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Abstract

First, the necessary mathematical tools are recalled regarding the concepts of
stochastic control processes, including stochastic optimal control and one of its
fundamental principles, the minimization principle. Then, a new controlled sto-
chastic model of COVID-19 dynamics is formulated and represented by a sto-
chastic differential equation with a 6-dimensional random vector of state varia-
bles (susceptible, exposed, mildly symptomatic, severely symptomatic, recov-
ered for humans and surface concentration of SARS-CoV-2 coronavirus) and a
vector of external control functions. The objective is to control the evolution and
diffusion of SARS-COV-2 in a stochastic process in order to determine the op-
timal strategies to combat the spread of COVID-19. The stochastic analysis of
the model focuses on the positivity and boundedness of the solutions, as well as
the global behavior of the intermediate system, under the sole condition of sta-
bility of the disease-free equilibria and the endemic equilibria of the stochastic
model. The results of the analysis reveal, provided that the disease-free equilibria
of the stochastic model are exponentially p-stable and globally asymptotically
stable; finally, that the endemic equilibria are locally asymptotically stable. An
optimal control problem is formulated with the aim of eradicating the evolution
of COVID-19; using its fundamental principle, the Pontryagin minimum prin-
ciple, this problem is solved numerically with the optimal strategies to be adopted
among the scenarios designed to control COVID-19 in a stochastic process.

Keywords

Stochastic Process, Optimal Control, COVID-19 Model, Stochastic
Differential Equation

1. Introduction

A generic analysis suggests that SARS-CoV-2 originated from a bat coronavirus
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that became infectious to humans after acquiring genes specific to pangolin coro-
naviruses. Regarding the etiology of the COVID-19 pandemic, this disease is a
respiratory infection caused by the SARS-CoV-2 coronavirus, likely originating in
China and transmitted by infected bats. COVID-19, whose symptoms resemble
those of seasonal flu, is more severe in the elderly and those weakened by certain
chronic diseases or lack of treatment. On average, it is asymptomatic in approxi-
mately 40% of infected adults. This percentage is an average; it is higher in chil-
dren and lower in younger adults. The incubation period is the time elapsed be-
tween infection and the onset of symptoms (when they appear). The incubation
period for COVID-19 is estimated to be 5 days on average. An infected person
becomes contagious on the third day of the incubation period. It is estimated that
it remains contagious until the seventh day after symptoms disappear. COVID-19
has the particularity of not always causing symptoms. In this case, infected peo-
ple, unaware of their condition, can secrete the virus and infect other people for
a few days. This fact explains the great difficulty in controlling the spread of the
COVID-19 pandemic. However, the literature offers mathematical perspectives
for the control of COVID-19. Mathematical modeling has proven to be very useful
in better understanding the spread and proposing optimal strategies for control-
ling infectious diseases [1]. In this literature, a deterministic model of COVID-19
was proposed and studied, implementing different controls. It emerged that the
best strategy to control the spread of COVID-19 is social distancing and wearing
masks and disinfecting the environment.

In stable (human and viral) environments where uncertainties and variability
in the dynamic process of human contamination by the virus are absent, deter-
ministic modeling produces acceptable results. However, as soon as uncertainty
and variability are present in the dynamic system, deterministic modelling can
lead to erroneous results in the long term, as it cannot capture the uncertainties
and variability inherent in stochastic dynamics. It is then crucial to be able to
quantify, manage, and control contamination risks linked to the unpredictability
and complexity of the process or phenomenon. Although deterministic models
can be useful in some cases, stochastic models are often preferable for monitoring
and controlling complex and uncertain systems, such as managing the risk asso-
ciated with viral contamination.

In this article, we explore a new stochastic model and we apply the theory of the
stochastic optimal control in a model of Coronavirus spread in a human popula-
tion constituted of the susceptible individuals, the exposed, mildly and severely
symptomatic persons and recovered persons. This viral contamination dynamics
takes in account, in addition of deterministic evolution, the uncertain diffusion
due to noises white demonstrated under form of the movement standard Brown-
ian on a probability filtered space. The optimal strategies of the stochastic process
of COVID-19 control are determined by minimizing subject to the stochastic
model, the cost functional deriving from the limited development of human in-

fection force A, plus the viral spread force A, because these forces depend on
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the state variables of exposed persons, mildly and severely symptomatic infected
on the one hand and the surface viral concentration on the other hand. The exist-
ence of control functions and the optimal characterizations are established with
the help of one basic principles of the stochastic control: Pontryagin’s Minimum
Principle (PMP) that we recall below in the mathematical tool section. This prin-
ciple serve to convert the minimization problem subject to one stochastic differ-
ential equation into one simple minimization problem to be solved from its opti-
mality conditions. Our survey is an extension into the stochastic modelling of a
deterministic case in [1]. The important results of this extension are in Sections 3,
4 and 5. The continuation of the paper is structured as follows: Mathematical tools
for stochastic process in Section 2.

Presentation in Section 3 of a stochastic model of COVID-19.

Analysis of the stochastic model in Section 4.

Stochastic optimal control of COVID-19 spread in Section 5.

Numerical implementation of data and stochastic model 6.

On finishes by a conclusion in final Section.

2. Mathematical Tools for Stochastic Process

In this Section, before expressing the basic principles of the controlled stochastic
process, the mathematical tool recall is necessary to illuminate better and to un-
derstand the notion landed in this article.

Thus, we first define, the process and function of control, then the controlled

stochastic process and the optimal control problem.

2.1. Definition of Process of Control and Function of Control

« Process of control: is a process that influences the behaviour of a stochastic
process while modifying at each instant 1€ T = [to,tf] c R, her dynamics (her
evolution and her diffusion) by the action of a function of control denoted
uzu(t)el/lg]R’.

« Function of control: is a progressively measurable function defined on
T=[t,.t,
of control.

J c R, and taking valuesin U/ cR" designating the set of functions

2.2. Definition of Controlled Stochastic Process

« Stochastic process: is a random variable family indexed by the set of time T.
It is denoted by X =(X,) _ €R". It dynamic can be described by a Stochastic
Differential Equation (SDE) of It6 given by:
dX = f(,X)dr+G (6, X)dW (¢), VX =(X,),.; €R",

X, =X, eR".
where, f(7,X)eR" isa vector function designating evolution function;

G(t,X)eR™ isa matrix function designating matrix of diffusion; and

W= (W(z‘))tET €R™ a m -dimensional Brownian motion defined on a space of
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probability filtered (Q,F,,_,,P) and taking valuesin R".

« Controlled stochastic process: Let given for all stochastic process
X =(X,)_, €R" and forall process of control u =u(t)eU < R",the controlled
stochastic process is a random process denoted again by
X = (Xt" )teT = (X (1)u (t)) € R"xU where it probabilistic behavior can be influ-
enced by an external function of control u=u(t)eld cR" input.

The dynamic (SDE) of the stochastic process X =(X,) . €R" influenced by
the action of external function of control u=u(¢)el/ input. This influenced
dynamic can be described generally by a following Controlled Stochastic Differ-

ential Equation (CSDE):

dX = £ (6, X,u(t))de+ G (6, X,,u)dW, VX =(X,) _ eR",
X, =X,eR".

Remark. In particular, when the matrix of diffusion, multiplicative factor of
the random noise is not concerned by actions of control u =(u, );I, then we
have:

eR",

teT

dX = (£, X,u)dt+ G (¢, X)dW, VX =(X,)
X, =X,eR"

So, if the dynamic of the stochastic process influenced by the action of external
function of control doesn’t take in account the random noise, 7e. that the matrix
of diffusion is hopeless ( G(t, X,,u (t)) =0), then this evolutionary process is de-
terministic and it can be described by a following deterministic Controlled Ordi-
nary differential Equation (CODE):

%zf(t,X,u), VX =(X,)

X, =X,eR"

eR”,

teT

When the function of control is defined on [to;t f.]xIR" and takes values in
UcCR" by u= u(t,X (t)) , then it is about a retroactive control or control feed-
back.

2.3. Basic Principle of the Controlled Stochastic Process

In the deterministic process case [2] as in the stochastic process case [3]-[5], it
exists two basic principles of the optimal control: Dynamic Programming Princi-
ple (DPP) and Pontryagin’s Minimum Principle (PMP). While considering the
characteristic of the stochastic model that we are going to control, only the PMP
is a priority in this article.

The PMP: is a powerful tool in optimal control strategy for a dynamic system
(per e.g. CDSE or CODE) that minimizes (or maximizes) a given cost functional.
It provides necessary conditions for optimality, transforming the problem into

CDSE or CODE) and an optimization problem. The PMP is using here to solve
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the stochastic optimal control problem formulated with constraint on the state

variables as in following Subsection 2.4.

