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Abstract

The aim of this paper is to investigate the boundedness of a Marcinkiewicz
integral operator ,ujﬂ associated with Schrédinger operator and its commu-
tator on weighted generalized fractional Morrey spaces L""* (Rn , a)) . Under

assumption that the function ¢ satisfies doubling conditions, the author

n
proves that the yf is bounded on spaces LP"* (R”,a)) , where 0<np<—,
m

L p< ﬂ, and weAj 0 (]R" ) Furthermore, the boundedness of the com-
mn n

mutator [b,,uﬂ formed by beBMO(R”) and the uf on spaces

LP7e (R” , a)) is also obtained.
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1. Introduction

In 2014, Chen and Zhou investigated the boundedness of [b,,uf] on LP (R”)
(1< p<o) spaces when beBMO(o) in [1]. In 2023, Zhang et al. established
the boundedness of yf on L"(w) spaces and further derived corresponding

results for the commutator [b, ,uf] in

[2], where beBMO(o) and we A

In 2020, Xuan et al. introduced weighted generalized Morrey-type spaces associ-

ated with Schrédinger operators and established the boundedness of singular in-
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tegrals in [3]. More researches about the Marcinkiewicz integral operators associ-
ated with Schrédinger operators on various function spaces can be seen in [4]-[7].
Building on these results, this paper primarily investigates the weighted bounded-
ness of Marcinkiewicz integral and its commutators associated with Schrédinger
operators on the generalized fractional Morrey spaces. Before stating the organi-
zation of this paper, we first recall some necessary notation.

The following definition of Laplacican operator is defined by
L=-A+V(x), xeR", n>3,
V is anon-negative potential, and belongs to the inverse Hélder class RH,. For
s> g , there exists a constant C such that for an arbitray sphere BcR". We

have

[ﬁij(y)s dy]s S%IBV(y)dy- (1)

Let V eRH,,forany xeR",the critical radius function p(X) isdependent

on V as follows:

" 1
p(X).—Srli([)J{r.—n_z B(X’r)v(y)dysl}. (2)

The Marcinkiewicz integral yf associated with the Schrédinger operator £

is defined as

1
o 2dh 2
(0= ]k ) 1 )] 35 ®
— 1
where Kf (X, y) = Kf (X, y)|x— y| is the kernel of Rf :8%£ 2 for 1<j<n.
|
Let V=0 and k\jz(x, y) be the kernel of classical Riesz transform
1
R, =% A% Then
OX;

. X -y )/|x-y
K5 (%) =K (x y)[x-y] BuRl] )/| .
x|
The following definition of spaces BMO,, is from [8].
Definition 1.1 In this article, we define

V/Q(B):=[1+ r T,<9>0,

p(x)

where B represents a sphere with X as its center and v as its radius.
A new class of BMO spaces is introduced in the literature, that is given a local

function b, and

1
||b||BMOH(p) = E?gngn mj5|b(y)—b8|dy < 00,
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where
b :ij f (y)dy.
e

The commutator generated by ,uf and given function beBMO,(p) is de-
fined by

(o100 7

Let 1< p <o, weighted function w(x)e A (]R“) refers to an arbitrary sphere

oy 5 (6 ¥)(B(y)=bg ) £ (y)dy

x-ylsh” )

2 gh \2
%] . (4)

Bin R". There exists a constant C >0 such that

Weighted function (x)eRH,, (R”) is refer to the arbitrary sphere B in
R". There exists a constant C>0 and m>1 such that the following reverse

Holder inequation sets up

1 mo " 1
(EJB(O(X) dx] SC(EIB‘”(X)dX]'
Let 1< p<o, feLp(R”,a)) and beBMO(R”) respectively defined as

LI

b

() o(y)ay) <=,

1
N :sngJ'B|b(x)—bB|dx<oo,

1
where b :Ejab(y)dy'

Definition 1.2 ([9]) Let ¢ be a non-negative increasing function on (0, +oo) .
Forany r>0 satisty

v(2r)<Dyp(r), 5)
where D(go)Zl is independent of v, 0<mp<n and 1<p <E. The general-
n

ized fractional weighted Morry space is defined by
L7 (R",0) = { € L (R"): [0,y <0},
where

1
P

ty) w(y)dy |

1P .[B(x,r)

B(x,r):{yeR" :|x—y|<r}.

Definition 1.3 ([10]) Let 1< p<. If B < R", there exists a constant C such
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that

(ﬁ)IBI J'Bw(y)dyJ(m [Lo(y) e dy]pl <C. (©)

It is called a non-negative measurable function @ e A] ?, so we have
AP” =U, (AP’ and AZ” =U, (AP For y,(B)=1,itisevident that
p.0
A, c A)” where 1< p<oo.

Remark (a): It is evident that when 7 =0, the space L"%* (R” , a)) coincides
with the generalized weighted Morrey space L (R” , a)) introduced by Guliyev
in the literature in [11], which extends the classical weighted Morrey space. For
@(r)=r, it reduces to the classical Morrey space L"° (R",a)) proposed by
Komori and Shirai.

