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Abstract 
The Conformable Fractional Calculus revolutionized mathematical modeling 
by extending the scope of differentiation and integration to include the order-
ing of non-integers in the broadest sense. This paper aims to incorporate the 
Conformable Fractional Derivative (CFD) on the viscoelastic model by prov-
ing and analyzing its element analysis. Furthermore, it highlights the chal-
lenges facing viscoelastic materials, including polymers and biomaterials, ex-
hibit anomalous damping characterized by power-law relaxation and fre-
quency-dependent dissipation through relation between the viscoelastic and 
stress-strain. Subsequently, the application of the CFD overcomes all the nu-
merical and physical inconsistencies present in traditional fractional calculus 
models (e.g., Caputo derivatives) that rely on singular kernels. Finally, apply-
ing the CFD to the Oscillatory Strain Response through the elastic modulus 
results in no stress relaxation over a period of time. 
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1. Introduction 

Fractional Calculus (FC), dating back to Leibniz and Euler, generalizes Classical 
Calculus to FC. While Riemann-Liouville and Caputo fractional derivatives had 
used in a wide range of theoretical and applied scientific fields [1], their underly-
ing non-local and singular structures complicate analytical and numerical treat-
ments. Subsequently, The Conformable Fractional Derivative (CFD), introduced 
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by Khalil et al. (2014), and the Conformable Fractional integrals [2] (CFI), intro-
duced by Syouri et al. (2020), provides a local definition that preserves fundamen-
tal calculus rules, making it advantageous for applied sciences. Therefore, the frac-
tional derivative viscoelastic model has been extensively studied and proven to 
require only a few parameters for the constitutive modeling of viscoelastic mate-
rials, enabling an accurate description of material mechanical properties across a 
wide frequency range. 

Compared with traditional viscoelastic models, this approach offers enhanced 
precision in characterizing the viscoelastic behavior of materials. Ronald L. Bagley 
et al. [3] have highlighted the suitability of fractional derivatives in describing the 
dynamic frequency response process of viscoelastic materials. The arrangement 
to fractional calculus is more complicated than classical calculus, fundamentally 
affected by two factors. Firstly, not at all like classical calculus, fractional calculus 
necessitates storing historical data all through the entire calculation period. As 
time advances, the aggregation of historical information leads to an increment in 
computational workload. Secondly the computational and theoretical distinctions 
between Caputo and conformable fractional derivative (CFD) models warrant ex-
plicit consideration, particularly regarding memory cost, numerical stability, and 
physical interpretability. The Caputo derivative, defined via a non-local integral 
operator, inherently requires storing the entire history of the solution, leading to 
substantial memory overhead and computational complexity in long-time simu-
lations. In contrast, CFD employs a local limit-based formulation, significantly 
reducing memory demands by avoiding historical dependence [4]. 

In this paper, we derive the stress–strain relationship of the fractional derivative 
Heaviside function, stress response, and CFD. Additionally, we obtain the rela-
tionship between stress and strain. 

2. Mathematical Foundations 

Definition 1. [5] CFD 
Let h  be a function as [ ): 0,h ∞ → , and 0τ >  then, CFD of h  of order: 

( )
( ) ( )

( )( )
1

lim , 0 0,1 ,
h h

h
α

α

ε

τ ετ τ
ψ τ τ α

ε

−

→∞

− −
= ∀ > ∧ ∈  

which, for differentiable functions, simplifies to: 

( ) ( )1 .f fα αψ τ τ τ− ′=  

Definition 2. [6] CFI 
If h  is a continuous function on [ ),a ∞ , 0a > . Then, 

( )( ) ( )( ) ( )1 1
1 d .a a

a

h h t h t t
τ

α α
α τ τ τ− −ℑ = ℑ = ∫  

where ( )( )1a fα
α τ τ−ℑ  is the usual Riemann improper integral, and ( )0,1α ∈ . 