2.4. General Concept of Stochastic Optimal Control Problem

The optimal control problem subject to a controlled EDS is constructed as a min-
imization problem of the following definite objective function 7 (u) according
to the mathematical expectation i.e. researches a control optimal u" e U, , if it
exists such that:

Stochastic optimal control problem:

J(u*)ﬂglgj(u),
Subject to(CSDE): dX (s) = f(s,X(s),u(s))ds+G(S,X(s),u(s))dWS,
X, =xeR"
where J is the functional cost, and for all Vu €U, , we have

T (u) =E[J':’ (X (£)u(t))dt+y (X (1,))/ X, =x},

Hypotheses: We suppose that:

1) (U,d) isafull metric space separable,

2) f,G,p and y arethe measurable functions, and if there exists a real con-
stant a >0 suchthatfor f,G,p,w, Vte [O,t_,.] , u,vel0;1]eU,, and
X,Y eR" we have the following conditions to guarantee the existence of an

unique solution of CSDE.
|7 (6. X u)= 7 (Vu)|+||G (5 X u) -G (1.7 u)|| < e X - Y]

|7 (e x ) +]|G (e X )l <@ (1+] )
"(p(t,X,u)—¢)(t,Y,u)||+Hl//(X(tf))—V/(Y(tf))”s a"X—Y"

Jo(e. 2. )[ + [y (x (e, ))]

Theorem 1. Let (Q,F,P) be probability space equipped with a filtration

<a?(1+] ).

{#} anda m-dimensional Brownian motion W .Let U, the adapted set of
control u.Let X(0)=X, the random initial condition tacking values in R"
wich satisfies ]E["X()"p ] <o for some p>1. With the guarantee of existence
conditions then, there exists an unique solution X of CSDE. Furthermore, for

any t, >0 there existsa constant C; >0 such that

5] s O |<c (1l

te| Ost

and forall s,7e [0; t‘,-] )

B[ (0)-x ()| |< cf (1Bl ) e

Proof [6]
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Corollary 1. Let X be a solution of CSDE and ¥ :[s,+oo[xR" >R be a
function of class C** such that for G(X(s),u (s)) =G= (ij )’:”’J:’”

5] |5 (X ()6, (¢ (5)(9)
Then for all ¢ <[5, o[ , almost surely, we have
B () ()] 5| [ L) (x(0) )|
where £(-) is an operator defined by

£()= f(t,x,u)Vx(-)+%tr(GGT(t,x,u)Hm(~)).

=1
2

< 0.

Theorem 2. The cost function for using control process u starting from ran-
dom initial state X (7)=x attime >0 is

j(u):E[J‘[’/‘go(X(t),u)dt+l//(X(tf))/X(l)=X:|

where @ and y the function assumed to be continuous with at most polyno-
mial growth Then the value function of Bellman (in DPP) V' : [O, t f]xR” >R

is given by

V(t,x):j(u*): min j(u)

ue[O;l]CZ/{
Using the heuristic arguments in theory of Dynamic Programming Principle
(DPP) in [6]-[9], we arrive at the following HJB equation associated with the
above optimal control problem:

aa—lt/(t,x)+min[[,“V(t,x)+¢)(t,x,u)J =0, te [O;tf], xeR"

V(tf,x) =y (x).

Therefore, the optimal control u" is expressed by
* aV
= in| —(¢, X (1)) +LV(t, X (¢ t,X(t),ult
u argmln{ p” (X (0)+LV (6. X (1)) + (X (1),u( ))}

Proof. Let’s begin the minimal cost by intuition on [¢;z+h] thenon [t+h,tf]
because the minimal cost on [t; th is achieved when running optimally in
[t;t+h] and the continue optimally in [t + h;t_/.] with X (r+h) asinitial ran-
dom variable. Using this heuristic arguments in order to give a formal derivation
of the HJB-equation.

We now start deriving Bellman’s dynamic programming principle (or DPP)
which read as follows:

V(ex)= it B[ p(X (s)u)ds 4 (540X (s+h))/ X ()= |

ue[O;l]CL{ t
then, for all se[#;7+h], we have

V(ex)<B| [ (X (s)u)ds ¥ (s h X (s 1))/ X (0)=x |
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Subtracting ¥ (1,x) from both sides and divingby _gives
OS%EU{thD(X(s),u)ds+V(t+h,X(t+h))—V(t,x)/X(t):x]
Let ' and ¥} are defined as follows
y :%E[ (X (s)ou)ds X (1) = x|

:%J.tHhE[(p(X(s),u)/X(t) :x]ds

and

1
v :ZE[V(th,X(tJrh))—V(t,x)/X(t) =x].
Using equation of Corollary 1 for 7' vyields
1
vy =—E
t-18|

(20 £ (50 (0) Jos ()=
:%{ L’*hE(z—SV(s,X(s))+E‘V(S,X(s))j/ X(s) :x}ds

then 0<7"+V, implies that

0<lim(K"+7;')= (p(z,X(;),u(t))+%(z,x(r))+UV(t,X(z)),

thus
0S%—I:(Z,X(t))+E"V(t,X(t))+(p(t,X(t),u(t)) *)
If u”=u'(s,X"(s)), then V(£.x)=T(u").
Marking similar calculation as those above, one shows that
86[: (X (0)+ LV (X (1) +p(.X (). (1)) ()

Combining relations (*) and (** ), we prove that relation of HJB equation is
satisfied and the searched for optimal control " is expressed therefore by:

. oV
= in| — (2, X (¢))+ LV (¢, X (¢ 6, X (t),u(t
o =argmin| S (0)+£7 (1.3 (0) (0. X (0).0(1)|
It mark the end of this proof (J
The PMP uses the following Hamiltonian associated to CSDE defined by:
H= 'H(t,x,u,p,q) = f(t,x,u)'p+Tr[GT (t,x,u)-q}—w(t,x,u),

and the ad-joint equations (of first order for control of deterministic term or sec-

ond order for control of deterministic and stochastic term). They are given re-
spectively by:

dp= —[VX’H(t,x,u,p,q)] dt +qdW,,

1) =-v.w(X(1,))
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dP=-[V f1-P+P-V f+V,G'P-V .G+V G -Qdt
~[0-V G+ D} H(t,x,u, P,Q) |dt+QdW,,
2
P(t)==Dly (X (r,)).
In the deterministic control case, Pontryagin’s Minimum Principle (PMP) ap-

plied to problem of optimal control in CODE which consists to find the function
of the Feedback control u=u" (t,x) that minimizes the cost as follows:

j(u*):minj(u),

ueld

Subject to: () = f(s. X.u(s)),

where
T ()= (6. X.u)de+y (X (1))
We obtain
u = argrﬁng(t,X,u,Z—Q

such that H and V' verify the following optimality and transversality condi-

tions:
d)(;(t):%_z:f(t,X,u*(t,x,p)), X (ty)=x,
WO ol =220
dzgt) :gg(t,x,u*(t,x,P)): V(tf):‘/’(X(tf))'

This boundary value problem may diverge depending on the initial guess. It is
the reason for which PDE of order 1 is not sufficient to solve the problem of opti-
mal control in stochastic case. It is necessary to pass to PDE of order 2 gotten by
the application of DPP for CSDE therefore.

The field of stochastic control focuses on finding the best control strategy to
achieve the desired objective while dealing with the inherent randomness of the
system as propagation of COVID-19 in the human population [1]. This involves
using mathematical techniques to model the system, analyze the uncertainty, and
determine the optimal control actions.

3. Presentation of a Stochastic Model of COVID-19

In this section, we present a stochastic model of COVID-19 formulated from a
deterministic model given in [1] while taking in account the random noise of the
propagation of COVID-19.

Stochastic Model of COVID-19 Control

A stochastic differential equation describes the random spread of coronavirus
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(SARS-CoV-2 virus precisely) in the human population subdivided into suscepti-
ble individuals S, exposed individuals E , infected individuals with middle
symptoms /,, and severe symptoms /,, and the recovered persons R . The
concentration of coronavirus on surfaces is noted by V. The interaction between
humans and COVID-19 spread is characterized by parameters of model repre-

sented in Figure 1 and described in Table 1.

Table 1. Description of model variable and model parameters.

Random Description
variables
S=5(¢t) Random variable giving Susceptible individuals number
E=E(t) Random variable giving Exposed individuals number
I =1I(1) Random variable giving Mildly clinically number
I, =1,(1) Random variable giving Severely symptomatic number
R=R(r) Random variable giving Recovered individuals number
V=V(t) Random variable giving Concentration of virus on surfaces
Para. Description [1]
A Recruitment rate
B Probability of infection per contact
c Average contacts of infectious individual per time
o Rate of loss of immunity after recovery
yol Rate of recovered individuals from COVID-19
o, Rates of progression from £ to I, and [, stage
0, Rates of progression from [, to I, stage
H Natural death rate in humans
Hy COVID-19-infected death rate in humans
M, Death rate coronavirus on surfaces
A Proportions of exposed persons
5 Proportions of mildly symptomatic immigrants
n, Coefficients of infectivity of exposed individuals
1, Coefficients of infectivity of severely symptomatic individuals
75 Coefficients of viral shedding of severely symptomatic persons
q Efficacy of quarantine to prevent transmission
B, Surface to human transmission probability
v Rate of disinfection of the environment
¢ Viral shedding rate of infected individuals
K Coronavirus concentration on surfaces
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A A+ A,

f2

Random Noise F1- n3§(1 —u3)

ugv + uy
Figure 1. Diagram of stochastic model of COVID-19.

Considering that AX =(AS AE AI, AI, AR AV) is a random varia-
bles vector during a time variation A7, we have from the deterministic model,
the distribution of probabilities denoted P, of state changes AX’ for
j=1,---,20 summarized in Table 2. then from the mean and the variance of
AX’, we can formulate the stochastic model while using Poison’s law and same

formulation technique in literature [10] [11].

