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Abstract

Chemotaxis is the directed movement of cells or organisms in response to a
chemical gradient. This process is critical in many biological systems. In the
context of cancer, chemotaxis plays a significant role in how cancer cells mi-
grate and invade surrounding tissues. Our goal is to design a mathematical
model that utilizes chemo-attractants to draw cancer cells towards the core of
the tumor domain. We include therapeutic agents to eradicate cancer cells
concentrated at the core of the tumor domain. To that aim, we set up a coupled
system of partial differential equations that describes the interactions and dy-
namics of the following components: cancer cells concentration, chemo-at-
tractants concentration, and cancer killer agents concentration. The model
components are designed to manipulate the spatial distribution and eradica-
tion of cancer cells within the tumor microenvironment over time. Each term
in the equations of those components plays a specific role to that end. Our
simulations confirm that the combined therapy is highly effective in reducing
tumor burden. Counter-intuitively, we find that chemotactic drift alone can
achieve up to a 78% reduction in tumor mass within one unit of dimensionless
time by inducing overcrowding at the tumor core, while the addition of ther-
apy further enhances eradication and accelerates tumor suppression.

Keywords

Chemotaxis, Cancer Cell Migration, Mathematical Modeling,
Partial Differential Equations (PDEs), Tumor Microenvironment

1. Introduction

Chemotaxis is a critical process in many biological systems, including immune
responses, wound healing, and cancer progression [1]-[5]. It directs cells to move

in a desired direction. The movement can be of two types: Positive chemotaxis,
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where cells move towards higher concentrations of specific chemical attractants;
these are substances that attract cancer cells. They can include growth factors, cy-
tokines, or other molecules that promote cancer cell survival and proliferation [6]
[7]. For instance, immune cells move towards sites of infection or inflammation
where signaling molecules are released [8] [9].

The other type is negative chemotaxis which refers to the process by which cells
detect and move away from high concentrations of repulsive chemical signals. In
cancer biology, these are substances that repel cancer cells. They can include cer-
tain therapeutic agents or signals that induce cell death or inhibit cell migration
[10]. Generally, negative chemotaxis can help cells avoid harmful substances or
unfavorable environments. Although the detailed mechanisms and signaling
pathways remain under active investigation, several studies over the past few years
have explored how these chemo-repulsive agents modulate cell behavior [11]-
[13].

Since our purpose here is the mathematical modeling of chemotaxis, it is useful
to highlight some key concepts that can help our understanding of the model ap-
plication: Chemotactic Gradient is the spatial variation in the concentration of a
chemical substance that cells detect, leading them to move in a specific direction.
Chemotactic Receptors are proteins on the cell surface that bind to chemoattract-
ants or chemo-repellents, initiating intracellular signaling pathways that guide cell
movement [11]. Cell Polarization refers to the establishment of spatial asymmetry
in a cell. This asymmetry is essential for effective cell migration because it organ-
izes cellular components into distinct front (leading edge) and rear (trailing edge)
domains. The process involves the reorganization of the cyto-skeleton along with
the redistribution of organelles, membrane receptors, and signaling molecules,
thereby enabling the cell to interpret and respond to directional cues from chem-
ical gradients [14]-[16]. This coordination is critical not only for physiological
processes like wound healing and immune responses but also plays a significant
role in pathological contexts such as cancer metastasis.

In the context of cancer, chemotaxis plays a significant role in how cancer cells
migrate and invade surrounding tissues. Negative chemotaxis can be exploited to
counteract metastasis by repelling tumor cells, outlining potential strategies for
designing anti-metastatic agents [17]. Therefore, understanding and manipulat-
ing chemotaxis can constitute a crucial tool for developing effective cancer treat-
ments. For example, by designing therapies that alter chemotactic gradients, re-
searchers may be able to potentially control the movement of cancer cells, con-
centrating them in specific local areas of the tumor where they can be more effec-
tively targeted by therapeutic agents. We are not biologists, so we do not make
any feasibility or validity claim. Nevertheless, the following possible specific ma-
nipulations were the basis of our mathematical model and, of course, we would be
happy if those ideas find some validity and resonance in the field of cancer treat-
ment:

Chemo-attractants and Chemo-repellents: Recent developments in repelling
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cancer cells and impeding tumor spread through molecular inhibition [18] high-
light potential therapeutic approaches that target negative chemotaxis. By admin-
istering or inhibiting certain chemicals, the movement of cancer cells can be di-
rected. For example, increasing the concentration of a chemo-attractant in the tu-
mor core can pull cancer cells away from critical areas.

Therapeutic Agents: The balance between chemo-attractive and chemo-repul-
sive signals in the tumor microenvironment has implications for new treatment
modalities that aim to tip this balance against cancer progression [19]-[23]. Com-
bining chemo-tactic manipulation with therapeutic agents can enhance treatment
efficacy. Agents can be designed to be more effective in regions where cancer cells
are concentrated due to chemo-tactic manipulation.