Properties of CFD [7]: 
1. Linearity: ( ) ( )( ) ( )( )af bg a f b gα α αψ ψ ψ+ = +  
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2. Leibniz Rule: ( )fg f g g fα α αψ ψ ψ= +  
3. Chain Rule: ( )( ) ( )( ) ( )f g f g gα αψ τ τ ψ τ′= . 
4. Exponential Decay: For 

( ) e tf t
αλ α= , ( ) ( )f t f tαψ λ= − . 

where ( )f t = quantity , λ = exponential decay constant and t  = time 
5. The inverse operation is defined via the relation between CFD and CFI is 

satisfies. 

( )( )( ) ( )( )( ) ( )a af x f x f xα α
α αψ ψℑ = ℑ = , for all 0x a≥ > . 

For more points of interest almost the over properties and its proof, see [1] [7]. 
There are clear differences in the application of the basic properties of the frac-

tional derivative to the Caputo and Riemann-Liouville definitions of the fractional 
derivative and the CFD, as shown in Table 1. 

 
Table 1. Comparison CFD with Caputo and Riemann-Liouville definitions properties of 
the fractional derivative. 

Property CFD Riemann-Liouville Caputo 

Local Operator Yes No No 

Satisfies Chain Rule Yes No No 

Initial Conditions Standard Fractional Standard 

Computational Cost Low High High 

3. Applications in Viscoelastic Materials 

When the Conformable Fractional Derivative (CFD) is connected to the viscoe-
lastic stress-strain relationship, it replaces many forms of the fractional derivative 
such as the Caputo derivative to avoid individual singular kernels of classical frac-
tional derivatives, so that the stress-strain relationship becomes: 

( ) ( ) ( ) ( ),t E t t E tα ασ ψ σ ψ= =  , 

where σ  is stress,   is strain, and E  is a material constant. 
We are progressing a theorem for the viscoelastic stress-strain relation using 

the Conformable Fractional Derivative (CFD) as an alternative to the Caputo-
Fabrizio derivative. 

Theorem 1 “Viscoelastic Stress-Strain Relation (SSR) with CFD” 
For a viscoelastic material, the stress ( )tσ  is related to the strain ( )tε  by: 

( ) ( ) ( )t G t tασ ε η ψ ε= ⋅ + ⋅                        (1) 

where: 
­ G  is the elastic modulus, 
­ η  is the viscous coefficient, 
­ αψ  is the Conformable Fractional Derivative of order ( ]0,1α ∈ . 

Proof 
By applying Definition 1, in Equation (1), to obtain the SSR for a fractional 
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Kelvin-Voigt model we get: 

( ) ( ) 1 d
d

t G t t
t

α εσ ε η − = +  
 

 Constitutive Equation 

Case 1 Stress Relaxation (Step Strain): 
Assume a step strain ( ) ( )0t H tε ε=  (where ( )H t  is the Heaviside function). 

For 0t > : 

• ( )0
d
d

t
t
ε ε δ=  (Dirac delta), 

• CFD term: ( ) ( )1
0t t tα αψ ε ε δ−= . 

Stress response: 

( ) ( )( )1
0 0t G t tασ ε η ε δ−= +  

The term ( )1t tαδ−  vanishes for 0t > , yielding ( ) 0t Gε= . This matches elastic 
solid behavior when 0η = . 

Case 2 Creep Response (Constant Stress): 
Assume constant stress ( ) 0tσ σ= . the equation becomes: 

( ) 1
0

d
d

G t t
t

α εσ ε η −= + ⋅  

Solving the ODE: 

1 10d
d

G t t
t

α ασε
η η

− −+ =  

Using an integrating factor ( ) exp Gt tαµ
ηα
 

=  
 

, to imply: 

( ) 0 1 e
G t

t
G

α
ηασε
− 

= −  
 

 

Thus, stretched exponential creep, matching polymer/biomaterial behavior. 
Consequently, extensional exponential creep corresponds to the behavior of a pol-
ymer/biomaterial. 

Case 3 Anomalous Damping (Oscillatory Strain) 
For oscillatory strain ( ) ei tt ωε = : 

• ( ) 1 ei tt t iα α ωψ ε ω−= , 
• Stress: ( ) ( )1 ei tt G i t α ωσ η ω −= + ⋅ ⋅ . 