Table 2. Distribution of probability state change.

State change (AX ) Probability P, State change (AX ) Probability P,
(100000 P =AAt (000010 B, = g6t
(<1 00 0 0 0) P, = uSAt (00 -1 10 0) P, =68,1,At
(<1100 0 0) B=AA (0 0 -1 0 1 0) B, = ulAt
(<1100 0 0) P, = ASAt (000 -1 1 0) P, = plLAt
(<1 010 0 0 R=AAt (00 0 -1 0 0)  B,=(u+u,)LA
(0 -1 1-g g 0 0) BR=8§EA (0 0 0 0 -1 0) Py = pRAt
(0 -1 0 0 0 0) P=wuEAt (1 0 0 0 -1 0) P, =6ORAt

(0 -1 00 10 B=pEAt (0 -1 -1 -1 0 3) B, =&(1-u)l,A
(00 -1 01 0) B=plAt (0 0 0 0 1 1)  By=(vu, +u,)VAt
(0000 0 0) 139:1—21;; Otherwise P=0

wherein I, =E+1 +n,1,.

The stochastic model of CoVID-19 is represented by a following diagram (Fig-
ure 1) and by a stochastic differential Equation (1) written under the compact

form.
dx (6)= £ (6 X (¢),u(t))de+G(6, X (t),u(t))dw (1), (1)

where X =(S JE, I],IZ,R,V)T IS RT6 is a 6-dimensional random vector of state

DOI: 10.4236/am.2025.1610037 678 Applied Mathematics


https://doi.org/10.4236/am.2025.1610037

B. Danhree, K. Rodoumta

variables, dX =(dS dE dI, dI, dR dV)T , it differential expression, W = (Wj )T ,
for j=1,---,18=m isa18-dimensional Brownian motion process and is defined
on a space (Rﬁ}',]—;,P) s u=(uy,uy,uy,uy) is a vector of controls, 1 (z,X,u)
and G(¢,X,u) are the deterministic function and the random matrix respec-

tively defined by:
(I=fi=fo)A=(4+24,+u)S+6R,
flA"‘(ﬂ'] +%)S—(p+é‘] +,U)E,
’ A0 (1=g)E=(p+,+u)l,,
f(tXu)=(f)._, = % (1-g)E=(p+,+4) |

0,1, +g5,E—(p+,u+,ud)12,
P(E+I1+1,)—(0+u)R,
E(I—uy)(E+ 1+, ) —(uv + 1, )V

G i=6, j=

G(t,X,u)= s Qo :(G..)_ 5/ " , wherein
Oys G YA

& & & & & 0 0 0

Gys=| 0 0 &3 84 0 -g -g& -—&

0 0 0 0 g g 0 0

S O O g

0 0 0 0 000 g4 O
Op0=| 0 0 0 0O O00O0 O O
-2 —&o —& ~& 000 0 0

(=)

0000000
0,,=[0 000000 g
0000000

=)

0 g, g 0 -g; -gu 0 0 0 0
Gpp=|8 O 0 0 g, 0 -g&s —&s O 0
o 0 O 0 o0 0 0 0 g, —-gs

with glz\/X> g2=m) g =N g4:\/(ﬂ1+ﬂ‘2)s’ gsz\/fz_[\,
g(,:\/é‘]_E’ & =\ HE, gsz\/p_’ ggz\/p_lw glo:m’ gn:\/a’
glzz\/lu_ll’ gs=~pPL, 8u= (ﬂ+ﬂd)12’ g5 =\ uR, gm:\/e_,
g17=\/§(1—u3)(E+11+77312), glxle(“ﬂ’"'/uv)V-
Human infection force 4, and viral spread force A, expressed by:
2= ﬁc(l—ul)(n1E+Il+77212) and j,zzﬂ"(l_uz)V
S+(1-q)(E+L+1,)+R+V K+V

where 7, >1 7, <1, and are modification factors accounting for reduced infec-
tion of exposed persons and those with severe symptoms; K is the half-satura-
tion constant of the corona-virus from corona-virus-infected surfaces. Parameter
g <1 is efficacy of quarantine to prevent transmission.

The parameters B and c are, respectively, the transmission probability and
the average number of contacts of the infected per day. The parameter
u, €[0;1]=U,, is taken to be physical distancing control, such that # =1 and

u, =1 arerespectively the perfect observation of preventive protocols and the no-
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compliance cols. Finally, the parameter u, €[0;1]=1/,, is a control measure ac-
counting for avoidance of touching of infected surfaces and / or washing of hands.

The random variables and the parameters of model are further summarized in
Table 1.

Remark. When the random noise is not taken in account in the propagation of
COVID-19, ie. that G(t,X,u)=0;,, with g =0,Vi=1,---,18, then stochastic
model (1) formulated amounts to the deterministic model constructs in [1]. This
deterministic model is presented briefly by Equation (2) in the following subsec-

tion.

4. Analysis of the Stochastic Model of COVID-19

Herein, we present firstly some important and exploratory results about deter-

ministic ordinary differential model (2) in [1].

4.1. Analysis of Deterministic Model

4.1.1. Positivity and Boundedness of Deterministic Model
This deterministic model of CoVID-19 is represented by a mathematical model

under the compact form:
dx
—=f(t,X,u). 2
& S (6. X u) )

where f(7,X,u) isa deterministic function defined previously in (1) with
X =(S,E,1,1,,RV) eR".

As given in [1], a population of the time-dependant size of N(z) that is sub-
dided into susceptibles, S(¢), asymptomatically infected, E (), clinically in-
fected (those with mild symptoms 7/ (7) and those with severe symptoms
I1,()), and recovered, R(t), so that N(t)=S(¢)+E(t)+1 (¢)+1,(¢)+R(1),
and the concentration of coronavirus on surfaces noted by » (t) , a deterministic
model to describe the spread of coronavirus in such a population is constructed
and analysed mathematically; also the main results has been gotten. The popula-
tion is increased due to immigrants at rate A with proportions f;, f, being
asymptomatic and infected with mild symptoms, respectively, and the remainder
being susceptible. Susceptible individuals get infected due to effective contact with
infectious E, I, and [, atrate A, .The infected persons may deposit the vi-
rus on surfaces which can stay for up to 72 hours [12] and may be picked up by
susceptibles at rate A, .

Lemma 3. Given the set

Q= {X =(S,E,I,,I,,R.V) €R®/N <A andv SM},
H H (M4V T Hy )
all solutions of (2) starting in Q remain in Q for all #>0. Also, the region is a
positively invariant set for the deterministic model (2).
Proof (See [1])
The author shows of it clearly that for
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t={t>0/8>0,E>0,1,20,1,>0,R>0,V >0}

S(4)=0, E(,)=0, [,(t)=0, 1,(t)=0, R(,)=0 and ¥V (4)>0, and
thus, all solutions with nonnegative initial conditions are nonnegative.

Further, adding the first five subequations of (2)

%zA—,uN—,udlz <A—uN.

dt
. A —
Thus, N()<N(0)e” +=(1-¢™*).
u
Therefore, if 0<N(0)< A , then 0 <limsup N ()< A . The last Equation of
H t—>+00 M
(2) implies that
drv 1—u, )A
E:g(l—%)(Eul +77312)—(vu4+yV)VS¥—(Vu4+,UV)V.
I—u, ) A 1—u,)A
So, if OSV(O)SM,then OSV(t)SM

H (V”4 + 4y ),U ‘
Thus, all solutions starting within Q remain inside Q. This marks the end of the

proof of the Lemma. (J

4.1.2. Equilibra and Basic Reproduction Number

Lemma 4. (Seein [1])

In the absence of immigration of infective individuals, the deterministic
COVID-19 model does not have a disease free equilibrium. However, where there
are no infective immigrants, the disease free equilibrium is given by

& = {A,O, 0,0,0, 0} . Using the Next Generation Method [13], in the absence of
7]

infective immigrants, the Basic Reproduction Number is defined by:

,Bc(l—ul)r +ﬂv(1—u2)(1—u3)§l\r

AN kiky ks ' pKkfeykesk ' ®
where
ck,=p+06,+ 1,
ky=p+8,+pu,
ky=p+p+uy,
ky=0+u,
ks =vu, +u,, 4)

ks :g(,O+,Ll)+52,
1, = Mk, ky + 11,0,k +(1—g)51k3,
r, = 06ks (1+1)+ k k.

Theorem 5. ([1] [13])

In the absence of immigration of infective individuals, the deterministic
COVID-19 model has a disease free equilibrium &, which is locally asymptoti-
cally stable whenever R, <1 and unstable whenever R, >1.

In the presence of infective individuals, the deterministic model (2) possesses
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an endemic equilibrium & = (S*,E*,Il*,];,R*, V*) , such that:

s A 9[”0"‘”1+(”2+7T3_k4k3k2k1)(k1E*_Af])J
> :;(l_fl_fZ)+ ke fesk Ky ’
c L e
E :E(ﬂS + M),
. .
I, =——| m,+nx(kIE - fiA) |,
| kz/;‘[ () 5)
= Lm o (0 = )]
T e () (KET - fA) |
473%2™
o)
5730 2™M

where 7,,i=0,---,7 are the auxiliary parameters defined by:
7y =M (1-8)8ky, 7 = Ak (fik, + fok,),
m, =k (k, +(1-g)8,), m; =5,k +gbk,,
m,=A(f,(1-8)d,+ fik,), 75=(1-g)3,
g =750, + g,0,k,, 7w, =7y + Af0,k,;
and

Be(1=u)(mE"+1; +n,1;) +ﬂv(l—u2)V*
S +(1-q)(E'+ [ + L)+ R +V" K+

PR

is the human infection force plus Viral spread force in equilibria, characteristic
parameter of the endemic equilibrium satisfying a polynomial equation of third

degree in [1].

