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1. Introduction

The following forward-backward stochastic differential equations (FBSDE) on
[t,T ] are considered in this paper:

,x __ s t,x t,x s t,x t,x .

Xt =+ [ b(r XY )dr+ [ o (r XY ) AW,

(1)
vt =g (X)L (X 2 ar [ 2w,

where Wis a standard Wiener process and coefficients b, o, A and g are in

general random. The coefficient b is allowed to have discontinuity in y. More
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precisely, we assume
N
b(s,x,y)= Z (s, ) b ]’yi)(y), for (s,x)e[0,T]xR", (2)

and —w <y, <---<y, <. For simplicity, we shall assume that all the processes
involved are 1-dimensional, but as we shall see later, in most of the situation the
higher dimensional cases, especially for the forward component X and the
Brownian motion W, can be argued in an identical way without substantial dif-
ficulties.

The FBSDE above is non-Markovian; namely, the coefficients are allowed to
be random. The Markovian case (ie, b, o, hand gare deterministic functions)
has been discussed in [3]. For instance, the following is a Markovian-type “re-
gime-switching” FBSDE:

X, =x+ [ b(s,X,.Y,)ds+ [ o(s, X,.Y,)dW,

Yt :g(XT)_ItTh(S’XS’ZV’ZS)dS_JtTstVVs’ (3)
Xo=x, Y :g(XT)a

where the coefficients o, A, and gare deterministic Lipschitz functions, but the

drift coefficient b takes the following form:
b(6x2)= 2B (60) 4, (), (630) [OT]RIXER, @

where —w<a <a,<--<o is a finite partition of R, and b'’s are determi-
nistic Lipschitz functions. The main feature of this FBSDE is that the coefficient
b has, albeit finitely many, jumps in the variable Y. This type of FBSDEs is mo-
tivated by the following “regime-switching” term structure model that is often
seen in practice. Consider, for example, the Black-Karasinski short rate model
that is currently popular in the industry: let r={r:¢>0} be the short rate
process, and X, =Inr,, t>0.Then Xsatisfies the following SDE:

dX, =k(6, - X,)dt + od W, (5)

where Wis a standard Brownian motion. A simple “regime-switching” version
of (5) is that the mean reversion level @ shifts between two values 6, € {b,b,}.
The switching in the short-rate is triggered by the level of the long rate. The ex-
istence of such structural shift was supported by empirical evidence (see, e.g. [4]
[5]). Many dynamic models of the short rate have been proposed, and some of
them are hidden Markovian in nature; that is, the switch is triggered by an ex-
ogenous factor (diffusion) process ¥ so that ¢, =b(Y,), where b(y)e{b,b,}
(see, e.g., [6] [7] [8] [9]). As a result, “regime switch” models started to attract
people’s attention. Sometimes business cycles are used as regime classification,
while others might define regime by interest rate level. Either way, the important
feature of regime switch model remains to be its accommodation to the interac-
tions between regimes and dynamics of the interest rate. A typical approach to

model regime switch incorporates a hidden Markov process as a state variable
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into the short rate dynamics. For example,

(Q.M - r,) +o, \hl, (Bansal-Zhou [6])

where s, is a Markov process with given transitional probability,
U, ~N (O,l) is the noise. Introduction of the regime-dependence in these pa-
pers enriches the flexibility of the model and therefore leads to a higher capacity
to fit empirical data.

In particular, if we consider the case in which the triggering process is the
long term rate, then following the argument of a term structure model (see, for
example, Duffie-Ma-Yong [10]), and assuming the triggering level to be a >0

we can derive a FBSDE with discontinuous coefficient:
dx, =[b(Y,) - BX, |dt + odw,
dy, =[ "y, —1]dt + 2w, (6)
X,=x, Y, =g(X;).

where X, =Inr,, Y, isthelongterm treasury bond price;

b(y)= bll{yga} + bzl{ym}, b #b,;and a,f,0 are constants.

