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Abstract

This paper offers a novel portrayal of the generalized Campanato space with
variable exponents. By introducing the position-dependent weight function
®(X,r), the generalized variable exponent Campanato space significantly in-

creases its flexibility and power to characterize complex phenomena. The
boundedness of the fractional integrals and their commutators is obtained on
the generalized Campanato space with variable exponents.
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1. Introduction

In the last several decades, research on Morrey-Campanato-type spaces and their
applications has seen a remarkable increase, with each advancing the other. Cam-
panato spaces, as a generalization of Morrey spaces that are occasionally referred
to as Morrey-Campanato spaces, were introduced by S. Campanato in 1963 [1].
These spaces also showed up in the paper by G. Stampacchia [2]. They generalize
the BMO spaces that were introduced by F. John and L. Nirenberg [3] and defined
as follows.

X) - fg| dx, (1.1)

. 1
" f "BMO - BS(UXE) |B(X, r)| J.B(x,r)|f (

where f; = ﬁJ.B f (y)dy, and what follows |B| is the Lebesgue measure of

in R".
The interpolation features of Morrey-Campanato-type spaces were given in [2],

measurable set B

[4] and [5]. In truth, they derived the result for a more comprehensive space that

is now termed the Campanato spaces.
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LetQbeanopensetin R",wedenote B'(X,r)=B(x,r)nQ, 1<q<ow and
A20, B(X,r)z{yeR" x—y|< r}. The Morrey space M**(Q) is defined
as

M (Q)={f e L‘,‘OC(Q):sup%I, | ()" dx < oo (1.2)
e 0

This is a Banach space with respect to the norm

1
1 a
1Ly =500 o 0 ] 0

r>0

Campanato spaces are useful tools in the regularity theory of PDEs as a result
of their better structures, which allow us to give an integral characterization of the
spaces of Holder continuous functions. The Campanato space C** (Q) is de-

fined as
(@) ={ f €L (Q):] sy <2]. (1.4)

The Campanato semi norm is given as

1
! dqu . (1.5)

1
" f "cqvﬂ'(g) = igg(r_ajg(m f(x)- ferur)

r>0

The importance of Campanato spaces stems from the fact that, as
Nn<A<n+(q, they coincide with the spaces of Holder continuous functions,
providing an integral characterization of such functions. While in the case A less
then n they coincide with Morrey spaces. For some recent results for research
on Morrey-Campanato-type space and their applications, see [6]-[12].

The main purpose of this paper is to discuss the boundedness of the fractional
integrals and their commutators on the generalized Campanato space with varia-
ble exponents given in Section 3.

The paper is organized as follows. Some main definitions and some auxiliary
results are provided in Section 2. In Section 3, we prove the main boundedness

results and provide some corollaries.

2.Some Preliminaries

2.1. Fractional Integral Operator

The commutator generated by a linear operator T and alocally integrable func-
tion b is defined by

T, (f)=bT(f)-T(bf). (2.1)

The investigation into the operator T, commenced with the groundbreaking
studied by Coifman-Rochberg-Weiss in [13]. Two primary motivations underlie
the consideration of commutators in this context. First, the boundedness of com-
mutators provides valuable insights into the characterization of function spaces

[14]-[20]. Second, commutator theory is of great importance in analyzing the reg-
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ularity of solutions to second-order elliptic and parabolic partial differential equa-
tions [21]-[23]. The well-posedness of solutions to many PDEs depends on the
boundedness of commutators for integral operators [24]-[26]. Fractional integrals
play an important role in harmonic analysis and PDEs.

Let O0<a <n.Then the fractional integral is defined by

f
I, f(x)= IR“y_(—XT”)“dy (2.2)

I m

Let b be a locally integrable function.
ated by 1, and b, which is defined by

«p i the m-th commutator gener-

10(0)= L (000 -b()" oy 2
=
In [27], Chanillo studied the characterization of BMO space via boundedness
of I,,.Paluszynski derived the characterization of the Lip, (R") space, which
involves the boundedness of 1, [19].In contrast to the extensive and profound
results regarding commutators with symbol functions in BMO spaces and lip-
schite spaces, research on Morrey spaces has been relatively scarce. However, re-
cent developments have emerged, providing innovative characterizations of Mor-
rey spaces through the analysis of the boundedness of commutators associated
with Calderén-Zygmund singular integral operators. These developments utilize
novel methodologies, moving away from the traditional dependence on the sharp
maximal function theorem [28]. This previous breakthrough marks the initial ex-
ploration of commutator studies where the symbol function belongs to Morrey
spaces.
Let f be a locally integrable function on R". Hardy-Littlewood maximal
operator M is defined by
Mf =sup

