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Abstract

In this paper, LPT (largest processing time) algorithm is considered for sche-
duling jobs with similar sizes on three machines. The objective function is to
minimize the maximum completion time of all machines. The worst case
performance ratio of the LZPT algorithm is given as a piecewise linear function

of rif job sizes fall in [l,r]. Our result is better than the existing result. Fur-

thermore, the ratio given here is the best. That means our result cannot be
improved any more.
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1. Introduction

The scheduling problem on m parallel identical machines is defined as follows:
Given a job set L ={J1,J2,---,Jn} of 11 jobs where job J, has non-negative
processing time p;, assign the jobs on m machines {MpMz""an} so as to
minimize the maximum completion times of the jobs on each machine. Since
scheduling problem was proposed by Graham [1], it has been studied extensively
in many varieties and from many viewpoints. In classic scheduling problem,
there is no constraint on the size of jobs. However, in practice, the size of job can
neither be too large nor too small. This motivates researchers to study schedul-
ing problems in which the sizes of all jobs fall in [l,r] with r>1. Researches
of such model can be found in [2]-[9] to name a few.

LPT (Largest Processing Time) algorithm is a famous algorithm proposed by
Graham [10]. For a given job list L= {JI,JZ,---,J } of n jobs, LPT algorithm

n
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firstly sorts the jobs with a non-increasing order of their sizes. Then LPT algo-
rithm assigns the jobs one by one according to the non-increasing order and al-

ways assigns the current job to the machine with least load. The worst case

performance ratio of LPT'is a1 . H.Kellerer [9] gave the following result.

3m
R(m,LPT, 1)
m(2k-2)-pu(k-2) 1+m(k-3) m(k*=2k=2)+k
o TS TR T () (k)

IA

(k-
(k+2)m-1 m(k* =2k =2)+k 1+m(k-2)
Tkenm O HS T (k) T k-1

where k2>3,ke N, ﬂ:2—ﬁ,(lﬁ,u<m,,ueR). For ,ué(m+3)/4(k=3),
D, m

the bound of (4m—,u)/3m is tight. We use p; € [l,r] with »>1 instead of

35
Li_ 5 £ Then the tight interval for ris {E,g} in Kellerer’s result. In this
p" m

paper, we will give the tight bound as a piecewise linear function of rfor m=3
andall r>1.

2. Theorem and Its Proof

Before the analysis, we give some symbols used later on.

1) py;) represents the size of the jth job assigned on machine M, by LPT
algorithm.

2) S, = { J #n|J, is assigned on machine M, by LPT algorithm} .

3) S = { J|J; is assigned on machine M, by optimal algorithm} .

4) CHT CO represent the makespan of optimal algorithm and ZPT algo-
rithm, respectively.

In the following of this paper, for a given job list L= {JI,JZ,--',JW} , we al-
ways assume p, 2p, 2--2p, and 1<p, <r,j=12,---,n.

Lemma 1 If » <2, then in LPT schedule, the difference of the numbers of
jobs on any two machines is at most 1.

Proof: If it is not true, suppose it is the first time that there are & jobs assigned
on M, and there are k+2 jobs assigned on M, in the LPT schedule, then

we have

Hence we get

k-1

Py 2 Z(pi(s) = Pisn) ) * Pigy T Pigha)

s=

By the assumption that this is the first time of appearing the case, we have
Pis) > Pi(ss) for s=1,2,3,---,k—1. That means
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Py 2 Pigy T Piggsny 2 2

This is a contradictionto »<2.

