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Abstract

In this paper, the Adomian decomposition method was used to solve the
Time Fractional Burger equation using Mabel program. This method was ap-
plied to a number of examples of the Time Fractional Burger Equation. The
obtained numerical results were presented in the form of tables and graphics.
The difference between the exact solutions and the numerical solutions shows
us the effectiveness of the solution using the Mabel program and that this
method gave accurate results and was close to the exact solution, in addition
to its ability to obtain the numerical solution quickly and efficiently using the
Mabel program.
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1. Introduction

The branch of mathematics studies fractional calculus properties of derivatives
and integrals of non-integer orders which are called fractional derivatives and
integrals the concept and methods of using fractional derivatives to solve diffe-
rential equations. Particularly fascinating are the applications of science in sub-
jects like physics, chemistry, and engineering (fluid flow, viscoelasticity, electric-
al networks, optics and signal processing, etc). The development of Newton’s
and Leibniz’s classical calculus coincided with the beginning of fractional calcu-
lus. Fractional calculus was first introduced in I'Hopital’s (1695) letter to Leibniz.
The possibility of a derivative of order 1/2 was questioned. Where Leibniz pre-
dicted the beginning of what is known as fractional calculus [1] [2] [3] [4]. Euler
was the second person after Leibniz to identify the non-integer orders problem.
The issue of non-integer orders was first identified by Euler (1738), who came

after Leibniz [3]. As the first definition of a derivative of any positive order,
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Fourier (1822) suggested an integral representation for the definition of a deriv-
ative [3] [5]. An equal time problem involving the solution of an integral equa-
tion was the subject of Abel’s fractional calculus application in (1826) [3] [5].
The definition Liouville proposed, known as Liouville’s first definition, was
based on the derivation of the exponential function (1832). Liouville’s second
definition, which is now known as the Liouville version for the integration of
noninteger order, is expressed in terms of an integral. The most significant paper
after several of Liouville’s works was made by Riemann ten years after his pass-
ing [6]. We see that the complementary function is present in the Liouville and
Riemann formulations. It is a problem that must be resolved using the Liouville
and Riemann method that integration introduced.

It was independently developed by Griinwald [7] and Letnikov [8] to analyze
the derivatives of noninteger orders in terms of a simple convergent series. Let-
nikov has demonstrated consistency between his definition and those put out by
Riemann and Liouville for specific order values, under a useful explanation of
the so-called difference of non-integer orders. According to a work by Hada-
mard (1892) [5] the derivative of non-integer orders of an analytical function
must be stated in terms of a Taylor series.

Fractional calculus rapidly developed after (1900), and numerous definitions
were created in an effort to formulate particular problems, some of which we list.
Weyl [9] constructs a derivative in order to solve a problem regarding a particu-
lar class of functions, the periodic functions. The Fourier transform formula is
established by Riesz [10] [11] who also establishes the mean value theorem for
fractional integrals Marchaud (1927) gives a completely new definition of the
order of non-integer derivatives that is compatible with Liouville’s concept of
(sufficiently good) functions [3] [5]. Non-integer orders were defined separately
by Erde lyi-Kober (1940) [3] [5]. Compared to Liouville and Riemann, Caputo
(1967) [12] proposes a definition that is more precise, but is better suited for
discussions of issues involving fractional differential equations with initial con-
ditions [13]-[21]. This approach will be contrasted with Liouville and Riemann’s
formula. Caputo’s formulation reflects the order of the integral and derivative
operators due to the significance of his version with the derivative of non-integer
orders from Liouville and Riemann. We’ll compare the two formulas. In Caputo,
the derivative of non-integer orders is computed first, and then the integral of
non-integer orders. The integral of non-integer orders is calculated in the Liou-
ville and Riemann equation first, and then the derivative of integer orders. It is
significant to highlight that issues when the function’s initial conditions are sa-
tisfied and each of them has integer derivatives can be solved using the Caputo
derivative. Fractional calculus has developed since the first conference at the
University of New Haven in (1974), and as a result, numerous applications in
numerous scientific fields have appeared. There are numerous approaches to
dealing with derivatives-related problems.

