertainty is
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Savage’s (1954) sure-thing principle (STP). It states that if prospect x is preferred
to y knowing that Event A occurred, and if x is preferred to y knowing that A did
not occur, then x should be preferred to y even when it is not known whether A
occurred”.

This formulation is distinctive in that it explicitly incorporates an assumption
concerning the decision maker’s knowledge about the state of the world. However,
in their studies (Shafir and Tversky (1992) [8] and Tversky and Shafir (1993) [9]
on the Prisoner’s Dilemma, the Newcomb’s problem, Hawaii problem etc., they
examined whether the following proposition, rather than Savage’s sure-thing per
se, holds (I present it here in a readily understandable manner):

When the three probabilities are compared — namely, the probability that pro-
spect x is preferred to y given that Event A occurred, the probability that x is pre-
ferred to y given that A did not occur, and the probability that x is preferred to y
when it is not known whether A occurred — the latter tends to take an interme-
diate value between the two conditional probabilities.

It is here reasonable to question why this condition on three types of the prob-
abilities (Ze., the two conditional probabilities and the unconditional probability)
is equivalent to the Savage’s sure-thing principle, which incorporates an assump-
tion concerning the decision maker’s knowledge about the state of the world, but
not probabilistic concepts. This issue has been extensively studied in subsequent
mathematical modelling studies by several physicists, psychologists, and behav-
ioral economists who have started to utilize non-standard probability theories
(e.g., quantum probability theory, Pothos and Busemeyer, 2009 [10]; Yukalov and
Sornette, 2009 [11]; Cheon and Takahashi, 2010 [12]; Khrennikov, 2010 [13]) to
model human violations of Savage’s sure-thing principle.

1.2. Relations between Savage’s Sure-Thing Principle and the Law
of Total Probability

According to the law of total probability, if Events A and B form a partition of the
sample space, the overall probability of ¥ can be expressed as a weighted sum of
its conditional probabilities:

P(Y) :P(A)P(Y| A)+P(B)P(Y|B).

This law states that the total probability of ¥, the unconditional probability
P(Y), which is equivalent to P(Y|A4or B)=P(Y |unknown), is obtained by
summing the conditional probabilities of ¥ occurring under each possible condi-
tion, weighted by the unconditional probability of each condition. When we set
P(Y|A)=P(Y|B)=1, thelaw of total probability reduces to P(Y)=1, by using
that P(A)+P(B)=1. Here we must note that P(Y|A4)=P(Y|B)=1 corre-
sponds to “if prospect Xis preferred to ¥ knowing that Event A occurred, and if
x is preferred to y knowing that A did not occur (Event B occurred)” and
P(Y ) =1 corresponds to “xis preferred to y even when it is not known whether
A occurred”. Therefore, it can be stated that Savage’s sure-thing principle in

Tversky and Shafir (1992) [8]’s formulation is a special case of the law of total
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probability when P(Y|A)=P(Y|B)=1.Tversky and Shafir 1992) [8] and Shafir
and Tversky (1992) [9] exploited the law of total probability instead of Savage’s
sure-thing principle per se. In the Hawaii problem introduced by Tversky and
Shafir (1992) [8], participants exhibited a systematic violation of the Sure-Thing
Principle. The majority of participants (this frequency was interpreted as the con-
ditional probability P (Y | A)) preferred to purchase a vacation package when
they knew they had passed the qualifying examination, and likewise when they
knew they had failed (this frequency as interpreted as the conditional probability
P(Y | B ) ). Nevertheless, when the examination outcome was unknown, most par-
ticipants (this frequency was interpreted as the unconditional probability P(Y )
) deferred or declined the purchase. This preference reversal demonstrates a dis-
junction effect: a choice that is preferred under each possible state of the world is
not preferred under their disjunction. As can be seen, Tversky and Shafir (1992)
(8] assumed that P(A4)+P(B)=1, without measuring participant’s subjective
probabilities P(A) and P(B).In other words, the Tversky and colleague’s in-
terpretation relies on assumptions about these latent variables (probability
weighting).