By Lemma 1, we can conclude that Pis) Z Pi(ss) for any 1<i,A<m in the

LPT schedule.
Theorem 2. For any job list L={J1,J2,---,Jn} and m =3, we have
11 E J
—; re|l—,+o |,
9 3
(2k+1)r+k+2 [(2k+3)(3k+2) 6k+5
—_——, Fre
3k+3 | (2k+1)(3k+4) 6k+3 )
. %k +14 | ka4 (k+3)(3k+2)
Co (L) 303k +4)’ 3(k+1)" (2k+1)(3k+4) |
cor(L) -
s (1) 2(k+1)r+k+2 3k+4 3k+4
—_————, Fre + . ,
3k+4 | 9(k+1)(k+2) 3(k+1)
9%k +20 [ 6(k+1)+5 3k+4
; re 2 + b
9(k+2) |3[2(k+1)+1]" 9(k+1)(k+2)
1; r=1,

where kis non-negative integer. Furthermore the bound is tight.

Proof: Case 1: r > g .Forany m >1, Graham [10] proved that

max

CHT (L 4 1
<

(L) 3 3m

and the quality can hold. We get the conclusion by letting m =3.

5 . . s
For r< 3 if the theorem is not true, then there is a job list

L= {JI,JZ,---,JH} with minimal z such that L violates the theorem. We call

such a job list as a minimal counter example. For a minimal counter example, it
is easy to show that the last job J, is finished at last. Hence we have

max

Com (L) _ L+ L+ Li+3p,  2mPi %20 2p,

)
COT(L)T T 3CTT(L) . 3T (1) 3T (1)
)

(1)

max max max

(2k+3 (3k+2)< 6k+5

Case 2: (k1) (3k+4)  3(2k+1)°

In this case, we should prove

Crrl (L) - (2k+l)r+k+2.

max

coT(L)”  3k+3

max

(2)

If (2) is not true, by (1) we get
LPT
(2k+1)r+k+2< Cril (L) )
3k+3 Conl (L) 3Co (L)

max max

That means
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2(k+1)pn

G (<G (-n)

max

<(3k+4)p,.

Hence we get n<9k+9.
Case 2.1: n=9k+9.
In this case we have |Sl|=|Sz|=3k+3, |S3|=3k+2,

|Sl| = |S2| = |S3| =3k+3. It is easy to see that there exists i€ {1,2,3} satisfying

|S,.* N SS| > k +1. Without loss of generality, suppose |Sl* N S3| >k +1, then

|S3 \S; | < 2k +1. Therefore we get
Croe (L) < ZjeS3 p;tp, _ Zjesmsl* p; +zj'esz\sf p;+1
Comt (L) zjesl* p; Zjesmsf p;+ Zjesf\s3 P
<|S3ﬂSl* +| S\ 87|+ :|S3|+|s3\s;‘ (r-1)+1
o sinsT| sy s
(2k+1)r+k+2
<—
3k+3

Similarly we can get (2) for the case of n=9k+7,9k+8.

Case 2.2: n=3k"+1,k'<3k+1.

Let [S)|=|S,|=|S;|=k", |5}
|S;|:|S;|:k’+1. At any case |S;|:k’+1 holds and there exists i €{1,2,3}
k'+1 k'+1
3

s

S;|=k'", |S;|=k'+1,0r |Sl*|:k’—1,

> , then

satisfying |S,- ns, . W.Lo.g, suppose |S1 N S;| >

S2k -1

|S1 \S; . Hence we get

cat (L) < Zjesl p;+p, _ Zjeslmsg‘ P +z/‘esl\s§ D; +1

max

C[g:[ (L) Z/esg‘ p; zjeS]ﬂS; p;+ Z‘/’ES;\SI P
<|SlﬂS; +| 8,185 +1 :|S1\S;|(r—1)+|Sl|+1
o sins;|+sis)| ;

+ S,
(2k'=1)r+k'+4 - (2K +1)r+k'+1+4
2k -1+k'+4 2k +1+k"+1+4

(2" +1)r+k'+5 - (6k+3)r+3k+6
2k'+1+k'+5 9%k +9
(2k+1)r+k+2
3%k+3
where the last two inequalities result from the facts that function
(2x—1)r+x+4 (x+1)r+x+5

=—+——— and y=-—————— are increasing function of x. Si-
3x+3 3x+6

milarly we can get (2) for the case of n=3k"+i,k'<3k+1,i=2,3.
3k+4 (2k+3)(3k+2)

<r< .
3(k+1) (2k+1)(3k+4)

In this case, if the claim is not true, then by (1) there is a the minimal counter

Case 3:

example L satisfying
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LPT
%+14 _Cou (L) _,, 2p,
3(3k+4)  CoT(L) " 3¢ (L)

max
Hence we get

Corl (L)< (3k+4)p,.

