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Abstract 

In this paper, we prove when these 2x l∈  with ( )2

1,
12ld x B > , they have the 

common δ  for strongly ball proximinal. By using this property, we can 
prove the strong ball proximinality of ( )2l l∞ . Also, we show that equable 
subspace Y of a Banach space X is actually uniform ball proximinality. 
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1. Introduction 

The best approximation is one of the most important concepts in approximation 
theory, and it plays an important role in many scientific fields. For example, it 
has full application in Banach space geometry theory, smooth analysis, function 
approximation, optimization theory and other disciplines. Many researchers 
have conducted a lot of in-depth study on the proximinal set (especially the 
proximinal subspace) [1]-[8]. When people focus on the proximinal subspace, 
they find the (strong) proximinlality of unit ball BY of a subspace Y is stronger 
than the (strong) proximinality in Y. In [9], Saidi showed for any nonreflexive 
space Y there is a Banach space X such that Y is isometrically isomorphic to a 
subspace Z of X such that Z is proximinal in X but not ball proximinal in X. 
([10], Example 3.3) showed that the space Z is strongly proximinal in X. Based 
on these results, the notion of ball proximinality, which focuses the problem of 
best approximation from linear subspaces on non-linear convex sets was 
introduced in 2007 in the paper [10] by Bandyopadhyay et al. Later, this new 
concept has been extensively studied [11]-[17]. To characterize ball proximinal 
and strongly ball proximinal hyperplanes, Indumathi and Prakash [11] introduced 
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the so called E-proximinality. Then Lin et al. [12] generalize those results from 
E-proximinal hyperplanes to E-proximinal subspaces. Lalithambigai [13] study 
the ball proximinality of equable spaces and prove an equable subspace is 
strongly ball proximinal. 

In general, there are a few results about stability of the ball proximinality. 
Firstly, Bandyopadhyay et al. [10] showed if ( nX ) and ( nY ) are two sequences of 
Banach spaces such that nY  is a subspace of nX  that is ball proximinal in nX  
for each n, then the 0c -direct sum ( )

0
n c

Y⊕∑  is ball proximinal in ( )
0

n c
X⊕∑ . 

Paul [14] showed stability of ball proximinality and strongly ball proximinality 
in spaces of Bochner integrable functions. Then, fruitful results about ball 
proximinality and strong ball proximinality were obtained in [15]. For 
example, it has been proved if E is a Banach space with a uniformly monotone 
1-unconditional basis (e.g. pE l=  for 1 p≤ < ∞ ) or E is 0c , then ( )n E

Y⊕∑  
is strongly ball proximinal in ( )n E

X⊕∑ , where nY  is a subspace of nX  that 
is strongly ball proximinal in nX  for each n. 

For E l∞= , it seems difficult to get a general answer to the stability of strong 
ball proximinality. So it is possible to consider some special cases as ( )l X∞  and 
to find the proper conditions for a Banach space X such that the unit ball of 

( )l X∞  is strongly proximinal. In this paper, we can see for 2X l= , ( )l X∞  is 
strongly proximinal because for these 2x l∈  with ( )2

1,
12ld x B > , they have the 

common δ  for strong ball proximinality, then we can get the strong ball 
proximinality of ( )2l l∞ . Paul [14] developed the notion of “uniform 
proximinality” of a closed convex set in a Banach space and gave some examples 
to have this property. Also, we can give another example. That is motivated by 
the proof in [13], we show that equable subspace Y of a Banach space X is 
uniform ball proximinality. 

2. Preliminaries 

We will now present the notations and definitions that would be used 
throughout the paper. Let X denotes a real Banach space. Also, we assume that 
all subspaces are closed. The closed unit ball of X is denoted by XB  and 

{ }: 1XB x X x= ∈ ≤ . For x X∈  and 0r > , we set  
( ) { }, :B x r y X y x r= ∈ − ≤ . 
Let C be a nonempty closed convex subset of X. For any x X∈  and 0δ > , 
( )CP x  denote the sets:  

( ) ( ){ }: , ,CP x y C x y d x C= ∈ − =  

where ( ),d x C  is the distance of x to C, that is ( ) { }, inf :d x C x z z C= − ∈ . 
Definition 1 [10] [14]: 
1) A subset C is said to be proximinal if for every x in X, the set ( )CP x ≠ ∅ . 
2) A subset C is said to be strongly proximinal if for any 0>  and any 

x X∈ , there exists 0δ >  such that for any y C∈  with ( ),x y d x C δ− < + , 
then there is y C′∈  with y y′− <   and ( ),x y d x C′− ≤ . 
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3) A subset C is said to be uniformly proximinal if for any 0>  and 0R > , 
there exists 0δ >  such that for any x X∈ , ( ),d x C R≤  and any y C∈  
with x y R δ− < + , then there is y C′∈  with y y′− <   and x y R′− ≤ . 