xeB

|j £ (y)|dy. (2.4)

given a, O0<a<n ,the fractional maximal operator M, is defined by

M, f(x) —sup

xeB

j | (y)|dy. (2.5)

where the supremum is again taken over all balls B which contain x. In the lim-
iting case a =0, the fractional maximal operator reduces to the Hardy-Little-

wood maximal operator.

2.2. Variable Exponent Lebesgue Spaces

Let p() be a measurable function on R" taking values in [l,oo) , the Lebes-
gue space with variable exponent L0 (R”) is defined by

f p(x)
LY(R"):= {f is measurable on R" :.[R” [gx)] dx < oo for some 2 > 0}- (2.6)
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Then L") (R” ) is a Banach function space equipped with the norm

|f (X)| p(x)
|f]p0 =infia>o0:] [TJ dx <1:. (2.7)

loc
compact subsets K R”} , where and what follows, y, denotes the character-

istic function of a measurable set S = R".Let p(-):R" —(0,0), we denote
p =essinf p(x), p':=esssup p(x).Theset P(R") consistsofall p(-)
xeR" xeR"

The space Lp(')(R") is defined by L&Q(R"):z{f fyc e Lp(')(R") for all

satisfying p~ >1 and p’ <w; R (R") consists of all p(-) satisfying
p >0 and p" <. LY can be similarly defined as above for
p()eR (R") .Let p’(-) be the conjugate exponent of p(-), that means
Yp()+yp()=1.

Basic facts concerning Lebesgue spaces with variable exponent can be found in
[29] [30]

Lemma 2.1 see [31] Let f belong to the Lebesgue space L0 (R”) and ¢
belong to LPo (R”) , where p(-)e P(]R”) . Then, the product function fg is
integrable over R", and the following inequality holds.

Lol F OO g ()< £, ol (2.8)
. 1 1
where r, is defined as A :1+p——p—.

Theorem 2.2 see [32] Let Q be an open set in R", and a, O<a<n, Let
P(-):Q—>[Lx), be such that 1< p_<p, <n/a. Suppose further that p(-)
satisfies

(i) Forany Xx,yeQ, |X—y|<]/2,if

C
X)— <— (2.9)
[p(x)=p(y)| “loglx_
(ii) Forany X,yeQ, y|2|X,if
C
_ <— 2.10
[p(x)-p(y)| 09(e ) (2.10)
Define q(~):Q—>[1,oo), xeQ,by
! 1 _a (2.11)

P(x) a(x) n
Then the fractional maximal operator M, is bounded from L"(Q) to
L“(')(Q).
Theorem 2.3 see [32] Let Q,«, p() and q() are as in Theorem 2.2, then
the fractional integral operator |, is bounded from L*7(Q) to L"(Q).

3. Boundedness of Fractional Integral Operators
3.1. Variable Exponent Generalized Morrey Spaces

The Morrey spaces MP")*0(Q) with variable exponents p(-) and A()
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over an open set Q@ R" have recently been introduced almost simultaneously
by different authors. Relevant works can be found in [33]-[37].

Let ﬂ,() be a measurable function on Q) with the values in [O, n] . The varia-
ble exponents Morrey space M P*0) (Q) isdefined [33] as the set of measurable
functions f on Q with the finite norm

A
= sup r p(x)

xeQ,r>0

|f (3.1)

M P(')vl(')(g) f ’}’/B'(er) LP(')(Q) ’

The Campanato space C**")(Q) of variable order, in the Euclidean case, are
defined [38] via the norm
Ax)

() (3.2)

¥ o020 ) = F ey + SUP ¥

xeQ,r>0

f- fB’(x,r) Lp(')(Q) .

Let p(-):R"—>[Lw)<w and @(x,-):(0,0)—>(0,0). @(X,r) satisfies the
doubling condition

w(x,2r)<Co(xr), forany xeQ, r>0,

where C >0 isa constant independentof X and r.

