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Abstract

This article first gives a new class of integral inequalities. Then, as an applica-
tion, the nonlinear neutral differential system with multiple delays is consi-
dered, and the trivial solution of the nonlinear neutral system with multiple
delays is obtained. Uniform asymptotic Lipschitz stability. Obviously, the
above system is a generalization of the traditional differential system. The
purpose of this paper is to study the dual stability of neutral differential equa-
tions with delays, including equal asymptotically Lipschitz stability and un-
iformly asymptotic Lipschitz stability. The author uses the method of integral
inequality to establish a double stability criterion. As a result, the local stabil-
ity of differential equations is widely used in theory and practice, such as dy-
namic systems and control systems.
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1. Introduction

In 1892, Lyapunov, a Russian mathematician, mechanician and physicist, pro-
posed the notion of the stability of motion. He gave the general research me-
thods in his doctoral dissertation “The general problem of the stability of motion”
[1], in which he established the foundation of the stability theory. When study-
ing nonlinear systems, especially studying dynamic systems or control systems,
we cannot study the stability of all variables because of the technology difficulties,
the limitation of practical conditions, or it is not necessary to study all variables
considering the actual need. As a result, studying the partial stability of differen-

tial equations becomes more important. In addition, the partial stability is widely
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used in science and technology. For instance the absolute stability of famous Lu-
rie adjusting systems can be changed into a problem of partial stability. In a
word, it is of practical significance to study the partial stability of differential
equations.

Since Bellman created a class of integral inequalities in 1958, integral inequali-
ties have been greatly developed. The main results are:

In 1960, Li Yuesheng gave the following inequality in [2]:
u(t)<u,+ [ g(s)u(s)ds+[ f(s)u”(s)ds
In 2005, Sligeng discussed the following inequality in [3]:
U, (t) <k, + [y (s)uy (s)ds + [ b, (5)u, (s)e**ds
+ J';ﬁl(s)uf (s)e “V*ds + J';ﬁz (s)ug (s)e*ds
u, (t) <k, +_[; h3(s)u1(s)e’“5ds+_[; h, (s)u,(s)ds
+I;ﬁs(s)uf (s)e""’sds+J';ﬁ4 (s)ug (s)ds

In 2009, the author discussed a new class of inequalities in [4].

Vorotnikov, V.I. [5] [6] considered the following system
Z—i’z A(t)y+B(t)z+Y(ty,2)
dz

E:C(t)y+ D(t)z+2(t,y,2)

and studied the double stability as ||y|| + ||Z|| —0 and

[ty |2y o
[¥1+1
In 2002, Wang Feng used the differential inequality of delay in article [7] to

study the following delay system:

%’: A(t)y+B(t)z+Y (ty.z y(t-7)z(t-7))

%:C(t)y+D(t)Z+Z(t,y,Z,y(t—T)vZ(t_T))

In 2006, Siligeng used the integral inequality extended in [3] in [8] to discuss

the double stability of the following system to some variables:

d

T=A)y+ i (ty.2)
t

dz

i B(t)z+ f,(t,y,2)

In this paper the author consider a new class of the nonlinearly perturbed dif-

ferential systems with time-delay

%: B(t)y+C(t)z+Y(s,y(s),z(s),f;m(s,y(s),z(s),y(s—r),z'(s—r))ds)
dz

W D(t)y+ E(t)z+Z(s,y(s),z(s),_[;hz(s,y(s),z(s),y(s—r),z‘(s—r))ds)
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It is obvious that the above system is a generalization of the systems in [5] [6]
(7] [8].

The aim of this paper is to investigate the double stability of neutural differen-
tial equations, including Uniform stability and Uniform Lipschitz stability. The
author uses the method of differential inequalities with time-delay and integral

inequalities to establish double stability criteria.

2. Preliminaries

Consider the following system:
dx .
- f(tx(t),x(t-7),x(t-7)) (1)
where XeR", y=col(X, X, X, ), Z=C0l(Xy,1, X002 X, )» X=c0l(y,2),
f (t,0,0) =0, ¢ isanonnegative constant. Let ¢(t) be a continuous function,
for Vtek, =[ty—7.t].
Definition 1 [9] [10] [11] The trivial solution of system (1) has uniform sta-

bility and exponential asymptotic stability with respect to y if, for V&>0,
vt el, 35(8) >0,and A >0, when ||¢|| <o (for Vie Et(J ), such that

ly(tite, 8)]+ [y (t:ts. 8)]| < £exp(=A(t 1, )), VE 2 1t,.
Definition 2 [9] [10] [11] The trivial solution of system (1) has Lipschitz sta-

bility with respect to yif, there exists constants M (to) >0 and o (to) >0, when
"(0" + "(0" <6 (forVteE, ), such that

It ) [9t0 0<M ) 1J) vet 0.