Clearly this is a special case of the FBSDE (3), and its strong solution under
Markovian framework has been established in [3]. In this paper, we would like
to extend the work of [3] and show the wellposedness of such FBSDE, namely,
the existence and uniqueness of a solution (XS”X,YS ”‘,ZS‘"‘) to (2). The paper is
organized as follows. In Section 2, we provide necessary preparations, establish
assumptions and introduce notations. In section 3 we prove a priori estimates
and a stability result. In Section 4 we prove a weak existence of the solution to

the FBSDE (2). The main result of this paper is given in Section 5.

2. Preliminary

Assumption 2.1. We assume the following standing assumption for this pa-
per.

(A.1) Each b'(s,x) is bounded, continuous in s and uniformly Lipschitz in
x, with Lipschitz constant K >0

(A.2) The function O'(S,x, y) is continuous, and there exist constants
0<o<0o such that o< O'(S,x,y) <o . Furthermore, for fixed s, O'(S,-,-) ,
along with its spatial derivatives, o, and o, are all uniformly Lipschitz in
(x, y) , with Lipschitz constant K >0

(A.3) The function f (s,x, y,z) is bounded, continuous in s and uniformly
Lipschitz in (x, y,z) , with Lipschitz constant K >0

(A.4) The function g(x) is bounded, smooth and Lipschitz in x and

I, £ E{"g()"z + Lf”f(s,-,0,0)"i ds} < o0, where the norm ||||0 is define in (11).

It is well-understood that, in order to solve a fully coupled FBSDE one should
look for a “decoupling random field” u(#,x,0), such that ¥, =u(z,X,), for all
t€[0,T], P-as. (cf. e.g.,, [11]). In the Non-Markovian case, the decoupling
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field should be a random field u:x[0,7]xR > R, and in light of the stochastic
Feynman-Kac formula (cf. [12]), we expect that such a function z should solve

the following quasilinear BSPDEs, in a certain sense:

du=a(s,x)ds+ B(s,x)dW,;
(7)
u(T,x)=g(x),
where
a(s,x)= —{%unoﬁ (s,x,u)+ B.o(s,x,u)+ub(s,x,u)+ f(s,x,u,;/)}ds; ©

y(s,x) = ﬂ(s,x) +u, (s,x)cr(s,x,u(s,x)).

We should note that a solution to the BSPDE is defined as the pair of progres-
sively measurable random fields (u,/). Clearly, when the coefficients are de-
terministic, we must have £ =0 and the BSPDE (7) is reduced to a quasilinear
PDE.

We next introduce the notion of the weighted Sobolev space. We begin by

considering a function ¢ C”(R) that satisfies the following conditions:
0<g(x)<1, [ g(x)dr=1;

#(x)= e for x large enough.

(9)

We shall call such a smooth function ¢ the weight function. One can easily

check thatif ¢ isa weight function, then one has
K,2 SYliﬂg|o¢(x)| +| D7 (x)|¢(x) < . (10)

Now for a given weight function ¢, we denote H;(R;R) to be the space of all
Lebesgue measurable functions #:R — R such that ||h||§ J.‘b|h(x)|2 $(x)dr<oo.
When the weight function and the dimension of the domain and range spaces
are clear from the context, and there is no danger of confusion, we often drop
the subscript ¢ and the spaces in the notation, and denote simply as H ‘.

Clearly H * is a Hilbert space equipped with the following inner product:
(n'0?) & n (x)R? (x)g(x)dx. (11)

We can now define the Weighted Sobolev spaces as usual. For example, we
shall denote H'= H; < H® to be the subspace of H' that consists of all those
hsuch that its generalized derivative, still denoted as /,_, isalsoin H’. Clearly,
H' is a Hilbert space with the inner product <h1,hz>1 é<lll,l12>0 +<hi,h‘f>0,
where 4',h* € H'. One can easily prove the integration by parts formula: for
any h'e H'(R,R) and h’eH'(R,R),

(), ==(n'.02), —<h'h2,%> . (12)

Similarly, we denote H’=H ; c H' to be the subspace of H' that contains
all he H® such that i e H'. Thus, H” is again a Hilbert space with inner
product <hl,h2>2 é<h1,h2>0 +<h;,hf>l , where h',h* € H?. Moreover, let H'
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be the dual space of H', endowed with the dual product (-,'>4. Then H™' is
equipped with the following norm: 4] , £ sup {(h,(p)fl cpeH' o], = l} . Clearly,