That means 7n <9k +9. By the proof of Case 2 we get
Col (L) (2k+1)r+k+2 _ 9k+14
< <

max

cor(L)y  3k+3 3(3k+4)

max

3k+4 3k+4
<

Case 4: 1 < .
B Sk (k) T3k )

In this case, if the claim is not true, then by (1) there is a the minimal counter

example L satisfying
LPT
2(k+)r+k+2 C (L)< 2p,

max

<1
k+a o7 (L) T3com (L)

max max

Hence we get

corT 3k+4

o (L)<ms(3k+6)pn.

That means » <9k +15.
Case 4.1: n=9k+15.
In this case we have |S1|=|S2|=3k+5, |S3|=3k+4,

|Sl| = |S2| = |S3| =3k+5. It is easy to see that there exists i€ {1,2,3} satisfying
|s,ns;

> k+2.W.o.g, suppose |S3 N S;| >k +2. That means
|S3 \S;| <2k +2.Hence we get

CnquXT (L) < Z./e& P +1 zjesmS; D; +2./€S3\S; D +1

ngi;r (L) - Zjes§ p; Zjes§ms3 p;+ Zjesg\g p;

<|S3nS;’ +|s\ 85 |1 =|S3\S; (r=1)+|8,|+1
B S, S,
< (2k+2)(r-1)+3k+4+1 < (2k+2)r+k+3
3k+5 3k+5
(2k+2)r+k+2
<,
3k+4

x+b

where the last inequality results from the fact that y= ]
X+

(b=1) is a de-

creasing function of x.
Similarly we can show that the claim is true for the cases of
n=9%+i,i=13,14.
Case4.2: n=3k"+3,k'<3k+3.
In this case, let |Sl| =|S2| =k'+1,
k' +1

S3| =k'. If There exists i€ {1,2,3} satis-

fying |S3 ns'|= > Kl , then we have

, w.lo.g, suppose |S3 ns;
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|S3 \S'| < 2k -1 . Therefore we get
CHL;(T (L) P Z,/e% p;+p, _ Z/esmsl* D +Z_1‘ES3\S1* p;+p,
OPT -
Cmax (L) Z/‘ESF pj ZjeSl*ﬂ.Sg p.i +2_i€Sl*\S3 pf
3 [ NSF|+[S ST [T [So\S]|(r=1) S5 +1
s nsy|efsTs| S
2k -1 ,
< (r=1)+k +1<6kr+5r+3k+7
B k'+1 ~ 3(3k+4)
(2k+2)r+k+2
<—F.
3k+4
If |S'|=|S; :|S3*| =k'+1, it is easy to see that there exists i€ {1,2,3} satis-
fying |S3 ns'|= k ;1 . Then we get the claim is true by above discussion.
If [S/|>k"+ 2,|S3 ns;|> k ;1 , we also get the claim is true by above discus-
sion.
" , « k'+1 . . .
If |S/|2k +2,|S3 ns; | < 3 then there exists i€ {1,2} satisfying
|Sl. ns/|= K3 » w.l.o.g, suppose |S1 ﬂS]*| > k ;3 , then |SI \S; s%. Hence
we get

Cn:);r (L) Zjes{‘ p; ) Zjes{‘nsl p; +Zjesl*\s] p;
< S, N8| +[ V871 _ [S VS [(r=1)+ ]S +1

