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Abstract

We consider the following (1 + 3)-dimensional P(1,4)-invariant partial dif-

ferential equations (PDEs): the Eikonal equation, the Euler-Lagrange-Born-
Infeld equation, the homogeneous Monge-Ampére equation, the inhomoge-
neous Monge-Ampére equation. The purpose of this paper is to construct and
classify the common invariant solutions for those equations. For this aim, we
have used the results concerning construction and classification of invariant
solutions for the (1 + 3)-dimensional P(1,4) -invariant Eikonal equation,

since this equation is the simplest among the equations under investigation.
The direct checked allowed us to conclude that the majority of invariant solu-
tions of the (1 + 3)-dimensional Eikonal equation, obtained on the base of
low-dimensional (dimL <3) nonconjugate subalgebras of the Lie algebra of
the Poincaré group P(1,4), satisfy all the equations under investigation. In
this paper, we present obtained common invariant solutions of the equations
under study as well as the classification of those invariant solutions.

Keywords
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1. Introduction

A solution of many problems of the geometric optics, theories of anisotropic

media, theory of minimal surfaces, nonlinear electrodynamics, theories of gravi-
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ty, geometry, unified field theory, string theories, black holes, cosmology, etc. is
reduced to the investigation of the Eikonal equations [1] [2] [3] [4] [5], the Eu-
ler-Lagrange equations [6]-[12], the Born-Infeld equations [13]-[22], the Monge-
Ampére equations [23]-[40] in the spaces of different dimensions and different
types (see also the references therein).

Nowadays, there exist a lot of methods for the construction exact solutions of
linear and nonlinear partial differential equations (PDEs). More details on this
theme can be found in [41]-[46] (see also the references therein).

We consider the following (1 + 3)-dimensional P(1,4) -invariant PDEs:

* the Eikonal equation,

* the Euler-Lagrange-Born-Infeld equation,

* the homogeneous Monge-Ampére equation,

* the inhomogeneous Monge-Ampére equation.

From the results obtained by Fushchich W.I,, Shtelen W.M. and Serov N.I
[40], it follows, in particular, that the common symmetry group of those equa-
tions is the generalized Poincaré group P(1,4). Therefore, in the natural way
arises the following question: what is the relationship between invariant solu-
tions of the equations under study? In particular, whether those equations have
common invariant solutions?

The purpose of this paper is to try to construct and classify the common inva-
riant solutions for the equations under consideration. It is known that the (1 +
3)-dimensional P(1,4) -invariant Eikonal equation is the simplest one among
the equations under study. Therefore, we can use this fact for constructing the
common invariant solutions. At the present time, we have constructed invariant
solutions for the (1 + 3)-dimensional P(1,4) -invariant Eikonal equation ob-
tained on the base of low-dimensional (dimL <3) nonconjugate subalgebras of
the Lie algebra of the Poincaré group P(1,4), by using classical Lie-Ovsiannikov
approach [41] [42] [43] [44]. This method, in particular, allows us to perform
the symmetry reduction of the many-dimensional PDEs with non-trivial sym-
metry groups to differential equations with a fewer number of independent va-
riables as well as to construct solutions, invariant with respect to nonconjugate
subgroups of the symmetry groups, of the equations under study. According to
this method, reduced equations (invariant solutions) should be classified with
respect to the ranks of the corresponding nonconjugate subalgebras of the Lie
algebras of the symmetry groups of the equations under study.

Our contribution in classical Lie-Ovsiannikov method consists in the sugges-
tion to use, for the classification of symmetry reductions (invariant solutions) of
PDEs with non-trivial symmetry groups, not only ranks of nonconjugate subal-
gebras, but also their structural property. Some details on this theme can be
found in [47] [48].

In our paper, we have performed the suggestion for the classification of the
common invariant solutions of some A1, 4)-invariant PDEs by using the struc-

tural property of the low-dimensional (dimL <3) nonconjugate subalgebras of
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the Lie algebra of the Poincaré group A1, 4).