H°c H™" in the sense that for any « < H®, it holds that
(a,gz))fl:(a,(p)(), V(peHl. (13)

Furthermore, for any h eH’ (R,R) , in light of (12), we have h, eH "' in

the following sense: for any ¢ € H' (R,R), <hx,(o>_1 —<h,(0x>0 - <h(p,%> .
0

Remark 2.2. It is worth noting that

1) For any two weight functions ¢,¢, satisfying (9), there must exist con-
stants 0<c<C suchthat cg <¢, < Cdg. So the norms defined via ¢ and ¢,
are equivalent, and therefore, the spaces H', i=-1,0,1,2, are independent of
the choices of ¢ .

2) It is readily seen that the weight function belongs to the class of the
so-called Schwartz functions, and consequently any functions with polynomial
growth arein H'.

We conclude this section by introducing some spaces of stochastic processes
that will be useful for the study of the BSPDEs. First, for any sub-o-field Gc F,
and 0< p<o, we denote L”(G) to be the spaces of all G -measurable, L’
-integrable random variables. Next, for any generic Banach space B, we denote
L ([O,T];IB%) to be all B -valued, F -progressively measurable random fields
(or processes) h: [O,T] +— B such that

[l g0y 2 B IG5

In particular, if IB%:H; , where @ is a given weight function, we denote
Sy =L ([O,T];H;) , i=-1,0,1,2, respectively. Again, we often drop the sub-
script ¢ from the notations when the context is clear. Finally, the spaces of

» 1/p
|B ds} <. (14)

Banach-space-valued processes such as Cj, ([O,T];IB%) ,for a>1, are defined in
the obvious way.

We now define the notion of Sobolev weak solutions to BSPDE (7).

Definition 2.1. We say that the pair of random fields (u,8)e 7 'x 7 isa
weak solution to BSPDE (7) if Do-(s,x,u(s,x)) is uniformly bounded and, for
any ¢ eH', it holds that

d<u(s,'),(p>0 = <05(s,~),(p>71 ds + <,B(s,~)dW(s),(p>0 , a.s. (15)

We say that (u,ﬂ) e 7'x 70 is a regular weak solution to BSPDE (7) if
(u,8) isa weak solution such that Du is uniformly bounded.

3. A Priori Estimates and a Stability Result

Proposition 3.1. Assume Assumption 2.1. Let (u,f)e 7' x 7" be a weak
solution to the BSPDE (7). Then there exists a constant C >0, depending only
on the bounds in Assumption 2.1, the duration T and the constant K, for the
given weight function (10), such that
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E{sgpﬂ”u(s,. Ee [l (sl ds}<C [+ 1,] (16)
/

Proof. For simplicity, let us denote ﬁé?" Also let us denote f (S,x,u, )/)

as £ By integration by parts formula and a general It6 formula (see [13]), one
has,

dlu(s, ) = {=2(@u)., + |8, fds +2(u, paw),

- jR[u (uc’p) +2p(uc), - 2uubp—2uf §+ ﬂzﬂdxds +2(u, AWV,

= [ [7¢+2u[0.$+08.]y —uu,0°g, - 2uubp—2uf ¢ |deds +2(u, BAW ),

= jm[yz +2ul o, + o |y +u*[126°4) - 2uu b~ 2uf}¢dxds +2(u, BAW), .
There is only one troubled term in the above equality needs special treatment,

2uu b . For this purpose, we define B(x,z)= _[Ozyb(x, y)dy. Taking the deriv-

0
ative with respect to xto get 6_B X, u I yb X y)dy +uu b(x u) Hence

—J.R 2uu bgdx = —J.R2aB(X,M)¢dx + J'RJ.; 2yb, (x,y)4dydx
> [ 2B(xu)pdx—C[ [ ydydr
> IRIOM 2yb(x,y)¢.dydx — C_[Ruzdx
> —CJRuzdx,

where Cis the generic constant described in the statement of the Proposition.
Thus (17) becomes

dfu(s.x); 2 jR[uﬁ —CiP - mlegédxds +2(u, AW,

| 2 2 1 2 2
ZIR_127 —Cu —w{f (5:%,0,0)+| £ = £ (5,%,0,0) }}mxds
+2(u, pdW), (18)
I 2 > 1 2 22 _l 2
ZIR_127 —Cu —w{f (5,%,0,0)+ 2K} L7 }ﬁdxds

+2(u, pAW),

The proof can be completed by integrating the above inequality from sto 7,
and applying the Gronwall inequality.