The complex modulus ( ) ( )
( )

* 1t
G G i t

t
ασ

ω η ω
ε

−= = + ⋅ , by depends on the time. 

Then apply the CFD chain rule: 

( ) ( ) ( )1 1e e ei t i t i ti i t i i tαα ω ω α ω αψ ω ψ ω ω ω − −= =  

It is concluded that the CFD affects the power law in the frequency domain [8]. 
Example 3.1 
A viscoelastic material is subjected to a step strain ( ) ( )0t H tε ε= , where 
( )H t  is the Heaviside step function. Find the stress response ( )tσ . 
Solution: 
For 0t > , the strain is constant: ( ) 0tε ε= . Therefore, the derivative of strain 
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is zero everywhere except at 0t =  (where it is infinite). However, for 0t > , we 
have: 

d 0 for 0
d

t
t
ε
= >  

Thus, the CFD is: 

( ) 1 0 0 for 0t t tα αψ ε −= ⋅ = >  

Then the stress becomes: 

( )
0 0

0t G Gε εσ η= + ⋅ =  

At 0t =  it is observed that, there’s a drive due to the derivative of the step 
function. However, since the step function is discontinuous at 0t = , we must be  

cautious. The exact derivative in the distribution sense is ( )0
d
d

t
t
ε ε δ= , so: 

( ) ( )1
0t t tα αψ ε ε δ−= ⋅  

for 0t >  the Dirac delta is zero. Therefore, for 0t > , the stress is indeed con-
stant: 

( ) 0t Gσ ε=  

This speaks to a solid-like behavior (elastic) for 0t > . The nonattendance of 
relaxation in this model for step strain may well be a limitation. In any case, note 
that the model with CFD does not exhibit stress relaxation for a step strain. Usu-
ally since the derivative term vanishes for 0t > . 

From example 2.1 above, it can be concluded that the stress response to a step 
strain is constant for 0t > : ( ) 0t Gσ ε= . This indicates that the model behaves 
as an elastic solid in the step strain test. To observe relaxation, one might need to 
consider a different model or a different fractional derivative [8]. 

Example 3.2: Creep Compliance under Constant Stress. 
A constant stress ( ) 0tσ σ=  is applied at 0t = . Find the strain ( )tε  (creep 

response). 
Solution: 
The governing equation is: 

( ) 1
0

d
d

G t t
t

α εσ ε η − = +  
 

 

Rearranged as: 

( ) ( )1 10d
d

G t t
t

α ασε ε
η η

− −⋅+ =  

This is a first-order linear ODE. The integrating factor is: 

( ) 1exp d expG Gt t t tα αµ
η ηα

−   
= =   

  
⋅


∫  

Multiply both sides by ( )tµ : 

10d exp exp
d

G Gt t t
t

α α ασε
ηα η ηα

−    
=    

 
⋅


⋅


 

Integrate on [ ]0,t : 
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( ) 10
0

exp 0 exp d
tG Gtα α α

α

σε ε τ τ τ
ηα η η

−   
− =   

   
⋅ ⋅∫  

when ( )0 0ε = : 

( ) 10
0

exp exp d
tG Gt tα α ασε τ τ τ

η ηα ηα
−   

= − ⋅   
   

∫  

by Substitute 
Gu uατ
ηα

=   then 1d dGu ατ τ
η

−= : 

to get 

( ) 0 1 exp Gt t
G

ασε
ηα

  
= − −  

  
 

hence 

( ) 0 1 e
G t

t
G

α
ηασε
− 

= −  
 

 

Clearly, applying the conformable fractional derivative can yield physical re-
sults within the following parameters: 

• As t →∞ , 0

G
σε →  (equilibrium strain). 

• The stretch exponent αα controls the creep rate: 
o 1α = : Standard exponential (Newtonian fluid). 
o 1α < : Stretched exponential (anomalous creep in polymers). 