The direct checks allowed us to conclude that the majority of invariant solu-
tions of the (1 + 3)-dimensional Eikonal equation, obtained on the base of low-
dimensional (dimL <3) nonconjugate subalgebras of the Lie algebra of the
Poincaré group P(1,4), satisfy all the equations under investigation. In this
paper, we present obtained common invariant solutions of the equations under
study as well as the classification of those invariant solutions.

To present the results obtained, we give some information about the Lie alge-

bra of the Poincaré group P(1,4) and its nonconjugate subalgebras.

2. The Lie Algebra of the Poincaré Group P(1,4) andIts

Nonconjugate Subalgebras

The group P(1,4) is a group of rotations and translations of the five-dimen-
sional Minkowski space M (1,4). It is the smallest group, which contains, as
subgroups, the extended Galilei group é(1,3) [49] (the symmetry group of
classical physics) and the Poincaré group P(1,3) (the symmetry group of relati-
vistic physics).
The Lie algebra of the group P(1,4) is generated by 15 bases elements

M#V = —MV# (,u,v =0,1 2,3,4) and Pﬂ (y =0,1, 2,3,4) , which satisfy the com-
mutation relations

(PR ]=0 [MuP ]=0,0P —8,0P 8
[MHV’MPU]:gﬂUMVP+gVPMﬂU_gHPMVU_gVUM/IP’ )

where gy =—0;; =—0, =—03 =—0y =1, g, =0,if u=v.
In this paper, we consider the following representation [40] of the Lie algebra
of the group P(1,4):

0 0 0 0
Pp=o) R=-2-, P=-—, R=—, 3)
OX, X, OX, OX,
0
P4:_E' M, =x,P -xP, x,=u (4)
In the following, we will use the next bases elements:
G:Mo4v L1:M237 LZZ_Mla’ L3:M12’ (5)
P=M,,-M,, C,=M,,+M,,, (a:1,2,3), (6)
1 1
X0=E(PO—P4), Xk:Pk(k:1,2,3), X4:§(P0+P4)- (7)

The Lie algebra of the extended Galilei group 6(1,3) is generated by the

following bases elements:

L. L, L, B B B X, X, X, X; X, (8

The classification of all nonconjugate subalgebras of the Lie algebra of the

group P(1,4) of dimensions < 3 was performed in [50].
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3. On the Construction and Classification of the Common
Invariant Solutions for Some (1 + 3)-Dimensional

P(1,4)-Invariant PDEs

In this Section, We Consider the Following PDEs
* the Eikonal equation

ug —uf —ul —ul =1;
* the Euler-Lagrange-Born-Infeld equation
Ou(1-uu”)+u“uu,, =0;
» the homogeneous Monge-Ampére equation
det(u,, )=0;
* the inhomogeneous Monge-Ampére equation
det(u,, )=2(L-u,u’), 420,

_ou o’u
AT oxmT T axtex”

u,v=0123, O is the d’Alembert op-

where U=u(x), X=(X%,X,%)eM(13), u

u“=9"u,, g, =(1-1,-1,-1)6,,,
erator.

Here, and in what follows, M (1,3) is a four-dimensional Minkowski space,
R(u) isa real number axis of the depended variable u.

From the results obtained by Fushchich W.I, Shtelen W.M. and Serov N.L
[40] it follows, in particule, that the common symmetry group of those equations
is the generalised Poincaré group P(1,4).

In this section we present obtained common invariant solutions of the equa-
tions under study as well as the classification of those invariant solutions. To
obtain those results, we used the nonconjugate subalgebras of the Lie algebra of
the group P(1,4) , structural properties of its low-dimensional (dimL<3)
nonconjugate subalgebras as well as the results of the classification of symmetry
reductions of the eikonal equation. More details on this theme can be found in
[47] [48].