Micro-environment Modulation: Understanding the cellular signaling path-
ways that mediate chemorepulsion in cancer cells offers insights into how modu-
lation of these pathways can influence cancer cell migration and dissemination
[24] [25]. Therefore, altering the tumor microenvironment to change chemo-tac-
tic gradients can help control cancer spread and improve the response to therapy.

Overall, we believe that chemotaxis is a fundamental process that could be stra-
tegically manipulated to improve cancer treatment outcomes without damaging

unaffected or critically sensitive non-targeted parts of tissues.

2. The Mathematical Model

We introduce a comprehensive mathematical model for the evolution of cancer-
ous tumors accounting for the effects of chemo-attractants and therapeutic agents.
The model focuses on the growth and migration of cancer cells, as well as on their
death due to the presence of therapeutic agents. In our model, we introduce
sources of chemo-attractants and therapeutic agents near the center or core of the
tumor to see whether one can cause the live cancer cells to migrate inwards toward
the core, where the higher concentration of therapeutic agents can bring about
their death.

2.1. Model Definitions

In order to include some effects of geometry of the tumor domain, we choose to
work in a cylindrical polar coordinate system with axial symmetry. While tumors
are likely more spherical than cylindrical, because in our simulation software
(COMSOL) the axisymmetric polar system is already built-in, this choice makes
the computations more straightforward.

We thus take the tumor domain Q to be a disk of radius R (polar coordinates
system with 1 — D axi-symmetry as defined by COMSOL Multi-Physics system).
Within that disk, we somewhat arbitrarily divide the domain into three subre-
gions: Core, Central, and Peripheral, with the core region nearest the symmetry
axis (r=0), and the peripheral region near to the outer boundary (r= R), and the
central region in between those two. To summarize the numerical results later, we

compute the mass of the tumor within those three regions to see how the combi-
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nation of chemotaxis and therapeutics redistributes and potentially eliminates the
cancer cells in the tumor.

The dependent variables in our model consist of: ({1;£), the cancer cell concen-
tration; A(r7), the chemo-attractant concentration; and 7{r,9), the therapeutic
agent concentration. Here, r is the radial variable in polar coordinates and ¢ is

time.

2.2. The Governing Equations

We start with the partial differential equation (PDE) that describes the evolution
of the cancer cell concentration ({z;#). Essentially it is a conservation equation of

the form:

£+V-J:S
ot

inwhich J is the flux of cancer cells and Sis their netrate of production within
the region. The flux J =vC —D_,VC includes an advective term characterized by
velocity v and a diffusive term characterized by diffusivity D, . In the absence of
any bulk flow, the advection velocity is purely due to chemotaxis and would be
given by v=y,VA in the presence of chemo-attractant with concentration A.
The source term Sincludes expressions for growth rate of cancer cells, as well as
their removal or death rates (with negative signs). More specifically, the PDE for

cancer cell concentration becomes:

O - D5C- 1,7 (CVA)rac 1 |- pC -acT W

The individual terms in this equation can be interpreted as follows. The term
oC/ot is the time rate-of-change of cancer cell concentration resulting from all
the transport and growth and removal processes on the right-hand side. The term
D,V’C represents the transport of cancer cells by diffusion, with D, being the
diffusion coefficient due to random motility of cancer cells within the tumor mi-
croenvironment. Cancer cells exhibit random movement due to interactions with
the extracellular matrix and other cells. Theterm »,V - (CVA) represents transport
due to chemotaxis towards higher concentrations of chemo-attractants. Here, g,
is the chemotactic sensitivity coefficient, A4 is the chemoattractant concentration,
and VA is its gradient. Cancer cells are known to migrate towards higher con-
centrations of certain chemicals that promote their growth and survival such as
growth factors or nutrients.

The next set of terms describe the growth and death rates of cancer cells, com-
prising the source term in the original conservation equation. The term
aC(1-C/K) isan assumed logistic growth rate for cancer cells; « is the pro-
liferation rate, and K is the carrying capacity of the cancer microenvironment.
Cancer cell proliferation follows a logistic growth pattern where growth slows
down as the population approaches the carrying capacity of the environment. Pro-
liferation of cancer cells can be limited by the finite availability of space and nu-

trients. The term SBC is the intrinsic (natural) cancer cells death rate, where S
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is the death rate coefficient. Cancer cells are subject to finite lifetime. Finally, the
term OCT 1is a removal rate that represents the death of cancer cells due to the
presence of the therapeutic agent, ¢ being the proportionality coefficient of the
death rate with therapeutic agent concentration 7; such as chemotherapy drugs
that kill cancer cells upon contact. Therapeutic agents are designed to specifically
target and kill cancer cells, reducing the overall tumor burden.