Proposition 3.2. Let (b,o,f,g) and ( o 0 o )) , 1=1,2,-- be a
sequence of coefficients of BSPDE (7) satisfying Assumption 2.1 uniformly. As-

sume that
1) > ).
+o - ~of ., ]-0;

1) lim[ b~
; o) _ o
2) For any fixed (x,y,z), }1mE{IO ‘f -f (s,x,y,z)ds}: 0;

l>x

o
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3) For each [ BSPDE (7) with coefficients (b(l),a(l),f(l),gm) has a weak so-

lution (u(l), ﬂ(l)). The solutions u') are uniformly bounded in supremum

) are uniformly bounded in .~ °, uniformly in £

2

!
norm and u)((

=0.
0

4

4) There exists ue .#° such that lim, “u(’) —u

Then ue 7' and there exists fe 7 ° such that (u,,B) is a weak solu-
tion to BSPDE (7) with coefficients (b,O',f,g).

Proof By the definition of #°, ¢ and condition 3), uy) are uniformly
bounded in # . So there exists ve #° such that u) v weaklyin #°.
It is clear that vis bounded. Moreover, the differential operator with respect to x
is a closed operator, that is, forany he 7",

(v, = lim () =tim(u,h,) = (u.h),. (19)

This implies that u_=v.Hence uc 7' and u_ isboundedin #°.Next,
denote ;/(]) = ,8(1) +u£1)0(1) . By Proposition 3.1, we know ”}/(1)” , $C un-
iformly in / for some constant C. Thus we can extract a subsequerﬂlce, still in-
dexed by (J), such that

(" =7oh). o =0 &

a 0
for some ye 7" and any he ~°. Note that by the boundedness of uy)
and o), we know that ”ﬂ(l)

, £C uniformly in L We now define

74

B=y—uo . Notethat, forany he 7 °,

- }Lr?o{<7(1)’h>//0 _<”)(cl)0,h>/0 +<u§1)[0—0(')],h>/0}
=(r.h) o —Cu,0h) o +0
=(Bh) -

where the second convergence is due to (19) and the boundedness of o, and
the third convergence is due to the uniform boundedness of ug) . That is, A"
converges to f weakly in # . It remains to show that (u,) isa weak so-
lution to BSPDE (7) with coefficients (b,a,f,g).

It suffices to check (15). We fix 1<t <¢, <7 and a smooth function ¢
with compact support. For each / since (u(’), ,6’(')) is a weak solution to the

corresponding BSPDE, we have
<u(’)(t2,-)—u(l)(tl,'),(/)>0
_ f2<a(z>(s,,)’¢>_lds+ :<ﬁ<z) (S,.)dW(S)’@

] 0

- J:Z.[Ra(’) (5,x)@(x)@(x)dxds + L:z <ﬂ(1) (s, ')dW(s),(p>

0
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:LTJR{%MJ) [(G(”)z o8| +5" 0] ~uHpp- ¢¢}
+Lj2<ﬂ(l) (s,-)dW(s),go>0
:Lzz.[R{[“)(f)a(l) +ﬂ(1)}[0£z) +u£1)0£1)}¢¢ (21)

J{%uy) (0(1) )2 +ﬂ(1)o.(z)}[(px¢+(p¢x]
—[uil)b(l)-i-f(l ](p¢}dxds+f < (s.-)dm (s), (p>0

Note that since the boundedness and the convergence properties of all the in-
volved terms, and thanks to Assumption 2.1, there is only one term left to check,

L?IRuS)b(Z)goqﬁdxds . To this end, we define B(x,z)éj;b(x,y)dy and
B(l)(x,z)éj;b(l)(x,y)dy. Clearly B(l)(x,z) and B(x,z) are continuous and

B(l)(x,z) converges to B(x,z) pointwise. Since b,b(l),u(l) are bounded, say,

by a constant M >0, we have

‘B()(x u x u)‘
u(I) u
= ‘IO b (x,y)dy - JO b(x,y)dy‘

j:m (b(l) (x,y)- b(x,y))dy

_f ‘ (xy x,y)‘dy-i-“:(,)Mdy‘.