4.1.3. Sensitivity Analysis of Deterministic Model
To estimate parameters of Incidence Force A" =1 +4,, Basic Reproduction
Number R, and endemic equilibrium & as example, the survey of sensitivity
of these parameters is very important to determine the conditions necessary of
parameter evaluation. The evaluation separated of parameters is possible when
the sensitivityof 1°, R, and & don’thave a strong interrelationship with re-
spect to each their parameters. e.g. for u, =u, =0, we have
C Be(nE + 1, +n.1;) s

‘s +(1—q)(E* +11*+1;)+R*+V* Tk

then, the report of sensitivities of A, reduced to parameters B, ¢, 7, 7,,
B, and K gives

0%y 0%y 0hy

8/3* = £ _ constante 677}, =E* 6/3: __ K4V )
oA B a Lo K
oc on, oK
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In the first case where the report of two parameter sensitivities (# and c¢) is

constant the evaluation of these two parameters is impossible, their values are

E*
chosen in [14] and [15]; but in the other cases the evaluation is possible. [ Ia J
2

is simulated by curve fitting under MATLAB Software is represented by Figure 2
knowing some initial values. Furthermore to the estimations values of parameters
n, and 77, are given in Table 3. For to estimate parameters of R, we use the

derivative of the following formula with respect to parameters vector p,

350 , , . ; ; . :
: : : : 1 Nuage points
| = Curve fitting

300

= N N
)] o (o]
o o o

severely infected persons

-
o
o

50
0 it ol I 1 i i i i
0 5 10 15 20 25 30 35 40
Exposed persons
(a) Curve fitting of model (E A )
1400
m— Curve fitting

15161 I Real data
2 1000
o
@
o
8 800
[ 8]
Q
£
S 600
@
Ko}
£
=z 400

200

0 50 100 150 200
Time (days)

(b) Real data of COVID-19 in Chad 2020-03-15 to 2021-10-02

DOI: 10.4236/am.2025.1610037 683 Applied Mathematics


https://doi.org/10.4236/am.2025.1610037

B. Danhree, K. Rodoumta

1500
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Number of Infected people

Real data

Curve fitting

300

50

100

Time (days)

150 200

200

100

-10d0

Residuals x 1072
o

-200

-30
0

50

100

Time (days)

(c) Model and residuals

150 200

Figure 2. Curve fitting (E A ) of model; Extract from real data of Chad [19] and Model

simulation.

Table 3. Description of model variable and model parameters.

Para. values References Para. values References
A 150 Assumed g 0.5 Assumed
Yii 8.073 x 10~ [14] 4, 3.33 x 10! [1]
el 1/10 [14] B, 0.001 Estimated
Hy 0.015 [14] N 0.10 [1]

c 0.5297 [15] /s 0.01 [1]
5 1/5.2 [16] 7 1.5 Estimated
0, 1/5.8 [16] 7, 0.10 Estimated
u 0.0186 (1] 7 0.001 [1]
0 0.0357 (1] q 0.5 [1]
B, 0.001 [1] v 0.5 Estimated
& 100 cells/day [1] K 10° cells/m? [1]
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0

%(ul,uz,upﬁ,c,B,p,,u,,ud,/Jv,51,52,g,771,772,V,K)

wherein p=(p,)=(8.¢.0,p. 1, 1t;, 1,.6,,5,,8.1,,1,,v,K) is the vector param-
eters of model (2) at which the sensitivity are evaluated. The same technique used
high here then sensitivities the evaluation of parameters of R, and & can be
achieved.

Then there were some important results about the sensitivity of Basic Repro-
duction Number R, and endemic equilibrium ¢&" for the deterministic model
parameters is discussed and given in [1]. It is important to remember here that,
the study of sensitivity of the parameters of a deterministic model is necessary. It
consists of analyzing how the variations of the parameters influence R, and
consequently & . Indeed, this sensitivity analysis made it possible to identify the
parameters such that A, g8, B, ¢, &, i, n,,and 7, whose value varia-
tions in growth have the greatest impact on the increase of R, (consequently
increases E°, I,and I,);and the parameterssuchthat p, &, u, p,, K,
and K whose value variations in decrease have the greatest impact on the de-
crease of R, (consequently decreases E*, I;,and I,). The acceptable values
of a model parameters were identified and estimated in Table 3 wherein values
are chosen in [1] [14]-[16], given TR, =0.8442.

4.2. Analysis of Stochastic Model
4.2.1. Positivity and Boundedness of Stochastic Model

Let we denote the following set:

Q:{Xt =(8,E.1,,1,,R,V)eR}/N, SA;V sg(l—_%)ﬁ},
H wv+p, H
where N, =N, (S(t)+E(t)+1(1)+1,(¢)+R(1).

Lemma6. Let (Q,F,F,.,,P) afiltered probability space. For any positive initial
condition X, = (S(O),E(O),I1 (0),1, (0),R(0),V(0)) € Q, the stochastic model
(1) admits an unique solution X, = (S(t),E(t),Il (1).1, (t),R(t),V(t)) €eQ de-
pendent of X . Moreover, for all ¢2>0; this solution X, =X (t) e Q remains
in Q with probability 1, Ze. P(X,eQ)=1.

Proof For any positive initial condition X, For any positive initial condition
X,,since f and G arelocally continuous Lipschitz, then there exists an unique
local solution X, = (S(t),E(t),I1 (¢).1, (t),R(t),V(t)) eQ, for all re[0;1,],
where ¢, is the explosion time. This local solution is non negative by It’s For-
mula.

Let N=N(t)=N,(t)+V(t),the random variable giving the total number of

humans population and corona-virus on surface to date ¢> 0. Then we have:
dN =<A_/“N_:”d[2 _5(1_“3)(E+11 +77312)—M4VV)dt—g17th17, (6)

what implies that if X, e R®,forall 0<¢<¢, almost surely (a.s.), then

%(l) < AN (1) 1y — (1= ) (E (1) + 1, (1) + 1l (1) gV (1),
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1—
So, if 0£V(0)£§(1—u3)£,then OSV(t)SMA for 0<t<t, as.
ILI u4v+ll'lv Il'l

From where
%(r) <A-uN(1) as.

While using Gronwall’s lemma, we obtain

N(t)£A+(N(O)—A)e”’ as.

u H
- - . A A
As initial condition X, €Q, ie that N(0)-—=<0,then N(r)<—. So, for
u u
all re [O; te] , we have
A 6
Xt:(S(t),E(t),Il(t),Iz(t),R(t),V(t))e{O,—} as.
U

Now, let’s show that X, € Q forall 7e[0;z,] is global solution, Ze. that

te[0;¢z, > +oo[ a.s. Let’s choose an integer 1, >0 sufficiently large for that

6

1

X, e {—;no} , and two others integers:
T

Moo =min{S(¢),E(¢),1,(¢),1,(¢).R(¢).V (1)},
Mo =max{S(¢),E(¢),1,(t).1,(¢),R(2),V (1)}

Let U be the empty set such that set inf {O} =+ . For each integer n>n,,
the stop-times is defined by

tﬂ :{t E[O;te];nmin Sl OF 72, 2 n}
n

Note that ¢, isincreasingas n — +o0,if lim t, =t,,thenwehave ¢ <t

nsse0 by
a.s.

It remains to show that # =o a.s. Suppose by absurd that 7 <+0 as,
there exists a constant 7 >0 and forany ee[0;1] such that

P(r, <7)>e )

Consequently, there exists an integer m such that

]P’(toC Sz’)>e, Vn2=m.

Let’s define a Lyapunov function U:R® — R, by:
6

U(X’)Z_Z(lnXi)’ VXz(Xi),':];“,(, =(S’E’1]’12’R9Vh)

i=1

T

Using the It6’s Formula, we compute
AU (X (s))=2(5p+ g+ pt, +3p+6,+ 0, +0+uy + 4 + 4, )ds
S 1&y 1 .
—2((/11+/72)E+Z§7!]d5'+71<g1,d[/[/?]>

where
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4

1 J 1 l__ i
X, (g4} = S,E{Zm &dH, 23: I1 ,Zslg’dW
1 11 1 18 )
> gdw! ——Z AW —— Z g dw!
I, 5o Vs ie(8:9:13}
6
1 ZgldW’ —ZgldW’ +— ZgldVK’
i=4 i=6 ]1 i=9
14 1 16
+—ZgldW’ +— Z g dW! +— Z gdw!.
21 13 Rl 15 VI =17
Using X, <1, BY <« f,, 0<u, <1 forall i,and
N-q(E+I1,+1,) K+V

(A+4 )§+lii >0 almost surely, then
E 45X,
AU (X)<2[5u+py+u,+3p+0,+0, +0+v+ fe(l+n, =n,)+ B, ]ds
1 _
*x g a).
from where, we find that for s<[0,7] almost surely
dU(x)SCs+%<gj,dWsj>, ®)

where

C=2[5u+u,+p,+3p+5,+08,+0+v+pec(l+n =n)+p,].