CLeT (L) < Z/esl p;+1 ZjeSlﬂSl*pj +ZjeS|\S]* p;+l

*

©lsins]+]ss| S
2k ,
_3 (r=1)+k HL (6K +6)r+3k+9
- K +2 T 3(3k+5)
(2k+2)r+k+2
e
3k+4

where the last inequality results from the fact that y =x—+11)(b21) is a de-
x+

creasing function of x.
6(k+1)+5 3k+4
— " <<l
3[2(k+1)+1] 9(k+1)(k+2)
In this case we should prove
Crue (L) _ 9% +20

Cor (L) 9(k+2)

max

Case 5:

If it is not true, then by (1) the minimal counter example satisfies

9%+20 _ Cou (L) _ 2 Pi*2p,

9(k+2) CoT(L)" 3T (L)

max
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Hence we get

CIT(L)<(3k+6)p,.

max

That means » <9k +15. By the proof of Case 4 we get

COPT(L)<2(k+1)r+k+2< 9k +14
m AT 3kea T 3(3k+4)

By the above discussions of Case 1-5, the inequality in Theorem 2 is proved.
Now we prove the tightness of the inequalities. For

(2k+3)(3k+2) _ 6k+5
(k1) (3k+4) 32k +1)

Jet L={J,,J,,,Jy.,} with

] , r+l .
p;=r,j=12,--,6k+2, p6k+3:p6k+4:r:T’ p;=1,j=06k+5,-- 9% +7.

Then L =(2k+1)r+k+2, L, =(2k+1)r+k+1, L =2kr+k+2r',
L =3k+3, L, =L, =(3k+1)r+r'. Hence we get

Come (L) (2k+1)r+k+2 3)
cor(L)y 3k+3

max

3k+4 <(2k+3)(3k+2)

F < detL={J,J,,,J ith
" 3(k) ' (2k +1)(3k +4) etL={J;,Jpy o | wit
pj:rﬁj:ls"',6; pj=r’=3k+3¥,j=7’...’6k+6)

p;=1,j=6k+7,--,9k+10. Then we have L =2r+2kr'+k+2,

L, =L, =2r+2kr'+k+1, L =3k+4, L, =L, =3r+3k". Hence we get
Comi (L) Ok +14
CoT(L) 3(3k+4)

For 1+3k—+4<r<3k—+4,1et L={J1,J2,-~,J9k+10} with

9(k+1)(k+2)  3(k+1)
p; =1 j=12,,6k+6, p,=1,j=6k+7,-,9k+10. Then we have
L=2(k+1)r+k+2, Ly=L =2(k+1)r+k+1, L =3k+4,
L, = L, =3(k+1)r. Hence we get
Cool (L) 2(k+1)r+k+2

(4)

max — . 5
Conl (L) 3k +4 ®
For MSr<l+3k—+4,let LZ{JI,J2,---,J9k+16} with
3(2(k+1)+1) 9(k+1)(k+2)
r+1 3k+6-r—-rn .
bhh=D=7, P3:p4:’”1:T) pj=r2=3k—+’3‘rl)]=596k+10)

p,=1,j=6k+11,-,9k+16. Then we have L, =r+2(k+1)r, +k+3,
Ly=r+2(k+1)r,+k+2, Ly=2r+2(k+1)r, +k+1,
L =L =r+r+3(k+1)r,, Ly =3k+6.Hence we get

Coe (L) 9k +20

COxT(L) 9k+18°

max

(6)
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Hence Theorem 2 is proved.

3. Conclusion and Future Work

In this paper, LPT algorithm is considered for the scheduling jobs with similar
sizes in [l,r] on three machines. The objective function is to minimize the
maximum completion time of all machines. The worst performance ratio of the
LPT algorithm is given as a piecewise linear function of r. The result is better
than the existing result and cannot be improved any more. It is interesting to
consider general number of machines and give tight bound of worst case per-

formance.
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