4. Stress Relaxation after Step Strain 

The Heaviside function, or the unit step function, usually denoted by the symbol 
( )H t , is a step function named after Oliver Heaviside, which has the value zero 

for negative arguments and one for positive ones [9]. Various rules concerning 
the value of ( )0H  are used. It is an example of the general class of step func-
tions, all of which can be represented as linear combinations as Figure 1. 

( )
1, 0
0, 0

t
H t

t
≥

=  >
 

 

 

Figure 1. The Heaviside function or 
Oliver Heaviside for all t∈ . 
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Example 4.1 
A step strain ( ) ( )0t H tε ε=  (Heaviside function) is applied. Find the stress 
( )tσ . 
Solution: 

For 0t > , ( ) 0tε ε=  and 
d 0
dt
ε
= . The stress is: 

( ) ( )1
0 00t G t Gασ ε η ε−= + ⋅ ⋅ =  

let 0t =  then ( )0
d
d

t
t
ε ε δ=  (Dirac delta). Thus: 

( ) ( )1
0t t tα αψ ε ε δ−= ⋅  

The stress becomes: 

( ) ( )1
0 0t G t tασ ε η ε δ−= + ⋅ ⋅ ⋅  

Since: 
( ) ( )1 0t tα δ− =  for 0t > : 

( ) 0t Gσ ε=  (for 0t > ) 

Hence: 

( ) 0t Gσ ε=  

By applied CFD: 
o The model predicts no stress relaxation for 0t > , behaving like an elastic 

solid. 
o To capture the relaxation, what happens when the model is modified by re-

placing the Hookian spring with a fractional element? 
Example 4.2 Oscillatory Strain Response 
An oscillatory strain ( ) 0e

i tt ωε ε=  is applied. To find the complex modulus 
( )*G ω . 

Solution:  
by applied properties (3) the CFD chain rule: 

( )( ) ( )( ) ( )f g f g gα αψ τ τ ψ τ′= . 

( ) ( ) ( )1 1e e ei t i t i ti i t i i tαα ω ω α ω αψ ω ψ ω ω ω − −= =  

Simplify: 

( )
( ) ( ) ( )1

1 1 12
1 1

e cos sin
2 2

i

i i
α

α α α α α
ω ω ω

π −
− − − π − π − 
= = + 

 
 

Then the stress is given as: 

( )
( )1

1 1 2
0e e

i
i tt G t

α
α α ωσ η ω ε

π −
− −

 
= + 


⋅ ⋅


⋅  

Then the complex modulus ( )
( )

* t
G

t
σ
ε

=  is time-dependent. For long times 

( 1t  ), approximate to: 
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( )
( )1

* 1 2e
i

G G
α

αω η ω
π −

−⋅ ⋅≈ +  

Hence: 

( ) ( ) ( )* 1 1 1
cos sin

2 2
G G iα α α

ω η ω − π − π − 
= + ⋅ + 

 
 

5. Future Directions and Open Problems 

Physical Interpretation: Does CFD describe a specific physical memory mecha-
nism? 

Generalized Definitions: Extending CFD to higher orders 1α > . 
Machine Learning: Incorporating CFDs in fractional neural networks. 
What physical phenomenon does the fractional order represent using CFD? 

6. Conclusions 

Conformable fractional derivatives (CFD) offer a practical and intuitive frame-
work for fractional calculus, bridging classical and fractional analysis. Their local 
nature and compatibility with fundamentals calculus make it ideal for real-world 
applications. CFD provides a powerful, singularity-free framework for modeling 
anomalous damping in viscoelastic materials (e.g., polymers, biomaterials) [10]. 

First, it demonstrates non-uniqueness: computational fluid dynamics com-
pletely avoids singular nuclei, unlike Caputo/Fabrizio or Riemann-Liouville de-
rivatives. Also, presented physical fidelity via extended exponential creep  
( ( ) ~ 1 e tt αε −− ) and power-law damping ( 1~G αω −′′ ), matching experimental 
data for polymers/biomaterials (e.g., collagen, polyisobutylene). 
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