Fractional differential equations are beginning to enjoy widespread applica-
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tion in many real-life modeling problems. Time Fractional Burger equation is
kind of subdiffusion convection equation used in fluid mechanics. In the study
of turbulent flow, they are used to represent a wide range of phenomena, such as
the propagation of shallow water waves and nonlinear acoustic waves in gas
pipelines [22] [23] shock propagation, electromagnetic waves, turbulence, por-
ous medium flows, pollutant flow, and temperature and pressure waves, medical
sciences, etc. Among others, these models aid in better explanation and under-
standing [24] [25] [26] [27]. Shock waves propagating through viscous material
are another illustration. This equation is commonly employed by researchers as
a test case for determining the efficacy of novel numerical methods. By using a
fractional derivative in place of the first-order time derivative, this equation can
be derived from the classical Burger equation.

The classical Burger equation or the Pittman-Burger equation is a fundamen-
tal partial differential equation. The equation was first introduced by Harry
Pittman in (1915) and later studied by Johannes Martinus Berger in (1948) to
solve nonlinear equation systems. Fractional differential equations can be chal-
lenging to solve precisely at times. Therefore, the purpose of this study is to use
the Adomian decomposition method by Mabel 18 program to solve the fraction-
al time Burger equation.

The fractional time Berger equation is solved, and the numerical examples and
error estimates from the Mabel program are explained.

2. Comparing Adomian Decomposition Method with
Common Numerical Methods for Solving Time Fractional
Burger Equation

The numerical methods needed to solve the Time Fractional Burger problem
make it a challenging partial differential equation. The Adomian decomposition
method (ADM), a potent numerical methodology for resolving nonlinear partial
differential equations, is one such approach. However, contrasting ADM with
other widely used numerical techniques can offer a more thorough understand-
ing of its benefits and drawbacks.

First off, partial differential equations are frequently solved using finite dif-
ference techniques (FDM). The discretization of the equation into a system of
algebraic equations using FDM is simple and easy to do. FDM needs a lot of grid
points to produce accurate results and has difficulties when solving nonlinear
equations.

Secondly, finite element methods (FEM) are also commonly used for solving
partial differential equations. FEM discretizes the domain into smaller elements
and approximates the solution using a polynomial function. FEM is efficient for
irregular geometries and has a high degree of accuracy. However, FEM requires
a significant computational effort to solve large-scale problems.

Thirdly, spectral methods (SM) are another class of numerical methods used
for solving partial differential equations. SM uses orthogonal basis functions to

approximate the solution, which provides high accuracy and convergence rates.
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However, SM has limitations in solving nonlinear equations and requires a large
number of basis functions for accurate results.

In comparison, ADM is a powerful numerical method that has several advan-
tages over other methods. ADM is a non-iterative method that does not require
the discretization of the domain, making it computationally efficient. Moreover,
ADM can handle nonlinear equations and provides accurate results with a small
number of terms in the decomposition series.

In conclusion, comparing ADM with other commonly used numerical me-
thods for solving the Time Fractional Burger equation enriches the discussion
and provides a better understanding of its advantages and limitations. While
FDM, FEM, and SM are effective methods, ADM offers a unique approach that
is efficient, accurate, and suitable for nonlinear equations.

We'll start by providing some definitions for fractional calculus.

3. Definitions
3.1. Definition (1)

Let a € R, Theoperator J; defined on the usual Lebesque space L, [a, b] by
1

J;lf(x):mj:(x—t)“’1 f(t)dt

I (x)=f(x)

for a<x<b, is called the Riemann-Liouville fractional integral operator of or-
der .

Properties of the operator J; can be found in [28] we mention the follow-
ing: For fel[ab], @,#>0 and y>-1,

1) Jgf(x) exists for almost every X e[a,b],

2) JPIPE(x)=3871(x),

3) JEILF(x)=30321(x),

I'(y+1 as

4) Jix :L(x—a) 4
I'(a+y+1)

We offer the Caputo-proposed modified fractional differential operator D
for the theory of viscoelasticity [12] [29] [30] [31] [32].

3.2. Definition (2)

The fractional derivative of f(x) in the Caputo sense is defined as

D“f(x)=3""D"f (x) :ﬁﬁ(x—t)m‘“ £(m (t)dt,

For m-1l<a<m, meN, x>0

Two of its fundamental characteristics are also required here.

