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Abstract
Let G be a complete tripartite graph with n vertices. Its vertex set is
U uV UW, where |U|=l, IV|=S, I\N|=t, and this graph is denoted as
Kl,s,t . le,t

®eU UV UW . In this paper, we mainly present the matching polynomial
of the path-tree TS

1st

Let denote the path-tree corresponding to the vertex

corresponding to the complete tripartite graph.
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1. Introduction

Let G=(V,E) be a graph with n vertices. A matching of G is a spanning
subgraph of G in which every component is either an isolated vertex or an iso-
lated edge. A t -matching is a matching of G with exactly t edges. Reference
[1] defines the matching polynomial of G as:

M (G,W) =TT p(G,x)" ™ y*

k>0
where W =(X,y), x and Yy areweights assigned to vertices and edges, respec-
tively, and p(G, k) is the number of all k -matchings of G.If weset y=-1,
we obtain the matching polynomial defined in reference [2]:

u(Gx)= 3 (1) p(G.K)x

k=0

The matching polynomial has been extensively studied not only in graph theory
but also in combinatorics and statistical physics. For various properties of the
matching polynomial, detailed information can be found in [1] [2]. Below, we in-

troduce two specific properties:
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DIf G={J,_ G, then u(G,x)=]],_ #(Gx);

2) If G is a forest, then the matching polynomial of G coincides with its
characteristic polynomial.

For a general graph G, Godsil [3] [4] showed that (G, X) is closely related to
the characteristic polynomial of certain trees, namely the path-trees of G . By intro-
ducing path trees, Godsil proved that every matching polynomial divides the charac-
teristic polynomial of some graph; hence, all roots of the matching polynomial are
real. Similarly, using path-trees, Li et al [5] proved that the roots of the / -polyno-
mial of a graph are also real. Guo and Chen [6] discussed the matching polynomial
of the path-tree for the complete graph. Recently, Che and Yan [7] also determined
the matching polynomial of the path-tree for the complete bipartite graph. The study
of matching polynomials for this type of tree not only deepens the theory of graph
theory but also builds a bridge for the modeling and solution of practical problems,
with applications in fields such as chemistry, computer science, and algorithm design,
combinatorial optimization, and network theory. Therefore, path-trees constitute a
class of trees worthy of investigation. In this article, we primarily present the match-
ing polynomial of the path tree for the complete tripartite graph K, .

2. Preliminary Knowledge

Definition 2.1 [7] [8] Given a graph G=(V,E) and a vertex weV . The
path-tree of G corresponding to w, denoted by T (G,W) , is the tree with ver-
tex set consisting of pathsin G beginning from w, and two such paths are ad-
jacent if one is the maximal subpath of the other.

Lemma 2.2 [7] [8] Let G\w denote the graph obtained by deleting vertex
weV(G) from G. According to the definition, we obtain the following three
properties:

1)If G is disconnected, then T(G,w) is determined only by the connected
component of G witch contains vertex w;

2)If G isatree,then G=T (G,W) for any WeV( )

3) If the neighborhood set of w in G is I'(w)=
T(Gw)\w=J,_ T(G\w,w,).

Lemma 2.3 [3] [7] Given a vertex W of graph G, the matching polynomial
of T=T(G,w).

{ l,W2,~~-,Wr} , then

y(T,x):y(G,x)-%

Lemma 2.4 [7] For the bipartite graph Ks,t , where ueU , |U | =S,
ﬂ;t = Hjjm j (t -S+ J) then the path-tree T, matching polynomial is:
t(t-s+k)

(Tsul7 ) ( st )H/l( k,t— s+k7 )(k_S)IBSYI ﬂ(Kk,t—s+k+1’X)tiﬁkﬂﬂm

Lemma 2.5 [7] For the bipartite graph K, , where veU , |U|=S ,
ﬁ:t =HJ k+1j(t S+ ), then the path-tree T, matching polynomial is:

“1)(t—s+ Sk stk Sk
(Tsvtv )_,U(Ks,tax) ( st-10 ) H:”( Ktos+k-10 X )(k 1)(tsk)ﬁl,U(Kk,t-wk,x)s(tSkl)ﬂ't
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3. Main Structure

Assume the vertex set of the complete tripartite graph K, , is UUV UW,

where |U|:1, |V|:S, [\N|:t,and s>t >1. We note that due to the symmetry

of path trees, for any two vertices Vv,v'eV or w,WeW , the path trees
( 1s[,V) and T(Klst, ') are isomorphic, and similarly T(K1s,th) and
(Klst, ') are isomorphic. For simplicity, we will use T  to denote
T(KyU ), 15, todenote T(Kun ),and T)s; todenote T(Kl,s,t'w)'
Theorem 3.1 For the path-tree T, (t>s>1), its matching polynomial