<

+U:(,)b(x,y)dy‘

From this it is easy to see that B") x,u(1)> converges to B(x,u), and the
limit is uniform in (s,x) on any compact subset of [0,7)xR. Using similar

argument one can show that

ul) u
[L[7 6 (x,y)pgdydx — [ ["b, (x,y) pdydr.
Similar to Proposition 3.1, one gets

lim Ruy)b(l) (x,u(l))gwdx

>

_ o Lon( . o\ _ 0
=1im R|:53 (x,u )—IO b, (x,y)dy |pgdx

>
0
=—;ggJRB”(xau‘”)[ww—}zzmo b (x.y) oy
= —J. B x,u dx - J'Rj.:bx (x,y)(p¢dydx
—j { bv(x y)dy}o¢dx J. u, b x u)(o¢dx
and this completes the proof.

4. Weak Existence

Parallel to the It6-Krylov formula ([14], Theorem 2.10.1), we provide a general
version of Itd-Ventzell formula which requires weaker regularity conditions. The
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proof can be easily produced similarly to the proof of It6-Krylov formula. The
key point in the proof is the utilization of the boundedness and non-degeneracy
assumptions of the coefficients. We refer the readers Theorem 2.10.1 of [14], and
omit the proof.

Lemma 4.1. Consider the process
E(s)=x+ .[Osa(r)dr + J:h(ﬂdW}

Let Qbe a bounded regionin [0,7]xR and 7, be the first exit time of the
process & from the region Q. Let 7 be some Markov time such that 7<7,.
Assume further that there exist positive constants C, and C,, such that
|as|+|hl\_| <C, and |hS| >C, for all w and t<<z. Then for any Itd process F
such that F eW"*(Q) for P-as. @,and

dF (s,0,x) = A(s,0,x)ds + H (s,0,x)dW,,

where 4e #° and H e 7', the following holds:

F(7.8)=F(s:¢)
:J-:{A(r,f)+a(r)Fx (r,§)+h(r)Hx(r’§)+%hz (’”)Fxx (i’,é‘)}dr
+[{H (&) + h(r)F,(r.)}am,.

Now we are ready to show the weak existence of FBSDE (2). Let us first in-
troduce some notations. Forany N eN,let t=¢,<t <:--<t, =T be the par-

i(T—1t)

tition on [t,T] where ¢, =¢+ > i:O,---,ZN.Forany
2

x=(x,%,,,xy)eR",and k=1,2,--,N, we denote

X 2 (x,-,x,) and w2 (W w,

llAS’. T [ /\s)'
Let by (s,o,x,y)% E[b(s,-,x,y) | .7-"SN] , where F" is the filtration generat-
ed by Ws(N) , and clearly for fixed (s,x,y),
by(s,x,y)=b(s,x,y) >0 P-as., asN — o

Similarly we define o,, f,,and g,.Clearly b, can be written in terms

of (s,VK(N),x, y) in the canonical space. Let us denote
Z;N (S,VK(N),x,y) 2 by (S,a),x,y).

Then 15N (s,x(N),x,y) is a deterministic function from [O,T]><RN+2 to R.
Similarly, we define &, fy,and g,.

Proposition 4.2. Under Assumption 2.1, the FBSDE (2) admits a weak solu-
tion.

Proof. Step 1 (Weak Existence of the BSPDE): In Step 1 and Step 2, we as-
sume that for all N, I;N, Gy> fN and g, are smooth functions except for
the y component of b~N . We consider the following FBSDE:

Xy =X+ j:I;N (r,)?,’\;fr,Y,\’,’i)dr + _[: Gy (r,)_(,’\;fr,Y,Q’;)dW(r);