Integrating inequality (8), then taking the mathematical expectation E[-] in
(8), we obtain that

BlU(X (¢ ))J<Ct+ED 5% <gj,de>}

1

Because E{Jg%(,gj,dmfﬂ =0, we have:

E(U(X(1))<Ct.
Finally, we have all #>0:
E(U(X(min(tn,t)))) <Cmin(1,,1) < Ct.

Let y, isthe characteristic function of 4, =(z, <z) with A4S =(¢,>1) her

complementary. From (7), we have P(A4 )>e

Denote A, =min(z,,t). Since U( )>0 then
E(U(X(/\ﬂf))) ( ) ) ( IA,‘,‘)'
Thus E(U(X(/\m ))) ( ) X4, ) It then follows that

c>B(u ((mm< ) Z,)

Note that, for each @ e (¢, <n) there is at least one of the components
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Xl.(m(tn)) of X(w(tn)):(S,E,II,IZ,R,V)(w(tn)) equal either % or n,

therefore U(x(@ (1,))2 il , hence
n

Cr2B(U (X (min(1,.1)))- 2, )2 (¢, <t)nn. )

Passing to limit in (9) as # —> +o0, we have that

o0 > Ct =0 almost surely,

is a contradiction. Thus ¢, =c almost surely. Therefore, this end the proof

lemma. OJ

4.2.2. Global Behavior of Coronavirus Propagation Model

In this subsection, we analyse the global behavior, the stability of the endemic
equilibrium for the stochastic model of COVID-19 (1). But before, we look at the
behavior of a deterministic mean system of model (1)

Lemma 7. Let denoted 7, =B(X,),i=1,--,6 suchthat X, =S, X,=E,
X,=1,, X,=1,, X;=R and X =V .Then the determistic mean system (10)
of model (1) gotten admits one disease-free equilibrium 7, =&° which is glob-
ally asymptotically attractive if R, <1 and f, =1, =0.

Proof. Let denoted m, =E(X,),i=1,--,6 suchthat X, =S, X,=E,
X,=1, X,=1,, X;=R and X =V . Then the deterministic mean system
of model (1) is given by:

dE(S .
B =1 i )+ g som, .
dE(E .
%:mb_:[\ﬁ +le _klmE’
M:ml =N,y +6,(1-g)my; —kym, ,
dr ‘ | (10)
dE(1 .
%:W[,2 :52}’}111 +g5|mE _kj,mlzy
dE(R .
#:mkzp(mE+m,l+m,z)—k4mRs
dE(V .
), 1) ko,

wherein m, = E(4 +4,) is the mean infectious for humans and coronaviris.
So,if f, =f, =0, then from Equation (6), we compute mathematical expecta-
tion and we obtain for se[0,7], >0 that:
dE(dN)
ds

=gy = A= pumy — p,m, —§(l—u3)(mE +my +773m12)—u4vmV

by Gronwall’s lemma, one obtain

Therefore, there exists a non negative real number o, >0 and a time ¢ >0
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such that

A A A
—+(mN (0)——)6’” >m, >—-0. as.
P 1 P

Thus, for all 7>1,, the mean infectious force m, verifies the following ine-
quality

m, <ﬂc(l—u1)<771mE+m,l+772m,2),u+ ﬂv(l—uz)A

< , 11
¥ A-o.pu o u(uy+p,) v

with 6, >0 as e—>0".
Let denoted here F; is a matrix satisfying the following linearzed system

around &°:

X0 _ 7 (o, (F(x)),

- )X (1), X =(x,)eR",

:g*
where F; islinear operator such that

I(De(F(X),_0)=F (1),

where
ﬂc(l—ul)ryl—k1 ﬂc(l—ul) ,Bc(l—ul)nz 0 ﬁV(lK_UZ)
. (l—g)é‘1 —k, 0 0 0
B = g5 5, —k, 0 0
P P P —ks 0
5(1_”3) ":(1_”3) 5(1_”3)’73 0 —ks

What remains is find the global stability of 7, =" and the basic reproduction
number of mean system (10).
Let us choose Fj = f; —g, such that for all variable state of the mean system
denoted m, = (mE,m,l Sy, ,mR,m,,), we have
my = (fof _go)(t)m)(’
my(0)= (mE (0),m, (0),m, (0),m,(0),m, (O))

In the Stochastic model (1), since (11) is satisfied for or all #>¢_, we have
iy, <B(DyF, (v(1)))my.

In [1], it is shown that the basic reproduction number R, =0(L;) for the de-
terministic model (2), is given while using the Next-Generation matrix
G=(G

nex—gen.

) in [13]. It’s the spectral radius of a linear operator £, =FV™".
The comparison with the following auxiliary system

1t (1) = (Geecgen ) . (1),
m,(0)= (mE (0),m1I (O),m,2 (0),mg(0),m, (O))

Then, us find that his system (12) has basic reproduction ratio Ry =o0(L,).

(12)

A globale solution of system (12) is given by
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m, (1)=(@,, (5))(0) ¥120 as,

If R =0(L,)<1,then g(% (s))<1 :>l>g((I)F5):limHOQ(CDf(;_gO).
There exists 7. >0 such that forall e[0;7.], Q(CI)/_r i )< 1. Thus, there ex-
JO &80

ists a positive solution bounded of system (12) and expressed by
lln (O
m (1)=V(t)e’ [Q[ o D

Consequently, because R, =po (‘D ) <1, we have

1580

m, (O) = (mE (t),m,1 (t),m,2 (t),mR (t),mV (t)) - (0,0,0,0,0), ast — +wo

according the comparison theorem in [17]. Moreover we have
A

A
Mg —— =My =My =M, —m; —nmy =y, —;—)O, ast — +oo,

Hence mg — A ,as t—>+00.Thus, n,=¢" isglobally asymptotically attrac-
7

tiveif Ry <1 and f,=/,=0.0
Theorem 8. The random disease-free equilibrium for the stochastic model (1)
is globally asymptomatically stable and exponentially p-stable.
6
Proof. Let’s definea Lyapunov V, :R® - R, V, = lz CX!,with p>2 is
i=1

an integer and C, >0 are non negative constants forall i=1,--,6.

Thatisfor X, =S, X,=E, X,=1,, X,=1,, X;,=R, X, =V,

V, = l[CISP +CE? +C IV +C1) +CRY + CﬁV"]
p

Considering an infinitesimal generating operator .4 defined by
AV, == CuS" + Gl E? +Coley I +Cl I + Ck R + Coles |
+CAS” +[ GA(1- f,— £,)+ COR+C, A |S? + C fE”
+Cy (/LA +(1-g)SE) I +Cy (0,1, + g8, EV 1) + Cop (I, + 1,) R

6
+Cl(1=uy)(E+1 +m,, ) V7! +%(p —1){2 C,.vl.X,.”}
i=1

Using the inequalities of lemma 7 in [10] as follows:

Let aninteger p>2, x,y€R,,and €>0 chosen sufficiently small, we have

1-
xyp_l Six" +(p_1)6yp’

p p

2-p
2
2 p-2 < 26

Xy (p—Z)e P

x’ + v,
p p

and Young’s inequalities for p,q >0

P P
l+l=1 and xyéx—+y—.
P q P 9
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We get finally
AV, <= CuS” + ClE” +Coley I +Cl I + Ck, R + Coes |

wherein all coefficients of X,,i=1,---,6 are non negative. Therefore, the ran-
dom disease-free equilibrium for the stochastic model (1) is exponentially p-stable
because there exists a function V, e C"’ (R+ x R"’) satisfying the following con-
ditions for K, >0,K, >0 ans p>0:

Vo< K |x|" and AV, <-K,|x]".

When p =2, it’s exponentially stable in mean square and is globally asymp-
totically stable. (]

Theorem 9. The endemic equilibrium, for the stochastic model (1) X =g, is
locally asymptotically stable if R, >1.

Proof. Let suppose a stochastic perturbation of while noise type, directly pro-
portional to distance X — X" = (X; - X,*)

by the following stochastic equation:

4X = f (X () de+ G (8,(X = x") (1)) dw (1), (13)

v and influence model (1) expresses

where X =(S,E,1,,1,,R,V), and X~ =(S*,E*,Il*,1;,R*,V*)=g* Let be cen-
tred this dynamic at its endemic equilibria & by change of random variables as:

Y=(Y)= (X,. - X.*) , i=1,---,6.Thus, we obtain an equivalent model because of

1

the same law of probability of the random variables X and Y
Ay = f, (6,7 (2))de + G, (.Y (¢))dW, (1), (14)

where f, (t,Y(t)) and G, (t,Y(t)) are determined by It6 formula as in [10]
[11] [18].