Clearly Equation (1) shows the coupling between the evolution of cancer cell
concentration Cwith the concentrations of chemo-attractants A and therapeutic
agents 7. We thus also write transport equations for these two concentrations.
Both of these are assumed to be governed by diffusion equations in which we also
allow for degradation of the molecules and potentially a distributed source within
the tumor domain. The respective PDEs for the chemo-attractant concentration

and the therapeutic agent concentration thus read:

A _ D,V*A- 1A )
ot
% =DVT-AT (3)

In these equations the left-hand sides are the rates of change of the respective
concentrations and the right-hand sides include diffusive transport terms with
diffusivities D, and D,, and decay rates with rate constants A, and /4. Un-
like general formulations that include bulk source terms S, and S,, our model
supplies the chemo-attractant and therapeutic agents exclusively through fluxes
imposed at the inner boundary of the domain. We therefore omit bulk sources
from the governing equations to streamline the presentation.

In summary, Equations (1) - (3) constitute a system of three coupled PDEs that
govern the transport and evolution of cancer cell, chemo-attractant and therapeu-
tic agent concentrations within the tumor. The initial and boundary conditions
imposed on this system are specified in Section 3 below in the context of the nu-
merical simulations. This system and its associated initial and boundary condi-
tions constitute our complete mathematical model. Each term in the governing
equations corresponds to specific physical or biological processes that are crucial
for modeling cancer cell behavior in the tumor microenvironment. By incorpo-
rating these terms, the model can simulate how cancer cells evolve, proliferate,
and respond to treatments and environmental cues, providing a comprehensive
framework for understanding and optimizing cancer therapy. In the simulations,
we set up the boundary conditions so as to ensure that chemo-attractants draw
cancer cells towards the core of the tumor where we expect them to be eradicated
by therapeutic agents that are also introduced mainly in that location.

3. Numerical Simulations

To test our main hypothesis, we work on three variants of the model describing
tumor evolution. Our working hypothesis is that if chemo-attractants and thera-

peutics are introduced into the tumor core, they can induce cancer cells to migrate
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toward the core where targeted therapy can lead to a significant reduction or com-
plete eradication of cancer. The three variants of the model loosely correspond to
three of the main stages of the hypothetical tumor. One application aims at cap-
turing the dynamics of a typical stage I tumor, a second attempts to describe the
evolution of a typical stage II tumor, and a third describes the dynamics of a typ-
ical stage III tumor. Note that we are excluding stage zero and metastatic tumor
(stage IV). Before presenting and analyzing the simulations we have performed,
we briefly describe the different stages of cancer tumor.

Cancer staging provides a standardized method to describe the extent of disease
progression. It is crucial for determining prognosis and guiding treatment deci-
sions. One of the most widely used systems is the TNM system, which classifies
cancer based on three key components: T (Tumor) refers to the size and/or local
extent of the primary tumor, N (Node) refers to the involvement of regional
lymph nodes, M (Metastasis), refers to the presence of distant spread [5] [4] [11]
[23]. This staging system is continuously refined based on accumulating clinical
data and evolving understanding of tumor biology, making it a pivotal tool in both
clinical practice and research.

A stage I tumor is small and limited to its site of origin, without spreading to
lymph nodes or distant sites. It is easier to treat and it is often curable. Left un-
checked, a stage I tumor can evolve to stage II, a larger tumor that may spread to
nearby tissues or lymph nodes but not to distant organs. This stage requires a
more extensive treatment compared to stage I. A stage II tumor, in turn, can
evolve to stage III and become more aggressive and extensively invasive of a larger
number of regional lymph nodes. At this stage, there is still no distant metastasis,
but the disease is more aggressive and can evolve to the next stage. At stage IV,
the cancer can spread to distant parts of the body (e.g., lungs, liver, bones), and
becomes much harder to treat and often considered incurable but manageable
with palliative care or systemic therapies. Understanding these stages is crucial for
tailoring treatment and predicting outcomes.

In our simulations, while we do not account for spread of cancer to nearby re-
gions, we distinguish between stages I through III using different initial conditions
corresponding to the initial extent of cancer cells within the domain of interest,
with stage I starting with a small cancerous region, while for stage III, the cancer
cells initially fill the entire computational domain.

» <«

We emphasize that this use of “Stage I,” “Stage II” and “Stage III” is a modeling
simplification based solely on initial spatial distributions. It does not correspond
directly to the clinical TNM staging system, which incorporates tumor size, lymph

node involvement, and metastasis.