(22)
Vs =& (X )+ [ 7 (X2 )ar= [ 2 dw (),
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where
0 0 1{s£tl}
Xo = 0 ,bN(s,X,y)= ) 0 and N (S’X’y)= l{sgtN}
x by (s,x,y) Gy (5.%.7)

for any (S,X,y) € [O,T] xRY*? | Because of the assumption of smoothness,
FBSDE (22) is a deterministic FBSDE, and by Theorem 5.1 in [3], FBSDE (22)
admits a unique strong solution ()_(”X Yot Z]’vx‘) Indeed, X} = (WS(N),X]t\}i) ,

N,s>* N,s>
where (X Vo Yvi.Z ]’\,XS) is the unique strong solution (again by Theorem 5.1 in

[3]) of

N,r>

X =+ ['5, (r,VK(N), X5 Y}\’/”’;)dr+ ["6 (r,er(N), i Y}f/:’;)dW (r)

Vi =gy (W x5 )+ [ 7 (Y i v 23 ) ar = [z aw ().

N

Now let us define a function i, piecewisely, and this function is essential in
finding the decoupling field of FBSDE (2). First for any x" eR" and xeR,
define

Uy y (T,X(N),x) =gy (X(N),)C).

Secondly, for each k=N,N-1,---,1, we consider the FBSDE (22) on
[t1ot, ) xR" xR . By Theorem 5.1 in [3], for any (s,x(k),x) elt,.t, ) xR xR,
there exists a deterministic decoupling field 1, (s,x(k),x) , which is a weak solu-

tion to the corresponding PDE, such that
Y]\t/’fr = ﬁN,k (Sa VVy(k)ant\}Yg )

Furthermore, let us patch functions i, ,’s together by defining the following

function i, :

iy (T,x(N),x) é[;N’N(T,x(N),x);

(23)
iy (s,x(N),x) =i, (S,X(kl),xk,- X, ,xJ 2 iy (s,x(k),x), if se [tk_l,tk )
N—k+1
Thus on [t,T] , we have
v =iy (s, X5, (24)

Forany se€[0,7], denote 6, £ (S,VVS(N),)C) and ©) = (s,WS(N),X]’\;'fS) . Note
that since all coefficients are bounded, we know that second derivatives of
i, eW,”? (see [15]). Here W, :{u:u,u,,ux,uxx eLz}. By the It6-Krylov for-

mula, for se[,_,,7,) and fixed x, one has

dii, (0,) = {ﬁm(@) +

Thus we define

k

Y. (Hé,)}ds ; Zk:uN (0)dw(s). (25

1
23T

DOI: 10.4236/am.2020.114024

337 Applied Mathematics


https://doi.org/10.4236/am.2020.114024

Y. Hong

d,\,’k(s,x(k),x) uNS(sx ) %iﬁ Nex, (sx x), for s e[t,_,.1,);

ay (S,x(N),x) =a, (s,x(kl),xk,u-,xk ,x] 2ay, (s,x(k),x), if seft,_.t,);
—_—

N—-k+1

) k (26)
ﬂN!k( )ég ( x), for s e[t,_,.t,);
,BN (s,x(N),x) = BN (S,X(k_l),xk;"k-:lxk ,xJ 2 :BN.k (s,x(k),x), if se [tk_l,tk).
Again by the It6-Krylov formula,
vy = fN( il (@’NS),Z’j)dHZ’v‘dw(s):daN(@)’NJ)
- {am(@;J)mm(@fm)@(@;V,S,Y]gf) %ﬁ . (04,)
3 (00,)61 (00T ) ¢ (01,)% (04,72 ) s
+{iﬁw,<®x,x>+am(®m) (@’NS,Y“:)}dW(s)
{00, i (00, ) (04, 2) ¢ A (010 (00,0
+%z}m(@ﬁv,x)&f,(@;,x,Yj,’f;)}ds (27)
+{By (04, )+ i, (O}, ) 6y (O, Y2 ) W (s).
Hence
Gy (O, )= =T (O oty (O, ). 25 )~ iy, (O, )y (.72
1 (28)

- ﬁ~Nx (®;\f,s )&N (G)?\/,s’YI\I/:i ) - EﬁNxx (G);V,s)&f\f (®§V,S’Y1<”,§' )
Note that Xy =x, O, =6, and Yy =iiy(6,). Thus (25) and (28) imply
di,, (HS)