(e x) (T x)

/I(TLus,th):ﬂ(Kl-s"’x) ﬂ(K 1)

Proof. Forany T, (t>5>1). we have

(T Vux) = p(Tx) (T2
then
£(KpgooX) (T \u,x)
B p(Kyg, \u,x)
u(Tox) w1 x)
A(Ke)

Theorem 3.2 For the path-tree T, (t>Ss>1), its matching polynomial

s-1
/u(Tl\,ls,t'X)_ ( 1,s,t7 )ljﬂ( 1,k,t— s+k’ )tkﬂlkys't/l'I(Kl‘k,t—s+k+l’X)tﬂlk’s‘t
1

I k
) (35 8] ] |

/u(Kk,t—Hk ' X)

= ,l,l( Kl.sAt 1 X)

_ t Bk
k t—s+k+1 [{_grke1’ bSt
v w
:u(Tk,t—s+k+1’ X) /u(Tk,t—s+k+1' X) :|

:u( Kk,t—s+k+1’ X)

where ﬂfs,t = HJ ) (t—s+j).
Proof. Now suppose that the result holds for any path-tree T = with m<s,
n=m, we have

:u(Tl\,/s—l,t—l’ X) = /u(Kls 1,t-11 X)

N

S— Iu ( Klvk,t—s+k , X)(t_l)kﬁllfS—l,l,l

(t-1) s 144

=

X

~

( 1k,t—s+k+1?

- Cerk DA
;U(Tkv,t—s+k , X)k #(Tkv,vl—SJrk , X)l a -
ﬂ(Kk,t-s+k ; X)

t-1

r k tosrkil Trgr g Aede
\ w
/J(Tk,t—s+k+1' X) ﬂ(Tk,t—s+k+l’ X) ]

:u(Kk,t—s+k+1' X)
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From Lemma 2.3, we have
AT ¥)
- ﬂ(Kl,s,rv ):u(Tl\,’s,t \v, X)
- Ky \V,X)
(KX (T ) (T x)
- ,u(Kl,H‘t,X)
Cu(Kygox) £(Kpsao X) (T o\, x)[y(Kls LX) (T lt\w,x)]I
_:u(Kl,s—l,t'X) ,u( 1slt\u x) ( 1slt\w x)

,U(Tsvlt slt I: Kysoato T lt\WX)]

:,U(Kl,s,t’x) lslt\u x Kys- lt\WX)
)t/u( s-1t7 Sl Swlt t

Zﬂ(KLs,t'X)'u(Kls‘“ X ,U(Ks—l,t X)

t
{m H (Tl,usfl,t,l , X) y (Tlva’[il X )s,l ]

t /“(Ts 1t )571 ﬂ(Tsvill,t ' X)t
;U(Ks—l,t ' X)

t
! 'u(Tlst—l,t—l \u, X) . o1

t /,l (Tsv—l,t ! X)s_l ﬂ(Tsv—vl,t’ X)t
H ( Ks—l,t ' X)
s-1

e
'U(Tsv—lxt-l’x) 'u(TxL“l'X)t 1} ,U(Tl"s 1t-1 X)I(Sil)

= /u(KLS’t,X)/U(Kl,s—M X)

= 1 (Kyg i X) 11Ky g pp0X)

/u( Ks—l,l—l’ X)

T, ., s TSVX , t
= 11Ky g o X) 1 (Ko p X) i(T0 %) a (T x)

ﬂ(TS\Ifl’tfl’ X)Sil H (Tswn 11 X)til :lt

,U( Koo X)

N

=~
I

1

{ﬂ(KMLtln X) l:'u(Klvk,t—sH( 1 X)(t 1k ,U(Kl,k,t,suwl, X)(t 1)i| 141

1)K .
/J(Tkv,t—s+k ) X)k ﬂ(Tkvvvt_stk , X)ti“k (Dfhers
/.l( Kk,t—s+k ' X)

t(s-1)

B k t-s+k+1 = 5+k+1ﬁl st
v w
:u(Tk,t—s+k+1! X) :u(Tk,t—s+k+1 X) ]

ﬂ(Kk,t—s+k+1’ X)
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where ,Blkst=HJ k+1j(t S+j)=(t 1)(5 l)ﬁlsltl then
(Tlvsl )

s-1 w t
=ﬂ(K1vsv"X)/u(K1,s-1,t X)l Iu(TS - ) ﬂ(TH'“X)

,U( Ks—l,t ! X)