(b): When w=1, LP° (R" , a)) corresponds to the classical Morrey space

LP (R“ , a)) in [12], originally introduced by Morrey in the literature to investi-
gate the local behavior of solutions to second-order elliptic partial differential
equations. Further advancements and properties of Morrey spaces can be refer-
enced in existing studies in [13] [14], notably for (o(r) =1, LP? (R” , a)) simpli-
fies to the weighted Lebesgue space L™ (R” , a)) as established in prior works in

[15]. Our main results are as follows:

n n
Theorem 1.1 Let 1<D(p)<2", m>1, 0<77<£, —<p<— and

m mn n
a)(X) eA) ¥ . There exists a positive constant C that is independent of f such
that

||'uJL ( f )|||_Pﬂlvf/’(w) <C " f "Lp*’”/’(w) '
Theorem 1.2 Let 1<D(p)<2", and [b,,uﬂ is defined by (1.4), be BMO,,.
If m>1, 0<py <%, L p <D and w(X)e A2, then there exists a positive
n n

constant C that is independent of f such that

[CYZCS T L P

va’lv‘/’(w

2. Preliminary Knowledge

To prove the main theorems, in this section, we need to recall some necessary
lemmas, respectively.

Lemma 2.1 ([2]) Let 1< p<owo and we A{f . There exists a positive constant
C such that

e ().,

Lemma 2.2 ([2]) Let 1<p<o, beBMO, and V eRH,. If a)eAF'f, then

there exists a positive constant C such that

YA (o < ClPlewo, [ loqo)-

<Clfl,

2]
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Now we state the characterizations of spaces BMO, , (X) as follows.
Lemma 2.3 ([16]) Let 1< p<w.If we Ag such that

kol ze o ot |
where w(E):J'Ea)(y)dy )

Lemma 2.4 ([17]) Let 1< p<ow.If we Ag , then there exists positive constant
0<0 <1, y and C. For any measurable set E of sphere B, we have

Lemma 2.5 ([18]) Let weRH,,, m>1. For any measurable subset E of an

arbitrary sphere B, then there exists constant C >0 such that

Lemma 2.6 ([19]) Let V € RH,. For any N >0, we have (1). There exists a

constant C such that

K (x.y)]< = -

(1+|x— y|p(x)_1)N |x— Y|n_1 '

n
(2) For 0< py <1——, there exists a constant C such that
q

c =y
(l+|x - y|p(x)_1)N |x— z|”‘“p0

Ky (x )=k (v.2)) <

where |X—Y|< §|x— z|.

Lemma 2.7 ([20]) Let 1< p<o.If feBMO, and we Ag, then there exist
two normal numbers Cand f3 such that sphere B R". We have

[ﬁklf (¥)- fBIw(y)dy]p <Cy(B)5 | o, -

Lemma 2.8 ([21]) Let 1< p<ow, where be BMO(R”). We have
1

sup{ﬁf8|b(x)—b5|pdep <C|p|..

3. Proofs of Main Theorems

By the aid of some ideas and methods form the proofs, we mainly state the proof
of Theorem 1.1 as follows.
Proof of Theorem 1.1. Let f € L”"’(w) and a sphere B=B(x,, ;) with

X, as the center and r; as the radius. Decompose f =Tf +f,, where

0
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.- We have
1
P72 (@) = ¢(r)%_% ||'uJ£ ( f )"Lp(n))

< fut ( Wl *

fi=Ffpyp and f,= fZ(ZB

| (1)

(p(r) o) 0 r:;lﬂ ||'u:_ ( f2 )"Lp(
pn pn
=E+F,

o)

which yields the desired result.

Firstly, we estimate E , from definition 1.1 and Lemma 2.1

17
2r, )p n 1
e<c| rB)ip,z { 1,,]||fﬂczalle(w)
go(rB)p n (p(ZrB)p n
1
=C T 1 "fZZB|Lp(w) :C" fl"Lp"]""(w)
(p(ZrB)p n
1
<C 1:7}'“18"0(@ =C[ o0
p(rg)e

For the term F , from Minkowski’s inequality and Lemma 2.6, we can get

2 dn)e
v
< 7 | [, o o

< e )
‘C[f@ﬂ(l p(xJ |x—y|“de'

Notice that where xeB, ye2'™B\2/B and jeN,wehave
eyl

(000 I

J.(ZB)Cmy:\x—y\shICjL (X’ y) f (y)dy

r.For F,from Lemma 2.3 and Lemma 2.4, we have

uf(fa(x)sci[nz”lr]m L

aL p(x) (2"*1r)n

Combining the inequality (1.6), we know that

) o

. -N
1 2y
S2J+—lB|[l+mJ (J.ZMB

17

< ¢(2k+l s )E_H 1

2j+1B| (p(2j+er)

f(yﬂdy

1 , S

f(y) o(y)ey)’ [LMBw(y)z dyj"

t(y) @(y)dy

1P Izj+1B
n
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_ B
1 1
s ) dy]
_ 1
1 p » y N
(e | RUelele )
1
Ol o) ol
Thus, we can get
o0 1_7 ) _i
qu ( fz)(X) S C " f |||_P.77‘«J(w) Z¢(2j+lB)p 7|'7| 60(2”1 B) p ) (7)

j=1

Using (3.1), we can get

1
= (2", )ﬁ o(B)»