(05 (0.,) 41, (05, (0,5, + 71 ()5, (0,) 29

+ Fy (0t (6,). By (6,) + iy, (0 )O'N(GY,uN))}dS+,BN(9S)dW(s).
Denote

uy (s,0,x) 2, (6,), ay(s,0,x)2a,(6,) and B (s,,x)2 B, (6,).
Suppressing the variables (S,a),x,ﬁN) , one has
1
du,, = —{Euma,z\, + B0y +uyby +fN}ds + BydW (s); (30)
uy (T,0,x) =g, (@,x),
and (uy,fy) isa weak solution to BSPDE (30). By the regularity argument in

[3], we know that u, are uniformly bounded in supremum norm on every

DOI: 10.4236/am.2020.114024

338 Applied Mathematics


https://doi.org/10.4236/am.2020.114024

Y. Hong

compact subset of [0,7]xQxR, and u,, are uniformly bounded in .~ °.
Thus we can extract a subsequence (still indexed by N) such that it converges to
some ue #°. By Proposition 3.2, ue #"' and there exists B such that
(u, p ) is a weak solution to BSPDE (7) with coefficients (b,O', f, g).

Step 2 (Weak Existence of the FBSDE): Now we use the decoupling field u
to decouple FBSDE (2). Let us consider the following forward SDE:

= oo ol o

Without loss of generality in what follows we assume ¢=0. We claim that
this SDE possesses a weak solution. Indeed, on any given probability space
(Q,F,P) on which is defined a standard Brownian motion W, consider the
following SDE:

X, =x+[ o(r.X,)dw,. (32)

Note that the function ueW,”*([0,7]xR) actually has a bounded spatial
derivative u_ . Combining with (A.1), it is readily seen that the coefficient
G(t,x) is uniformly Lipschitz in x. Thus the SDE (32) admits a unique strong
solution, denoted by X = X"*.

Next, define 6= ﬁ , which is bounded, thanks to (A.1) and (A.2). Thus
o

M, 2 exp{jé@(s,)(x)dWs —%me(s,xx )|2ds}, >0, (33)

=M
F

is a martingale under PP. Now define 49 o

te [O,T]. Then by the Gir-

sanov theorem ([16], Theorem 8.9.4), under @Q the process

W =W, —J;H(S,Xf"‘)ds is a Brownian motion, and X satisfies (31). Let us

t
abuse the notation and denote W by W again. In other words, we have shown
that there exist a process X" and Wiener process, still denoted by W, such
that (Q,]—",P;W,X;’X) is a weak solution of (31). Let us define

Y;I,X é u(S’X;,x)
VAR ,B(S,X;’x) +u, (s,XA’,’x)a(s,X;’x,Yf’x).

We would like to show that (Q, ]-',]P’;W,Xj’X,YY”"',Zj’X) is a weak solution of
FBSDE (2). Since i, are bounded in W,*, uniformly over N, we know
ueW,? for P-as. . By the construction of &, and BN, it is also clear
that ae #° and fe 7', where a is defined in (8). Thus by Lemma 4.1,

one has

dy/ " =du (s,X;’X)
(s (P (50 s )
+ B, (5. X0 )o (s, X0 ¥ )}ds +Z0dw,

= (5. X702 )ds + Z7d
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which completes the proof of Step 2.
Step 3 (The General Case): Now let us consider the general case, that is, we

proceed without requiring the smoothness of b~N » Oys j; v and g, . For each
Nlet us consider the standard smooth mollifiers {151(\,’),5',(0, 70, g%)}w . Based on
I=1

standard BSPDE result, it is easy to check that the conditions 1) - 4) in Proposi-
tion 3.2 hold. Following closely to Step 1 and Step 2, utilizing the stability result
from Proposition 3.2, we conclude that FBSDE (2) admits a weak solution.

5. Weak Uniqueness

Now we are ready to prove the main result of this paper.

Theorem 5.1 Under Assumption 2.1, the FBSDE (2) admits a unique weak
solution.

Proof. The weak existence has been shown in Proposition 4.2. Now suppose
there is another weak solution (Q,ﬁ,l@’,W,)?i’x,ﬁ”x,ZAg’x) of (2). Applying the
general It6-Ventzell formula to get

d{u(s,f(s”x) - f;”x}

fuo ) ) ()

(
[l )b
+{ux (S’)?St‘x)O'(S,)?St’x,u(s,)?z’x)) —ZAﬁ’X}dWS.

