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Abstract

This paper studies the problem of finite-time synchronization for a class of
heterogeneous complex networks which not only have node time-varying de-
lays and coupled time-varying delays but also contain uncertain disturbance.
An appropriate controller is designed such that this type of network can be
synchronized within a finite time. By constructing a proper Lyapunov func-
tion and using the finite-time stability theory, the sufficient conditions for the
network to achieve finite-time synchronization are given and the finite time is
estimated. Finally, the conclusions obtained are extended to the case of ho-
mogeneous complex networks with time-varying delays and uncertain dis-
turbance.
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1. Introduction

In the past few decades, complex networks (CNs) have received increasing at-
tention due to their applications in various fields including food webs, commu-
nication networks, the Internet and so on. Much effort has been devoted to the
control and synchronization of CNs, since it can describe many phenomena in
nature and human society, and has many potential applications [1] [2] [3]. So
far, some fruitful results about the synchronization of CNs have been obtained
[4] [5] [6] [7]. The research on synchronization and synchronization control of
CNs is very meaningful. In order to achieve system synchronization, many me-
thods such as impulse control [8] [9] [10], adaptive control [11] [12] and their
combination [13] [14] are widely used in chaotic systems. Due to noise, limited
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signal transmission and other reasons, time delays are common in nature and
they can also change with time. The time-varying delays in complex networks
usually include node time delays and coupling time delays [15] [16] [17].

The complex dynamic network model studied in [18] has node time delay and
coupling time delay, but it studies the asymptotic synchronization of complex
dynamic network, which means that the complex network achieves synchroniza-
tion in infinite time. In practical applications, the synchronization of complex
dynamic networks usually needs to be achieved within a limited time. Therefore,
in recent years, the finite-time synchronization of complex dynamic networks
has been paid attention to by many scholars, and some research results have
been obtained [19]-[24]. In [24] the finite-time synchronization of complex
dynamic networks with time delay is studied. The nodes of the complex net-
works studied above all have the same dynamic system, but in the real world,
there are differences between the network nodes, and the dynamic systems of the
network nodes are not exactly the same, that is, the expression of the state func-
tion for different nodes is different. The synchronization control of heterogene-
ous complex network has also attracted the attention of scholars [25] [26] [27].
Reference [28] studied the finite-time synchronization problems of heterogene-
ous complex networks, but did not discuss the situation of nodes with time delay
and coupling time delay.

According to the points discussed above, this paper aims to further investigate
finite-time synchronization of heterogeneous complex networks with time-varying
delays and uncertain disturbance. Based on the finite-time stability theory, by
designing an appropriate controller and constructing proper Lyapunov function
this kind of node heterogeneous time-delayed complex networks can achieve fi-
nite-time synchronization. And we can obtain the sufficient conditions for the
finite-time synchronization. Then, the results obtained are extended to the case
of homogeneous complex networks with time-varying delays and uncertain dis-
turbance.

The remainder of this paper is organized as follows. Section 2 presents the
model and necessary preliminaries. In Section 3 the main results are given. Sec-

tion 4 is the conclusions.

2. Model and Preliminaries

Consider a heterogeneous complex network with time-varying delay and linearly
coupled by N different nodes, the state equation of the i-th node (i=1,2,---,N )
is

% (1) = £, (6. (1), x (t=7 (1)) + pi (t.% (t))Jrci“aiijj (t-7,(t) @

j=1
X (t):(xil (1), %, ()0 X, ('[))T € R" is the state variable of the i-th node at
time ¢, f (t,xi (t), % (t—r1 (t))) R*xR"xR" > R" is the smooth vector func-
tion of the ith dynamic system; P, (t,Xi ('[))Z R*xR" > R" is the uncertain
disturbance term of the ith dynamic system and it is a bounded function;
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0<7,(t)<7,0<7,(t)<7, arerespectively node time-varying delay and coupling
time delay, where 7;,7, are known constants; ¢ e R" is the network coupling
strength; external coupling matrix A= (aij ) e R™" represents the external
coupling constant matrix between nodes, where the matrix 4 does not need to

be a symmetric matrix, if there is a connection between node 7 and node j, then

a; >0, otherwise a; =0(i# j), and the diagonal elements a;,=— Y a;,
[

i=12,---,N; G=diag (51,52,---,5n ) € R™" is an internal coupling matrix and
8,20,(i=1,2,---,n), which represents the internal topology of the network.
Definition 1. The synchronous solution of the heterogeneous complex net-

work (1) can be described by
%o (1) = o (t.% (1), % (t=71 (1)) + Py (1. % (1)) (2)

It can be a balance point, periodic trajectory or chaotic trajectory.