It is easy to show that the equilibria Y (0)=0 of model (14) is locally asymp-
totically stable, so that X~ is locally asymptotically stable stable if R, >1. Let
define a Lyapunov function V, (Y (t)) given for p an integer by:

4 (r(0)- 217

Using the differential operator A associated with model 1 for ¥, (Y(¢)) and

by the It6 formula, we compute and obtain
18
d(e'V, (Y)) =€ (7 (V) + AV, (V) dt + pe' > fet (Y, g,dW,)
i=1
where fct an know function and
A() :ﬁ(.)ﬂﬂ (t,X)ﬁ(.)+lTr (6"G)(.x) o ()
ot X2 ox?
So that with M a non negative constant, we have

a(e¥, (¥ (1)) = Me'dr + peti fer (Y77 (1), 2.4, (1))

what implies clearly

E[ eV, (Y (1)) ] <MV, (¥(0)+M -E[j'“i“(”"’)efds}

0
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with ¢, the stopping time defined for each integer n>n, by

t, :inf{tzozx(t)e{i;no} i=1,---,6}
ny

and n, >0 be sufficiently large such that Y (0) lying within the interval

6
1
{—;no} .When n—>+w0 then min(s,¢,)—>¢ yields:
"y

B[V, (Y(2))]<e % (¥(0))+ M (1-¢ ) <, (¥(0))+ M.

According that E[VY (Y(min(t,tn )))] < C* min (l,tn) <C*t and using the
fact that equilibria ¥ (0)=(0,0,0,0,0,0)=0 is p-stable, then X " is p-stable
also. OJ

5. Stochastic Optimal Control of COVID-19 Spread
5.1. Optimal Control of Model without Random Noise

In this Subsection, the deterministic model is submitted into an optimal control
problem by seeking to minimize an objective functional that measures total in-
fected individuals and surface viral concentration, and the total cost associated
with implementing the various controls.

To determine the best strategy adapted to the struggle against COVID-19
spread. The theory of the optimal control is used by formulating the optimization
problem which minimize the objective functional as follows for i=1,2,3,4:

i

Find the admissible controls u = (u,) = (u ) =u" such that:

().} = min 7 () as)

Subject tozng(t,)((t),u(t)), VX eR®,

wherein X =(S, E, Il,lz,R,V)T is a variable of state and 7 is the functional

cost:

i=1

4
7 ((u’_ ) ) - LZ [ AE+ A + AL + AV + ZlBiufjdt. (16)

the coefficients A, (respectively B, ), i=1,2,3,4 are balancing factors ac-
counting for the differences in the importance of the state variables (respectively
the various controls) objective functional measures the total infections and total
costs associated with the controls and without a random noise in model.

The Pontryagin’s Maximum Principle produces, using the minimization prob-
lem of the Hamiltonian, the necessary optimality conditions for the quadruple
optimal controls solutions of the optimization problem (15).

6
i=1

e s e o AT
Theorem 10. Let st(Xf) =(S3,EA,If,I§,R°,If) be the solution associ-

ated with the quadruple optimal controls (u,* ): , solution of (15). Then,

1) The Hamiltonian H° is given by
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a7 ((m)) o ax
T LI 17
dr Z‘ Prqy (17)
where, the p x,»i=1---,6 are the ad-joint variables associated with the state var-
iables X, such that

dpy. __dHn (18)
de dXx,
2) The following transversality conditions hold
Py, (T)=0, V(X,)[,. (19)
3) The admissible controls u; is given by
u; :max{O,min{l,ﬁ}}, (20)

where :ﬁ(X‘Y) is found in [1]
These results gotten in [1] for the deterministic optimal control that we have

just recalled are necessary for the analysis of the stochastic model (1).

5.2. Optimal Control of Model with Random Noise

The optimal strategies of the stochastic control model of COVID are gotten on
the one hand here in this section, as minimizing under the stochastic dynamics
controlled of the COVID-19 forces it of people infection in human population
because this strength depends in majority by variables of people state exposed and
tainted having some middle and stern symptoms, of the concentration of the coro-
navirus in surface and in minimising on the other hand, the total number of ex-
positions and tainted as well as the concentration in surfaces of the coronavirus

under the same stochastic dynamics.

5.2.1. Cost Function Resulting Some Development Limited

As minimizing subject to the stochastic dynamics controlled of the COVID-19,
the mathematical expectation of infectious force A =4 +4, of human popula-
tion because this force depends in majority by the state variables vector

X, =(S,E.,1,,1,,R,V) and the control vector u = (u,,u,,u;,u,).

To minimisze the total force of infection A= A(S,E, 1,,1,,RV,u,u, )) over
the finite time horizon [0;7], dependent on random states, amounts to bringing
it absolutely back to the controlled state disease free, i.e. by making
A A [%,O, 0,0,0,0, ul,uzj =1 (go,ul,uz) when X, tends towards g° by
u forall +e[0;T]. As the minimization with respect to control u of the cost
functional 7 (u) depends on this random force A, then for the optimum to
exist, the mathematical expectation of the cost to be minimized depends on a con-
vex function. This is why, A° we add a quadratic combinaison of controls 1,
Le Z; Bu® and we obtain a cost functional qualified as a pseudo-quadratic
given by (21).

Considering the pseudo-quadratic cost functional of the following form for
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each integer s:
s T
-5

wherein A’ (X . ) is a non constant functional term resulting some development
A (X N )‘ is

(X )‘+cg +iB,.u,.2jdt}, (21)
i=1

limited of infectious force A =4 +4, around &’ atorder s=1, ;

it absolute value and C; it constant term representing the total force of human
infection and viral spread at disease-free equilibrium &°,ie. Cj =2’ (80) with-
out control. The choice of s=1 follows from relation (16) giving the cost func-
tional which measures the total number of exposed people, mildly and severely
symptomatic people and surface concentration of virus; linear relation in which
the constants 4, independent of the controls represent the important weights of
the state variables of deterministic model. In the case of the stochastic model
whose variables are random, these coefficients can vary depending on the control,
this is the case here. Therefore, the choice s=1 is explained by this linear rela-
tion similar to that of cost functional which measures total infected individuals
and surface viral concentration, and the total cost associated with implementing
the various controls.

Development limited of A around &’ atorder s=1:

A :1(50)+VX/1<5°)(X—5°)+0(X—50),

then, we find C;** =0 and

‘/11()(;') :ﬂc(l—ul)%(nlE+Il L)+ B, (1=, V.

Let T'=¢, the terminal time is equal to final date of the epidemic by

t,=inf{teR, /E(t)+1,(¢)+ 1, (¢)+V (1)=1, (1) <1}

Let ¢, :[O;t‘, }x R°xU —R and y,:R° >R are respectively the functions

of instantaneous cost and terminal cost such that:

? (t,X(t),u):‘ﬂl(X,“) +gB[u[2 and y, (X(t)):O(X—go),

Thus, the cost functional is given by

T () =B [ (X (1) (1)) d+w, (1)) X (0) =, (22)

5.2.2. Controlled Evolution Process of COVID-19
« Problem: Control of evolution by minimizing the cost functional J'
Here, the controlled process X =(S,E,1,,1,,R,V)eR® of COVID-19 evolves
like a diffusion non-controlled, but the "controller” can influence the behavior of
X by modifying its evolution vector f or diffusion matrix G at each time t
through choice of the value u/(z).
Thus, one of the main objectives in this part is to find the optimality controlling
variables u" = (ul* RTARTN ,u:) using cost functional (22) such that
s=1 * : s=1
7 )_“fne[l(’{l‘]J (). (23)
Subject to: dX = f (£, X (),u())de+G* (£, X (1))dW (1), VX R,
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where

76X (0)u(0) = (1),

0 e
G° (I,Xt)z(g3X8 gi“oj:(Gy.);i]j 18(t,)(,u =O) ie uy=u,=u;=u,=0
3x8 3x10

-g, -& -g& -g& 0 0 0

wherein Gy = 0 0 g3 & 0 -g -8 —&
0 0 8 & 0 0
0 0 000 g 00
Oiio = { 0 0 000 O OO0
&0 & & 0 00 0 00
00 00O0O0OTO OO0
O,,=/0 0 0 0 0 0 0 g
000O0O0OO0OTO OO0

0 g0 & 0 —-g; -gu 0 0 0 0
G.“?xlO =lg 0 0 0 g, 0 -&s5 —& O 0
b0 000 0 0 0 g g

such that g, = JA, g = \/_ g =JAN, g =NA'S, gs:JﬁT>
—\/é‘l_E’ g7_\/ﬁ’ 8 =PE, g‘)_\/p_]l’ gloz\/m g11=\/5—11»
gu:\/ﬁTll, 83 =PI, g14:\/(ﬂ+ﬂd)lz> Gis=\HUR s 8= JoR,
g107:\,§(E+11+773[2), glOX: wy .
ﬁC(U1E+Il+772[2) n BV
S+(1-g)(E+L,+1,)+R+V K+V

A"=2°(X,)=

In applying the Pontryagin’s Minimum Principle (PMP) for the stochastic
model [7], we give definition of Hamiltonian 7{* corresponding to optimal prob-

lem 23 as follows:

H [0t RO x U, < 2 ([0, ] R L2 ([ 052, |, R*™ ) > R

N (X (00, (0. (1)
=p" (t)-f(t,X(t),u(t))+Tr(GTG(t,X(t))~q(t))—l//(t,X(t),u(t))

6

H= Zp,() (6 X )+ g, ()v, (1.X) = (8 X u)

i=1
where v, Z(GT )__, for i=1,---,6 are the diagonal components of G'G de-
fined by:

2
v -gi-(¢"), - 0 —g 0
2
-gi-(g°), v, -2, 0 - 0
GGT=| & -g v, ~go—8 ~& 0
0 0 _g120_g1216 Vy _g123 0
2 2 2 2
—&i6 —&3 —&9 —&i3 Vs 0
0)? 0)?
0 0 0 0 0 —(g )17—(g )18
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with
v=gitgi+gi+(g") vl gl = A(l+ £+ f)+(2+ 1) S +OR,
v, :g32+(g°)i+g§+g72+g82 =A+AS+kE,
Vi =8548+ 8 t8 t &0t &t & =My +(1-g)SE+ k1,
V=gt ghteh+en =g8E+S,1 +kl,,
Vi=gi+ g +8h+8s+8s=pP(E+L+1,)+kR,

Vg :(go)lz7 +(g0)128 =E(E+1+n,)+uV.

i=6,j=1

p(z‘)z(p,.(t))j:l and q(t)z(qi(t));:(qy(t)) 1 * are the adjoints pro-

inj=

cess such that
{dp(l‘) =V H(t. X (t).u(). p(t).q(r))dt +q(2)dm (1)
p(t)=vi(x(1,)

from where

dp(t)z[%(t,/\’,u)—z p,%(I,X,u)—z%%(r,X}jdl+q(t)dW(t)

p(tf):‘/’I(X(tf»:()()((tf)_go)'

Theorem 11. Let u" the optimal control, X" :(S*,E*,Il*,I;,R*,V*) an op-
timal way of X solution of EDS in (23) and ( ., q*) solution of Equation (24).

(24)

Then under the above hypotheses, for ¢e [0; tf] the optimal control u" verify

the following optimality controlling:
u =arg max H(t, X (0)u(t).p (1).q" (t))
uellyq
=argM (X" (1).u"(¢).p" (1).4"(t))

Proof. See in Book [6]-[8]. O
Corollary 2. Let’s suppose that hypotheses of Theorem 11 are true. Then, for

(25)

te [O;tf] the optimal control u" ts characterised by

E( ’fﬁ(z,x*(t),u*(t),p*(z),q*(z)).(a_u(t))dtjzo

0 Ou

what implies
oH

E(r, X (). (¢),p (t).9° (t))(ﬁ—u(t)) >0 Vuel, as.

By application of Theorem 11 and Corollary 2 to the stochastic model of
COVID-19, ie. that on derivative of Hamiltonian formula [8] [9] with respect to

u = (u;,u,,u;,u,) and we obtain u*=<uf,u;,u:,u:) such that:
u::maX{O;min{l;ﬁi}}, i=1,2,3,4.

where
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ﬁ:ﬁc(mE*"'I:""bI;) M (pl_pQ)S*
! 2B, A S +(1-q)(E'+ L + L)+ R +V"
= _BV'S(1+p-p,)
2 = *
2B,(K+7") (26)

_ pﬁf(E*+1:+7]31;)
i 2B, '
7 :p6VV

2B,

*,]1*,[;,13*’[/*) and p(¢) only but
i=6,j=18
Gl.j) (t,X,uzO) Le.

=1

We note this result depends X° =(S*,E
doesn’t depend ¢ because G° (t,X(t)) :(
U =u,=u; =u,=0.

Although the objective aimed very well to control the evolution and the diffu-
sion of the propagation of the COVID-19 at a time, the control of the evolution
has just been done while waiting for the control of the evolution and the diffusion

of the same in next publications.

6. Numerical Implementation of Data and Stochastic Model
Controlled

6.1. Curve Fitting for the Estimation Values of Parameters

The new model 1 that goes simulated is similar to the stochasticin [10] and [11]. In
Table 3, we have two values assumed of parameters of our models, A and g . These
assumed values determine from the mean model 10 depending on the mathematical
expectation. For g e.g., from 4th equation of the mean model, we used the math-
ematical expectaion of state variables £, /;, /, known in two instants ¢, (ini-
tial time) and ¢ (intermediate time) and the parameters g,d,,d,, 0,4, 1, . The
other parameters being already estimated and chosen of data in the literature as
0,,0,, P I, I, , then parameter unknown g is calculated therefore.

From real data of the COVID-19 pandemic in 4 localities in Chad, data 1, 2, 3
and 4 given from 2020-01-03 to 2021-01-10 (see [19]), we extracted that of data 2
from 2020-03-15 to 2020-10-02 (see Figure 2) for to validate our model.

With a particular case of sensitivity and parameters value evaluated, we con-
structed a curve fitting in Figure 2. Extension of this case permitted us to identify
(assumed) and to estimate the values of certain parameters on the Table 3.

6.2. Numerical Simulation of Stochastic Model of COVID-19 Control

To observe what would happen with the numerical simulations of states S, E,
I, I,, R and V of our model, a certain number of scenarios in relation with
the government’s decision is predefined in order to eradicate COVID-19.
Scenario No. 1: Simulation of model 1 with implementation the various con-
trols.
With 0%, 25%, 50%, 95% and 100% implementation of the controls constant

u, =u, =u, =u, the simulation of stochastic model 1 is performed in Figure 3
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revealing that human infection force decreases when values of four controls are
constantly increasing. Consequently £, I, I,, R, and V have the ten-
dency to disappear (become hopeless) when theses controls constantly offer to-
ward 100%. Therefore an effective implementation of all controls at 100% by the
government, COVID-19 can be eradicated.

Scenario No. 2: Effective implementation of controls (u; ); , but with in-
fective immigrants.

With infective immigrants, Ze. that the proportions of exposed immigrants and
mildly symptomatic are not controlled are such that f,#0 and f, #0. Figure
4 compares the simulation at 100% implementation of controls with and without
infective immigrants: f, #0 and f,#0 onthehandand f, =0 and f,=0
on the other hand, then the simulations of states S, E, [, I,, R and V
are performed in Figure 4. It is shown that disease persists in the population dur-
ing the period of simulation when infective immigrants are allowed into the coun-
try, even when R, <1 and u, =u, =u, =u, =100% implementation of con-
trols. This persistence is reduced distinctly to the neighborhood of zero, even sta-

ble when the infective immigrants are not allowed in the country.
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Figure 3. Numerical simulation of model 1 for u, =u, =u, =u, =
0%, 25%, 50%, 95% and 100% .
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Figure 4. Numerical simulation of model 1 with and without infective immigrants for 100%

controls.
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6000

Scenario No. 3: No-control with immigration temporary or extended border
restriction,

This scenario is illustrated by two scripts as follows:

o 0% implementation of all control with immigration permanent border re-
striction during the period of simulation for all ¢e [O; t J ;

o Before a short stopping time ¢, € [0; tf] , immigration temporary border
restiction was allowed. Ze. that a proportion of exposed immigrants f; and an-
other proportion of those mildly symptomatic f, verifying

5= 1 T

2 @)
f‘2 = f;) 'I[O;tg]

where f'>0 and f; >0 are non negatives values; I,y is the characteristic
function in [0;7,].

With £ =7 =001 (resp f,=0.5) and f;7=f,=0.01 (resp f =0.05)
the simulations of states S, £, I, I,, R and V are performed in Figure
5 to compare these two scripts avec R, >1.Itis observed from Figure 5 that after
a short stopping time ¢ , each state of model 1 oscillate around the uncertain
equilibria that is locally steady asymptotically stable.

When one changes 0% in the first script appropriate by 100% implementation
of controls, then the simulations of states S, E, I, I,, R and V are per-
formed in Figure 6 showing that after a short stopping time ¢, COVID-19 is
eradicated with R, =0<1.
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Figure5.States S, E, I, I,, R and V simulatedat u, =u, =u, =u, =50% .implementation of controls

with extended and temporary border closure for viral shedding rate of infected persons & =100 cells/day.
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Figure 6. States S, E, I,, I,, R and V simulated at u, =u, =u, =u, =100% implementation of

controls with extended and temporary border closure for viral shedding rate of infected persons & =100 cells/day.

Scenario No. 4: 100% -control with immigration temporary or extended bor-
der restriction.

« 100% implementation of all control with immigration permanent border re-
striction during the period of simulation for all 7€ [O; tf:| ;

« After a short stopping time ¢, e[O; t‘,], unrestricted immigration was al-
lowed.

After a short stopping time ¢ , immigration no-restraining was allowed. ie.
that a proportion of exposed immigrants f, and another proportion of those

mildly symptomatic f, verifying
1
fl - fo 'I]t:?ff]

. (28)
f=lo Juosty ]

where f'>0 and f; >0 are non negatives values; I]w,_] is the characteris-
tic function in interval Jts;tf] .

With 100% implementation of controls and with the decreasing values of the
proportions f;,i=1;2 ( f| :fo1 =0.100;0.010;0.000 and
fo =1 =0.010;0.001;0.000 per e.g.), we obtain Figure 7. It shows that when f,
and f, converge toward zero, then the different states of the model 1 oscillate

around random disease-free equilibria. Therefore with 100% implementation of
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controls plus a strict restriction for exposed immigrants and those mildly symp-
tomatic infected, then COVID-19 can be eradicate (e.g. see Figure 7 in a period
[0:2,])

Scenario No. 5: Simulation of controlled model with combination of the
four controls

Simulations of §', E, I, I,, R and V are performed with controls
combination wu,, u,, u;,and u, attwo values u, e {0; 1} in Table 4 and Ta-
ble 5 for each i in Figure 8. It is observed that with these Strategies of control
combination in «{0;1} are unprofitable in certain cases because of the environ-
ment that remained contaminated strongly by coronavirus with a growth im-
portant of the viral concentration V' (see the Strategies 3, 4, 7, 8, 11, 12 and 15
in Table 5 represented by Figure 8).
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Figure 7. States S, E, I, I,, R and V aresimulatedat u, =u, =u; =u, =100%

implementation of controls with permanent border restriction on [O;tf} / solid curve

(—=): fi=/,=0 and temporary border restriction before a time ¢ =21 days/dash-
dash curve (——-): f,=0.01; f,=0.01 and dash-dot(~): f; =0.10; £, =0.01.