Definition 3 [9] [10] [11] The trivial solution of system (1) has equi-exponential
Lipschitz asymptotic stability with respect to yif, there exists 4>0, K (to) >0
and &(t,)>0, when |p|+|¢ <5 (for VteE, ), such that

et ol ek @l ple(-4(-t). w2t 20

Definition 4 [9] [10] [11] The trivial solution of system (1) has uniform ex-
ponential Lipschitz asymptotic stability with respect to yif, Kand 6 >0 in de-
finition 3 are ndependent of t;.

Lemma 1 [4] The following conditions are established on t>t;:

i) K, k,,u are non-negative constants;

i) 1)

Uy (t) <k +j: a(s)u,(s) ds+jt b(s)u, (s)e“*ds
0
+jt >c (s)ust(s)e ds+j Zd Jug+t(s)e**)ds
to _1 1
+ j Ze j f,(z)u, (z)drds
+j 291 (s) U h, (7)u, (7 e”(”“])dr}ds

+J' Zok J'pk Jufirt (z)e A )d 7ds
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K s N
+ﬁ§%@ﬂg(ﬂﬁﬂvﬁ“%wms

+L:§Ci(s)ufi( Je I ZV|( )I w, (7)u,(r)dzdads

+f, 2 d(s)us LOIZ O w(r “drdods
+L;ilZlCi(S)ui”i (s)e ] ZAn (0) j B, (r)u/m* (r)e ™ )drdAds
o 6 ($)us (5)]; 350, (0)], By ()i (e ) Ve

, = £

U, (1) <k, + [ A(s)uy (s)e s + [ b(s)u, (s)ds
[l (s)us (s)e I Vg jzla (s)us ™ (s)ds
#0208 ()], Ty (F)uy (7)o ards

j;i'zla(s)uzi(s)j%iﬁm(e €, ()" () deds
where: U, (t).u, (t).a(t),a(t).b(t).b (t).;(t).§ (t).di (t).d; (t) (i=12.1)
e, (1).8 (1), 1, (1), T, (0),, (0., (0.0 (0B, (1) (1=12.++9),
0 (1) (t). Py (1). Pic (1), (1) G (1), 5 (). T (1) (k=12 K],
i (0).5 (8).w (1), () 5% (£),% (1), (£).9, (1) (1=1.2,-,L),

(1), (0.8 (6., (6,0, (1), B, (1) Ex (1) Eu (1) (m=120,M)

are non-negative continuous function on R, ,and: ¢; (i=12,---,1),
B (k :1,2,---,K), Vi (m:1,2,---,M) are all constants greater than 1, and
<o <a,<<a, 1S <L, <<f, 1Sy, <y, <<y,

set: @=max(a,, B 7y ), a=min(ay,B,.7)
i) let: k =k, +k,

F(t)=max{a(t)+§(t),b(t)+5(t)}, G, (t):max{c.( )+ (t),d; (t )+Ji(t)},
5 (1) =max{e, (1).€ (1)} §, (1) =max{g, (1).9, (1)}
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—
~—
——

A()=F (1) +26:(t)+ HJ jN ds+ZZQk jR
+ZGi(t)L:Z;T,(s)I W (o)dods + 376, (1), 3:¥, (5) 20 () dotts

fo

Il
iN

O(1)=26,(0)+ 20, (O], R ()35 + 36, (0], 3T, (5)] W () drs
#2326, ()], 210 (5 20 (o)

r<t>=J;mzﬂvm<s>J;zm<a>do—ds
A(6)=1-a¢"[[ [(c) + () Jexp( @] A(c)dor ) de

() =F (0 + 2 H, (O, N, ()0
0(1)= 36, (011" +3°0, (1), R (5114 “ds

+ze (1) JEZT, (5)[ W ()do
mﬁ jt Z,, (s)ln“ds
“f,[e(

]exp(aj )