Bellow we present the results obtained.

3.1. Classification of the Common Invariant Solutions for the
Equations under Study Using One-Dimensional Nonconjugate

Subalgebras of the Lie Algebra of the Group P(1,4)

1) <G> :
The common invariant solution for the equations under study:
222 2 2\¥2
(x0 -u ) :—(1—02 —03) X, +C,X, +C3%; +Cy,

where c,,Cc, and c, are arbitrary real constants.
2) (G+aX, a>0):

The common invariant solution for the equations under study:
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Za(\/(cf +C +1)(x§ —u2)+a2 +a)

X, —U

aln

_\/(cl2 +c2 +1)(x§ —u2)+a2 — X, +C X, +C,X; +Cs,

where C;,C, and ¢, are arbitrary real constants.

3) <L3>

The common invariant solution for the equations under study:
2 Y2
U=(cs+c5+1) X+ +6 (X +X5 )+,

where C;,C, and ¢, are arbitrary real constants.
1) (Li+a(Xo+X,),a>0):
The common invariant solution for the equations under study:

(o3

(¢ ~c2 +1)(¢ + )+ )

u =iac,arctanh

_i((cf —c; +1)(x + x§)+c§a2)ﬂ2 +c2(x0 —aarctanXﬁJ+c1x3 +C,.

2

5) <L3+aX3,a>O>:

The common invariant solution for the equations under study:

u= \/(cf -¢; -1)(x +) - a’c +c,aarctan -
XZ
Jet—c2—1)(x +3¢ ) —a’c?
—C,aarctan +C, X5 +C Xy +Cs.
c,a

6) (L +2X,):

The common invariant solution for the equations under study:

X
X, —U + 2arctan —=
Xl

2
\/(czz +4cl)(xl2 + x22)+4

= i\/(cz2 +4c,) (% +x} ) + 4 - 2iarctanh

+C (X +U)+CyX; +Cy.

7) (R, —2X,):

The common invariant solution for the equations under study:
1 3
E(XO HFU) + X (X +U)+ X% —u
1 2 2 2 32
:_E((XO +U) +4x,—cf —cz) +C% +CyX, +Cy,

where c;,c, and c; are arbitrary real constants.
8) (Xo+X,):

The common invariant solution for the equations under study:
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. y2
U=i(C+C3+1) " X +CX, +CXy +,

where C;,C, and ¢, are arbitrary real constants.
9) (X 4>:

The common invariant solution for the equations under study:
. 12
X, =—|(c§ +1) X +C,%, +C + f (% +u),
where: C,C, are arbitrary real constants, fis an arbitrary smooth function.

3.2. Classification of the Common Invariant Solutions for the
Equations under Study Using Two-Dimensional Nonconjugate
Subalgebras of the Lie Algebra of the Group P (1,4)

3.2.1. Lie Algebras of the Type 24,
1) (G)@&(L,):

The common invariant solution for the equations under study:
2 2\¥2 2\¥2 2, 2 \/2
(xo—u ) :(1—c2) x3+cz(x1 +x2) +C,

where c;,C, are arbitrary real constants.
2) (G+aX; a>0)@(L,;):

The common invariant solution for the equations under study:

X —aIn(x, +u)

Za(\/(cf +1)(x§ —u2)+o:2 +a)

2 2
X5 —U

=—\/(cf +1)(x§ —u2)+a2 +aln

+C\ X2+ X +Cy,

where C;,C, are arbitrary real constants.
3) (G)@®(L,+aX; a>0):

The common invariant solution for the equations under study:

Xl
X; +aarctan —
XZ

a 2
= grarctan +6, (x5 -u?)

Je2-1)(¢ ) -a?
+\/(cz2 —l)(xl2 + xzz)—oz2 +C,,
where C;,C, are arbitrary real constants.