3.3.Lemma

If m-1l<a<m and feLl[a,b],then
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DI f(x)=f(x)
and,

319D f (x) = f(x)—mz_lf(k)(o*)(x;—?)k,x>0

k=0

3.4. Definition (3)

For m to be the smallest integer that exceeds « , the Caputo time-fractional de-
rivative operator of order « >0 is defined as

. o“u(xt)

Dt u (X, t) = T

;jt(t—r)m’“’lwdr, form-l<a<m

r(m-a)’ ot"

o"u(x,t)
ot

, fora=meN

4. Adomian Decomposition Method (ADM)

The In this study, the Adomian decomposition method (ADM) is used to solve
Time Fractional Burgers Equation in Maple. Adomian put forth a fresh ap-
proach to solving several sorts of nonlinear functional equations at the start of
the 1980s. The method actually entails breaking down the nonlinear operators
into a set of functions. These series terms are all Adomian’s polynomials, which
are a type of polynomial. Now, let’s go through the decomposition method’s
fundamental tenets [33] [34].
Consider the one-dimensional Time Fractional Burgers equation for 0 <a <1

a 2
0 u(x,t)+€u(x,t)6u(x,t) 20 u(>2<,t)’ 50 W
ot* OX OX

subject to the initial condition
u(x,0)=g(x) )
Following [33] [34], we write (1) in an operator form
Dfu(x,t)=vL,u—euu,

2
u

where u=u(xt), L = PVl L is the highest order derivative in the equation
X

a

o“u
and the fractional differential operator D = —

a

The inverse operator of L, namely L, is a twofold integral operator given
by

()=, [ () dxdx

Operating with J“ =J; on both sides of Equation (1) and using the initial
condition (2) yields
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u(x,t)=u(x0)+J“[vLu—-zp(u)] (3)

where ¢(u)=uu,.
The Adomian decomposition method [33] [34] assumes a series solution for
u(x,t) given by

u(xt) =2 U (1) @)

The Adomian polynomials can be calculated for all forms of nonlinearity
¢(u) according to specific algorithms constructed by Adomian [33] [34] The
general form of formula for A Adomian polynomials is given by

{ L (X, )L (5)

1
Al

n!

We give here the first few terms of Adomian’s polynomials A, for the

non-linear functions ¢(u) as

Ay =g (Up),

A =y (Up ), +Up (),

A =uy(Up), +ug(uy), (6)
Ay =y (Ug), +uy (), +Ug (Uy),

Ay =uy(uy) +u, (uy), +uy (uy) +U,(ug),

Following Adomian method analysis, Equation (3) is transformed into a set of

recursive relations given by
Uo =g(x), un+1=‘]a[VLxun_‘9A1] (7)

Where ¢(u)=3>" A (UpUy,--,u,) is called the Adomian polynomials.
Using the above recursive relationship and Mathematica, the first three terms of

the decomposition series are given by

Uy =u(x,0)=g(x)

a " ’ ta
u =J%[vLu, —eA) | =[vg" - g9 ]m
u, =3 [vLu, —¢A] (8)
n n tza
= [25299’2 +&%9%9" —4evg'y” - 26vgg +v2g(ﬂm

and so on, in this manner, the rest of components of the decomposition series

can be obtained. The solution in series form is given by

a

u(xt)= g(X)+[V9"‘599']r(a+1)
)

t2a

r2a+1)

2421

+[Zgzgg’2+g 9%g —4gvg'g"—25vgg’”+vzg(4)}
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5. Application to Obtain the Numerical Solution of Time
Fractional Burgers’ Equation

5.1. Example 1
We consider one-dimensional Time Fractional Burgers Equation
o“u o%u , au ou’
———— U —+——=
ot ox oX  OX
With initial conditions U (X, 0) =sin X

O<a<l t>0, xeR

0 (10)

a=1

5.2. Example 2

We consider one-dimensional Time Fractional Burgers Equation
o°u d’u , ou  ou’
— - 2U—+—=
ot*  ox OX  OX
With initial conditions u (X, 0) =sin X
O<a<l t>0, xeR

a=1.5=§
2

0 (11)

Figure 1 and Figure 2 show the exact and approximate solutions. This prob-
lem was solved by ADM and their results are shown in Table 1 and Table 2 us-
ing maple.

0.0101
0.009+
0.008
0.007+
0.006 4
u
0.005
0.004 -

0.003 4

0.002 4

0.001

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010
X

Exact Solution ¢ Numerical Solution

Figure 1. Graph showing the correspondence between exact and approximate solutions
result of time-fractional Burgers equation in Example 1.
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0.010+
0.009 +
0.008:
0.007 4
0.006 <
0.005 4
0.004:

0.003 4

0.002

0.001

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010
X

Figure 2. Graph showing the correspondence between exact and approximate solutions

Exact Solution ¢ Numerical Solution}

result of time-fractional Burgers equation in Example 2.