And '[:OOA(s)ds <40,

0

A (t)>0, {1—(07—1)ca.[;q>(s) l( exp(aj dr)ds}>0

\Q\H

A,(t)>0, { ~(a-1)c j@ exp(af dr)ds:l>0

v) Assume:
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Q(t)skexp(J';H(s)ds)~{1—(g—1)k“

then: u,(t)<Q(t)e"™, u,()<Q(t).

fo

3. Main Results

Consider the following system

ai B
Y (5,9(5).2(), [j (5. ¥(5),2(s), Y (7). 2(s 7)) s "
E_py+E):
+2(5,¥(8),2(5), o (5.¥(5),2(5), Y (s=7), 25 7)) s
where 7>0 isa constant, initial condition is:
x(t)=g(t), X(t)=g(t), t, —r <t <t,
B(t) isan mxm matrix,
(s y(s).2(s). [, h(s.y(s).2(s), y(s—r),z’(s—r))ds) isan mx1 matrix,
(s y(s jh s,¥(s),2(s), y(s—r),z‘(s—r))ds) is an (n-m)x1 ma-

trix, they are all continuous for tel and satisfy the condition of existence and
uniqueness theorem.

Set Y(t,S) and Z(t,S) satisfied:

¥= B(t)Y(t,s),

Y(s,s)=I

@zE(t)Z(t,s)

Z(s,s)=1I

Theorem If (2) satisfies the following conditions:
D ¥ (ts)|<me ™, [z (ts)|<mys

vttt

<(Of[(t-s0) -0
Wlee-s )] el
X0 (nyt SO oot >>)

a'+1+||z'(t—5(t))

i+t ) p¢(t-t)

<34, (1) Je(t-5()
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S0, 606 -5
30,00 Oe(s-ee|els-ato) e
S0 00, B O rs - Jyts- s Jor s
S T T

ey < re-s)f e

i=1

L

L;?;w( ), w (0)(Jv(0-5(0))]+[v(0-5(6))])aeds
+2d 2= +Je(e-s o))

LERL @020} falo-s(@)f)e " asos

+L (ht s +[y(t-s)|° ) )
I mi L Bm (||y(9—5(9))"7m+1+||y(0_5(9))||Vm+l)eyme(sfto)dads
o 0(fse-s0) -5

J-t
fo

g

D, (3)); En (0)[2(0-5 (@) +[2(0-5(@))] e " “aees

(t y,2,y(t-7),z(t-7 ,jth s,y,z,y(s—r),z'(s—r))ds)H

sa@)(y-s@)+fye-o@))e

) +B()(fe(t-s®)]+[2(t-s®)])

3

E 0ot st e

d. (t)(||z(t—5(t))||a'+1 +||z'(t -5(t)) ““1)
+38 (O, T () ([y(s=a(s)|+[y(s-5(s)))e

=1

S0 O R e -o(e)] |-l
PRI (Ilv(s—ff(s» g (s e as
iq()L_@KW@—5@DWH+W@—5@»””FS
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#30)[yfe-o @) +y(e-s ) Je

[ S0 w @l o- (o)) yto-s(op))e oo
oxi (n 2(t-o)" +Je (-5 )"

LSR5 j2(0-5@)|+|2(0-5() aces

where: a(t),ﬁ(t),b
e (1).8 (1), f;(1).
0, (t),0,(t), P (). B K),
V(1) V(1) w (1), W, (t),x (1), % y 1=1,2,,L),

A (1), A (1), By (1), By (1), Dy (1), By (1), En (1), B (1) (M=12,--, M) are

non-negative continuous monotoni on-increasing functions on R, , and:

ic
o (i=1,2,--,1), B (k=12-K), 7,(m=L2--,M) are all constants
greaterthan 1, 1<, <@, <<, 1S <f, << B, 1Sy, <y, <Ly,

let: a@=max(a,,B¢.7y), a=min(a,B.7)
iv) Set:

A(t):F(t)+ilzlG +11HJ N, (s ds+22Qk()I (s)ds
+§Gi(t).ftIZL;T,(S).[%W,(O')dad5+ZGi jzy 5)J° 2, ()dods

D(t)= ZG ZQk ). R s)ds+ZG jZT(s)jw )dotds
+ZZG tj ZY s)J’ z,(c)dods
r(t) :LOZY jz o)dods
Ay(t)=1-a0" [ [@(c)+T(r) Jexp| @] A(c)dor|d
()= F (0 + 3, (O N, (et
0(1) =36, (1)11"* +3°0, (1), R (5114 “ds
36 ([ 3T (s LOWI o)do
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A,(t)>0, { ~(a-1)c j@) exp(af dr)dsjl>0

v) Set:
1

A (s exp(aj dr)d } “

1

Q(t):kexp(J:H(s)ds){ ~(a-1) k"j@)

then:
1) when A>¢, the trivial solution of (2) is LS, GE ELAS with respect

to
2) when A=g¢,the trivial solution of (2) is, GUELAS with respect to.