4) (G)®(X,):

The common invariant solution for the equations under study:

(xg —uz)]/2 =g(1—c§)ﬂ2 X, +C,X; +Cp, £ =11,

where c;,C, are arbitrary constants.
5 (G+aX, a>0)®(X,):

The common invariant solution for the equations under study:
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X, +\/(sz +1)(x¢ —u?)+a’c

ac,

ac, | X, —U
+—Zn=2

= ac,arctanh
\/(sz +1)(x§—u2)+azc§ 2 X+u

+C,X, +C,,

where c;,C, are arbitrary constants.

6) (L)®(P,+C;):

The common invariant solution for the equations under study:
Y2 Y2 Y2
(u2 + x32) :<cz2 +1) X, +cz(x12 + xzz) +C,
where C;,C, are arbitrary constants.
7 (L+a(X,+X,),a>0)®(P,+C;):
The common invariant solution for the equations under study:
X,
X, — carctan —

X

o
= qarctan +CyJU? + X5

Ja-cE)( ) -a?
+\/(1—c22)(x12 +x§)—o¢2 +C,
where c,,C, are arbitrary constants.

8) (L)@ (X,+X,):

The common invariant solution for the equations under study:

u= ig(cz2 +1)]/2(xl2 + xzz)]/2 +CyX, + €y, & =11,

where ¢C,C, are arbitrary constants.
9) (Ly+a(X,+X,) a>0)®(X,):
The common invariant solution for the equations under study:

U=qarctan - +i ¢ (X +x)+a
XZ
. [24
—icarctanh — Xy +C X +C,y,
2 2 2 2 0 3 2
\/cl(xl +x2)+a

where c;,C, are arbitrary constants.

10) (Ly+aX;, a>0)@(X,+X,):

The common invariant solution for the equations under study:
xi\/(cl2 +1)(x12 + X22)+a2 —iax,
xz\/(cl2 +1)(X12 + x22)+o:2 +iax,

a
U =—arctan

+CL\/(C12 +1)<x12 + x§>+a2 +§+cz, ¢, 20.
1
11) (Ly+2X,)®(X,):
The common invariant solution for the equations under study:

X
X, —U + 2arctan =
Xl
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= 2iarctanh;—2i,/c1(xl2 +x22)+l+cl(x0 +U)+C,,

cl(xf+x§)+1

where C;,C, are arbitrary constants.
12) (Ly—P,+2aX,, a#0)®(X,):

The common invariant solution for the equations under study:

X, +U— 2 arctan e
X2
H 2 2 2 H 1
=2iae,[4c; (X} + X} ) +1 - 2iazarctanh

\/4c22(xf+x§)+1
+cz((x0 +u)2+4ax3)+cl,g=il,

where c,,C, are arbitrary constants.

13) (L)®(P,—2X,):

The common invariant solution for the equations under study:
1 3 1 2 ¥2
g(xO HUY + X (X +U)+ X —U=C/ X + X —g((XO +U)" +4x, —cf) +C,,

where c;,C, are arbitrary constants.
14) (R)®(P,):
The common invariant solution for the equations under study:

X2 —x —x; —u? =0.

15) (R—X;)®(P,):

The common invariant solution for the equations under study:
X2 —x2 —x2 —u?=0.

16) (P —X;)®(P,—yX, - BX;, f>0,7>0):

The common invariant solution for the equations under study:

)(1(X1_2C2)+(X2_ﬁ02)2+022+ yes
X, +U Xy +U+y (X +U) (X +u+7)

(¢ +1)(% +U)+ 2% +2u+¢, =0,

where C,C, are arbitrary constants.
17) (P = X3)® (P, —yX,, 7>0):
The common invariant solution for the equations under study:
2
(% -¢) + X
Xo+U X +U+y

+2u =(c22 +1)(X0 +U) = 2C,%; +Cy,

where c;,C, are arbitrary constants.
18) (R)Y®(P,— X, - BX,, f>0):
The common invariant solution for the equations under study:

2 2 2
% iou=| 241 (x0+u)—M+czx3+cl,
X, +U 4 4(X, +u+1)

where c;,C, are arbitrary constants.
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19) (RY®(P, - X,):
The common invariant solution for the equations under study:

2

2 2
s . =[%+1J(Xo +U)+CyX + G,

X +U X, +u+l

where c;,C, are arbitrary constants.
20) (P, —2X,)®(X,):

The common invariant solution for the equations under study:

u =i\/c2x2 — 4%, —i\JC5 +16 X +C;, — X,
where C;,C, are arbitrary constants.

21) (P-2X,)@(X,):

The common invariant solution for the equations under study:
1 & 3/2
E(X‘) FUY X (X +U)+ X, —U=6C,X, —E((xtJ +u)’ +4x, —cf) +C,,

where C;,C, are arbitrary constants.

22) (L)®(X,):

The common invariant solution for the equations under study:
2 .
(x12 +x§) =iexy + f (%, +u), e =11,
where fis an arbitrary smooth function.

23) (Li+aX, a>0)®(X,):

The common invariant solution for the equations under study:

Xl
X, + carctan—=
XZ

. . (04
=ie\X + X +a’ —igqarctanh———+ f (X, +U), e =1,
X+ X +a’

where fis an arbitrary smooth function.
24) (B,-X)®(X,):
The common invariant solution for the equations under study:

Xg . 1
- =igX, |———+1+f(x,+U),e=11,
X X, + U 2 (XO+U)2 (0 )

where fis an arbitrary smooth function.
25) (R)®(X,):
The common invariant solution for the equations under study:

X =iex, + f (X, +u), e =11,

where fis an arbitrary smooth function.
26) (X,)®(X,):
The common invariant solution for the equations under study:

X =iex, + (X, +U), e =41,

where fis an arbitrary smooth function.
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3.2.2. Lie Algebras of the Type A;
1) (-G, R,):

The common invariant solution for the equations under study:

2 2 2\¥2 2
(x0 —X;—U ) =&\1-C) X +C,X, +C,, =11,

where ¢,,C, are arbitrary constants.
2) <—G —%La, Xy A> O>:

The common invariant solution for the equations under study:

In(x, +u)=iarctanh A —iyJel (% + x5 )+ 22
\/cf(xf + x22)+/12
—/1arct.';1nﬁ+c1x3 +C,,
X2

where C;,C, are arbitrary constants.
3) (—G —aX, X,,a >O>:

The common invariant solution for the equations under study:
X —aln(x +u)=ie(c; +1)]/2 X, +C, X, +C;, & = %1,
where c,,C, are arbitrary constants.
4) <—%(L3 +AG+aX,), X, a>0,1> O>:
The common invariant solution for the equations under study:

In(x, +u)= ig\/czz(xl2 + X22)+(a02 Y%

ac, -1
\/czz(xf +%5 )+ (ac, -2)

+(ac, —/1)arctanxﬁ+czx3 +¢, =41,
2

—ig(ac, — A)arctanh

where c;,C, are arbitrary constants.

5) (-G-aX,, P, a>0):

The common invariant solution for the equations under study:
\/(cf +1)(x§ - X —u2)+a2 +a

2 2 2
Xo — X5 —U

X —aln(x, +u)=aln| 2a

—\/(cf +1)(x§ -x? —u2)+a2 +C, X, +Cy,

where c;,C, are arbitrary constants.

3.3. Classification of the Common Invariant Solutions for the
Equations under Study Using Three-Dimensional Nonconjugate

Subalgebras of the Lie Algebra of the Group P (1,4)

3.3.1. Lie Algebras of the Type 34;
1) (P —7X57>0)@(P,— X, -5X;,6 20)®(X,):
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The common invariant solution for the equations under study:
(% +u)4 +2(% + u)3 +(72 +0° +l)(Xo + u)2 +27% (% +u)+y° =0.