3.1. Dimensionless Equations

For computational and visualization purposes, we now proceed to non-dimen-
sionalize the mathematical model described in Equations (1) - (3). To that end,

we choose as our length scale the radius R of the disk-like domain and for our
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time scale, the diffusion time of cancer cells over that distance: R?/ D, . We thus
define a dimensionless radial coordinate f=r/R and a dimensionless time
t=D.t / R?, and we scale all concentrations with the carrying capacity K; taking
C= C/ K, A= A/ K,and T=T / K . Upon dropping the hats for notational clar-

ity, we obtain:

%szc—ﬁ1V'(CVA)+ﬂ2C (1-C)-pBC-p.CT (4)
oC

E:ﬂsva—ﬂeA 5
oC

S AV AT (©)

Where the eight dimensionless parameters appearing therein are given by
2.K aR? R? SR?*K
A - Bc,ﬂ2=Dc,ﬁ3=ﬂDc,ﬂ4= 5 )
D, AaR’® D, 2 R?
=—, =, =—, = 8
185 Dc ﬁ6 Dc ﬂ7 DC ﬂS Dc ( )

Note that we model the introduction of attractants and therapeutic agents as a
boundary flux, corresponding to localized delivery methods such as intratumoral
injection or infusion devices. Instead of having distributed sources of attractants
and therapeutic agents, we introduce them into the tumor through Neumann

boundary conditions.

3.2. Notes on COMSOL Multiphysics Software

The tumor domain Q) that we have in mind is a sphere with radial symmetry.
However, for convenience, we model a disk-shaped tumor in polar coordinates
with axisymmetry. This means that the properties of the tumor are invariant un-
der rotation about a central axis, with no dependence on the angular coordinate.
Thus all quantities depend only on the radial coordinate r. In COMSOL this ge-
ometry is built-in and referred to as “1-D axisymmetric”.

At this point, an explanation of a small subtlety in COMSOL formulation of the
so called 1-D axisymmetric geometry is in order: In many finite element (and
other numerical) simulations involving cylindrical coordinates, the origin (r= 0)
is a singular point. In COMSOL Multiphysics that point is not treated as a stand-
ard boundary but rather as an interior point. This modeling strategy avoids the
issues associated with applying a boundary condition at a singular point. Instead,
the underlying formulation takes advantage of the invariance of the physical
laws under rotation about the axis, ensuring that the appropriate conditions are
implicitly satisfied at the origin without requiring an explicit boundary condi-
tion [26]-[28]. In our case, however, we would like to impose flux-type boundary
conditions at the core of the tumor domain. To get around this limitation, we
modify our domain from the dimensionless range 0 < r< 1 to a new one: 0.02/R

< r< 1, starting away from the axis of symmetry. We can now impose Neumann

DOI: 10.4236/am.2025.1611041

791 Applied Mathematics


https://doi.org/10.4236/am.2025.1611041

B. Al-Azem, A. Nadim

boundary conditions at the point r = 0.02/R, to specify the fluxes of all three
components in our model. In our simulations the numerical value of R was
taken to be 2.56 (in centimeters), and the value 0.02 cm corresponds to 200 mi-
crons.

Using COMSOL Multiphysics software, we simulated several instances of the
model by varying two key parameters: The Drift Coefficient £ and the Therapeu-
tic Agent Coefficient S, of the cancer cells PDE (4). We expected that these partic-
ular parameters would play a pivotal role in determining the qualitative and nu-
merical evolution of the body mass of cancer cells within the tumor microenvi-
ronment. Indeed, our overarching hypothesis is that the combined effect of con-
vecting cancer cells towards the core of the tumor domain, coupled with targeted
therapy in that same region, would dramatically reduce, if not eliminate, the tu-
mor from the entire microenvironment.

After many trials, we settled on {0, 30, 60, 90} as the set of possible values for
the drift coefficients £ and {0, 10, 20, 30, 40} as that of the therapeutic coefficient
ps. Against each of the 5 values in the therapeutic coefficient set, we ran four
instances that correspond to the four values in the drift coefficients set, resulting
in 20 total completed numerical simulations. Other special cases or variants of
simulations were also performed for the purpose of further illustrations and val-
idations of the results. For each instance of the above simulations, we used the
built-in integration capability of COMSOL to compute the non-dimensional
body mass of cancer cells in the three regions of the tumor: The core region
(0.02/R< r< 0.52/R) , the central region (0.52/R < r< 0.54/R), and the peripheral
region (0.52/R < r < 2.56/R). In polar coordinates, these integrals have the

forms:
mass = Zﬁfr:j rC(r,t)dr.

We also computed the total mass in the entire domain separately. We per-
formed this process for each of the 3 stages. The results are tabulated and visual-
ized below. Oncological staging is implemented by assigning differing initial val-

ues to the cancer concentration C for each stage.