Let B be the ball of centre at x and radius r. The generalized variable
Morrey space MPY was introduced in [39] as the space of functions equipped
with the norm

n

r7W

(3.3)

[l =sup

1
B o(Xr)

The generalized variable Campanato space C P00 s defined by the norm

fZB(x,r)

LON

n

1 -
" f "c Mo = Sl;p— r P

o) (3.4)

(f - fB)/}r/B(x,r)

PO

The generalized Campanato spaces with variable exponents are a key link in the
“space-operator-equation” chain in functional analysis. They not only generalize
the theory of classical spaces but also provide a powerful functional analysis
framework for dealing with problems of non-uniform regularity, such as analysis
under variable coefficients and inhomogeneous media.

In [40], a characterization of Campanato spaces was provided via the bounded-
ness of 1, under the assumption that b satisfies a mean value inequality. In
[41], authors respectively characterized the strong and weak type boundedness of

I, onthe generalized Morrey spaces. Inspired by these results, in this paper, we
obtain a characterization of C"" via the boundedness of |, under asuitable
assumption that b satisfies the mean value inequality. A function f issaid to
satisfy the well-known mean value inequality if there exists a constant C >0
such that for anyball B in R",

C
sgp|f(x)—fB|£EL|f(x)— fg|dx. (3.5)

(3.5) is also called the reverse Holder class which contains many kinds of func-
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tions. For example, if P(X) is a polynomial and & >0, then f(X) :|P(X)|§
satisfies (3.5) [42]. Besides polynomial functions, the mean value equalities also
characterize harmonic functions [43]. For more theories about the reverse Holder
classes see [44] and [45] for example.

Our main results can be stated as follows.
1 1

——=—, O is

p(x) a(x) n

a non-negative measurable functionon Qx(0,¢), ¢=diamQ,and o satisfies

N

Theorem3.1Let O<a<n, p(-):Q—>[Lx)<wo,

the doubling condition. Then the fractional integral I, is a bounded operator
from MO to MO,

Theorem 3.2 Let p(-):R" —>[Lo)<ow. o(X,r) satisfies the doubling con-
dition, w =mww®,, 0<a <n, b satisfy (3.5). Then the following statements are
equivalent.

(a) bec™Va;

(b) 1,, isabounded operator from MO 1o PO

(c) For any ball BcR" and meN", there exists a constant C >0 such
that

m
Iy f

cpl)e <C ” f "Mq(')m2

As mentioned in a prior study, solutions to a substantial category of elliptic sec-
ond-order PDEs fulfill the mean value inequality (3.5). In this manner, our primary
findings can provide characterizations for the spaces of solutions to some second-

order elliptic PDEs. Let b be a solution to the following Laplace equation
Au=0 (3.6)

where A isthe Laplace operator and u is a function defined on a bounded do-
main Q c R". As shown in a previous study, b satisfies (3.5) and is bounded
[38]. Thus, the corresponding commutator is bounded from M2 4o PO
Then the space of solutions to (3.8) is C*"". The regularity of solutions to some
elliptic PDEs with smooth boundaries can be credited to the boundedness of cor-
responding commutators with smooth kernels. The question of what occurs when
the boundary conditions are relaxed can be addressed by studying the bounded-
ness of commutators with rough kernels. For this purpose, the results are extended
to the case of rough kernels.

This can be justified by simply stating that the proof follows that of Theorem
3.2 with minor adjustments to the estimates to account for the kernel Q(X - y) .
we can claim that Theorem 3.2 also holds true for fractional integrals with homo-
geneous kernels, which were defined [40] by

f(x):jRnMdy,O<a<n. (3.7)

|n—a

TQ,tz

where Q(x)eC” (S"’l) is homogeneous of degree 0 and

L Q(X)do(x') =0. (3.8)
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Here do is the normalized Lebesgue measure and X' = X/ |X| . When Q=1,
T,, isthe same as the fractional integral 1,.If =0, then T,, becomes a
Calderén-Zygmund singular integral operator in the sense of the principal value
Cauchy integral.

Corollary 3.3 Let p(-),a), ®,,0,,a and b be as Theorem 3.2. Then the fol-
lowing conditions are equivalent.

(1) be cmOe :

(2) Ta,, isabounded operator from M™% to C"0;

(3) For any ball BcR" and meN", there exists a constant C >0 such
that

LA

oot S Cl ] atrer

3.2. Proof of Our Main Results

This section begins with some lemmas which will be used in the proof of our re-
sults.