Definition 2. The node error of heterogeneous complex network (1) is
e(t)=x(t)-x (), i=12,---,N 3)

The finite-time synchronization problem of the heterogeneous complex network
(1) can be defined as follows:
If there is a time t* >0 such that

lim[le, (t)|=0 and [e (t)|=0 for t>t"i=12N
tot”
where t* is called the settling time, then the complex network is synchronized
with the synchronization solution X, (t) in a finite time.
In order to complete the finite-time synchronization of the heterogeneous

complex network (1), the controller U, (t) € R" needs to be applied to the nodes

of the complex network (1). The design is as follows:

u; (t)=~d;e; (t) -7 (t)SIGN (& (t))
_k{sign L(1))]e (t | ( N r(t)ef(s)ei(s)ds) 2

7 (s S¥ & (t)
el G205 ||ei<t>|r]

where sign(-) represents a symbolic function, d; >0,k >0,k, >0 are unde-

termined constants, kis a given positive constant, e R and satisfies 0< g <1.

In Equation (4),
SIGN (e, (1)) = [ sign(e, (), sign(e;, (1)), sign(e,, (t))]T (5)
sign(e, (t)) = diag [sign(eil (t)).sign (e, (t)).---,sign (e, (t))] (6)
e 0" = [l (O Jes O Jea (1) ] %

So the complex network (1) with controller u; (t) can be expressed as:
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% (t)=f, (t,xi (t).x(t-1 (t)))+ P (t.x (1))
Jrciaiijj (t=7, (1)) +u, (1)

j=1

(8)

From Equation (2), Equation (3) and Equation (8) the network error dynamic

equation of the system can be derived as

&(t)=f, (t,xi (t).x (t-1 (t)))— f, (t,x0 (1), % (t-7, (t)))
+ 0 (1% (1)) = o (t.% (t))+cgaij6ej (t—7, (1)) +u (t)
=F (t,ei (t).e(t-= (t)))+ P(te(t))

+cj§_‘1aijGej (t=7, (1)) +u; (1)

©)

The assumptions and lemmas needed to prove the finite-time synchronization
of the heterogeneous complex network (1) are given below.

Assumption 1. [29] For any X(t), y(t) e R", there are positive constants
L,, L, , satisfying the inequality

(x(O)-y (@) [ f(tx(0).x(t=2 (1)) F (LY (), y(t-7(1)))]

<L[x()-y(O] [x()-y(v)]

L [x(t=r ()= y(t-r (V)] [x(t-7 (1)) - y(t-r(1))]
Assumption 2. 0<7 (t)<h <1, 0<7,(t)<h, <1 where h (i=12) are

known constants.

Lemma 1. [30] For any two vectors X,y e R", the following inequality holds
2xXTy<x"x+y'y.

Assumption 3. [31] There is a time-varying bounded function x(t)>0, such
that the following inequality holds

| (Ex(0) = f (6 x(0)] < (1) i=1,2+N.

Assumption 4. There exists a positive constant p,, for the uncertain dis-
turbance term P, (t, X; (t)), i=0,12,--,N, such that |p, ('[, X (t))” < Proax -
Lemma 2. [32] For Va €R,i=12,---,n,if p,qeR,0<p<L0<qg<2,then

we have

a
[ ol ol = ([l +fa ]+ fa )

(aul+[aal 4+ [a,])" <[] +[auf" - +[ay|"

Lemma 3. [33] Assume that a continuous, positive-definite function V(t)

satisfies the following differential inequality:
dv (t)

" <-eVe(t), vt=0V(0)=0,

where «,& are positive constants and 0 < a <1, then
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VEC(t) <V (0)-e(l-a)t, O<t<t

V(t)=0, t>t"= ZE:_(%

3. Main Results

In this section, by using Lyapunov function and finite-time stability theory, the
authors focus on investigating finite-time synchronization of the heterogeneous
complex networks with time-varying delay and uncertain disturbance. The main
results are given by the following theorem:

Theorem 1. If there are positive constants d; (i=1,2,---,N), k;k, satisfy

the following conditions

(L1+%+k?2j|—(D®|n)+%BBTso (10)
—%(1—hl)s0 (11)
k
%—f(l—hz)so (12)
2P+ (1) =1 (t) <0 (13)
A+ AT

where D =diag(d,,d,,~+-,dy)>0, A®= > B=A°®G, then under

the premise of satisfying Assumptions 1 - 4, the controlled network (8) of the
nodes applying the controller (4) can be synchronized in finite time. The settling

-5
v (0
= .
k22 (1-8)
Proof: Construct Lyapunov function,

VO3 a0+ X] o (G (s D] e (e (o)
—V1( )+V2( )+V3( )

Take the derivative of V (t) along the error system (9),
V(1) =V, (1) +V, (t)+V, () (15)

The derivative of V,(t) can be calculated as

V(0= Sl 1) R (1,0 150+ (6, (0)

time is estimated as t* =

+c§: a,Ge; (t—7, (1)) +y; (t)}

=t

= ief (t) F (t'ei (t)’ei (t_Tl (t)))+ier (t) R (t'ei (t)) (16)

i=1 i=L
N N
~eXel (D@86 (- 1)+ el (0 (0
1= i=!
=W, +W, +W3 +W,
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In Equation (16),

W, can be rewritten as

W, = ﬁl:ef (t)[ f (t, X,

= gef (t)[ f (t’ % (1), (t-7, (t)))_ fi (t' X (1), % (=7, (t)))
1 (6 % (1), % (E=7, (1)) = By (8% (1), % (t -7, (t)))}
=W11+W12
where
wM:iNzleJ(t)[f(tx(t) (t=5.(1)~ 1 (1% (1) % (= (1)))]
W, =leeiT (O (6% ()% (t=2(8))) = o (6.5 (£), % (t-7 (1))

-
,---,eL (t)} and using Assumption 1, we have

W, < iNZl[LleJ (V)& (O)+ LT (t-7 (V)6 (-7 (1)]

(17)
=Le" (t)e(t)+Le' (t—7(t))e(t—7(t))
Using Assumption 3 and the formula ||ei (t)||2 = (i|eij ('[)|2 ]2 , we obtain
=t
W, < Z"e ), ” (% ()% (=7, (8)) = Fo (8% (£), % (t=7 (1)),
N (18)
<u(t) lee ).
By using Assumption 4, we can get
N
W, =el (O P (6% (1)~ Po (.5 (1))]
<3 Je (0], [p (1% (D)o (1.5, (1)
(19)

< ;"ei "2 (" Py t’xi "z +|| Po t,XO (t) ”2)

N
<2930,
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Let A= At A

, and note that Gis a diagonal matrix, by utilizing the quali-

ty of the Kronecker product of matrices,

W, = c(t)ieﬁ (t)i 8;Ce, (t-7, (1))

=1 j=1

<ce' (t)(A®G)e(t—1,(t))

A®G +(A®G)' (20)

=ce' (t){ > Je(t—r2 (1))

=ce’ (1)(A° ®G)e(t-1,(1))

Let Bbe defined by B = A® ®G, it can be obtained that
W, <ce' (t)Be(t-7,(t)) (21)

From Equation (4), namely the definition of u;(t), W, can be represented

as follows:

e 0 -
+(k2 I‘ffz(l)eiT(S)ei(S)dS)T & (1) ]}

=Wy, +W,, +W,,

Define D =diag(d,,d,, --,d)>0, and note that

N
=1

€ (t)|

&7 ()SIGN (e, (t))=%‘,i

i=1 j=1

we have from Equation (22),

W, = 3ef (O (1) (1 SIGN (e, (1)

=-¢' (1)(D®I, )e(t)—n(t)ZeiT (t)SIGN (e (1)) (23)
<= ()(0@1,)e(1) () ZJe (),

2)2
& (t)| j , vields

e (t)lzj (24)

Combining (24) and setting |ei (t)| = Ueu (t)|,|ei2 (t)|
tained that

e, (t)”T , it can be ob-
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W, ——kg:eiT (t)sign le. (1)]
~~k3Je (0 e, (]
:_klegeij o (25)
<k (i; e, (t)|2j2
- —k(ﬁllef (Ve (t)jz
W,, = —k%:ef (t){(k1 f a“)e'T (s)e (s)ds 2 ||:i((tt)1|2
e’ (s)e (s 5¥ & (t)
(k (AU ( ) I( )d ) |ei (t)"Z] (26)
_—ki(k e eiT(s)ei(s)ds)T
_kZ(k ot eiT(s)ei(s)ds)T
From (14), (25), (26) and Lemma 2, one has
W Wy 5k Sl (D (0 +k 2] 6 (5 (5)os
K3 )ds} @)