Although these Tversky and Shafir’s studies and subsequent studies in quantum
models of cognition and decision (Khrennikov, 2010 [13]) have utilized the law of
total probability, no studies to date explicitly address the inequality on behavioral-
experimentally measurable values (Ze, P(Y) , P(Y | A) , P (Y | B) ) which
holds if and only if the Savage’s sure-thing principle holds. This point important
for experimental psychologists and economist to test whether Savage’s sure-thing

principle is violated under experimental conditions in laboratory settings.

2. Mathematical Analysis of Violations of Savage’s
Sure-Thing Principle

As stated earlier, Savage’s sure-thing principle can be regarded as a special case
for the law of total probability. By exploiting this, we can claim that the violations
of Savage’s sure-thing principle is, under behavioral experimental conditions that
participant has two mutually exclusive responses (Y or N) and s/he is allocated to
two mutually distinct known experimental conditions (A or B) and an unknown
condition, equivalent to the violations of the following inequality (see a proof be-
low) with standard definition of conditional probabilities of which values are ob-
tained from experimental data (provided P(Y | A) #P (Y | B) ):
P(Y)-P(Y|B)

(Y[ A)—P(Y| B) M

When this inequality is not satisfied with the experimentally observed values of
P(Y), P(Y|A4), P(Y|B), ie.,one of the following two inequalities is violated,

P(Y|B)<P(Y)<P(Y|4) )
or alternatively,

P(Y|4)<P(Y)<P(Y|B), 3)
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we can say that Savage’s sure thing principle is violated, which suggests that the
participants are irrational in the sense of normative principles of consequential
rationality and/or standard probability theory:

It is to be noted that inequality 1 can only be utilized when P(Y|A4)# P(Y|B),
in other words, the probability that participant’s response is Yunder condition 4
is different from that under condition B.

I here denote the proof of inequality 1. The law of total probability states:

P(Y)=P(A)P(Y|A)+P(B)P(Y|B). (4)

Because condition A and Bare mutually exclusive, it is satisfied from the axiom
of Kolmogorovian probability theory (from the rule of complementarity

P(A4)+P(not B)=1):
P(B)=1-P(4). ()
If we solve Equation (4) in terms of P(A) , by utilizing Equation (5), we obtain:
(4)= P(Y)-P(Y|B)
P(Y|A4)-P(Y|B)

(6)
Now from 0< P(A4)<1, we obtain inequality 1. (QED)

3. Discussions

The present analysis indicates that after determining(measuring) three probabili-
ties (two conditional probabilities of participants’ behavioral choices P(Y|4),
P(Y | B) and one unconditional probability P(Y ): the probability of partici-
pants’ behavioral choices under the unknown condition) , we are able to distin-
guish between violations and non-violation of Savage sure-thing principle by
checking whether the inequality 1 holds (non-violation) or not (violation). As far
as I know, this is the first study to derive the inequality on experimentally meas-
urable quantities to test the violations of Savage’s sure thing principle.

3.1. Relationship to Previous Studies

Here discussed the relationship of the present study to the previous ones examin-
ing the violations of Savage’s sure-thing principle and human probability judge-
ment errors.

After Tversky and Shafir’s studies [8] [9], several studies in quantum cognition
and decision models (see Khrennikov 2010 [13], for the rich applications of this
approach) utilized the formula of probabilities in quantum theory, in which so-
called “interference term” [ appears, as is the usual case in quantum theory in

physics, in the right-hand side of the law of total probability:
P(Y)=P(A)P(Y|A)+P(B)P(Y|B)+I )

which can capture the violation of Savage’s sure-thing principle in a quantitative
manner. Originally, for modelling probability judgement errors in humans,
Franco (2009) [14] quantified, by utilizing quantum settings, the interference term

as
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1=2,/P(A)P(B)P(Y|A)P(Y|B)cosd,