Proof Apply constant variation method to system (2), it can be deduced that:

y(t)zY(t,to)y0+'[:0Y(t, F(s x(s—5(s j hl(r X (r)))dr)ds (3)
z(t)zz(t,to)zo+.[;z(t,s )F, (s X(s—5(s j h, (r X (r)))dr)ds (4)

By the condition of the theory, available from (3):

—s (s—to)

Iy ()] € me ) o+ [ me { Sy (s -5 +b(&)e(s-5(s))e
+§Ci (s)||y(s—5(s)) i grielso) +iZ:l:di (s)|z(s-5(s))
+ji_le,. ($)]; 1, (9)||y(¢9—5(¢9))||d¢9+égj ()] 1y (0)]2(0-5(0))e

o+t g ()

—&(6-t9 )d 0

A +1eﬂkg(9-r0)d(9

+kilok ()] 0 (6)|y(6-5(0))

Sa ) @fo-s)* e as o
k=:

+IZC ||y S— 5 )“ o stoJ’ Zl:vl "y 0 5 ))"d@dg

*Zd )2(s-3(s))[" Zx. (@)f, % (0) ||z 9—5(9))| e ) 4gdo

i eme0-0)g gy

“Ye(9)y(s=o(s)" e “"Lzmi‘\n o)), B (O)y(0-5(0)
+izl;di(s)||z(s—5(s) et

w (0] En(0)2(0-5(0))| e*’(““)deda}ds
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however, set

(1) =y + [y @)™ v, (0= 2 (0] +[2(0)]

o) = sup o (1)), @8 = sup o (1))
—-0<t<0 —-0<t<0

o = sup | ()", o = sup [y ()"
—-0<t<0 —-0<t<0

3 1 P4y

o =max (ol o o, g2 g2

o = sup o, (t)], @ = sup o, ()"
—0<t<0 —5<t<0

o2 = sup o, (O, @2 = sup [, ()"
—-0<t<0 —-0<t<0

o =max (o0, 0" 0" 1 0l? |
Set:

"u (t)": max{wl(l),max(u(;f))}7 O<e<t
| i’ ~5<t<0

Obviously, "ul(t)", ||u2 (t)” are monotonous, and defined by, U,(t), Uu,(t),
we have

So substituting (5) into (2) gives:
u, (t)

<o+ Mz.[; a(s)|u, (s)|ds+M, ; b(s)|u, (s)[e" " ds

a; +1 e(l—e)(ﬁ—to)ds

+M2L;§ci (s)]luy (s)

o +1 7ai(}rg)(sft0) t l
e ds+ MZLOZdi(s)”uz(s)
i=1

J S

M, 328, (5)[, 1, ()]s (0)] does
J S

+'V|2I; _Zlg i (s) . h, (49)||u2 (9)||e<4fs>(e—to>d ods
j=

i +1e—ﬁk (/1-5)(9—‘0)d ods

+sz;§% ()], Pe(6)]1s (8)
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Ju, () fietlgli=e)0-o) g gdis

M. 36, (5)[]5(0)
g ilzlc‘ CING .ZL;V' (o)f Wi (0
M. 2 () ()

i3 ! G)ft:yl(e)
oM 3 5 s 0] e-“i“-”“-‘%:i%\n (@80

lu ( )||u, (6)] dodods

Ju, (6)e* " dodods

7m+1 _Vm(/1 &)(0-) d@dods

(9)]lus(9)

7m+l (A~ 6)(9—t0)d HdUdS

|
-m&ﬁ§¢@m%@) o 2Du (o (0)|u, (6
Similarly available:
u, (t) < p? +M2j;§(s)||u1(s)||e (#=2)o)gs 1+ M, b (s)]u, (s)[ds
a;+1