Table 1. Numerical results and Exact solution of one-dimensional Time Fractional Burg-
ers equation for Example 1.

x yExac zNumerical Error
0.00100000 0.00099900 0.00100000 0.00000100
0.00200000 0.00199600 0.00200000 0.00000400
0.00300000 0.00299101 0.00300000 0.00000899
0.00400000 0.00398402 0.00399999 0.00001597
0.00500000 0.00497504 0.00499998 0.00002494
0.00600000 0.00596407 0.00599996 0.00003589
0.00700000 0.00695111 0.00699994 0.00004883
0.00800000 0.00793617 0.00799991 0.00006374
0.00900000 0.00891924 0.00899988 0.00008064
0.01000000 0.00990033 0.00999983 0.00009950

Table 2. Numerical results and Exact solution of one-dimensional Time Fractional Burg-
ers equation for Example 2.

x yExac zNumerical Error
0.00100000 0.00099998 0.00100000. 0.00000002
0.00200000 0.00199988 0.00200000 0.00000012
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Continued
0.00300000 0.00299967 0.00300000 0.00000033
0.00400000 0.00399931 0.00399999 0.00000067
0.00500000 0.00499880 0.00499998 0.00000118
0.00600000 0.00599811 0.00599996 0.00000186
0.00700000 0.00699721 0.00699994 0.00000273
0.00800000 0.00799610 0.00799991 0.00000382
0.00900000 0.00899476 0.00899988 0.00000512
0.01000000 0.00999317 0.00999983 0.00000666

6. Conclusion

The Adomian decomposition method is used in Maple 18 to solve the time-fractional
Burgers equation. The results were compared with the exact solution corres-
ponding to the Berger fractional time equation by comparing the numerical re-
sults. This demonstrated the effectiveness of the procedure and the capability of
using Maple 18 software to quickly and effectively create a numerical solution
that was related to the exact solution while noting the error value, making the
accuracy of the solutions obtained very satisfactory. We can see that the numer-
ical solution is frequently linked to the exact solution. Most engineering and
mathematics topics can be numerically calculated with Maple 18. As Mabel 18 is
an arithmetic system and a programming language at the same time. In addition,
the solution has been graphically displayed. Using the package version of Mabel,
these results are displayed in Table 1, Table 2, Figure 1 and Figure 2. Table 1,
Table 2, Figure 1 and Figure 2 show the difference between exact solutions and
numerical solutions using the Adomian decomposition method by Mabel pro-
gram; we were able to get close to the exact solutions of the equations. The find-
ings demonstrate how effective the current approach is for locating numerical
and exact solutions for fractional-time Burger equations. The primary goal of
this study is to automate Adomian decomposition method calculation using the
Maple software. By doing this, we might be able to obtain preliminary estima-
tions of the solutions, which will make it simpler to employ Mabel in the future

to address more challenging Issues.

7. Recommendations for Future Research

A strong numerical technique for resolving partial differential equations, such as
the Time Fractional Burgers Equation, is the Adomian Decomposition Method
(ADM). The equation is broken down into an endless series of functions using
the non-iterative ADM approach, which is simple to solve using Maple.

The fact that ADM does not necessitate the discretization of the domain makes
it computationally effective for dealing with complex issues, which is one of its
key merits. ADM also works with nonlinear equations and delivers precise re-

sults with just a few terms in the decomposition series.
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However, ADM has some limitations that should be taken into account. First,
the convergence of the series may not be guaranteed for certain problems, which
can lead to inaccurate results. Second, ADM may not be suitable for problems
with irregular geometries or complex boundary conditions.

Therefore, future research should focus on improving the convergence prop-
erties of ADM and extending its applicability to more complex problems. This
can be achieved by combining ADM with other numerical methods, such as fi-
nite element methods or spectral methods, which can improve the accuracy and
efficiency of the solution.

In addition, it is important to investigate the stability and error analysis of
ADM for solving the Time Fractional Burgers Equation. This can help to deter-
mine the optimal number of terms in the decomposition series and provide guide-
lines for choosing the appropriate parameters in the method.

Finally, the application of ADM to real-world problems, such as fluid dynam-
ics or heat transfer, can provide valuable insights into the performance and li-
mitations of the method. This can help to identify the potential applications of
ADM in various fields and guide the development of more advanced numerical
methods.
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