2) (R)®(P,—X,-6X;,6>0)®(X,):
The common invariant solution for the equations under study:

(X +U)" +2(% +U)+ 62 +1=0,

3) (R)®(P,)®(X,):
The common invariant solution for the equations under study:

X5 =% = x5 —u®=c(x, +u),

where cis an arbitrary constant.
4) (R)®(X,)®(X,):
The common invariant solution for the equations under study:
2 2 2
Xo — X —u®=c(x, +u),
where cis an arbitrary constant.

5) (R)®(P,)®(PR,):
The common invariant solution for the equations under study:

X =Xt = %5 —x; —u?=c(x, +u),
where cis an arbitrary constant.
6) (RY®(R,—X,)®(X;):
The common invariant solution for the equations under study:
X, +U X FU+1

where cis an arbitrary constant.
7) (R)®(P,—aX,,a>0)®(P,—yX;,y=0):
The common invariant solution for the equations under study:
2 2 2
X X
a T 2+ S =x,+U+C,
X +U X, +U+a X, +U+y

2u +

where cis an arbitrary constant.
8) (R)®(P,—aX,,a>0)®(P,):
The common invariant solution for the equations under study:
2 2 2
X + X X
u+1 = 2 =x,+U+C,
X +U X +U+ea

where cis an arbitrary constant.
9) (G)®(X,)®(X,):
The common invariant solution for the equations under study:

12
(xg—uz) =X, +C, & =11,

where cis an arbitrary constant.

10) (G)®(L;)®(X,):
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The common invariant solution for the equations under study:
Y2 Y2
(Xg—uz) :5(X12+X§) +C, & =41,

where cis an arbitrary constant.
11) (P, —2X,)®(X;)®(X,):

The common invariant solution for the equations under study:
1 & 3/2
E(XO +U) 4% (X +U)+ % —U =E((X0 +u)’ +4x3) +c,e=11,

where cis an arbitrary constant.
12) (G+aX;a>0)@(X)®(X,):
The common invariant solution for the equations under study:
X —aIn(x, +u)
Y2
(o +x5 —u?)

a

12«
=e(a® +x-07) —Eln(xg—uz)—gaarctanh I

where cis an arbitrary constant.
13) (L)@ (P, +C;)® (X, +X,):
The common invariant solution for the equations under study:

(x32 +U2)1/2 = ig(xf + xzz)]/2 +c, =71,

where cis an arbitrary constant.
14) (Li+a(X,+X,),a>0)@(X,)®(X,):

The common invariant solution for the equations under study:

X .Ea
X, +U +aarctan—2:|7ln(xf+x§)+c,g:il,
X

where cis an arbitrary constant.
15) (P, —2X,)®(X;)®(X,):

The common invariant solution for the equations under study:
2 .
(X +U)" +4x, =diex, +¢, & =11,

where cis an arbitrary constant.
16) (L) ® (=P, +2X,)®(2X,):

The common invariant solution for the equations under study:
2 - 2 2 12
(X +U)" +4x :4|g(x1 + xz) +C,e=141,
where cis an arbitrary constant.

3.3.2. Lie Algebras of the Type A, @ A

1) (-G, R)®(X,):
The common invariant solution for the equations under study:

2 2 2\?
(xo—x3—u ) =¢gX, +C, e =11,

where cis an arbitrary constant.
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2) (-G, R)®(L,):

The common invariant solution for the equations under study:
Y2 Y2
(xg—xg—uz) :g(xf+x§) +C, e =11,

where cis an arbitrary constant.
3) (-(G+aX,),PLa>0)®(X,):
The common invariant solution for the equations under study:
X, —alIn(X, +u)
2 2 2, 2\ « 2 2 2
=g(Xg =% —u"+a”) ——In{xg—x —u
(6 -% ) =506 X -u?)
a

— gaarctanh 77+ G =11,
2 2 2 2
(x0 —X; —U"+a )

where cis an arbitrary constant.
4) <—%L3 -G, 2X,,4 >0>@(x3):
The common invariant solution for the equations under study:

In (%, +u)+/1arctanXﬁ:i%ln(xl2 +X})+C, £ =1,
2

where cis an arbitrary constant.