Lemma 3.4 Let p(-),®,@,0,, & and b be as Theorem 3.2, and
1 1

= + 1
s(x) p(x) a(x)

. Then

n

[(6-5,) F 26]r < CO DN ol [ - 3

Proof. By applying the Holder inequality we get

"(b_bB) fre 50 s C"(b_bs)ls "Lm() ||f7fB||Lq('>
<Cay (1) bl 03 (6 ) 1] g
_n
<Co )™ ol [ o1
where L:L+ﬁ.

a(x) po(x) n
Lemma 3.5 Let B, =B, be (™ Then the following inequality holds.
|bs, —bg| < Ceo, (%, 1) ol - (3.10)

Proof. We suppose two cases.
Case 1. When B, c B c 2B.. By using Holder inequality

1 1
|ka —bB| SEj&|b(x)—bB|dx+EIB|b(x)—bB|dx

C
SEJ'B|b(x)—bB|dx

1

<C |B|_W ”b by ||Lp1(x)
<Cay (X,1)|[bll rren -
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Case 2. When 2B. c B. Choose a sequence of nested cubes

B.=B cB,c---cB=8B,,
Similarly to case 1, we have

b, —bg| =[bg, ~bg, +bg, ~bg, +-+bg —b

< 2|b8i - bBi+1

< Ca)1 (X, r)"b”cm(.),z{ .

By

Proof of Theorem 3.1. Let f be a function in M""*(Q). For any fixed
r >0, denote B(O,I’) by B. B'=BnQ.Foranyball B,let 2B= B(O,ZI’).
We write f as f =1 +f,, where f =fy,, and f,=1f—f . By the Min-
kowski inequality, we have

I £ 00 <M fullyoro + 1 Bl 00

=1 +1,

We first estimate |, .
Note that f, € L*” and 1, isbounded from L to L, we get

o Fueror) | o) < I, fullo S I ulloo
= " f Izs||Lp(-> .
Thus,
" Ia fl",wq(')v’“ N Sllip a)(x, I’) r i Ia fl//KB’(x,r) La0)
1 __n
s o(x r)r "N Zao s
1 o SR
% o(xr) "o (x20)(20)" ], 0

SO e -

Now we turn to prove |,.For xeB and ye2“"B\2“B, we have

|X - y| ~ |2k B|l/n , together with the Holder inequality, we obtain

I, 1, (%) = Ia(f;g(ZB)C)(x)‘
()

o0
< kZ:;LMB\Zk B |y B X|n7a dy

< §:|2k B 1 I2k+1B f (y)| dy
=)
S k:1|2k B e Aoping L0 || f Xyt 0

Therefore,

DOI: 10.4236/am.2025.1611044 858 Applied Mathematics


https://doi.org/10.4236/am.2025.1611044

S.J. Niu, S. P. Tao

n
1w
"Ia f2||Mq(~),w =sup———r a(x)

B a)(x,r) I“fZXB’(XYf) La0)
n
1 Talx) = 144
S 0)—(X r)r a )é|2kB n Xpitg L0 ‘fﬂfsz L00) ”ZB"Lq(.)
n
1 “alx) = 4% .
Sty 2 bl Pl o 2)

(24050 | 1]

S Sl el o2
a)(X,r) k=1

(2 o [ ] e

5 "f /\/lp(v)'m '

This completes the proof.
Proof of Theorem 3.2. Let f be a functionin M%) For any fixed r>0,
denote B(O, r) by B. It suffices to show that the fact

_n
<Co(xr)r 1] g

(Ia,bf _(Ia,b f )B)ZB

Foranyball B,let 2B=B(0,2r). Wewrite f as f=f +f,, where
fi=fxp and f,=f -1 .Byusingthefacts 1,,f=1,,,,f, and

Iav(bfbs)f(y)—(la,(bbe)f)B‘s 2]t ) F () =(1, (D=Dy ) £,)(%5)
[40], p. 6) imply the following.