14 Bp 18
——k(2v)2 =—k22V 2

Thus, substituting (17), (18), (19), (21), (23), (27) into (16), the following in-
equality holds:

Vi (t)<Le' (t)e(t)+Le' (t-z(t))e(t-7 (t))w(t)i’jzl”ei QI

N
+2D,0 Z”ei (t)||2 +ce' (t)Be(t—r,(t)) (28)
i1
N g Lp
(081, et e (0], -2 TV
From (14) and e(t)=[e1T (t),62T (t),---,eL (t)} , V,, V, can be derived as

follows:

i=1 i=1 (29)
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V=53 6 (0504 )36 (- 0)a (5 ()

i=1
(30)
k,

=K 0e()- K204 ()¢ (- (O)e(t- (1)
By using Assumption 2, (28), (29), (30) and (15), we have
V(t)<e’ (t){(Ll+%+k—22jl (D® In)}e(t)
Jr(l_2 —%(l—hl)jeT (t-7,(t))e(t-7(1))
+ (2P + 4t zue )|, +ce” (t)Be(t—z, (1))

K2tV —%(1— h,)e’ (t-z,(t))e(t-z,(t))

Then by utilizing Lemma 1, it follows from (31)
eT(t)Be(t—rz(t))sgeT(t)BBTe(t)+%eT(t—rz(t))e(t—rz(t)) (32)

Substituting (32) into (31) and utilizing the conditions (10), (11), (12), (13) in
Theorem 1 yields

\/'(t)seT(t)KLl+%+k—22j|—(D®|n)+%BBT e(t)
| L-Saen) | (- n0)eft-n )
(2B + () -1(0) 2o ()]

c k Hp B
{E_?Z(l_hz)}@ (t-z(0))e(t—r, () k2 2 V 2
Y
<-k22V 2
1-B
o . V()
It is derived from Lemma 3 that, V (t)=0 for t>t ,51—
2 (1-8)

Therefore, Iim"ei (t)":O and ||ei (t)”EO for t>t",i=12,---,N
tot*

This completes the proof.

Finally, the conclusions obtained are extended to the case of homogeneous
complex networks with the same node dynamic system.

When the nodes of the complex network have the same dynamic system
where f =f,=..-=f, =1, the complex network (8) will be homogeneous

complex network as follows:

% (1) = (t.x (1), % (L= (1)) + p, (t.% (1))
+c% 8,6%, (-7, (1)) + 4, (1)
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The synchronous solution can be described by
% (t)=f (t X (1), % (t_Tl(t)))+ Po (. % (1)) (34)
Controllers in Theorem 1 are added to each node, we have error system
& (1) = f(t.x (1), % (t=7,(1))) = o (t. % (1), % (t=7,(1)))
+ (1 (1) = o (1% (t )+cZaUGeJ (t—7, (1)) +u; (t) (35)

=F (t,ei (t).&(t-7 (t)))+ P (t.e(t)+ cjz:;aijGej (t—7,(t))+u (1)

Based on Theorem 1, we can get the sufficient conditions of network (33) to
achieve synchronization in finite time.
Corollary 1: If there are positive constants di(i =12, N), ky,k, satisfy

the following conditions

k. kK, CopT
+214+22 11 (D®I_)+—BB" <0
[Ll 2 2} ( ) 2

kl
-—=(1-h)<0
c k,
———=(1-h 0
5o (L)<
2pmax_77(t)go

T
where D=diag(dl,d2,---,dN)>0, Asz%, B=A°®G, then under

the premise of satisfying assumptions 1 - 4, the controlled network (33) of the

node applying the controller (4) can be synchronized in finite time. The settling
1-B
v ()
p-1

k22 (1-p) |

The proof of Corollary 1 is similar to the proof of Theorem 1.

time is estimated as t* =

4. Conclusion

In this paper, the finite-time synchronization problem of a class of heterogeneous
complex networks with node time-varying delays and coupled time-varying delays
and uncertain disturbance is considered. By designing an appropriate controller
and using Lyapunov function and the finite-time stability theory, the sufficient
conditions formulated by a set of inequalities are derived to guarantee that all the
node systems achieve synchronization with the synchronous solution in a finite set-
tling time. Specially, the above conclusions can be applied to the case of homoge-

neous complex networks with time-varying delays and uncertain disturbance.
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