3.3. Initial and Boundary Conditions

We performed numerical simulations on the evolution of the three concentration
fields C(r,t) s A(I’,t) ,and T (r,t) starting with three different initial condi-
tions that were meant to represent three of the stages of cancer at diagnosis. For

all three cases, we took the initial conditions on the attractant and therapeutic to be
A(r,0)=0, T(r,0)=0
which means that they were not initially present in the system. For the cancer
cell concentration, however, we took the initial conditions to be one of:

0.1 (0.02/R<r<052/R)

Stage 1:C(.0) :{O elsewhere
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1 (0.02/R <r< O.52/R)
Stage Il :C(r,O) =401 (0.52/R <r< 2.54/R)
0 elsewhere

Stage Il :C(r,O) =1 everywhere

Stage III thus represents a case where the cancer cells have reached the carrying
capacity of unity throughout the domain at the point of diagnosis. Stage I starts
with the cancer cells at one-tenth of the carrying capacity in a small region near
the center. In stage II, we have cancer at the carrying capacity near the center and
one-tenth of it in the central region, and zero in the peripheral region. Recall that
the numerical value of Ris 2.56 in our computations.

As far as the boundary conditions are concerned, in all cases, on the cancer cell
concentration C, we impose no-flux boundary conditions at both ends of the in-
terval. For the other two variables A and 7, we impose no-flux conditions at the
periphery (r= 1), but at the core (r= 0.02/R) we impose an incoming flux into the
tumor domain, with a dimensionless value of unity. The boundary conditions are

thus:

ﬁzo, %:0, ﬂ:0, atr=1
or or or

and

§=o, %z—l, ﬂ:—1, atr =0.02/R
or or or

for all time > 0.

This modeling choice reflects a localized delivery mechanism, such as direct
intratumoral injection into the tumor core or infusion through an implanted de-
vice. Intratumoral injection has been investigated in experimental oncology as a
means to achieve high local concentrations of therapeutic agents while minimiz-
ing systemic exposure [29] [30]. Representing the introduction of chemo-attract-
ants and therapeutics as boundary fluxes thus captures the effect of sustained, spa-
tially focused administration without assuming a uniform distribution through-

out the tumor.

4. Results

We have simulated stage I, II, and III tumor evolutions according to the model
described above using COMSOL. All three models reach the same final steady
state for the sets of parameters we examined. Their transient dynamics are differ-
ent because they start with different initial conditions. To avoid redundancy, we
simply highlight the major differences among the 3 stages during their transient
states, and focus the steady-state analysis on stage III only. If the model shows
significant eradication of stage III tumor, our worst-case scenario, we surmise that

it will succeed in the less acute cases of stage I and II (Figures 1-6).
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Stage 1 Cancer Tumor Evolution: Drift Coef. = 90 Therapeutic Coef. = 40

Lé-18 = Time = 0.0 |
16- 4 = = Time = 0.2
14+ o «+=+ Time =05 1
12 % === Time = 0.8 i
1 3 sees Time = 1.0 ]
0.8 |t
0.6f
0.4F
0.2+

-0.2r .
045 _
-0.6- .
-0.8- .

e _

Cancer Concentration (Dimensionless)

0 0.2 04 0.6 0.8 1
r-coordinate (Dimensionless)

Figure 1. The figure captures the tumor evolution during the transit state of stage 1, where the initial
values of 107! at the core and zero elsewhere still have effect. Initially the tumor grows because the car-
rying capacity of cancer cells is small, so the logistic term of (4) leads to initial growth. The graph shows
that after about 5 dimensionless units of time the tumor mass declines significantly everywhere.

Stage 2 Cancer Tumor Evolution: Drift Coef. = 90 Therapeutic Coef. = 40 2

1.8, T T o

164 —T!me=0.0 |
== Time =0.2

1.4+ oo Time=05 il

1.2+ = Time = 0.8 J
s Time =1.0

1 — Time = 5.0 ]

Cancer Concentration (Dimensionless)

-0.67 L 1 Il Il
0.2 0.4 0.6 0.8 1
r-coordinate (Dimensionless)

Figure 2. The figure captures the tumor evolution during the transit state where the initial values of 1 at
the core, 107! at the central region, and zero near the boundary still play a noticeable role. At the core
region where the carrying capacity of the logistic term of equation (4) is maximum, the cancer mass
decreases at all times. In the central and the peripheral region where the carrying capacity is small, the
logistic term leads to initial growth. The graph shows that after about 5 dimensionless units of time, the
tumor mass declines significantly everywhere.
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Stage 3 Cancer Tumor Evolution: Drift Coef. = 90 Therapeutic Coef. = 40 e

10F T T ' T T —

9l === Time = 0.0 |

= == Time =102
o 8t vees Time =05 ]
6 ; = Time = 0.8

§ I voer Time=1.0 |

£ 6r l — Time=5.0 i
5

c 5 |
)

8 4 ]
-
C

§ 3 ]
5

U] 2r .

c 1r 1
S

0_ |

'1_ 1 1 1 1 5

0 0.2 0.4 0.6 0.8 1
r-coordinate (Dimensionless)

Figure 3. The figure captures the tumor evolution during the transit state where the initial value is 1 everywhere.
Since the carrying capacity of the logistic term of equation (4) is maximum, the cancer mass decreases everywhere
and at all times. The graph shows that after about 5 dimensionless units of time, the tumor mass declines signif-
icantly everywhere.