From the Definition 1, we can see uniformly proximinal ⇒  strongly 
proximinal ⇒  proximinal. For any Banach space X, it is easy to see XB  is  

proximinal. Since for any \ Xx X B∈ , ( )
XB

x P x
x
∈  and  

( ), 1.X
xd x B x x
x

= − = −                     (1) 

But, from the example by Godefroy in ([13], Pg. 87) it is clear that the closed 
unit ball of a Banach space not necessarily have strongly proximinal property. 

Definition 2 [10] [14]: Let X be a Banach space, 
1) X is said to be strongly ball proximinal if the unit ball BX is strongly 

proximinal. 
2) X is said to be uniformly ball proximinal if the unit ball BX is uniformly 

proximinal. 
Definition 3 [13]: Let X be a Banach space and Y be subspace of X. We say Y 

is an equable subspace of X if for every 0>  there is a 0δ >  and a map 

[ ]: 0,1Yψ →  such that for every y Y∈ , ( )y y yψ− ≤   and  

( ) ( ) ( )( )0,1 ,1 ,1 .B B y B y yδ ψ+ ⊂                 (2) 

Remark 1: In Theorem 2.6 [13], it has been proved if Y is an equable subspace 
of X. Then Y is strongly ball proximinal in X. 

Let ( )y yψΨ   , we give the next lemma which is the remark 2.3 in [13] by 
using translation invariance of the Banach space and (2) in Definition 3. 

Lemma 1 [13]: Let Y be an equable subspace of a Banach space X, for any 
0> , there is 0δ >  such that for any real scalar 0r > , y and z in Y, there is  

w Y∈  with z y yw r
r r

 −  = Ψ +  
  
 , then  

( ) ( )( ) ( ), , 1 , .B y r B z r B w rδ+ ⊂                (3) 

Additionally, if both y and z are in YB , then Yw B∈ . 
Next, to avoid confusion, we use na  or nb  for some real numbers, nx  or 

ny  for the vectors in Banach space. 
Let 1 p≤ < ∞ , pl  is the Banach space of all sequences ( ) 1n n

x a ∞

=
=  of real so 

that ( )11

pp
nnpx a∞

=
= < ∞∑ . For p = ∞ , l∞  is the Banach space of sequ- 

ences such that { }sup :nx a n N
∞
= ∈ < ∞ . 

Let ( nX ) be a sequence of Banach spaces. For 1 p≤ ≤ ∞ , pl -direct sum 

( )
p

n l
X⊕∑  denote the collection of elements ( nx ) such that n nx X∈  and the 

sequence ( )
1nn pX n

x l
∞

=
∈ . Thus the norm of ( nx ) is  
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( ) ( ) ( ) .
nn lp

n n XX p
x x

⊕∑
=  

If for any n, nX X= , we can simply denote ( )
pl

X⊕∑  by ( )pl X . 

3. Main Results 

In this section, we will give our main results. For Theorem 1, we can see ( )2l lB
∞

 
is strongly ball proximinal. This result is using the “uniformly” strongly ball 
proximinal of the 

2l
B  which is showed by Lemma 2. For Theorem 2, we prove 

when Y is an equable subspace in Banach space X, BY is uniformly proximinal. 

Lemma 2: For every 0 1 2ε< < , if ( ) 21n n
x a l∞

=
= ∈  with ( )2

1, 12ld x B > , 

then exist 
2

0
3

δ< <
 , such that for every ( )

21n ln
y b B∞

=
= ∈ , when  

( )22 , lx y d x B δ− < + , we have 
2

x y
x
− <  . 

Proof: In this proof, we simplified the 2l  norm 
2⋅  by the symbol ⋅ . 