{ﬂﬁgltl’ X) " (T X)) I

ﬂ( Ko st X)

k

T (t’l)k (171) Blk,S—l,tfl
{ ( 1s-1t-17 ) _1|: ( lkt—s+klx) lu(Kl,k,t—s+k+1lX) jl

M s+ (t’l)ﬁlk& R
/'I(Tkv,t—wk , X)k ﬂ(Tkv,vt—SJrk ' X)t k -
ﬂ(Kk,t—s+k : X)

~ 1 S t(s-1)
k t—s+k+1 [{_gykq1/ b it
v w
ﬂ(Tk,t—s+k+1' X) :u(Tk,t—s+k+l’ X) ]

/l'l(Kk,t—s+k+l’ X)

=;U(Kl,s,t’x):u(K1,slt ) <lslt1 )l

- ot
'u(TSV’L‘ X)s 1'u<-|—s‘,—v1,t ) ( s-1,t-1 X)S ( s-1,t-1° ) B
'u(Ks—l,t'X) ;u(K—ltl )
ﬁﬂ( Kiktsiks )(t DB H (Kl,k,tfsﬂql,X)t(tfl)(sfl)ﬂlk's’“’1

k=1

ek DDA
ﬂ(Tkv,t-s+k X)k ﬂ(Tkv,vt-s+k1X)t o S -
;U(Kk,t—s+k ' X)

et t(t-1)(s- )B1 -
S+K+ t—s+k+1
ﬂ(Tkv,t—s+k+l ) (Tkwt s+k+17? X) ] o

,u(Kk,t—s+k+l’ X)

f k
( et )ﬂ#( Lhtos+ke )tkﬁlm H ( Kl,k,t—s+k+1l X)tﬂl‘s‘t
=1

_ S+ ﬂlk,s,t
ﬂ<TkV~t—s+k , X)k N(Tkvvvt—s+k ’ X>t o I
ﬂ(Kk,lfs+kyX)

- t B

k t—s+k+1 [{_grki1’ 1St
v w

;U(Tk,t—s-v-k+1' X) /u(Tk,t—s+k+1’ X) ]

ﬂ(Kk,t—s+k+l’ X)

and the theorem is proved.
Note:
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(T ) (W)
H ( Kk,tfsﬂ( , X)

from Lemmas 2.3, 2.4, and 2.5, it is easy to know that ﬂ(Kk,ka , X) must divide

1) For the obtained expression in the formula,

t—s+k

k
lu(TkV,t—SJrk’X) y(Tk‘f’FHk,X) , We substitute the specific value of k, then we

H (Tkv,t—s+k , X)k H (Tkv,\{—s+k ' X)
H ( Kk,t—s+k ' X)

)t—s+k+1

t-s+k

can obtain the specific expression of

/,l (Tkv,t—s+k+1' X)k /u(Tkv,\;—s+k+l! X
H ( Kk,t—s+k+l’ X)

Similarly, can also obtain the specific ex-

pression.

2) For Theorem 2.3, we find that if s=1, then the polynomial would satisfy
ﬂ(Tle,rv X) = ﬂ(Kl,s,w X) , which is obviously not valid. Below, we present the pol-
ynomial when s=1.

Corollary 3.3 For the path-tree y(Tll.J“, X) , its matching polynomial

ﬂ(Tll.Jw X) = ;”( Kises X),U( Ko X)t :u(Kl,t—ll X)

Proof. From Lemma 2.2 and Lemma 2.3, we have

:u(Tltlt’ X),U(le,tvv X)t

#(Ky %)

#(KL[,X)[AKL“x)ﬂ(mpx)}t

,u(Kl’l,X) ,u(KlyH,X)

:,u(Km,X){U(Klvt'x)/"(Kl\ft—l' th

t-1

H (Tll.Jl.t ' X) =H ( Kize X)

= :u(Kl,l,t' X)

H(Kl,t—l’x)
= ,U(Kut )ﬂ(Kl,t’ X)t ,U( K X)H

When s=t ,we can obtain the following corollary.
Corollary 3.4 For the path-tree T

105 @€V UW , its matching polynomial
H (Tltls s ) (Tlvg s? )

s-1

( 15,57 ) ,u( Lk X)k (Kl,k,k+1'x)

k=1

s-1 32
1 UGkl

|::u(Tkvk ' X)k ﬂ(TkV,Vk ' X)k ]|:;U(Tkvk+1' X)k ﬂ(Tkv,karl’ X)k+l :lm

/J(Kk,k’x) ﬂ(Kk,k+1'X)

Theorem 3.5 For the path-tree T)'{, (t>$s>1), its matching polynomial

o) a(T)”
:u(Ks,t—l' X)

(Tlv:t ) Iu(Kl,s,t' X),u( Kyt X)
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S—.