Tumor Body Mass Evolution for Therapeutics (T= 0) and Various Drift (D) Coefficients

19 . : :
18¢ —T=0,D=0
177 -=T=0,0=30
g 7. -
I s e
§ o —hee
e 13t
g 12
a1t
@ 10r e e
s 9
> 8-
5 7
m T D ekktlssiesennealpis st ne sl g s sl e i )
5 i
£ 5t
i
F 4t
3_
2_
1 1 1 1 I I I
0 1 2 3 4 5

Time (Dimensionless)

Figure 4. The reduction in total tumor body mass in time for the Therapeutics coefficient T = 0.
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Tumor Body Mass Evolution for Therapeutics (T=20) and Various Drift (D) Coefficients 2
18} —T=20,D=0 1
==T=20,D=30
o 161 -
a e T=20,D=60
‘_é 14}F — T=20,D=90 .
]
5 12+ 1
E
o 10+ i
a
8 g ]
=
z 5 -
0
5 at ]
£
3 2+ J
'_
0_ 4
-2_ 1 1 L L L L 1 1 ]
1 0 1 2 3 4 5 6
Time (Dimensionless)
Figure 5. The reduction in total tumor body mass in time for the Therapeutics coefficient T = 20.
(5]

Tumor Body Mass (Dimensionless)

20
18
16
14

1

2

10

B N O N B o ®

Tumor Body Mass Evolution for Therapeutics (T=40) and Various Drift (D) Coefficients

—T=40,D=0
-=T=40,D=30

0 1 2 3 4 5 6
Time (Dimensionless)

Figure 6. The reduction in total tumor body mass in time for the Therapeutics coefficient T = 40.

Summary: The numerical simulations show that the only difference between
Stage I, Stage II, and Stage III implementations is during the transit states of their
respective evolutions.

During stage 1 transit state, the tumor evolves under the effect of the initial

values of 107! at the core and zero elsewhere. Initially, the tumor grows because
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the carrying capacity of cancer cells is small, so the logistic term of Equation (4)
leads to initial growth.

During stage 2 transit state, the tumor evolves under the effect of the initial
values of 1 at the core, 107 at the central region, and zero elsewhere. At the core
region where the carrying capacity of the logistic term of Equation (5) is maxi-
mum, the cancer mass decreases at all times. In the central and the peripheral
region where the carrying capacity is small, the logistic term leads to initial
growth.

During stage 3 transit state, the tumor evolves under the influence of the initial
values of 1 in the entire tumor domain. Since the carrying capacity of the logistic
term of Equation (6) is maximum, the cancer mass decreases everywhere and at
all times. All the 3 graphs above show that after about 5 dimensionless units of
time, the tumor mass declines significantly and everywhere.

Below we present tables and graphs that convey the results of our simulations.
We only included a sample from the set of visualizations we performed to avoid
redundancy and clutter. In order to further help the reader navigate the numerical
results in the tables, we state the following guidelines:

1) To see the effect of the Drift, compare the values within each table as you
scroll down any column in that table (Tables 1-6).

For example, if we want to see the effect of Drift on the Central region of the
tumor domain, when the Therapeutic coefficient is 10, we scroll down the Central

Mass column of Table 2.

Table 1. Stage III tumor with a Therapeutic Coefficient of 0.

Stage 3 Cancer Tumor Evolution with Therapeutics Coef. = 0

Drift Coef. Core Mass Central Mass  Peripheral Mass Total Mass
0 0.1118 12.9160 0.3102 13.3380
30 0.0875 09.4640 0.2296 09.7811
60 0.0510 06.1093 0.1492 06.3095
90 0.0226 02.8087 0.0689 02.9002
Rate* 20.2% 21.7% 22.2% 21.7%

Note: *The “Rate” row shows the % of tumor mass remaining after applying a ’'maximum’

drift coefficient (5 = 90) for each region at the therapeutics coefficient level (£ = 0) com-

pared to the baseline drift coefficient (4 = 0), computed as

[17 Coef. 0 Mass — Coef. 90 Mass
Coef. 0 Mass

} x100% . Similar interpretation applies to the tables be-

low.

Table 2. Stage III tumor with a Therapeutic Coefficient of 10.

Stage 3 Cancer Tumor Evolution with Therapeutics Coef. = 10

Drift Coef. Core Mass Central Mass  Peripheral Mass Total Mass

0 0.0986 11.7380 0.2832 12.1200
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Continued
30 0.0759 08.3177 0.2026 08.5962
60 0.0410 04.9880 0.1222 05.1513
90 0.0137 01.7065 0.0420 01.7622
Ratio* 13.9% 14.5% 14.8% 14.5%

Table 3. Stage III tumor with a Therapeutic Coefficient of 20.