5) (~(G+aX;), X, a>0)®(L, + BX;, f>0):
The common invariant solution for the equations under study:
X —aIn(x, +u)+/3arctanﬁ
XZ

B

(X12+X§ +ﬁ2)]/2 +i€(X12 +X22+ﬂ2)1/2+0,8:i1,

= —igparctanh

where cis an arbitrary constant.
6) (-(G+aXs), X, a>0)®(L,):

The common invariant solution for the equations under study:
. 12
X; —ar In (%, +u):|g(x12 + x§) +C,&=11,
where cis an arbitrary constant.

3.3.3. Lie Algebras of the Type A3
1) (4X,, P =X, =Xy, P+ X, =X, =6X5,7>0,6 #0,4>0):

The common invariant solution for the equations under study:
(% +U)* +2u(x +u)’ +(;/2 + o’ +6° +2)(x0 +u)’
+2,u(;/2 +1)(x0 +u)+(;¢z—§)2 +7°+1=0.

2) (2uX, Py=2Xq, Xy + pXg, 1> 0):
The common invariant solution for the equations under study:

Y2
u=2(iox [ +1+ px ~xc) g, o=,
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where cis an arbitrary constant.
3) (2X,,P—L,—2aX,, X;,a>0):

The common invariant solution for the equations under study:

u :20¢arcta1nﬁ+igozln(xl2 +x22)—xO +¢, =11,

X)

where cis an arbitrary constant.
4) (-2BX,, Ly + X5, P, =2X,, 8> 0):

The common invariant solution for the equations under study:

1
/3arctanxﬁ+z(x0 +u)’

2

o 2 2 2 ,B _ _
=ie X +% + B —|g[3arctanh—2 —— X +C, e=11,
VX X+

where cis an arbitrary constant.
5) (2X,. Py Xq):
The common invariant solution for the equations under study:
X, =iex, + f (X, +u), e =41,

where fis an arbitrary smooth function.

3.3.4. Lie Algebras of the Type 43,
1) <2aX4, APa,%LS +G +%X3,a >O,/1>0>:

The common invariant solution for the equations under study:

In (%, +u)+iarctamXﬁ:iggln(xl2 +X3)+¢,&==1,
2

where cis an arbitrary constant.

3.3.5. Lie Algebras of the Type 433
1) (P,P,G):

The common invariant solution for the equations under study:
Y2
(xg e —uz) =&X, +C, & =11,

where cis an arbitrary constant.
2) (R, P, G+aX;a>0):
The common invariant solution for the equations under study:
X; —arIn(x, +u)

2
(xg—xf—xg—u2+a2)

2 .
=g(x§—xf—x§—u2+az) —ieaarctan —

(04
—Eln(xg—xf—xzz—uz)+c, £==1.

3) <P3, x4,%|_3 +G,/I>O>:
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The common invariant solution for the equations under study:

In(%, +u)+}Larcta\nﬁ=ig%ln(xl2 +x§)+c, e=+1,
XZ

where cis an arbitrary constant.