—s+k) B's 1 _s+k) A
Hﬂ( Lk, t—sk ! )(t TR ﬂ(Kl,k,t—s+k-1yX>Sk(t s+

k=1
/ I T k
( kVYtiSJrk ' X) /.l( kv,vt—s+k ' X)t75+k ]wl |

#(Kk,pwk ' X)

stk T8( —s+k)/31lfs‘
/u(Tkv,t—SJrk -1 ) (Tkwt s+k-11 X)t - t t
,U( Kk,t—s+k—l’ X)

Proof. From Lemma 2.3, we have

w(Thx)= #4(Kuo )T\ X)
(Ko \w, X)

u (Tll,Js,t—l \u, X) H (Tlt/s,t—ll X)S

—u(K. ..,
,U( et X) /u(Kl,s,t—l'X)
s t-1
)l
:/U(Klst X) = ;‘<Ks,t_1n;t)l (Tlsl 11 )S
where ﬂllfS,t:HJ k+1j(t s+j)= %ﬁfsvt_l,thenwehave

Iu(Tl\,ls,t—l' X) ( 1,5,t-17 )]ki[ /.l( 1k,t—s+k-11 )(t l)kﬁlk‘s‘t?l H ( Kl,k,t—5+k ' X)(lil)ﬁﬁs’til

r sskt DA
/'I(Tkv,t—5+k—1’ X)k /J(Tk\?lt—uk—l’ X)t e ] t -

:u< Kk,t—s+k—l7 X)

t-1  k

_ﬂ(Tk\tt_s+k | X)k u(Tk\t"t_s+k , X)t—s+k o Pis
ﬂ( Kk,t—s+k ! X)

Comprehensively, from the above results, we can obtain

s :u(Tst -1 ) /u(Ts\,A;—l’X)F1
/u(Ks,t—l’X)

,U( Kl,k,t—s+k—1’ X)

H (Tlﬁ,t ' X) =H ( Kl,s,t , X)ﬂ( Kl,s,t—l' X)

S5

AN

s(l—s+k)/il'fsvt sk(t—s+k)ﬂlkv5v[

—

H(K1,k,t-s+k , X)

1

, K w t—s+k sﬂlkvsvt
H (Tk,l—s+k ! X) 'u<Tk't’S+k ' X)
,Ll( Kk,t—s+k ' X)

1 =
Il

—s+k- s(t-s+k) B,
() ) T
‘u(Kk,t—s+k_1, X)

Corollary 3.6 For the path-tree ,u(Tl‘.';l, X) , its matching polynomial

/u(Tlv‘él ) :u(Tll.Jl.s’X)=ﬂ(K1,1,s7X)/U(K1,s’X)Sﬂ(Kl,s&’X)

s-1
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Proof. From Corollary 3.3, it is easy to prove in a similar way that Corollary 3.6

is true.

4. Conclusions

By synthesizing Theorem 3.1, Theorem 3.2, and Theorem 3.5, we obtain
(Tlri t ) = ﬂ( Kistr X)

) ) .
:u(Ks,t)
TV[H X k TWaJr X a+k
:ﬂ(Kl,k,mk’X)k,U(Kl,k,mkwx) /“( - kﬂ(LkiEki(;()k )
Rt
ﬂ(Tk\/,a+k+l’ ) ﬂ(TkWa+k+1' )a+k+1 o ' (()EV,
ﬂ(Kk,a+k+1' X)
cu(Tox) w(Te
K A2 (L“(l ) 0
s,t-11
a+k
k(a+k) :u(Tkv,a+k’ ) (Tkwa+k’ )
,u(Kl,k,aJrk—l’X) ﬂ(Kk,a+k’X)
Sk a+k S'Blkrsi
ﬂ(Tkv,a+k -1 ) (Tkwa+k 11 )t o ] weW.
:u(Kk,a+k—l’X)

1

where a=t-s, B, = HSJ.;M j(a+1i).

The core of studying the matching polynomials of this type of tree lies in re-
vealing the intrinsic connection between the structural characteristics of graphs
and the properties of matching polynomials. Through the analysis of complete
bipartite graphs with specific symmetry, such as path trees, and by means of in-
duction and recursive relations, the understanding of the polynomial theory of
graphs can be deepened. Meanwhile, it provides methodological support for ex-
ploring the polynomial properties (such as characteristic polynomials and chro-

matic polynomials) of more complex graphs, such as K,
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