Stage 3 Cancer Tumor Evolution with Therapeutics Coef. = 20

Drift Coef. Core Mass Central Mass  Peripheral Mass Total Mass
0 0.0855 10.5570 0.2562 10.8980
30 0.0644 07.1747 0.1756 07.4148
60 0.0313 03.8722 0.0953 03.9990
90 0.0051 00.6105 0.0151 00.6308
Ratio* 6.0% 5.8% 5.9% 5.8%

Table 4. Stage III tumor with a Therapeutic Coefficient of 30.

Stage 3 Cancer Tumor Evolution with Therapeutics Coef. = 30

Drift Coef. Core Mass Central Mass  Peripheral Mass Total Mass
0 0.0725 9.3726 0.2291 9.6742
30 0.0533 6.0359 0.1486 6.2378
60 0.0221 2.7629 0.0683 2.8533
90 0.0003 0.0000 0.0000 0.0003
Ratio* 0.4% 0.0% 0.0% 0.0%

Table 5. Stage III tumor with a Therapeutic Coefficient of 40.

Stage 3 Cancer Tumor Evolution with Therapeutics Coef. = 40

Drift Coef. Core Mass Central Mass  Peripheral Mass ~ Total Mass
0 0.0597 8.1840 0.2019 8.4456
30 0.0425 4.9024 0.1215 5.0664
60 0.0133 1.6611 0.0413 1.7158
90 0.0002 0.0000 0.0000 0.0002
Ratio* 0.3% 0.0% 0.0% 0.0%

From the above table, one can glean an important piece of information-the sig-
nificant relative rate of reduction of tumor mass occurring at the core region of
the tumor domain. This fact is maintained by all other similar cases. Accordingly,
if one succeeds in convecting most or all cancer cells to that region of interest, a

significant reduction of mass must result. Bear in mind that the core region can

DOI: 10.4236/am.2025.1611041 798 Applied Mathematics


https://doi.org/10.4236/am.2025.1611041

B. Al-Azem, A. Nadim

be replaced by any other local region and we expect identical results.
In what follows we present the numerical results we obtained through COM-
SOL simulation when we fix the Drift Coefficient to a moderate level of 30 and

vary the Therapeutics Coefficients.

Table 6. Stage III tumor with a Drift Coefficient of 30.

Stage 3 Cancer Tumor Evolution with Drift Coef. = 30

Therapeutics Coef. Core Mass  Central Mass Peripheral Mass ~ Total Mass

0 0.0875 9.4640 0.2296 9.7811
10 0.0759 8.3177 0.2026 8.5962
20 0.0644 7.1747 0.1756 7.4148
30 0.0533 6.0359 0.1486 6.2378
40 0.0425 4.9024 0.1215 5.0664
Rate* 51.4% 48.2% 47.1% 48.2%

A remarkably consistent trend immediately emerges. For each fixed value of the
Therapeutic Agent and in all regions of the tumor, the cancer body mass decreases
as the Drift Coefficient value increases. Even in the absence of therapy, the Drift
of cancer cells to the core region alone leads to a significant decrease of the cancer
body mass in the entire tumor domain. This unintuitive, curious phenomenon
can be explained as follows:

By inspecting the cancer cells PDE Equation (4) we see that the net rate of
growth of the cancer cells is the result of two competing terms: the logistics term
and the intrinsic rate of death of cancer cells. The logistics term has the effect of
reducing the rate of growth in overcrowded regions where cancer cells compete
for finite resources. On the other hands, the rate of death remains constant since
it is intrinsic. The net rate of growth at the core of the tumor where the cancer
populations is overcrowded can, therefore, be negative. Since most of the cancer
populations is drifting towards the core over time, where the growth rate can be
negative, it is no surprise then that the drift alone can lead to reduction of the
overall cancer population in the entire tumor domain and in the absence of ther-
apy. This qualitative mathematical result has the following corresponding physical
justification: If it were possible to drift most or all cancer cells to the core region
of the tumor domain, or to any local region farther away from the vascular region,
cancer cells would be kept away from vital resources of oxygen and various nutri-
ents, and thus deprived from essential ingredients of survival. Cells must compete
for finite resources—a phenomenon captured by the reaction part of the logistics
term of the cancer density equation (4). As a consequence, the net growth rate of
cancer cells declines and can even become negative. Indeed, Table 1 provides a
numerical illustration of this phenomenon.

This finding points to a potentially original therapeutic avenue, which might be

described as therapy by induced overcrowding (or equivalently, induced hypoxia
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therapy). The mechanism can be understood directly from the structure of the
logistic growth law. When the local cancer cell density surpasses the carrying ca-
pacity (C > K), the logistic term turns negative, driving net decline rather than
growth. In our model, chemotactic drift concentrates cells into the tumor core,
where this overcrowding condition is inevitably satisfied. The result is a mathe-
matically guaranteed suppression of growth in the central region, which in turn
reduces the total tumor mass. Remarkably, this decline emerges without recourse
to traditional cytotoxic interventions such as chemotherapy or radiation. Instead,
it exploits the tumor’s own self-limiting growth dynamics under conditions of in-
duced density stress. Such a strategy suggests a conceptual departure from con-
ventional approaches, highlighting the possibility of non-toxic modalities that
suppress tumor burden by engineering microenvironmental crowding or hypoxic
stress, thereby harnessing intrinsic biological constraints rather than external de-
structive agents.