where 0 is a parameter called “quantum phase” in mathematical formalism in
quantum physics. This expression has been widely utilized to model the violation
of Savage’s sure-thing principle and other human probability judgement errors,
and extended in later studies (Cheon and Takahashi, 2010). However, in Tversky
and Shafir’s studies [8] [9] (and most subsequent ones), P(A) and P(B) were
not measured and, only P(Y) , P(Y|A) , P(Y|B) are experimentally ob-
served. This makes it difficult to distinguish between violation and non-violation
of the Savage’s sure-thing principle from the experimental data in most quantum
theoretical model studies. In contrast, the present approach based on the inequal-
ity only containing experimentally observable quantities ( P(Y), P(Y|B),
P(Y | A)) which is an advantage when researchers are only interested in whether
Savage’s axiom is violated or not.

The present approach also indicates a psychological origin of the Savage’s sure-
thing principle, other than that proposed in Tversky and Shafir (and quantum
models of cognition and decision). Shafir and Tversky (1992) [9] attributes the
violation of the sure-thing principle (STP, in the citation below) to people’s “non-
consequential” reasoning (ie., lacking a clear reason for choice under unknown
conditions):

“people do not always choose in a consequentialist manner, then STP may
sometimes be violated. For example, we have shown elsewhere that many people
who chose to purchase a vacation to Hawaii if they were to pass an exam and if
they were to fail, decided to postpone buying the vacation in the disjunctive case,
when the exam’s outcome was not known (Tversky & Shafir, 1992 [8]). Having
passed the exam, the vacation is presumably seen as a time of celebration follow-
ing a successful semester; having failed the exam, the vacation becomes a conso-
lation and time of recovery. Not knowing the outcome of the exam, we suggest
that the decision maker lacks a clear reason for going and, as a result, may prefer
to wait and learn the outcome before deciding to go, contrary to STP.”

This interpretation of the violation of Savage’s sure-thing principle attributes
“irrationality” in decision making to the wrong value of P(Y): probabilities of
choice under unknown conditions, rather than wrong values of P(Y|4) and
P(Y|B).In quantum theorical modelling studies, additional “interference” term
I alone is problematic, that is, the values of P(A) , P(Y | A) , P(B) , P(Y|B)
are legitimate, resulting in “irrationality” of the left-handed side of equation 1,
P(Y) . It can together be said that both conventional (Tversky and Shafir [8] [9])
and quantum models [11]-[14] focus on the origin of psychological deviation
from correct values of choice probabilities P(Y ) under unknown conditions. In
contrast, the present analysis indicates another interpretation that Equation (5),
the additivity of probabilities, the sum of the probabilities of Event A and Event B
(not occurring Event A): is equal to one P(A)+P(n0t A) =1, has a problem in

human mind, since in deriving the inequality of the Savage’s sure-thing principle,
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Equation (5) is utilized. There are several studies demonstrating such non-addi-
tivity of probabilities in human mind. For instance, in Kahneman = Tversky’s
prospect theory (1979) [15], the psychological probabilities in decision under risk
(“decision weights”, also referred to as probability weighting) are not additive:
w(p)+w(l-p)<1 (subadditivity), as shown by Allais (1953) [2]’s classical par-

adox. More concretely, the equation
P(Y)=w(P(4))P(Y|4)+w(1-P(4))P(Y|B)

should be utilized to analyze the violations of Savage’s sure-thing principle and
the law of total probabilities. In previous studies, the unobserved participant’s
subjective probability P(A4) and P(B) were employed instead of probability
weighting w(P(4)) and w(1-P(4)) in prospect theory.