3.3.6. Lie Algebras of the Type A3¢
1) (R—-X,P-X,,-P+L,):
The common invariant solution for the equations under study:
X+ X X2

L2 4 _42u=x,+U+C,
Xo +U+1 X, +U

where cis an arbitrary constant.
2) (R.-Py—(L+aX,).a>0):
The common invariant solution for the equations under study:

X5 =X =X; —u®=c(X, +u),
where cis an arbitrary constant.
3) (R.P,—P+Ly):
The common invariant solution for the equations under study:
2_ 22 22
Xo =X, —X; =X —U? =C(X, +U),

where cis an arbitrary constant.
4) (X, =X, P =L, —2aX,,a>0):

The common invariant solution for the equations under study:
(% +u)3 +6aX, (X, +U)+6a” (X, —u):g((x0 +u)2 +4ax3)3/2 +c,e=41,
where cis an arbitrary constant.
5) <X1,—X2,—L3 (PG -a (X, + X,) >o>:

The common invariant solution for the equations under study:
X3 2 2 2 a

aarctan—=—x; = &y/X; +U° —a” + saarctan ———

u X +u?—a’

where cis an arbitrary constant.

6) <Xl, X,, L3+§(P3 +C3)+a(X0+X4),a>0,0<}t<l>:

+C, e=41,

The common invariant solution for the equations under study:

X
aarctan— — 4x,
u

24
:g4l/12(x32+u2)—a2+gaarctan\/ +C, &=+l

/12(X§+u2)—a2

where cis an arbitrary constant.
7) Xy, X5 L +AG+aX;,a>0,4>0):
The common invariant solution for the equations under study:
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A% —aIn(x, +u)
=&\JA% (X ~U’)+a® - zaarctanh d
\/lz(xg —u2)+0:2

—%In(xg—u2)+c,g=il.

where cis an arbitrary constant.

8) <Plv R, L3>

The common invariant solution for the equations under study:

xazclln(xo+u)—g(x§—xf—xg—u2+(.:f)y2

2 2 2 2 2
\/XO—X1 =X, —U" +C
G
G

_Eln(xg—xf—x22—u2)+cz,g=i1,01¢0.

+ ecarctanh

3.3.7. Lie Algebras of the Type A;,
1) (P, P, L+AG,A>0):
The common invariant solution for the equations under study:
(xg % —uz)l/2 =X, +C, & =141,

where cis an arbitrary constant.
2) (R, P, L +4G+aX;,a>0,1>0):
The common invariant solution for the equations under study:

A% —an(x,+u)

\/lz(xg—xf—xzz—uz)+a2

(21

V2
:g(ﬂz(xg —x2 %} —u2)+a2) — saarctanh

a
—Eln(xg —-x2—x; —u2)+c, £=11,
where cis an arbitrary constant.

3.3.8. Lie Algebras of the Type A3
(P, G,—C,):

The common invariant solution for the equations under study:
v2 v2
(x§ -x? —u2) =g(1—c§) X, +CyXy +C, & =11,
where c;,C, are arbitrary constants.

3.3.9. Lie Algebras of the Type A3
1 1 1 1 1 1
1) <—E(L3 +E(P3 +C3)j, E(Lz +E(P2 +C2)j,5(|—1 +E(Pl +C1)J> :
The common invariant solution for the equations under study:
(xf + X2+ % +u2)]/2 =£X, +C, & =11,

where cis an arbitrary constant.
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2) <_|-31_|—2’_L1>:

The common invariant solution for the equations under study:
Y2 Y2
u:g(c§+1) x0+cz(xf+x§+x32) +C,, & =11,

where c;,C, are arbitrary constants.

4. Conclusions

In this paper, we have presented obtained common invariant solutions of the
following (1 + 3)-dimensional equations: the Eikonal equations, the Euler-Lag-
range-Born-Infeld equation, the homogeneous Monge-Ampére equation and the
inhomogeneous Monge-Ampere equation. We have used the structural proper-
ties of the low-dimensional (dimL <3) nonconjugate subalgebras of the same
ranks of the Lie algebra of the Poincaré group P(l,4) for classification of the
obtained common invariant solutions.

Since the group P(1,4) contains, as subgroups, the extended Galilei group
G(1,3) [49] (the symmetry group of classical physics) and the Poincaré group
P(1,3) (the symmetry group of relativistic physics), the results obtained can be

useful in construction and investigation of corresponding physical models.
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