Our analysis, therefore, reveals a novel therapeutic paradigm: therapy by in-
duced overcrowding (or induced hypoxia therapy).

As a side note, we mention an important fact related to the above discussion:
Cancer cells, when forced towards the core region or strategically migrate there
to evade the preying of the immune system, face intense competition due to
overcrowding. This hypoxic environment favors the survival of the fittest cells,
leading to the emergence of aggressive variants that are hypothesized to be pri-
marily responsible for metastatic progression [31]. Research indicates that hy-
poxic conditions within the tumor core create a selection pressure favoring re-
silient, fitness-enhancing phenotypes and stemlike tumor cells [32]. These cells
can migrate to the tumor boundary and contribute to metastatic dissemination
(6] [33].

The tumor core’s inhospitable environment can indeed select for the most re-
silient cancer cells, which may then play a pivotal role in the metastatic progres-
sion of the tumor. This concept aligns with current understandings in oncology
regarding tumor microenvironments and metastasis [34]. However, currently,
our model will not incorporate the metastatic stage 4 of the tumor.

Summary: All simulations point to a significant decrease of cancer cells body
mass and possible cancer eradication from the tumor microenvironment, leaving
a controlled and treated tumor region with minimal to no remaining cancer cells.

The above tables and their corresponding graphs illustrate this result.

5. Conclusions and Future Directions

Our overall strategy is to effectively manipulate and eradicate cancer cells
within the tumor microenvironment by using the combined effect of chemo-
attractants and therapeutic agents. The high concentration of chemo-attract-
ants in the core region creates a gradient that attracts cancer cells towards the
core. This results in the migration towards the core region of the tumor, keep-

ing cancer cells at a minimum distance of 200 microns from the vascular re-
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gion, thus achieving two goals at once: reducing the likelihood of metastasis
and preventing the cells from accessing nutrients and oxygen from the blood
vessels. Therapeutic agents at the tumor core target and kill cancer cells as can-
cer cells accumulate. The combined effect of the accumulation of cancer cells
in a specific local region of the tumor due to chemo-attractants enhances the
efficacy of the therapeutic agents.

There are several potential complicating factors that have not been accounted
for in the current version of the model: Heterogeneity: Variations in cell respon-
siveness to chemo-attractants and chemorepellents could affect the uniformity of
outcomes; Therapeutic Resistance: Some cancer cells might develop resistance to
the therapeutic agent, necessitating adjustments in treatment strategy. Model Pa-
rameters: The effectiveness of the model depends on accurate parameter values
for diffusion coefficients, sensitivity coefficients, decay rates, and production
rates. For the time being, we have chosen the values of these parameters, through
their dimensionless counterparts, rather arbitrarily. In the future, one can try
adapting the model to actual clinical cases once the true values of the relevant
physical parameters are known.

Notwithstanding the above limitations, this strategy of combining chemotaxis
and targeted therapy, demonstrably offers an effective treatment paradigm of can-
cer tumor. Whether this paradigm finds clinical merit in the field of oncology re-
mains to be seen.

Our model is fundamentally mathematical. We lay no claims of biological
soundness. Our knowledge of the cancer tumor is essentially common knowledge.
The tumor we are modeling is a solid tumor that may or may not correspond to
any realistic one. Nevertheless, we believe that our model could be the beginning
of a long-term endeavor to better understand this illusive disease. In deepening
our understanding of its evolutions, we strive to formulate models that incorpo-
rate efficient treatments that are ontologically valid and mathematically optimal.
Some possible improvements on the current model are to incorporate chemo-re-
pellents to strengthen our ability to manipulate cancer cells into migrating to cer-
tain desired local regions in the tumor domain. Negative chemotaxis can be ex-
ploited by designing potential anti-metastatic agents [35]. Cellular signaling path-
ways that mediate chemorepulsion in cancer cells give insights into how modula-
tion of these pathways can influence cancer cell migration and dissemination [36],
and hence offer a potential therapeutic opportunity. Recent developments in re-
pelling cancer cells and impeding tumor spread through molecular inhibition [12]
are yet another opportunity for a novel therapeutic approach. As highlighted
above, we believe that the combined effect of chemo-attractive and chemo-repul-
sive signals in the tumor microenvironment is a potentially promising modality
that aims to tip the balance against cancer progression. Here we have attempted
to give a mathematical visualization of the effect of chemo-attraction. As a possi-
ble enhancement, one can attempt to illustrate the dynamics of chemo-repulsion

and the combined effect on the efficacy of therapy.
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