Note that A is Lipschitz continuous with Lipschitz constant K. Thus by

It6-Krylov formula again, one has
2
+ EIT

= —EJ-ST2(u(r,)A(;’x> - ff’x)(h (r,/\A’j’x,u(r,/\A’;’x)) - h(r,)?;’x,);,”x ))dr

2

E‘u(s,f(ﬁ"‘)—ﬁ”" dr

u, (r,)A(ﬁ’x)O'(r,)A(,’"‘,u(r,)A(;’x)) -7

< 2KELT‘u(r,)A(;’X) -y “ar.

An application of the Gronwall inequality implies
u(s,/\;;”‘) =Y"" and Z"" =u, (s,)A(i’x)O'(s,/\};’x,u(s,f(i’x)), P-as.  (34)
Thus we shall consider the following decoupled forward system:
Vix _ N Vit.x Vix s Vit.x vi.x
X7 =x+ L b(r,X,_ ,u(r,Xr ))dr—i— L G(r,X,, ,u(r,Xr ))dWr (35)
Step 3 (Forward Weak Uniqueness): From previous steps, clearly

(XS”X;Q,]—",P,W) and ()?;"‘;Q,f,ls,W) are both weak solutions to (35).
Let E(s,x) e b(s,x,u(s,x)) > E(S,x) S O'(S,x,u(s,x)) ,and
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O(s,x)= IiEs,X)) (note that the system is strictly non-degenerate). It is easy to
a(s,x
see that
A s x 1 s x 2
M, =exp| [ 0(rxi*Jaw, -2 [ o(rx:%) dr}
and

o1, 2 exp| [ 0{r 27k, - o{r 1)

2
dr}

are martingales under probabilities Pand P, respectively. Define new probabil-
ities B, and P, by

ﬂ:MT and d}} =M,.
dpr dP

By the Girsanov theorem, W' =W, + J.:‘ 0 (r,X ;”‘)dr and
W2EW + J.: H(F,Xﬁ’x)dr are Brownian motions under (Q,F,F,) and
(f!,]:" B ), respectively. Since strong uniqueness holds for
vix _ s Vi,x Vi,x
X7 =x+ L O'(I",Xr ,u(r,X, ))dWr,

and (XS””;Q,]—",PI,W') and (X;’x;ﬁ,ﬁ,Q,Wz) are both weak solutions to
the above equation, we know that the distribution of (X j’x,WSl) under A
coincides with the distribution of (X ;"‘,Wz) under P,, ie, for any bounded

s

measurable functional f: C([O,T]) x C([O,T]) —>R,
ED |:f(X_”X,W] ):| _gh [f()?”,WZ)J (36)
Now for any f:C([0,T])— R, by (36),

£ ()= e Yoman =7 1 ()

o
’ drH
’ drH
“ar }

- ()| ) e = £ ()]

(oo ol o)

7] (Yo [0 ) =2 )

) EPZ f<)?.l’x )exp{J‘[Tg(F,)?i"x)dVVrz —%jtr‘e(r’)?i«‘)

Thus we have shown that the distribution of X" under P coincides with the
distribution of X " under p. By [17], we know that the distribution of
(X S”“,WS) under P coincides with the distribution of ()? /4 ) under P.

Step 4 (Backward Weak Uniqueness): We know u is continuous, hence Le-
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besgue measurable. Note that

sz,x _ u(s,X;’X),
ZM = G(S,Xg’x,u(s,XS”X))ux (S,X;’x).

Hence it is easy to conclude that the law of (Xj’x,Yj’",Zi’X,VK) under P coin-
cides with the law of (X;‘X,K_”X,Z;’X,VK) under P.

6. Conclusion

The well-posedness in weak sense of a type of fully coupled FBSDE has been es-
tablished. The difficulty of the problem stems from the fact that the forward drift
coefficient may be discontinuous. The existence and uniqueness of a strong so-
lution for such FBSDE remain to be an open problem. The author plans to attack

this issue in his future research.
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