Since 
2

3
δ> , so  

( ) ( ) ( )2 3 3 1 2 1 1 .x x x x xδ δ δ δ> > − = − + −           (4) 

If ( ) 21n n
x a l∞

=
= ∈  with ( )2

1, 12ld x B > , then by (1)  

( )2

11 , ,
12lx d x B δ− = > >                    (5) 

using (4) and (5),  

( )2 22 1 .x xε δ δ> − +  

Thus 

( ) ( ) ( ) ( ) 22 22 21 1 2 1 1 .x x x x xδ δ δ − + > − + − + = − +        (6) 

By (5) and (6), we get  

( ) ( ) ( )2

2 2 2 2, 1 1 .ld x B x x xδ δ   + = − + < − +               (7) 

So for any ( )
21n ln

y b B∞

=
= ∈ , when ( )2

, lx y d x B δ− < +  and using (7), we 
have  

( )22 21 ,x y x x− < − +                      (8) 

then we compute the 2l  norm by 
2 22 2

1 1
, ,n n n

n n
x a x y a b

∞ ∞

= =

= − = −∑ ∑  

thus according to (8), we have 

( )

( )

( )

22 2 2

1 1 1
22

2
2 2 2 1

1 1

2 1

1

1 .

n n n n
n n n

nn
n n

n n

a a b b x x

x x x x

a
x x b a

x

∞ ∞ ∞

= = =

∞
∞ ∞

=

= =

− + < − +

= − − + −

≤ − − + −

∑ ∑ ∑

∑∑ ∑






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The last inequality is because 
2l

y B∈ . Then we have  
2

2 21

1 1
2 ,nn

n n n
n n

a
a b x b x

x

∞
∞ ∞

=

= =

− + <∑ ∑ ∑   

which means 
2

2x y
x
− <  . 

From the Lemma 2, let xy
x

′ = , then { } ( )
2lBy P x′ =  and y y′− <  , this 

means when 2x l∈  satisfied ( )2
1, 12ld x B > , there is a “uniformly” strongly  

ball proximinal for these x. The next lemma is simple which is also needed in 
Theorem 1, but we give the proof for the completeness. 

Lemma 3: Let X be a Banach space, for ( ) ( )nx l X∞∈  we have  

( ) ( )( ) ( ){ }, sup , : .n n Xl Xd x B d x B n N
∞

= ∈  

Proof: If n Xx B∈ , then ( ), 0n Xd x B = . Thus we can assume for any n N∈ , 
( ), 0n Xd x B ≠ . 
Then \n Xx X B∈ , so by (1)  

( ), 1.n
n X n n

n

x
d x B x x

x
= − = −  

Thus  

( ) ( )( ) ( ) ( ) ( ) ( ) ( ){ }
( )

( )

( )( ) ( ){ }

, inf :

, sup , : .

n n n nl X l Xl X

n n
n n

n nl X

n X n X

d x B x y y B

x x
x x

x x

d x B d x B n N

∞ ∞∞

∞ ∞

∞

= − ∈

  
≤ − = −        

= = ∈

 

For another side, for any ( ) ( )n l Xy B
∞

∈ , since ( ),n X n nd x B x y≤ − , thus  

( )( ) ( ), ,n X n nd x B x y
∞∞

≤ −  

by the arbitrary of ( ) ( )n l Xy B
∞

∈ , we have  

( ){ } ( ) ( )( )sup , : , .n X n l Xd x B n N d x B
∞

∈ ≤  

Now, we can give the proof of Theorem 1. 
Theorem 1: Let 2X l= , then ( )l X∞  is strongly ball proximinal. 
Proof: For every 0 1 2ε< < , if ( ) ( )nx l X∞∈  with ( ) ( )n l X

x r
∞

= , without 
loss of generality, we can assume 2r = , thus  

( ) ( )( ) ( ){ }, sup , : 1.n n Xl Xd x B d x B n N
∞

= ∈ =              (9) 

Then for all ( ) ( )n l Xy B
∞

∈ , such that  

( ) ( ) ( ) { }
2

2
sup : 1 ,

8n n n nl X
x y x y n N δ

∞
− = − ∈ < +          (10) 

where the δ  is same as the Lemma 2. From (9) and (10), we can see for any 
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n N∈ ,  

( )
2

2
, 1, 1 ,

8n X n nd x B x y δ
≤ − < +  

so we will divide into three cases to choose n Xy B′ ∈  so that ( ) ( )n l Xy B
∞

′ ∈  and  

( ) ( ) ( ) ( ) ( ) ( )
, 1.n n n nl X l X

y y x yε
∞ ∞

′ ′− ≤ − ≤            (11) 

Case 1. 
2

1n nx y− ≤ , it is simple to choose n ny y′ = . 