3.2. Possible Future Directions

As suggested above, the violation of Savage’s sure-thing principle arises from the
violation of complementarity rule in probability theory: P(4)+P(not 4)=1
where P(A) is the subjective belief that Event A occurs. This violation of the
probability rule has been extensively studied in behavioral economics, particularly
in Kahneman and Tversky’s prospect theory [15] as sub-additivity of probabil-
ity weighting functions. Therefore, it may be promising future directions to
examine whether the violations of Savage’s sure-thing principle is related to
nonlinearity in decision-maker’s probability weighting functions. Behavioral
economist Drazen Prelec [16] axiomatically derived the probability weighting
function: w(p)=exp (—(—1n p)a) , 0<a<1.from, whatis known as compound
invariance. Al-Nowaihi and Dhami (2006) [17], who derived the probability
weighting function from “power invariance”, states the importance of the axiom
of Prelec’s compound invariance:

“The importance of this axiom is as follows. In expected utility theory, the prod-
uct rule for probabilities allows us to reduce a compound lottery to a simple lottery
of the same expected utility. Once we depart from expected utility theory, we need
a rule that plays an analogous role. Compound invariance is a candidate for such
arule”

Since the violations of Savage’s sure-thing principle may, as indicated from the
present analysis, result from the nonlinearity of probability weighting in decision
under uncertainty, it is necessary to be examined whether certain types of invari-
ance principles are satisfied in the mathematical formulations of the violations of
the principle.

Furthermore, Takahashi (2011) [18] derived the probability weighting function
form psychophysical laws of time perception from which hyperbolic temporal dis-
counting (Takahashi, 2005) [19] and the characteristics of prospect theory’s prob-
ability weighting (Takahashi and Han 2013) [20] are derived. Hence, it is an in-
teresting possibility that the violations of Savage’s sure-thing principle originate

from nonlinear distortion of time-perception. This should be examined in future
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studies in behavioral economics.

Several studies have attempted neural information processing underlying the
violations of Savage’s sure-thing principle. Takahashi and Cheon (2012) [21] ex-
plored connection of quantum-like models to nonlinear neural population coding
(bridge from cognitive model to neural mechanism). This study is a useful first
attempt to investigate a neurally plausible account of quantum probabilistic inter-
ference effects on decision through uncertainty, resulting in the violation of Sav-
age’s sure-thing principle. Recently, Khrennikov and colleagues (2025) [22] also
attempts to embed quantum-like cognitive models inside neuronal/graphical net-
work frameworks; explicitly targeted at reproducing disjunction and order effects
(including the violations of Savage’s sure-thing principle) while connecting to
neuronal architectures. Nevertheless, more work is needed for theoretical links
between neural information processing and the violation of Savage’s sure-thing
principle.

In the field of neuroeconomics, Berns et al. (2007) [23] were an early fMRI con-
ceptual/empirical approach to estimating probability weighting from neural data.
Tobler et al. (2008) [24] conducted Single-unit work showing that neural signals
represent probability in a nonlinear fashion consistent with a weighting function
(important neuronal evidence for distortions analogous to prospect theory
weighting). Hsu et al (2009) [25] shows fMRI evidence that BOLD signals re-
spond nonlinearly to objective probability; authors fit Prelec-style weighting
forms to neural responses. This is central for linking the violations of Savage’s
sure-thing principle to distorted subjective probability representation. Ojala et al.
(2018) [26] reported that pharmacological manipulation (dopamine) changes es-
timated probability-weighting. This study elucidated neurotransmitter mecha-
nisms underlying nonlinear probability weighting in decision under risk and un-
certainty. Future studies should examine which types of neurotransmitters mod-
ulate both the violations of Savage’s sure-thing principle and nonlinearity in prob-
ability weighting, to clarify common neuronal mechanisms underlying the viola-

tions of the complementarity probability law and Savage’s sure-thing principle.

4. Conclusions

The present analysis suggests that by examining three experimentally observable
probabilities—two conditional probabilities of participants’ behavioral choices,
P(Y|A4) and P(Y|B), and one unconditional probability P(Y) represent-
ing choices under the unknown condition—we can determine whether Savage’s
sure-thing principle is violated or not by testing whether inequality (1) holds
(non-violation) or fails (violation). Theoretically, the present analysis shows a vi-
olation of the sure-thing principle may imply a corresponding breakdown of the
rule of complementarity in probability theory. Future research employing neu-
roimaging and pharmacological approaches, together with theoretical investiga-
tions of the relationship between the sure-thing principle and neural information

processing, will be important for advancing our understanding of this phenomenon.
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