+

M [ 3e (s
+M2.[:0iz:ai(

M) )
+M2L;§€j(5)ftzf_j(a
LEEACINAC
" Mziléok INAG
HASLACIRAT
)M@W{WﬂWﬁgmw
e ) [ 7 ()] (0

(5)uz ()

o (9 e s, [ 57

)y (6)] e dgds

oz (0)]deds

Ly +1

e*(ﬁk +1)(/1*8)(9*10)d 0ds

(9)]un ()

o) "deds

)”Uz (

), (9)] e dodods

), W (6

)|u, (¢)]|dodods

ML 2 (5 | S € RS A, ()] B () (0 e Vdonons
! T ai (S M — o — m+
M [, 28 ()l ()" [, 2250 ()] B (9)]z (0)] " ddorcs

where M =max{M M M M M“i*fm*l}

So it can be obtained from Lemma: u, (t)<ke"" ™0Q(t), u,(t)<kQ(t)

here k=e™¢, ¢= max(ga( ),(p )) Q(t) As the lemma states, then:

[y @O [y s Mage™ ! (2 2). [y(O)«[y(0)] <Mage ™ (2=¢)

2@+ 20 <Mse
here: M, = 0Q(t); M, =Q(t); M, =e"Q(t).
Notice the theorem conditions, we have M, is a constant that has nothing to
dowith t;, M, and M; are constants that has nothing to do with t;.
Therefore, when A > &, (6) means the trivial solution of (2) is LS, GE,ELAS
with respect to y; when A=¢, (6) means the trivial solution of (2) is LS,
GUELAS with respect to y.

(6)
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Note: The differential system discussed in this paper is the time-differential
form of the ordinary differential system in [5] [6]. The time-differential system
in [7] is generalized to a neutral system, and the Lipschitz stability in [8] is fur-
ther extended to equi-exponential Lipschitz asymptotic stability and uniform

exponential Lipschitz asymptotic stability and added global results

4. Conclusion

In this paper, we use the method of integral inequalities to establish double sta-
bility criteria. As a result, studying the partial stability of differential equations
becomes more important. In addition, the partial stability of differential equa-

tions is widely used in science and technology.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-

per.

References

[1] Lyapunov, A.M. (1892) The General Problem of the Stability of Motion. Doctor
dissertation, University of Moscow, Moscow.

[2] Li, Y.S. (1960) Basic Inequalities and Uniqueness of Solutions of Differential Equa-
tions. Journal of Jilin University, 1, 7-12.

[3] Si, L.G. (2005) A Note on a Class of Integral Inequalities. Journal of Inner Mongolia
Normal University, 34, 127-128.

[4] Huo, R.,, Wang, X.L. and Si, L.G. (2009) A Generalization of a Class of Integral In-
equality. Journal of Inner Mongolia Agricultral University (Natural Science Edi-
tion), 30, 267-273.

[5] Vorotnikov, V.I. (1999) On the Theory of Lyapunov Stablity in Critical Cases. Dokl.
Akad. Nank., 367, 481-484.

[6] Vorotnikov, V.I. (1999) On Problems of Stablity with Respect to Some of the Va-
riables. Prikl. Mat. Meth., 63, 736-745.
https://doi.org/10.1016/S0021-8928(99)00088-X

7 ang, F. tability of Differential Equations on Some Variables. Inner Mon-
[7] Wang, F. (2002) Stability of Differential Equati Some Variables. Inner M
golia Normal University, Hohhot.

[8] Si, L.G. (2006) The Stability of a Class of Nonlinear Differential Systems with Re-
spect to Partial Variables. Journal of Inner Mongolia Normal University, 35, 1-6.

[9] Si, L.G. (1974) The Boundness and Stablity of Solutions for Nonlinear Neutral Dif-
ferential Systems with Variable Delay. Acta Mathematica Sinica, 17, 197-204.

[10] Zhang, Y. (1994) K-Stablity of Nonlinear System with Time-Delay. Scientia Sinica
Mathematica, 37, 247-255.

[11] Si, L.G. (2001) Differential Inequality and Differential Quation with Time-Delay,
Inner Mongolia People’s Press, Hohhot.

DOI: 10.4236/am.2020.115027

388 Applied Mathematics


https://doi.org/10.4236/am.2020.115027
https://doi.org/10.1016/S0021-8928(99)00088-X

	Partial Variable Stability for a Class of Nonlinear Systems with Time Delay
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Conclusion
	Conflicts of Interest
	References