F<Clt]no) 2 T T
T o)t of2e)s
Because of we A, there exists m>1 such that @e RH,, . Therefore, use

n n n
(1.5) and Lemma 2.5 formula, and observe 0<7p<—, —< p<—. we have
m  mg n

) 1 1 m-1 . 1
s o) 0By o5 19 *’“’(o(«))kw(rs)}“

T () of2eep  ARTE) L elw)

<cy| LB ”"[D(w)k”co(fs)J“Z

2]+1B| (p(rB)

Observing that (k +1)[%—%] >0, 1<D(p)<2", we have

F<C " f2 ||Lp"7"/’((u) '
Combining with the estimates of £and F, we conclude that

s ()

Hence, the proof of Theorem 1.1 is completed.

LP72 (@) <C " f "Lp"i""(w) '

Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, decompose
f =f +f,. Among which f, =f y,;, we note that

1

(o 1] @) )

o(rg)e

1

1

1
o(rp)o

<

(JB\[b,ufyn)(x)\”w(x)dxf
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Similarly, then it follows that |, from Lemma 2.2

17
@(2ry)e n 1
[ L ][ ]nn
CD(VB)” n q)(ZYB)p n

<C[[tlono)-

For the term |,, it is similar to the argument of F

[bwf](fz)(x):[j; i_hj
Z@f
h3

1
2 dh 2
h

oy (o y)(b(y) =g ) F, (y)dly

sc|b<x)_b3|(jj

] g G000 £ )

=1y +1,,.

J.(ZB)Cmy:\x—y\shICJL (X’ y) f (y)dy

For 1, , use Holder’s inequality and the weight condition of A/ o

= (oYM
I Sc|b(x)_b5|§[l+p(x3J (2J+1r)" J.ZHlB

Based on the above estimates (3.2), we have

f(y)|dy. (8)

1 1

(.|'B|I21|pa)(x)dx)p

1
o(r) o
1

oIt 57% L
@ I’B) a)(B)p
1

1

8

<l

1]
iN

_n
n

o(rs )% (2B

<C[[pne [ﬁgb(x)—w’ a)(x)dxjp :

Because of we A, there exists m>1 such that weRH, . By the Holder’s
inequality and Lemma 2.8, we can deduce that

{ﬁgb(x)—%rw(x)dx}p
< 1
w(B)p

1

(e " oo
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] o L o]

b

<C

o

Obviously, we can get

H(j 1] o dx)

¢)(r )p ! ? (o)
Hence, we can divide |,, into two parts as follows:
j+1 N 1
? —CZ[1+ (X)j (21+1 )n Li*iB b(y B 2J ! |f |dy

(2 1,15 =g
+C;[1+p(x)j (21+1 ) Izl 1B| | y

=4+,
By the Holder’s inequality, from Lemma 2.7, we have
Izi*ls | f |dy

< [.[ZMB b

1
. 1 ’ o -
SOl lsrri 0(270)7 [y o(s) b

The similar argument as what we have done in the proof of Theorem 1.1 yields

that
1 1) 2 )"
21+1B|[ ZMB)J (1+p(X)J [LMB
1
1 2 YN g )P
S2J'+1B|(1+p(X)J {w(ziﬂa)} UZ’”B

1
1 1 i
2J+lB|£ 2]+1B)J (J-Zj+18 b

1
ik AR ] ran
x 1+_p(x) gl LMBa)(y) p dy

Combining the above inequality, following estimates are obtained

b(y - zJ g

L

" o(y) "dyj (LMB f(y)lpa’(y)dy)'l’

(y) 2]+1B

b(y)_bzi+1B

1
— 1
p =

v p
w(y) » dyj

p

b(y)_b21+1B

L

_r P
w(y) » dyj

p

b(y)_b2j+1B

1

p dy)ﬁ

(y) - b2j+lB

)i

o n

Z (28 ) w(zi”B)’%. ©)

J,<C

N
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Based on the above estimate (3.3), we can get

1 1
T IBlew(X)dx p
qo(ra)pn( )

R

"= o(rs)p n w(zj*ls)%

. i[ ()j“*”[i'n’]

]

<C

For J,, note that ‘bsz—bB‘sC(jJrl) b

. [22]. We can get

i Y o, —b
CZ(“Z< i) ‘(Z'zjir)"a‘fms fy

sy i+ 1)0(27B)7 7 w(2B) 5
]1

Similar to the argument of J,, we have

%(J'Bszw(x)dx)%

o(r)e

)|y

1

o e o(e)
LP19 (0 Z(J+1)

1

o= w(ra)?% a)(Zj*lB)%

X(i+ 1)[D(¢)J('+)(:’ g

2"

<C

“(e)
Synthesize the above results, we can get

lﬂ(j 1, " o dx)

o(r)r

oo (10)

From (3.4), we conclude that

X
Combined 1, and |, estimates, the proof of Theorem 1.2 is completed.
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