Table 4. Numerical results (Figure 8) of optimal strategies: Vu, € {0;1} > uy=1.

Strategy Control combination — E[E] E[1] E[5,] E[V] J'(u)
1 (1111 30038  1.8453  3.0604 46.3145 103,100,000
2 (1110 2.8367 19724  2.5193 50.8881 13,100,000
5 (1 o171 34390 23352 3.1835 72.6912 102,800,000
6 (1010 33159  1.9459  3.4645 53.4757 12,800,000
9 (0111 33188 22539 27147 51.9319 93,100,000
10 (0110 2.8744 22348  3.4293 643991 3,100,000
13 (0011 37935  3.1679  3.7962 60.9383 92,800,000
14 (0 0 1 0) 3.4447 27469  3.6237 57.0152 2,800,000

Table 5. Numerical results (Figure 8) of unprofitable strategies: Vu, € {0;1}, u,=0.

Strategy Control combination — E[E] E[1] E[1,] E[V] J' (u)
3 (1101 37212 1.9645  3.0746 89,416 100,300,000
4 (1 100 3.5647  2.0380  3.2427 91,561 10,300,000
7 (1 oo 1) 8.6163  4.7340  9.5011 427,330 10,040,000
8 (1 00 0) 7.7826  5.2573  9.7446 431,480 10,043,000
11 (01 0 1) 3.9965 2.0731 24844 98,057 90,300,000
12 (010 0) 3.8869  2.3990  2.9101 90,493 300,000
15 (0001 8.2471  6.0573  9.7234  4.25710 90,043,000
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Strategy 5: u1=u3=u4=1; u2=0
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Strategy 10: u1=u4=0 ; u2=u3=1
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Strategy 13: u1=u2=0 ; u3=u4=1
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Figure 8. States S, E, I;, I,, R and V are simulated with controls combination

uy, Uy, uy,and u, attwo values u, €{0;1} in Table 4 and Table 5 for each i.
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As for the eight strategies summarized in Table 4, it is about the Optimal Strat-
egies 1, 2, 5, 6, 9, 10, 13 and 14 of which simulations in Figure 8 are profitable
while minimizing the cost bound to the human infection force and the viral spread
force at a time. Among these profitable strategies for COVID-19 control with con-
trols combination taking values extreme 0 or 1, only one strategy is optimal for
the minimal mathematical expectation of state E[E], E[/], E[/,], and
E[V] (see Figure 9. This optimal strategy is represented at 14th strategy, with
the optimal cost J” (1) = 48400000 , consistent of 10th then 6th strategy).

The last point of this scenario that remains to be explored is the case of the
control combination with controls taking intermediate values of the optimal con-

trol u' = (ul* ) €]0;1[ linked to the values # given by Equation (26) such that

i

0<iu, <1, ie. min{l;ﬁi}:; =u =u,e]0,1.

i i

E[E]
Cubic spline interpolation

»
[8)]
T

Mathematical expectation of E : E[E]

g . : : : . ;
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DOI: 10.4236/am.2025.1610037

717 Applied Mathematics


https://doi.org/10.4236/am.2025.1610037

B. Danhree, K. Rodoumta

*  E[I2]
Cubic spline interpolation |-

Mathematical expectation of 12 : E[E]

Strategy
90 T T T T T T
: *  EV]
Cubic spline interpolation ]|

70
60
50
a0l i 5 S 1

30+ . : . u

Mathematical expectation of V : E[V]

0 SRR R

0 ; . ; 1 ; .
0 2 6 10 14
Strategy

12 :I T T T T T T T

1ob=: = mim e ]

- : I CostJ(u)
6F - M- R -‘: AU RN shape-preserving curve H
- - o min(J(u))=2800000

— = E[J(u)]=48400000=J*(u)

Value of cost J(u) per strategy

-
N
[4)]

DOI: 10.4236/am.2025.1610037 718 Applied Mathematics


https://doi.org/10.4236/am.2025.1610037

B. Danhree, K. Rodoumta

x 10
25 T T T T T T
* Ju
o Cubic spline interpolation |
I — — min(J(u))=28000000
U N Bl E[J(u)]=48400000
150 = = =Tth degree polynomial interpolation|
1
1

Value of cost J(u) per strategy

Strategy

Figure 9. Simulation (Interpolation and fitting) of E[E], E[I,], E[l], E[V]—

Histogram, Interpolation and fitting of cost per strategies in Table 4.

Considering the intermediate value multiplicity combined that can take con-
trols u, =i, €]0;1] such that # <1, a numeric script in MATLAB is written to
simulate the behavior of these intermediate values so the functional associated
cost. For each intermediate value taking by the controls, Figure 10 simulates these
optimal controls so the cost. The optimal values are given in Figure 10 by Software
MATLAB. Then, the optimal value of cost is J' (u)=94630000 situated be-
tween 10th and 12th day of beginning of disease for this scenario with controls

combination taking intermediate values between 0 and 1, Ze. u, € |0;1].

—_—u4

Intermediate values of controls u1, u2, u3 and u4

i i i i i
2 4 6 8 10 12 14 16 18 20
Time (days)

DOI: 10.4236/am.2025.1610037 719 Applied Mathematics


https://doi.org/10.4236/am.2025.1610037

B. Danhree, K. Rodoumta

-
N
y
|

*+ Values of cost J(u)
_ Interpolation curve
peo= min(J(u))=71510

-
o
T
Il

----- E(J(u))=94630000

J(u) per days with intermediate values of control ui

0 A - g -J-.\.-.i.-,l.-l-,\.+.I.-.\,-L-{‘-.\.-.\.-.!.‘.I-.\.-v\.-_l
0 5 10 15 20 25 30
Time (days)

Figure 10. Simulation of cost J(u) with the intermediate values of controls u, per day.

The optimal strategy first recommended for theses scenarios consists in apply-
ing control u, and u,,then to make efficient controls #, and wu, witha per-
manent restriction of border closing preventing the entry of exposed immigrants
and those mildly symptomatic. Results given in Figure 11 are favourable to the
minimization of the cost and compliant those given by Figure 10.

The optimal values are given in Figure 10 by Software MATLAB e.g.

J" (u) =48400000 by 14th strategy.
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Figure 11. Simulation of S, E, I, I,, R and V with 100% implementation of

controls and with a permanent restriction of border closing after 21 th days.

7. Conclusions and Perspectives

A new stochastic model of COVID-19 with two terms is formulated and presented.
The mathematical analysis of this model permitted to get some important results
focused on the positivity and boundedness of the solutions, the global behavior of
the intermediate system, under the sole condition of stability of the disease-free
equilibria. These results reveal that disease-free equilibria and the endemic equi-
libria of model are exponentially p-stable and globally asymptotically stable; fi-
nally, that the endemic equilibria are locally asymptotically stable.

In this dynamics of coronavirus propagation described by this new model, the
first term determines its evolution and the second, which is a matrix, expresses its
diffusion within a susceptible population and exposed vulnerable people. The
force of human infection, accentuated by that of viral propagation, dangerously
affects the population. Minimizing the cost of these forces due to the coronavirus
becomes a necessity, even an obligation, in government action. Thus, in order to
eradicate this pandemic, an optimal control problem is formulated by minimizing
the cost evaluated in the form of a mathematical expectation of the integral over
a finite time horizon of the approximate value of the total forces due to COVID-
19. Pontryagin’s Minimum Principle is used to solve this minimization problem
and characterize the optimal control as well as the mathematical expectation of
the states of exposed, moderately and severely symptomatic people. However,
control without optimal strategies seems ineffective, which is why a class of 5 sce-
narios is proposed and explored in order to determine the optimal control strate-

gies. This results in eight favorable strategies, including an optimal and least costly
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one, strategy 14, which requires compliance with and application of hygiene,
health and treatment measures as priority, then the other strategies 10, 2 and 6
which, in turn, also require compliance with and application of barrier measures
and physical and social distancing such as strict compliance with border closure
restrictions with quarantine, not shaking hands; disinfection measures and pre-
ventive protocols such as hand washing, wearing helmets. In addition to these op-
timal strategies, strategy 1, which is similar to the first scenario, is certainly ad-
vantageous because it requires 100% compliance and application of all controls,
but it is very costly. In the absence of significant means of combating the corona-
virus, we encourage the government to pursue the policy of implementing these
optimal strategies, which are effective ways to eradicate the coronavirus at a lower
cost.

Finally, it was proved that this class of 5 scenarios, provided optimal strategies
for the control of COVID-19 in a process that is not only deterministic (not re-
garding diffusion), but also exists in a stochastic process focused on both evolu-
tion and diffusion.

The aspect of diffusion control in this process is part of the future prospects

with another control article on this same model.
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