(la,bf —('a,bf)B)ZB 150

(la,(b—bB)f _<|a,(b-bg)f)B)Zs L0

(Ia,(bfbs)f _(Ia (b-by) fZ)(XB ))ZB )
S2||<(b_bB)|0ff);(B (Ia(b_bB) fl)ZB
I, (b_bB) f _(Ia ((b_bB) fz)(XB))ZB

=E +E,+E

LPC)

([19], p. 5,

<2

L0 +2

LPC)

+2

LPC)

Now we first estimate E,,

[((b=be )1, ) 25| oty S (b= ) sl (1 F) 2

LP2()
n
S @ () Bl |60
n n

<@ (% 1) bl nrer @, (%P E | 0o

_n_
S o)1 oll pren [yt
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where L =

1 a 1 1 1

where ! +— =

= , + .
ax) P (x) noop(x) pu(x) pa(x)
Next we will find the estimate for E,
(Ia (b_bB) fl)ZBLp(-) S "((b_bs) fl)ZB 50
S0 =bg) 2 ) [ 726

n
- n
S (xr)r IIo[| en @, (X, 27) (20 a0 || £ 0000
SO0 ol 00

1 e 1 _ 1 1
s(x) p(x) n’s(x) p(x) a(x)

Now we will find the estimate for the term E,,
1, (b—bg) fz(y)—(la ((b-bg) fz))(xB)

y—X
<[l b(a)-b |1 (2)

n+l-a
Xg —Z

<5 L2 T pl2) b (0]
< 1
<2 — [op(2) =By, || T (2)]z
k=2 2k|2kB N
+i i 1_zjszbB_b2kB|f(Z)|dz
k=2 2k|2 ;
< 1
ks k=2 -2 IZka(Z)_bsz |f(Z)|dZ
= 2k|2kB n )
!
1
" e JszbB_bsz |f(z)|dz
k=2 2k| kB n
LPC)
=1 +1,
» 1 1
hE éz_kfz*sﬁ b(z)-b, || f (z)|dz
= |2kB| n »
1
SéZT‘Ma b_bsz |f| LP0)
21
’Skzz‘éz_kmb_bsz |f 0

£ @06 ol [ e

Now we find the estimate for 1, by using the boundedness of M, (Theorem
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2.2) and Lemma 3.4, we have.
Now we find the estimate for 1,. By using the boundedness of M, (Theorem

2.2) and Lemma 3.5, we have.

> 1 1
IS zz—kakBj by~ ||f(2)|dz
k=2 |2kB n
LP()

> 1

Séz_k‘bB_bsz Maflzks LPO)
> 1

5é2—k“’1(xlr)"b”cm(-m F 2 ys 50
> 1

géz_kwl(x'r)"b”c”l(')*“’l ‘szs 0] flz“s L)

_n
S o) [bllnren £t -

which completes our desired results.
Now we will prove that (b) = (c). In this case, the induction can be per-
formedon m. m=1 is trivial, so it can be assumed that for any beC nOe

m-1
Iop |

P < C" f ”Mq(')’m? :

Next, the case m can be shown. The following can be confirmed easily.

m m-: f Yy
2t 002 0, LA o0, )
ma | f
<1008, L (o)1, )y
|y =X
ma | f
000 L o))y
<(Jo=bg |15 ) (x) + |15 (b =g ) £) (X))
=J,+J,
The condition (3.5) and Hélder inequality allow the user to estimate J, as follows.
3l <o ba 1]
S =g 125 | o

c
< o000
SLbllenrn |l gatres
9ol oo =125 (0=b5) £ s
S[(o=g ) £, 000
S o= ]yt -
N "b"C”l(‘)'”l " f "Mq(')vwz .
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Similarly, the following can be shown.

This produces the following result.
o f "cp(w <C| ], 000

(c) = (a), this proof consists of the construction of proper commutator [28].
This depends on the smoothness of the kernel function K (x)= 1/|x|n7a . Choos-
ing z,#0 and 6 >0 such that |Z|rHZ can be expressed in the neighborhood
|Z - Zo| <+/n& as an absolute convergent Fourier series

o = T
where the exact form of the vectors v, is irrelevant. Set z, =& 'z,. If

|z-2|<n,

|| =5z ["" =% "> e

Choose now any ball B=B(X,r). Set y,=X —rz and B'=B(y,r).
Thus, if xeB and yeB’, then

[x-y

= XX Y-Ye N~

| r r

_Zl

Denote s(x)=sgn(b(x)-bg )pl(x) , and using Holder inequality, we have.

I~y < g7l -9
ggamﬁ [0 b(x)—b(y)|$olyhn .
S w9 w0
Swl(x’r)rﬁ L [ opi0en

n

<a (%1 g, ], 00

where 1 = +—.

Hence bec™ yields the desired results.
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