Case 2. 
2

1n nx y− >  and ( ), 1
2n Xd x B δ

≥ − . 

Since 
2 1
3 12

δ < <
 , so ( ) 23 1,

24 12n Xd x B ≥ > , then for this nx X∈ , since  

( ) ( )
2 2

2
1 , , .

8 2 8n n n X n Xy x d x B d x Bδ δ δ δ− < + ≤ + + < +  

Let 
2

n
n

n

x
y

x
′ = , then by the Lemma 2 

2n ny y′− <   

and we also have  

( )2 2
1 , 1.n n n n Xy x x d x B′ − = − = ≤  

Case 3. 
2

1n nx y− >  and ( ), 1
2n Xd x B δ

< − . 

Let 
2

1
2 2

n
n n

n

x
y y

x
δ δ ′ = − + 

 
, then n Xy B′ ∈ ,  

( )

2 2
2 2

2

2

1
2 2

1 1 ,
2 8 2

1 1 1 1
2 8 2 2

n
n n n n n

n

n X

x
x y x y x

x

d x B

δ δ

δ δ δ

δ δ δ δ

 ′− ≤ − − + − 
 

  ≤ − + +  
  

    = − + + − ≤    
    

 

and we have 

2
2 2

.
2 2 2 2

n
n n n

n

x
y y y

x
δ δ δ δ δ′− = − ≤ + = <   

Thus for any case, we can find the proper ( ) ( )n l Xy B
∞

′ ∈  such that ( )ny′  meet 
the requirements of (11), which means ( )l X∞  is strongly ball proximinal. 

Now we will show the uniformly ball proximinal of the equable subspace Y in 
Banach space X. 

Theorem 2: Let Y be an equable subspace of X. Then Y is uniformly ball 
proximinal in X. 

Proof: For any 0>  and 0R >  there exists R R
R

η δ δ =  
 




, where 

R
δ  
 
 


 is from the equability of Y which depends on 

R


. Then for any x X∈ , 

( ), Yd x B R≤ . For any Yy B∈  with ( )1x y R Rη δ− < + = + , we will show 
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there is Yy B′∈  such that  

, .x y R y y′ ′− ≤ − ≤                       (12) 

Note for the above fixed x and y, there is  

( )( ), 1 .x B y R δ∈ +                        (13) 

Since Y is equable subspace of X, then Y is strongly ball proximinal by the 
above Remark 1, thus ( )

YBP x ≠ ∅ . So we can choose ( )1 YBy P x∈ . Thus  

( )1 , .Yx y d x B R− ≤ ≤                      (14) 

Therefore, by (13) and (14) we have  

( ) ( )( )1, , 1 .x B y R B y R δ∈ +  

Let 
R

′ =


 , then using (3) in the Lemma 1, there is 1 1y y yy R
R R′

 −  ′ = Ψ +  
  

  
such that  

( ),x B y R x y R′ ′∈ ⇒ − ≤                     (15) 

Note, both y and 1y  are in YB , thus Yy B′∈  again by Lemma 1. Using the 
equability of Y and Lemma 1, it is easy to see  

1 1 ,
y y y yy y

R R R′

′ − −−   ′= −Ψ ≤ 
 

   

thus we have 

.y y R′ ′− ≤ ≤                        (16) 

According to (15) and (16), we have found the proper y′  to satisfy (12). 
Thus we complete the proof.  

4. Conclusion 

In this paper, we can see for these 2x l∈  with ( )2

1,
12ld x B > , they have the 

common δ  for strong ball proximinality, then we can get the strong ball 
proximinality of ( )2l l∞ . Also, we give an example of uniform ball proximinality. 
That is the equable subspace Y of a Banach space X. 
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